
Appendix E

ADM and First order Formalism of

Einstein’s Theory

covariant canonical quantization - one resolution - quantizing the space of solutions to the
classical equations of motion.

well-posed initial value problem the classical solutions are

E.1 Intrinsic and Extrinsic Curvature

The extrinsic curvature is defined as the normal projection of the tensor ∇anb:

Kab := qc
aq

d
b∇cnd (E.1)

On account of ∇a(ncn
c) = 0 we have nc∇anc = 0

Kab := qc
a(g

d
b − nbn

d)∇cnd = qc
a∇cnb (E.2)

The extrinsic curvature is symmetric:

Kab = Kba. (E.3)

This follows from the definition of na, hypersurface orthogonal na = −∂bτ ,

∇anb := ∇a(−∂bτ) = −∂a∂bτ + Γc
ab∂cτ = − ∂b∂a

︸︷︷︸
τ + Γc

ba
︸︷︷︸

∂cτ = ∇b(−∂aτ) = ∇bna. (E.4)
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E.2 ADM Metric Formulation

In general the “flow of time” is not in the direction of the time-like normal na, and it is convenient
to decompose ta into components perpendicular

ta = Nna +Na. (E.5)

The quantities N and Na are the lapse and shift functions respectively and determine the
projections of the time evolution vector field ta along the direction perpendicular and tangent
to the spacial slice.

The line element in these variables reads

ds2 = (N2 −NaN
b)dt2 − 2Nadx

xdt+ qabdx
adxb (E.6)

We have

√

− det g = N
√
q.

Gauss’ Equation

The curvature tensor in the spatial slice is defined by

R d
abc ud := 2D[aDb]uc (E.7)

where D is the covariant derivative of the three metric. We wish to connect this with the
four-dimensional Riemann tensor R d

abc

R d
abc ud = (DaDb −DbDa)uc

= Da(q
p
bq

q
c∇puq) −Db(q

p
aq

q
c∇puq)

= qp
bq

q
c(Da∇puq) − qp

aq
q
c(Db∇puq) Dcqab := 0,

= 2qr
[aq

s
b]q

t
c∇r(q

p
sq

q
t∇puq) (E.8)

This leads to the relation (exercise)

R d
abc +KcaK

d
b −KcbK

d
a = qp

aq
q
bq

r
cq

d
sR

s
pqr , (E.9)

known as Gauss’ equation.
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Evolution Equations

The change in time of the three-metric qab is given by the extrinsic curvature

Kab = q m
a q n

b ∇mnn =
1

2
L~nqab, (E.10)

where L~n is the Lie derivative in the direction of na.

L~nqab = nc∇cqab + qac∇bn
c + qcb∇an

c

= nc∇c(gab + nanb) + qac∇bn
c + qcb∇an

c

= nc(na∇cnb + nb∇cna) + (∇anb + ∇bna)

= (δc
a + ncna)∇cnb + (δc

b + ncnb)∇cna

= qc
a∇cnb + qc

b∇cna

= 2Kab. (E.11)

2Gabn
anb = R+K2 −KabKab, (E.12)

where K is the trace of Kab, K = Kabqab.

using the definition of 4R d
abc ,

2∇[a∇b]nc = 4R d
abc nd (E.13)

DaK
a
b −DbK

a
a = Rcdn

dqc
b (E.14)

Rαβu
αuβ = gαγRαβγδu

αuβuβ∇α∇βu
α − uβ∇β∇α

= ∇α(uβ∇βu
α) − (∇αu

β)(∇βu
α) −∇β(uβ∇αu

α) + (∇βu
β)2

= ∇i(Ku
i + ai) −KαβK

αβ +Kα
αK

β
β (E.15)

R = −Rgαβu
αuβ = 2(Gαβ −Rαβ)uαuβ, (E.16)

and the identity

2Gαβu
αuβ = Kα

αK
β
β −KαβK

αβ + (3)R (E.17)
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contracting

2 4∇[a
4∇b]kc = 4R d

abc kd (E.18)

on a and c and using the 3-metric to project b into Σ leads to a vector constraint

Gabn
aqb

m ≡ ∇a(Kam −Kqam). (E.19)

Assuming that the 4-metric gab satisfies the vacuum Einstein’s equation,

Gab = 0. (E.20)

these constraint equations become

C := R+K2 −KabKab ≈ 0, (E.21)

Cm := ∇a(Kam −Kqam) ≈ 0. (E.22)

Gauss-Codacci relations

vp|q := ∇bvae
a
pe

b
q (E.23)

eape
b
q∇avb = eaq∇a(vbe

b
p) − vbe

a
q∇ae

b
p

= ∂avp − vbeaq∇aepb

= ∂avp − eaqe
c
rv

r∇aepc

= ∂qvp − Γrpq (E.24)

vp|q = ∂qvp − Γq
pqvq (E.25)

The remaining six equations are the evolution equations for qab and Kab which can be written
in the form

Ltqab = 2NKab + L ~Nqab

LtKab = Nq m
a q n

b Rmn −NRab + 2NK m
a Kmb −NKKab +DaDbN + L ~NKab

(E.26)
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L ~Nqab = N cDcqab + qacDbN
c + qcbDaN

c

= 2D(aNb) (E.27)

so that

Kab =
1

2N
(q̇ab − 2D(aNb)) (E.28)

E.2.1 The Action

Using this the action can be written in terms of these variables:

S[N, ~N, q] =

∫

dt

∫

d3x
√
qN
(

KabK
ab −K2 +R[q]

)

(E.29)

where K2 = K a
a . That is, in terms of the main variables, the Lagrangian density reads

L[N, ~N, q] =
√
qN
(

KabK
ab −K2

)

+
√
qNR[q]

=
√
qN
(

qacqbdKabKcd − qabqcdKabKcd

)

+
√
qNR[q]

=
√
qN(qacqbd − qabqcd)KabKcd +

√
qNR[q]

=

√
q(qacqbd − qabqcd)(q̇ab − 2D(aNb))(q̇cd − 2D(cNd))

4N
+

√
qNR[q] (E.30)

E.3 The Hamiltonian Formulation

The above form makes the hamiltonian analysis easy. The canonical momentum of the lapse and
shift functions vanish because Ṅ and Ṅa do not appear in the action. The canonical momentum
of the three metric is

πab =
∂L
∂q̇ab

=
∂

∂q̇ab

√
q(qa′c′qb′d′ − qa′b′qc′d′)(q̇a′b′ − 2D(a′Nb′))(q̇c′d′ − 2D(c′Nd′))

4N

=

√
q(qac′qbd′ − qabqc′d′)Kc′d′

2
+

√
q(qa′aqb′b − qa′b′qab)Ka′b′

2

=

√
q

2

[

(qacqbd − qabqcd) + (qcaqdb − qcdqab)
]

Kcd

=
√
q(qacqbd − qabqcd)Kcd

=
√
qGabcdKcd

=
√
q(Kab −Kqab) (E.31)
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πab =
√
qGabcdKcd

=
√
q(Kab −Kqab) (E.32)

and the action written in Hamiltonian form reads

S[N, ~N, q, π] =

∫

dt

∫

d3x
(

πabq̇ab −
√
q(qacqbd − qabqcd)Kcdq̇ab

+
√
qN(qacqbd − qabqcd)KabKcd +

√
qNR[q]

)

=

∫

dt

∫

d3x
(

πabq̇ab +
√
q(qacqbd − qabqcd)(q̇ab −NKab)Kcd +

√
qNR[q]

)

=

∫

dt

∫

d3x
(

πabq̇ab +
√
q(qacqbd − qabqcd)(2D(aNb) +NKab)Kcd +

√
qNR[q]

)

=

∫

dt

∫

d3x
(

πabq̇ab −N
{√

q(qacqbd − qabqcd)KabKcd −
√
qR[q]

}

+
√
q(qacqbd − qabqcd)2D(aNb)Kcd

)

=

∫

dt

∫

d3x
(

πabq̇ab −N
{√

q(KabK
ab −K2) −√

qR[q]
}

− 2N(aDb)
√
q(qacqbd − qabqcd)Kcd

)

=

∫

dt

∫

d3x
(

πabq̇ab −N
{√

q(KabK
ab −K2) −√

qR[q]
}

− 2N(aDb)
√
q(Kab − qabK)

)

=

∫

dt

∫

d3x
(

πabq̇ab −N
√
q{KabK

ab −K2 −R[q]} − 2Nb{Daπ
ab}
)

(E.33)

so that

S[N, ~N, q, π] =

∫

dt

∫

d3x
(

πabq̇ab −NC(π, q) − 2NaCa(π, q)
)

(E.34)

where

C = Gabcdπ
abπcd −√

qR[q] (E.35)

is the scalar constraint, or Hamiltonian constraint, and

Cb = Daπ
ab (E.36)

is the vector, or diffeomorphism constraint. Here
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Gabcd =
1

2
√
q
(qacqbd + qadqbc − qabqcd) (E.37)

which is called the DeWitt super metric.

Gabcdπ
abπcd =

1

2
√
q
(qacqbd + qadqbc − qabqcd)

√
q(Kab − qabK)

√
q(Kcd − qcdK)

=

√
q

2
(qacqbd + qadqbc − qabqcd)(K

abKcd − qabKcdK − qcdKabK + qabqcdK2)

=

√
q

2
(qacqbd + qadqbc − qabqcd)(K

abKcd − 2qabKcdK + qabqcdK2)

=

√
q

2

(

(2KabKab −K2) − 2(2K − 3K)K + (3 + 3 − 9)K2
)

=
√
q
(

KabKab −K2
)

. (E.38)

The constraints C and Ca must vanish because of the variation of the lapse and shift functions.

E.4 Stuff

A similar calculation shows that the inverse spatial metric is given by

γab = δa
b + nanb (E.39)

E.5 The Cauchy Problem

The data (Σ, qab,Kab)

gαβ(Q) = gαβ(P ) + gαβ, 0(P )x0 +

∞∑

n=2

1

n!
∂n

0 gαβ |P (x0)n. (E.40)

R00 = −1

2
gabgab,00 +M00 = 0, (E.41)

R0a =
1

2
g0bgab,00 +M0a = 0, (E.42)

Rab = −1

2
g00gab,00 +Mab = 0, (E.43)

• under-determination The system does not contain g0α,00
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• The system has represents ten equations in six unknowns gab,00; hence we have a problem of
over-determination. compatibility requirements for the initial data.

Rab = 0, G 0
α = 0. (E.44)

The first six equations are evolution equations for gab,00 and the last four equations are constraint
equations which the initial data must satisfy

Einstein’s equations

Gmunu = 0

the equations G0mu = 0 serve as constraints on the initial data for Einstein’s equations, while
the remaining equations describe time evolution. I.e., only for certain choices of a metric and
its first time derivative at t = 0 can we get a solution of Einstein’s equations. In fact, G0a can
be calculated knowing only the metric and its first time derivative at t = 0, and the equations
saying they are zero are the constraints that this data must satisfy to get a solution of Einstein’s
equations.

In classical general relativity, G0i not only gives one of Einstein’s equations, namely G0i = 0,
it also “generates diffeomorphisms” of the 3-dimensional manifold S representing space. Just
as in classical mechanics, observables give rise to one-parameter families of symmetries. For
example, momentum gives rise to spatial translations, while energy (aka the Hamiltonian) gives
rise to time translations. We say that the observable ”generates” the one-parameter family
of symmetries. This is (roughly) what is meant by saying that G0i generates diffeomorphisms
of S. Similarly, G00 generates diffeomorphisms of the spacetime R × S corresponding to time
evolution.

The constraints corresponding to G0i where i = 1, 2, 3 impose invariance under spatial active
diffeomorphisms. Invariance under temporal active diffeomorphisms corresponds to G00 the
constraint.

E.6 Gravitational Hamiltonian

S =
1

16πG

∫

V
d4x

√−ggabRab (E.45)

δS =

∫

V
d4x

(

(δ
√−g)gabRab +

√−g(δgab)Rab +
√−ggabδRab

)

(E.46)

δ
√−g =

√−ggabδg
ab/2 and δgab = −gacδg

cdgdb

δS =

∫

V
d4x

√−g
(

Rab −
1

2
gabR

)

δgab +

∫

V
d4x

√−ggabδRab (E.47)
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Last term of (E.47)

∫

V
d4x

√−ggabδRab =

∫

V

√−gd4x∇c(g
abδΓc

ab − gacδΓa
ab)

=

∫

∂V
dΣc(g

abδΓc
ab − gacδΓa

ab)

=

∫

∂V
|h|1/2d3xǫnc(g

abδΓc
ab − gacδΓa

ab) (E.48)

variation of the metric connection

δΓc
ab|∂V =

1

2
gcd(δda,b + δgdb,a − gab,d) (E.49)

1

2
gacgbdδgdb,a

∣
∣
∣
∣
∂V

=
1

2
gabgcdδgda,b

∣
∣
∣
∣
∂V

(E.50)

where we have simply swapped around the dummy indices to make comparison with (E.49)
easier.

gabδΓc
ab

∣
∣
∣
∂V

(E.51)

ncδ = nc(ǫnanb + hab)(δgcb,a − gab,c)

= nchab(δgcb,a − δgab,c (E.52)

ncδ = −habδab,cn
c. (E.53)

E.6.1 Boundary Term

K = ∇an
a

= (ǫnanb + hab)∇bna it follows from ∇b(n
ana) = 0 that na∇bna = 0

= hab∇bna

= hab(∂bna − Γc
abnc) (E.54)

As the spacetime metric gab is taken to be fixed at the boundary the variation of hab is zero
there. the variation is
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δK = −habδΓc
abnc

= −1

2
hab[δ(∂bgda) + δ(∂agdb) − δ(∂dgab)]n

d

=
1

2
habδ(∂dgab)n

d (E.55)

where we have used that the tangental derivatives of δgab vanish on ∂M (i.e. δ(hcd∂dgab) = 0).
The variation in boundary term

∮

∂M

√

|h|d3xǫK (E.56)

is

δSB =

∮

∂M

√

|h|d3xǫhabδ(∂cgab)n
c (E.57)

S =
1

16πG

∫

M

√

|g|d4xR+

∮

∂M

√
hd3xǫ(K −K0). (E.58)

E.6.2 Constraint Algebra

Classically, the constraints satisfy the following algebra (neglecting boundaryterms)

{G(N), G(M)} = −G([N,M ]) (E.59)

{D( ~N), G(M)} = −G(L ~NM) (E.60)

{D( ~N ),D( ~M )} = −D([ ~N, ~M ]) (E.61)

{G(N),H(M)} = 0 (E.62)

{D( ~N ),H(M)} = −H(L ~NM) (E.63)

{H(N),H(M)} = (E.64)

δC(N)

δqab
= −1

2
NC̃(q, p̃)qab + 2Nq−1/2(p̃acp̃b

c −
1

2
p̃p̃ab)

+Nq1/2(Rab −Rqab) − q1/2(DaDbN − qabDcDcN) (E.65)

δC(N)

δp̃ab
= 2Nq−1/2(p̃ab −

1

2
p̃qab) (E.66)
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Xf =

∫

Σ

δf

δp̃ab

δ

δqab
− δf

δp̃ab

δ

δqab
(E.67)

{f, g} =

∫

Σ

δf

δp̃ab

δg

δqab
− δf

δp̃ab

δg

δqab
(E.68)

qab 7→ qab + ǫ
δf

δp̃ab
+ O(ǫ2)

p̃ab 7→ p̃ab − ǫ
δf

δqab
+ O(ǫ2) (E.69)

If f is C( ~N) then we should have (at least on the constraint surface)

δC( ~N)

δqab
= −L ~N p̃

ab and
δC( ~N )

δp̃ab
= −L ~Nqab (E.70)

qab 7→ qab + ǫL ~Nqab + O(ǫ2)

p̃ab 7→ p̃ab + ǫL ~N p̃
ab + O(ǫ2) (E.71)

2D(aNb) = L ~Nqab (E.72)

We will need

δq = qqabδqab δRabq
ab = Dav

a for va = −Da(qbcδqbc) +Db(qacδqbc)

δ(qacqcb) = δ(δa
b ) = 0 ⇒ δqab = −qacqbdδqcd

p̃ab = p̃cdqacqbd, p̃ = p̃abqab

δp̃ab = qacqbdδp̃
cd + 2p̃cdqbdδqac, δp̃ = qabδp̃

ab + p̃abδqab

Variation of C(N) under independent variation of qab (δp̃ab = 0) is
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δC(N) = δ

∫

Σ
N
(

− q1/2R + q−1/2(p̃abp̃ab −
1

2
p̃2)
)

=

∫

Σ
N
(

− δq1/2R− q1/2δR + δq−1/2(p̃abp̃ab −
1

2
p̃2) + q1/2(p̃abδp̃ab − p̃δp̃)

)

= −
∫

Σ
N
(1

2
q1/2qabδqabR + q1/2δR +

1

2
q−1/2qabδqab(p̃

abp̃ab +
1

2
p̃2)

−2q−1/2(p̃acp̃b
c −

1

2
p̃qcd)δqab

)

(E.73)

−
∫

Σ
Nq1/2δR = −

∫

Σ
Nq1/2δ(Rabq

ab)

= −
∫

Σ
Nq1/2

(
δRabq

ab + Rabδq
ab
)

=

∫

Σ
Nq1/2

(

Da

[
Da(qbcδqbc) −Db(qacδqbc)

]
+ Rabq

acqbdδqcd

)

(E.74)

Variation of C(N) under independent variation of p̃ab (δqab = 0) is

δC(N) = δ

∫

Σ
N
(

− q1/2R + q−1/2(p̃abp̃ab −
1

2
p̃2)
)

= δ

∫

Σ
Nq−1/2(p̃abp̃cdqacqbd −

1

2
p̃2)

=

∫

Σ
Nq−1/2

(
2p̃cdqacqbdδp̃

ab − p̃δ(p̃abqab)
)

=

∫

Σ
2Nq−1/2(p̃ab −

1

2
p̃qab)δp̃

ab (E.75)

f(M) =

∫

Σ
Ma...b

c...df̃
c...d

a...b (q, p̃) (E.76)

{C( ~N), f(M)} =

∫

Σ
−L ~N p̃

ab(
δf(M)

δp̃ab
) − L ~Nqab(

δf(M)

δqab
)

=

∫

Σ
Ma...b

c...d

{

−L ~N
p̃ab(

∂f̃ c...d
a...b

∂p̃ab
) −L ~N

qab(
∂f̃ c...d

a...b

∂qab
)

}

= −
∫

Σ
Ma...b

c...d L ~N f̃
c...d

a...b (q, p̃)

=

∫

Σ

(
L ~N

Ma...b
c...d

)
f̃ c...d

a...b (q, p̃)

= f(L ~NM) (E.77)
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{C( ~N), C(M)} = C(L ~N
~M) = C([ ~N, ~M ]) (E.78)

{C( ~N), C(M)} = C(L ~NM) (E.79)

we need only to include the last term of (E.65).

{C(N), C(M)} =

∫

Σ

δC(N)

δqab

δC(M)

δp̃ab
− (N ↔M)

=

∫

Σ

(
− q1/2(DaDbN − qabDcDcN)

)(
2Mq−1/2(p̃ab −

1

2
p̃qab)

)
− (N ↔M)

=

∫

Σ
−2M(DaDbN − qabDcDcN)(p̃ab −

1

2
p̃qab) − (N ↔M)

= 2

∫

Σ

[
(∂bN)Da(M(p̃ab −

1

2
p̃qab))

]
+

1

2
∂cN∂

cM − (N ↔M)

= 2

∫

Σ
(∂bN)MDa(p̃ab −

1

2
p̃qab) − (N ↔M)

= 2

∫

Σ
(M∂bN −N∂bM)(qacqbd −

1

2
qabqcd)D

ap̃cd

=

∫

Σ
−2(N∂aM −M∂aN)(qabDcp̃

bc − 1

2
qabDcp̃)

=

∫

Σ
−2(N∂aM −M∂aN)qabDcp̃

bc

= C( ~K), (E.80)

(some terms have been neglected because they were symmetric in M and N), where Ka :=
(N∂aM −M∂aN) = qab(N∂bM −M∂bN).

Repeat this proof for tetrad first order formulation in appendix

E.7 First Order Formulation of Einstein Equations

E.8 Palatini Method in the Connection Formulation

The connection dynamics perspective to suggests re-interpreting gravity as a theory where the
metric becomes a derived variable, with a frame field e and (Lorentz) connection ω the sole
primary dynamical variables - the so-called Palatini Tetrad Formalism.

1073



E.8.1 Method I

The connection ∇a action on VaI is

∇aVbI = ∂aVbI − Γc
abVcI + Γ J

aI VbJ (E.81)

Obviously if we calculate (∇a∇b −∇b∇a)Vc we retrieve the usual formula for the curvature,

2∇[a∇b]Vc = R d
abc Vd (E.82)

We want to calculate the commutator on VI . First we get

∇a∇bVI = ∇a(∂bVI + Γ J
bI VJ)

= ∂a(∂bVI + Γ J
bI VJ) − Γc

ab(∂cVI + Γ J
cI VJ) + Γ K

aI (∂bVK + Γ J
bK VJ) (E.83)

As Γc
ab is symmetric in a and b it will not contribute to the commutator and we get,

(∇a∇b −∇b∇a)VI = (∂a∂b − ∂b∂a)VI + ∂a(Γ
J

bI VJ) − ∂b(Γ
J

aI VJ)

Γ K
aI ∂bVK − Γ K

bI ∂aVK + Γ K
aI Γ J

bK VJ − Γ K
bI Γ J

aK

= (∂aΓ
J

bI − ∂aΓ
J

bI + Γ K
aI Γ J

bK − Γ K
bI Γ J

aK )VJ (E.84)

This defines the curvature R J
abI via

(∇a∇b −∇b∇a)VI = R J
abI VJ . (E.85)

Writing Vc = eIcVI and inserting it into (E.82)

R d
abc Vd = 2∇[a∇b]Vc

= 2∇[a∇b](e
I
cVI)

= 2eIc∇[a∇b]VI

= eIcR
J

abI edJVd (E.86)

where we have use that ∇ae
I
b = 0. Since the above is true for all Vd, we obtain:

R d
abc = R J

abI eIce
d
J (E.87)
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The Ricci scalar is given by gabRab = gabR c
acb . Using the previous expression we find

R c
acb = R J

acI eIbe
c
J . (E.88)

Contracting over the two remaining spacetime indices then allows us to write the Ricci sclar in
terms of the curvature of the spin connection and tetrads,

R = gabR J
acI eIbe

c
J = R IJ

ab eaIe
b
J . (E.89)

The torsion tensor

T a = ∂eaI + ωJ
b Ie

b
I = 0 (E.90)

The Einstein equations

ǫabcd(e
a
IR

bc
JK + ΛeaIe

b
Je

c
K) = 0. (E.91)

ǫabcd(R
cd
JK + ΛecJe

d
K) = 0. (E.92)

implying

Rab
IJ + Λea[Ie

b
J ] = 0. (E.93)

Variations

δηIJ = δ(ebIebJ) (E.94)

= δebIebJ + δebJe
b
I = 0 (E.95)

and contract this by eaJ (at this point we assume the metric to be non-degenerate) and note
ebJe

aJ = δa
b we arrive at

δeaI = −ebI δebJ eaJ . (E.96)

The variation of the curvature is

δR IJ
ab = ∂[aδω

IJ
b] + δω IK

[a ω J
b]K + ω IK

[a δω J
b]K (E.97)
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δω IJ
b = ω IJ

b − ω̃ IJ
b (E.98)

δω′ IJ
b = ω′ IJ

b − ω̃′ IJ
b

=
(
OI

KO
J
Lω

KL
b − ∂bO

IJ
)
−
(
OI

KO
J
Lω̃

KL
b − ∂bO

IJ
)

= OI
KO

J
Lδω

KL
b (E.99)

DaT
IJ

b = ∂aT
IJ

b + T IK
b ω J

a K + ω IK
a T J

b K + Γc
abT

IJ
c (E.100)

D[aT
IJ

b] = ∂[aT
IJ

b] + T IK
[a ω J

b] K + ω IK
[a T J

b] K (E.101)

with the last term missing because Γc
[ab] = 0.

δR IJ
ab = D[aδω

IJ
b] (E.102)

δ(D[ae
I
b]) = ∂[aδe

I
b] + δωI

[aJe
J
b] + ωIJ

[a δebJ ] (E.103)

δebJ = − (E.104)

E.8.2 Method II

We introduce an arbitrary covariant derivative via

DaVI = ∂aVI + ω J
aI VJ . (E.105)

Where ω J
aI is a Lorentz connection (the derivative annihilates the Minkowski metric ηIJ). We

define a curvature via

Ω J
abI VJ = (DaDb −DbDa)VI

and by a calculation similar to (E.84) we obtain

Ω IJ
ab = 2∂[aω

IJ
b] + ω K

aI ω J
bK − ω K

bI ω J
aK

The Ricci scalar of this curvature can be expressed as eaIe
b
JΩ IJ

ab . The action can be written
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SEH =

∫

d4x e eaIe
b
JΩ IJ

ab (E.106)

We introduce a connection compatible with the tetrad via ∇ae
b
I = 0. The difference between

these two connections when applied to a tensor with purely internal indices is

C J
aI VJ = (Da −∇a)VI (E.107)

We would expect ∇a to also annihilate the Minkowski metric ηIJ = ebIe
b
J and therefore,

0 = (Da −∇a)ηIJ

= C K
aI ηKJ + C K

aJ ηIK

= CaIJ + CaJI . (E.108)

Implying CaIJ = Ca[IJ ]. The derivative defined by (E.105) only knows how to act on internal
indices. However, we find it convenient to consider a torsion-free extension to spacetime indices.
All calculations will be independent of this choice of extention. Applying Da twice on VI ,

DaDbVI = Da(∇bVI + C J
bI VJ)

= ∇a(∇bVI + C J
bI VJ) + C K

aI
(∇bVK + C J

bK VJ) + Γ
c
ab(∇cVI + C J

cI VJ)(E.109)

where Γ
c
ab is unimportant, we need only note that it is symmetric in a and b as it is torsion-free.

Then

Ω J
abI VJ = (DaDb −DbDa)VI

= (∇a∇b −∇b∇a)VI + ∇a(C
J

bI VJ) −∇b(C
J

aI VJ)

+ C K
aI

∇bVK − C K
bI

∇aVK + C K
aI

C J
bK VJ − C K

bI
C J

aK VJ

= R J
abI VJ + (∇aC

J
bI −∇bC

J
aI + C K

aI
C J

bK − C K
bI

C J
aK )VJ+ (E.110)

Hence

Ω IJ
ab −R IJ

ab = 2∇[aC
IJ

b] + 2C IK
[a C J

b]K (E.111)

As

DaVI = ∂aVI + ω J
aI VJ = ∇aVI + C J

aI VJ
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the variation with respect to ω J
aI (keeping the tetrad fixed) is the same as the variation of the

resulting action with respect to C J
aI . Substituting (E.111) into the action (E.106) gives

SEH =

∫

d4x e eaIe
b
J(R IJ

ab + 2∇[aC
IJ

b] + 2C IK
[a C J

b]K ) (E.112)

The first term does not involve C IJ
a . The second term is a total derivative. From the last term

we have from varying with respect to C J
aI ,

0 =
δ

δC J
aI

∫

d4x e 2eM [ce
b]
NC

K
cM C N

bK

= e2eM [ce
b]
N

(
δa
c δ

I
Mδ

K
J C

N
bK + C K

cM δa
b δ

I
Kδ

N
J

)

= e2(eI[ae
b]
NC

N
bJ + eM [be

a]
J C

I
bM ) (E.113)

or

e
[a
I e

b]
KC

K
bJ + eK[be

a]
J CbKI = 0

or

C K
bI e

[a
Ke

b]
J + C K

bJ e
[a
I e

b]
K = 0. (E.114)

where we have used CbKI = −CbIK . This can be writtem more compactly as

e
[a
Me

b]
Nδ

M
[I δ

K
J ]C

N
bK = 0. (E.115)

(e
[a
Me

b]
Nδ

M
[I δ

K
J ]) is non-degenerate and so C K

aI = 0. We will show (following gr-qc/9303032) that

(E.114) implies C J
aI = 0. First we define the spacetime tensor field by

Sabc := CaIJe
I
be

J
c . (E.116)

Then the condition CaIJ = Ca[IJ ] is equivalent to Sabc = Sa[bc]. Now contract (E.114) with eIae
J
c ,
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0 =
(
C K

bI e
[a
Ke

b]
J + C K

bJ e
[a
I e

b]
K

)
eIae

J
c =

1

2
C K

bI (eaKe
b
J − ebKe

a
J)eIae

J
c

+
1

2
C K

bJ (eaIe
b
K − ebIe

a
K)eIae

J
c

=
1

2
C K

bI (δI
Kδ

b
c − ebKδ

I
Je

J
c )

+
1

2
C K

bJ (δI
I e

b
Ke

J
c − δI

Ke
b
Ie

J
c )

=
1

2
(C I

cI − C K
bJ ebKe

J
c )

+
1

2
(4C K

bJ ebKe
J
c − C I

bJ e
b
Ie

J
c )

= C I
bJ eJc e

b
I (E.117)

where we used C I
aI = CaIJη

IJ = Ca[IJ ]η
IJ = 0. As S c

ab = C J
aI e

I
be

c
J , we have S b

bc = 0. We
write it as

(C J
bI ebJ)eIc = 0,

and as eIa are invertible this implies

C J
bI ebJ = 0.

Thus the terms C K
bI ebKe

a
J and C K

bJ eaIe
b
K of (E.114) both vanish and (E.114) reduces to

C K
bI eaKe

b
J − C K

bJ ebIe
a
K = 0. (E.118)

If we now contract (E.118) with eIce
J
d , we get

0 = (C K
bI eaKe

b
J − C K

bJ ebIe
a
K)eIce

J
d = C K

bI eaKe
I
cδ

b
d − C K

bJ δb
ce

a
Ke

J
d

= C K
dI eIce

a
K − C K

cJ eJd e
a
K

or

S a
cd = S a

(cd) . (E.119)

Since we have Sabc = Sa[bc] and Sabc = S(ab)c, we can successively interchange the first two and
then last two indices with appropriate sign change each time to obtain,
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Sabc = Sbac

= −Sbca

= −Scba

= Scab

= Sacb

= −Sabc

Implying Sabc = 0, or

CaIJe
I
be

J
c = 0,

and since the eIa are invertible, we get CaIJ = 0. This is the desired result.

This tells us that ∇ coincides with D when acting on objects with only internal indices.

We now consider varying with respect to eIb gives. We will need the formula for the variance of
a determinant,

δdet(a) = det(a)(a−1)jiδaij .

This implies

δe = eeIaδe
a
I .

δSEH

δebJ
=

∫

d4x
δ

δebJ
(eecMedN ) Ω MN

cd

=

∫

d4xe(
δ

δebJ
ecNe

d
M )Ω MN

cd + ecMedN (
δ

δebJ
e)Ω MN

cd

= e[δc
bδ

J
Ne

d
M + ecNδ

d
b δ

J
M ]Ω MN

cd + eecMedNe
J
b Ω MN

cd

= e[edMΩ MJ
bd + ecNΩ JN

cb ] + eΩ MN
cd ecMe

d
Ne

J
b

= −e(2ecIΩ IJ
cb − Ω MN

cd ecMe
d
Ne

J
b ) (E.120)

We have

ecIΩ
IJ

cb − 1

2
Ω MN

cd ecMe
d
Ne

J
b = 0 (E.121)

Substituting Ω IJ
ab for R IJ

ab
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ecIR
IJ

cb − 1

2
R MN

cd ecMe
d
Ne

J
b = 0 (E.122)

Multiplying (E.122) by eJa and using (E.88) with Rab = Rba tells us that the Einstein tensor
Gab := Rab − 1

2Rgab of the metric defined by tetrads, gab := eIae
J
b ηIJ , vanishes.

E.9 Inclusion of Matter

Rovelli [23]

However, GR is much more than just the theory of a specific physical force. Indeed, GR is a

theory of space and time. It has modified in depth our understanding of space and time are,

radically changing the Newtonian picture. This modification of the basic physical picture of the

world does not refer to the gravitational interaction alone. Rather, it affects any physical theory.

Indeed, GR has taught us that the action of all physical systems must be generally covariant,

not just the action of the gravitational field. Thus, GR is a theory with a universal reach, whose

implications involve the redefinition of our description of the whole of fundamental physics...

Particles and Fluids

E.9.1 Yang-Mills

Natural inclusion connection form of Einstein’s equations

LY M :=
1

2
( 4σ)gacgbdtr 4Fab

4Fcd (E.123)

Each link is labelled by a spin jl and an irreducible representation of GY M .

E.9.2 Klein-Gordan - Scalar Matter Field

LKG = 4π( 4σ)(gab∂aφ∂bφ+ V (φ2)) (E.124)

gravity coupled to to a scalar field φ with potential V (φ) with conjugate momentum π.

The coupled generalized Palatini action is

S[eβK , ωα, φ] = Sp[e
β
K , ωα] + SKG[eβK , φ], (E.125)

where
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Sp[e
β
K , ω

IJ
α ] =

1

2κ

∫

M
d4x(e)eαI e

β
J (Ω IJ

αβ +
1

2γ
ǫIJ

KLΩ KL
αβ ),

SKG[eβK , φ] = −αM

∫

M
d4x(e)ηIJ eαI e

β
J (∂αφ)∂βφ, (E.126)

here eβK and ωIJ
α are respectively the tetrad and Lorentz connection on M, the real number

γ, κ and αM are respectively the Barbero-Immirzi parameter, the gravitational constant and
the coupling constant.

After 3+1 decomposition and Legendre transformation, similar to the case in Palatini formalism,
we obtain the total Hamiltonian of the coupling system on the 3-manifold as:

Htot =

∫

Σ
(ΛiGi +NaVa +NC), (E.127)

where Λi, Na and N are Lagrange multipliers, and the Gaussian, diffeomorphism and Hamilto-
nian constraints are expressed respectively as:

Gi = DaE
a
i = ∂Ea

i + ǫ k
ij Aj

aE
a
k = 0, (E.128)

Va = Eb
iF

i
ab + π∂aφ = 0, (E.129)

and

H =
1

l2p
ǫijkEa

i E
b
j

(

Fabk +
l2pV (φ)

3
ǫabcE

c
k

)

+
1

2
π2 +

1

2
EaiEb

i (∂aφ)(∂bφ) = 0 (E.130)

E.9.3 Fermionic Matter

E.9.4 In the Language of Differential Geometry

eI(x) = eIadx
a (E.131)

The spin connection

ωI
J(x) = ωI

aJ (x)dxa (E.132)

RI
J = RI

J abdx
a ∧ dxb (E.133)
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S[eI , ωIJ ] =
1

4κ

∫

M
ǫIJKL(eI ∧ eJ ∧R[ω]KL +

Λ

6
eI ∧ eJ ∧ eK ∧ eL∧) (E.134)

S(ω, e) =

∫

M
tr(e ∧ e ∧ F ). (E.135)

δF = dωδω, (E.136)

δS =

∫

M
δtr(e ∧ e ∧ F )

=

∫

M
tr(2δe ∧ e ∧ F + e ∧ e ∧ δF ), (E.137)

using (E.136) we obtain

δS =

∫

M
tr(2δe ∧ e ∧ F + e ∧ e ∧ dωδω). (E.138)

Integrating by parts,

δS = 2

∫

M
tr(δe ∧ e ∧ F − e ∧ dωe ∧ δω). (E.139)

e ∧ F = 0 var. of e

e ∧ dae = 0 var. of ω. (E.140)

The condition e ∧ dωe = 0 implies dωe = 0. This equation implies Γ is torsion-free, hence equal
to the Levi-Civita connection of g. We then use this in e∧F = 0 and obtain the metric vacuum
Einstein equation.

E.10 Self-dual Connection Formulation

E.10.1 Self-dual Curvature

We will need the totally antisymmetry tensor or Levi-Civita symbol, ǫIJKL. Recall that this
is equal to either +1 or -1 depending on whether IJKL is either an even or odd permutation
of 0123, respectively, and zero if any two indices take the same value. The internal indices of
ǫIJKL are raised with the Minkowski metric ηIJ .
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Given any anti-symmetric tensor T IJ , we define its dual as

∗T IJ =
1

2
ǫ IJ
KL T KL (E.141)

The self-dual part of any tensor T IJ is defined as

+T IJ :=
1

2

(

T IJ − i

2
ǫ IJ
KL TKL

)

(E.142)

with the anti-self-dual part defined as

−T IJ :=
1

2

(

T IJ +
i

2
ǫ IJ
KL TKL

)

(E.143)

(the appearance of the imaginary unit i is related to the Minkowski signature as we will see
below).

Tensor decomposition

Now given any anti-symmetric tensor T IJ , we can decompose it as

T IJ =
1

2
(T IJ − i

2
ǫ IJ
KL TKL) +

1

2
(T IJ +

i

2
ǫ IJ
KL TKL) = +T IJ + −T IJ (E.144)

where +T IJ and −T IJ are the self-dual and anti-self-dual parts of T IJ respectively. Define the
projector onto (anti-)self-dual part of any tensor as

P (±) =
1

2
(1 ∓ i∗). (E.145)

The meaning of these projectors can be made explicit. Let us concentrate of P+,

(P+T )IJ = (
1

2
(1 − i∗)T )IJ =

1

2
(δI

Kδ
J
L − i

1

2
ǫ IJ
KL )TKL =

1

2
(T IJ − i

2
ǫ IJ
KL TKL) = +T IJ .

(E.146)

Then

±T IJ = (P (±)T )IJ .
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The Lie bracket

An important object is the Lie bracket defined by

[F,G]IJ := F IKG J
K −GIKF J

K , (E.147)

it appears in the curvature tensor (see the last two terms of ()), it also defines the algebraic
structure. We have the results (proved below):

P (±)[F,G]IJ = [P (±)F,G]IJ = [F,P (±)G]IJ = [P (±)F,P (±)G]IJ (E.148)

and

[F,G] = [P+F,P+G] + [P−F,P−G]. (E.149)

That is the Lie bracket, which defines an algebra, decomposes into two separate independent
parts.

Identities for the totally anti-symmetric tensor

The internal indices of ǫIJKL are raised with the Minkowski metric ηIJ . Since ηIJ has signature
(−,+,+,+), it follows that

ǫIJKL = −ǫIJKL.

to see this consider,

ǫ0123 = η0Iη1Jη2Kη3LǫIJKL

= (−1)(+1)(+1)(+1)ǫ0123 = −ǫ0123.

We then have the identities,

ǫIJKOǫLMNO = −6δI
[Lδ

J
Mδ

K
N ] (E.150)

ǫIJMNǫKLMN = −4δI
[Kδ

J
L]

= −2(δI
Kδ

J
L − δI

Lδ
J
K). (E.151)
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Definition of self-dual tensor

Therefore the square of the duality operator is minus the identity,

∗ ∗ T IJ =
1

4
ǫ IJ
KL ǫ KL

MN T MN = −T IJ (E.152)

The minus sign here is due to the minus sign in (E.151), which is in turn due to the Minkowski
signature. Had we used Euclidean signature, i.e. (+,+,+,+), instead there would have been a
positive sign. We define SIJ to be self-dual if and only if

∗SIJ = iSIJ . (E.153)

(with Euclidean signature the self-duality condition would have been ∗SIJ = SIJ). Say SIJ is
self-dual, write it as a real and imaginary part,

SIJ =
1

2
U IJ + i

1

2
V IJ .

Write the self-dual condition in terms of U and V ,

∗(U IJ + iV IJ) =
1

2
ǫ IJ
KL (UKL + iV KL) = i(U IJ + iV IJ).

Equating real parts we read off

V IJ = −1

2
ǫ IJ
KL UKL

and so

SIJ =
1

2
(U IJ − i

2
ǫ IJ
KL UKL) (E.154)

where U IJ is the real part of 2T IJ . Now given any tensor T IJ , we can decompose it as

T IJ =
1

2
(T IJ − i

2
ǫ IJ
KL T IJ) +

1

2
(T IJ +

i

2
ǫ IJ
KL T IJ)

= +T IJ + −T IJ (E.155)

since ∗( +T IJ) = i +T IJ and ∗( −T IJ) = −i −T IJ , +T IJ and −T IJ are the self-dual and
anti-self-dual parts of T IJ .
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Important lengthy calculation

The following lengthy calculation is important as all the other important formula can easily be
derived from it. From the definition of the Lie bracket and with the use of (E.150) we have

∗[F, ∗G]IJ =
1

2
ǫ IJ
MN (FMK(∗G) N

K − (∗G)MKF N
K )

=
1

2
ǫ IJ
MN (FMK 1

2
ǫ N
OPK GOP − 1

2
ǫ MK
OP GOPF N

K )

=
1

4
(ǫ IJ

MN ǫ KN
OP + ǫ IJ

NM ǫ NK
OP )FM

KG
OP

=
1

2
ǫ IJ
MN ǫ KN

OP FM
KG

OP

=
1

2
ǫMIJNǫOPKNF

K
M GOP

= −1

2
ǫKIJNǫOPMNF

M
KG

OP

=
1

2
(δK

O δ
I
P δ

J
M + δK

M δI
Oδ

J
P + δK

P δ
I
M δJ

O

− δK
P δ

I
Oδ

J
M − δK

M δI
P δ

J
O − δK

O δ
I
M δJ

P )FM
KG

OP

=
1

2
(F J

KG
KI + FK

KG
IJ + F I

KG
JK

− F J
KG

IK − FK
KG

JI − F I
KG

KJ)

= −F IKG J
K +GIKF J

K

= −[F,G]IJ (E.156)

That gives the formula

∗[F, ∗G]IJ = −[F,G]IJ . (E.157)

from which everything else is then easy to derive.

Derivation of important results

First consider

∗[∗F,G]IJ = − ∗ [G, ∗F ]IJ

= [G,F ]IJ = −[F,G]IJ .

where in the first step we have used the anti-symmetry of the Lie bracket to swap ∗F and G,
in the second step we used (E.157) and in the last step we used the anti-symmetry of the Lie
bracket again. Now using this we obtain
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∗[F,G]IJ = ∗(− ∗ [∗F,G]IJ )

= − ∗ ∗[∗F,G]IJ

= [∗F,G]IJ .

where we used ∗∗ = −1 in the third step. Similarly we have

∗[F,G]IJ = [F, ∗G]IJ

Now if we took ∗[F,G]IJ = [∗F,G]IJ and simply replaced G with ∗G we would get ∗[F, ∗G]IJ =
[∗F, ∗G]IJ . Combining −[F,G]IJ = ∗[F, ∗G]IJ (E.157) and ∗[F, ∗G]IJ = [∗F, ∗G]IJ we obtain

−[F,G]IJ = [∗F, ∗G]IJ .

Summarising, we have

∗[F, ∗G]IJ = −[F,G]IJ = ∗[∗F,G]IJ (E.158)

∗[F,G]IJ = [∗F,G]IJ = [F, ∗G]IJ (E.159)

[∗F, ∗G]IJ = −[F,G]IJ (E.160)

Then

(P (±)[F,G])IJ =
1

2
([F,G]IJ ∓ i ∗ [F,G]IJ )

=
1

2
([F,G]IJ + [∓i ∗ F,G]IJ )

= [P (±)F,G]IJ (E.161)

Similarly we have (P (±)[F,G])IJ = [F,P (±)G]IJ . Now consider [P+F,P−G]IJ ,

[P+F,P−G]IJ =
1

4
[(1 − i∗)F, (1 + i∗)G]IJ

=
1

4
[F,G]IJ − 1

4
i[∗F,G]IJ +

1

4
i[F, ∗G]IJ +

1

4
[∗F, ∗G]IJ

=
1

4
[F,G]IJ − 1

4
i[∗F,G]IJ +

1

4
i[∗F,G]IJ − 1

4
[F,G]IJ

= 0. (E.162)

Similarly [P−F,P+G]IJ = 0. This implies

[P (±)F,G]IJ = [P (±)F,P (±)G+ P (∓)G]IJ = [P (±)F,P (±)G]IJ .
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Summary of main results

Altogether we have,

P (±)[F,G]IJ = [P (±)F,G]IJ = [F,P (±)G]IJ = [P (±)F,P (±)G]IJ . (E.163)

We then have that any bracket splits as

[F,G]IJ = [P+F + P−F,P+G+ P−F ]IJ

= [P+F,P+G]IJ + [P−F,P−G]IJ . (E.164)

into a part that depends only on self-dual Lorentzian tensors and is itself the self-dual part of
[F,G]IJ by (E.163), and a part that depndends only on anti-self-dual Lorentzian tensors and is
the anit-self-dual part of [F,G]IJ again by (E.163).

We can write

so(1, 3)C = so(1, 3)+
C

+ so(1, 3)−
C

(E.165)

where so(1, 3)±
C

contains only the self-dual (anti-self-dual) elements of so(1, 3)C.

Self-dual curvature

Instead of considering the connection ω IJ
a we will consider its self-dual part, +A IJ

a , with respect
to the internal indices, that is,

i +A IJ
a =

1

2
ǫ IJ
MN

+A MN
a

+A IJ
a is related to ω IJ

a by

+A IJ
a =

1

2
ω IJ

a − i

4
ǫ IJ
MN ω MN

a (E.166)

Define F JK
ab as the curvature of the self-dual connection,

F IJ
ab = ∇a

+A IJ
b −∇b

+A IJ
a + +A IK

a
+A J

bK − +A IK
b

+A J
aK (E.167)

We use the above results to show this corresponds to the self-dual part of the curvature of the
usual connection:
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F IJ
ab = ∇a

+A IJ
b −∇b

+A IJ
a + +A IK

a
+A J

bK − +A IK
b

+A J
aK

= (∇a(P
+ωb)

IJ −∇b(P
+ωa)

IJ) + [P+ωa, P
+ωb]

IJ

= (P+2∇[aωb])
IJ + (P+[ωa, ωb])

IJ

= (P+Ωab)
IJ (E.168)

Which was the desired result. Thus we have,

F IJ
ab =

1

2

(

Ω IJ
ab − i

2
ǫ IJ
MN Ω MN

ab

)

= ∇[aω
IJ

b] + ω IK
[a ω J

b]K − i

2
ǫ IJ
MN (∇[aω

MN
b] + ω MK

[a ω N
b]K ). (E.169)

Using

2∇[aω
IJ

b] + [ωa, ωb]
IJ = (P+2∇[aωb])

IJ + (P−2∇[aωb])
IJ + [P+ωa + P−ωa, P

+ωb + P−ωb]
IJ

=
(

(P+2∇[aωb])
IJ + [P+ωa, P

+ωb]
IJ
)

+
(

(P−2∇[aωb])
IJ + [P−ωa, P

−ωb]
IJ
)

.

(E.170)

we see that the Palatini curvature decomposes as,

Ω IJ
ab [ω] = Ω IJ

ab [+A] + Ω IJ
ab [−A] (E.171)

and therefore the Palatini action can be written in terms of a self-dual and anti-self-dual part
which depend respectively only on the self-dual and anti-self-dual connections.

E.10.2 Self-dual Action

In the self-dual formulation of general relativity, the variables are a self-dual Lorentz connection.

The other variable is a complex tetrad. The action in the self-dual formulation is built using
the curvature of the self-dual Lorentz connection.

As in the Palatini formulism, one can use the tetrad to define a metric g on M by

gαβ = ηIJe
I
αe

J
β

However, because the tetrad is complex, the metric is now complex.
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The self-dual action can be written

SEH =

∫

d4x e eaIe
b
JF

IJ
ab (E.172)

We introduce a connection compatible with the tetrad via ∇ae
b
I = 0. We will like to proceed

analogously as with the Palatini case and show that one of the equations of motion implies that
+Da is the self-dual part of the unique, torsion-free covariant derivative ∇a compatible with eIa.

If Γ J
aI denotes the Chrristoffel symbol of ∇a, we define the self-dual part +∇a of ∇a by

+∇avI := ∂avI + +Γ J
aI vJ , (E.173)

where +Γ J
aI is the self-dual part of Γ J

aI . The difference between these two connections when
applied to a tensor with purely internal indices is

+C J
aI VJ = ( +Da − +∇a)VI . (E.174)

Note that +C J
aI = A J

aI − +Γ J
aI is indeed the self-dual part of C J

aI .

F IJ
ab − +R IJ

ab = 2∇[a
+C IJ

b] + 2 +C IK
[a

+C J
b]K (E.175)

The self-dual action is written as

SEH =

∫

d4x e eaIe
b
J ( +R IJ

ab + 2∇[a
+C IJ

b] + 2 +C IK
[a

+C J
b]K ) (E.176)

Variation with respect to +C IJ
b] produces

+C K
bI e

[a
Ke

b]
J + +C K

bJ e
[a
I e

b]
K = 0. (E.177)

where we have used +CbKI = − +CbIK . This can be writtem more compactly as

e
[a
Me

b]
Nδ

M
[I δ

K
J ]

+C N
bK = 0. (E.178)

The variation with respect to the tetrad goes along the similarly except Ω IJ
ab replaced every-

where by F IJ
ab .
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E.11 Ashtekar’s Canonical Formalism

GR can be expressed in terms of a complex field Ai
a(x) and a 3d real field Ẽa

i (x), defined on a
three-dimensional space Σ without boundaries, satisfying the reality condition

Ai
a − Āi

a = Σi
a[E] (E.179)

where Σ is defined in appendix A. The theory is defined by the Hamiltonian system

Ẽa
i (x) =

δS

δAi
a(x)

(E.180)

This indicates that the quantity Ẽa
i (x) is the momentum conjugate to Ai

a(x). In Maxwell and
Yang-Mills theories, the momentum conjugate to the three dimensional connection A is called
the electric field.

The Lagrainian and Ashtekar Lagrangian give the same equations of motion from the varaiation
of the spin connection, and once this equation is solved and substituted into, the two Lagrangians
differ only by a term that vanishes due to the Bianchi identity.

E.12 Generators of Symmetry Transformations

{Ea
i (x), G(y)} = ǫijkΛjẼ

a
k (E.181)

This Poisson bracket generates an infintesmal roatation on the internal space index of Ea
i .

R(δθ)ij = δij + ǫijkΛj.

{Ai
a(x), G(y)} = DaΛj, (E.182)

The theory contains the “vector” constraint ()

V ( ~N ) =

∫

Σ
d3NaEbiF i

ab (E.183)

which when combined with the Gauss constraint, gives the statial diffeomorphism constraint

D( ~N) = V ( ~N) −G(Ai
aN

a) =

∫

Σ
d3x[NaEbiF i

ab =

=

∫

Σ
d3x[Ebi∂aA

i
b − ∂b(E

biAi
a)] (E.184)
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The diffeomorphism constraint generates the in intesimal change in the fields along the diffeo-
morphism flow. When applied to a Wilson loop we dont need to include the Gauss gauge term
G(Ai

aN
a) and there is no difference between the constraints V ( ~N) and D( ~N).

{Ai
a,D( ~N )} = L ~NA

i
a,

{Eai,D( ~N )} = L ~NE
ai (E.185)

The Hamiltonian constraint generates

{Ai
a,H(N)} = 2βNǫijkEbiF k

ab, (E.186)

{Eai,H(N)} = −2βNDb(NE
ajEbk). (E.187)

E.12.1 The Gauss-law Constraint Generates Gauge Transfor-

mations

Êi(x)Ψ = −i δΨ

δAi(x)
. (E.188)

|ψ〉 → |ψ〉 + iǫ

(∫

d3xΛ∇iÊi(x)

)

|ψ〉 (E.189)

Ψ[A] → Ψ[A] + ǫ

∫

d3xΛ∇i δΨ

δAi(x)
. (E.190)

Integrating by parts, this gives us

Ψ[A] → Ψ[A] + ǫ

∫

d3x(∇iΛ)
δΨ

δAi(x)
. (E.191)

But this is just the first terms of an infinite-dimensional Taylor expansion, and we have

Ψ[A] → Ψ[A+ ǫ∇iΛ] (E.192)

which is a gauge transformation. The constraint operators are the generators of the gauge group.
It follows that any physical state, i.e. any state satisfying

∇iÊi(x) |ψ〉 = 0, (E.193)

must be gauge invariant.
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E.12.2 Incorperating Matter in the Quantum Theory

fermions at open ends of loops - natural gauge invariant objects.

Lattice Gauge Theories

E.13 Toy Model: Free Particle described using Half-

Complex Coordinates.

E.13.1 Complex Variables and Reality Conditions

Canonical transformation

PQ̇− H̃(Q,P ) = pq̇ −H(q, p) − ∂F

∂t
. (E.194)

∂H̃
∂P

= Q̇

∂H̃
∂Q

= −Ṗ (E.195)

P = −∂F1

∂Q
, Q = q, (E.196)

F1(q,Q) = −qQ+ ipQ (E.197)

Q = q P = z = q − ip

z = q − ip. (E.198)

In terms of these variables the Hamiltonian reads

H0(x, z) = − 1

2m
(x− z)2. (E.199)

Consider z as a configuration variable

To find the solutions corresponding to real x and p, we have to impose the condition
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z + z̄ = 2x (E.200)

which x is the real part of z

Equation (E.200) is called the reality condition.

E.13.2 Quantization in Compex Coordinates.

A complex cononical transformation x→ x, p→ x− ip

If we know what x and p are then we know what x and z are and conversely if we know what x
and z are we know what x and p are; so they are equivalent descriptions.

a free particle described in the coordinates

The Shrödinger equation in complex coordinates is

i~
∂ψ(z, t)

∂t
= H0

(

~
∂

∂z
, z

)

ψ(z, t) = − 1

2m

(

~
∂

∂z
− z

)2

ψ(z, t). (E.201)

z + z† = 2~
∂

∂z
. (E.202)

Now, equation (E.202) only makes sense after we have specified a the scalar product, because
the adjoint of an operator is defined in terms of the the scalar product.

(ψ, φ) =

∫

dz̄dzf(z, z̄)ψ(z)φ(z). (E.203)

We will know what the inner product if we can specify f .

(z + z̄)f(z, z̄) = −2~
∂

∂z
f(z, z̄) (E.204)

This gives

f(z, z̄) = e−
(z+z̄)2

4~ (E.205)
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E.14 The Holst Action

S(E,ω) =
1

16πG

∫

d4x|E|Ea
IE

b
JP

IJ
KLΩ KL

ab (ω) (E.206)

where

P IJ
KL = δ

[I
Kδ

J ]
L − 1

2β
ǫIJ

KL. (E.207)

E.14.1 3+1 Decomposition of the Holst Action

We relate the curvature of the Ashtekar-Barbero connection to the curvature of the spin con-
nection,

F i
ab = 2∂[a(Γ

i
b] + βKi

b]) − ǫijk(Γ
j
a + βKj

a)(Γk
b + βKk

b )

= 2∂[a(Γ
i
b] + βKi

b]) −
1

2
ǫijk

(

(Γj
a + βKj

a)(Γ
k
b + βKk

b ) − a↔ b
)

= 2∂[aΓ
i
b] − ǫijkΓ

j
[aΓ

k
b] − β

(

2∂[aK
i
b] − ǫijk(Γ

j
[aK

k
b] +Kj

[aΓ
k
b])
)

− β2ǫijkK
j
[aK

k
b]

= F i
ab − β

(

2∂[aK
i
b] − ǫijk(Γ

j
[aK

k
b] −Kj

[aΓ
k
b])
)

− β2ǫijkK
j
aK

k
b

= F i
ab − β(2∂[aK

i
b] − 2ǫijkΓ

j
[aK

k
b] − β2ǫijkK

j
aK

k
b

= F i
ab − 2β∇[aK

i
b] − β2ǫijkK

j
aK

k
b (E.208)

E.14.2 The Diffeomorphism Constraint

For the diffeomorphism constraint we have (we introduce here a negative sign so that the con-
straint appears with a positve sign in the Hamiltonian, recall the basic form L = pq̇ −H)

NaCa = −βnIN
a
(
√
qEb

J

8πβG

)
P IJ

KLF
KL

ab

= βNaẼb
jP

0j
klF

kl
ab

= βNaẼb
j

(

F 0j
ab − 1

2β
ǫ0j

klF
kl

ab

)

= 2βNaẼb
j

(

∂[aω
0j

b] + ω 0k
[a ω j

b]k +
1

2β
ǫjkl(∂[aω

kl
b] + ω kL

[a ω l
b]L )

)

= 2βNaẼb
j

(

∂[aK
j
b] +Kk

[aω
j

b]k +
1

2β

(
2∂[aΓ

kl
b] + ǫjkl(ω

k0
[a ω l

b]0 + ω km
[a ω l

b]m )
)
)

= 2NaẼb
j

(

∂[aA
j
b] − βǫjmkΓ

m
[aK

k
b] +

1

2
ǫjkl(K

k
[aK

l
b] + ω km

[a ω l
b]m )

)

(E.209)
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where we used ǫ0j
kl = −ǫjkl, K

i
a = ω 0i

a and ω j
ak = ǫjmkΓ

m
a . Also that ω k0

[a ω l
b]0 = ω 0k

[a ω 0l
b] .

The term ω km
[a ω l

b]m becomes,

ǫjklω
km

a ω l
bm = ǫjkl(ǫ

km
nΓn

a)(ǫ l
m pΓ

p
b)

= ǫjklǫ
km

n ǫl pmΓn
aΓp

b

= ǫjkl(δ
l
nδ

k
p − ηnpη

kl)Γn
aΓp

b

= ǫjklΓ
l
aΓ

k
b

= −ǫjklΓ
k
[aΓ

l
b] (E.210)

Continuing with the calculation for the spatial diffeomorphism constraint,

NaCa = NaẼb
j

(

2∂[aA
j
b] − βǫjklΓ

k
[aK

l
b] −

1

2
ǫjkl

(
Γk

[aΓ
l
b] −Kk

[aK
l
b]

)
)

= NaẼb
j

(

2∂[aA
j
b] − β

1

2
ǫjkl

(
Γk

[aK
l
b] +Kk

[aΓ
l
b]

)
− 1

2
ǫjkl

(
Γk

[aΓ
l
b] −Kk

[aK
l
b]

)
)

= NaẼb
j

(

2∂[aA
i
b] −

1

2
ǫjkl(Γ

k
[aΓ

l
b] + βΓk

[aK
l
b] + βKk

[aΓ
l
b] −Kk

[aK
l
b])

)

= NaẼb
j

(

2∂[aA
i
b] −

1

2
ǫjkl(Γ

k
[aΓ

l
b] + βΓk

[aK
l
b] + βKk

[aΓ
l
b] + β2Kk

[aK
l
b])

+ (1 + β2)ǫjklK
k
aK

l
b

)

= NaẼb
j

(

2∂[aA
i
b] − ǫjkl(Γ

k
a + βKk

a )(Γl
b + βK l

b) + (1 + β2)ǫjklK
k
aK

l
b

)

= NaẼb
j

(

F j
ab + (1 + β2)ǫjklK

k
aK

l
b

)

(E.211)

where in the second line we used ǫjklΓ
k
[aK

l
b] = −ǫjklΓ

k
[bK

l
a] = −ǫjklK

l
[aΓ

k
b] = ǫjklK

k
[aΓ

l
b].
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E.14.3 The Hamiltonian Constraint

C = −4πG
N√
q

(
√
qEa

I

8πβG

)(
√
qEb

J

8πβG

)
P IJ

KLF
KL
ab

= −4πGβ2
Ẽa

i Ẽ
b
j√
q
P ij

KLF
KL

ab

= −4πGβ2
Ẽa

i Ẽ
b
j√
q

(

F ij
ab −

1

2β
ǫijKLF

KL
ab

)

= −4πGβ2
Ẽa

i Ẽ
b
j√
q

(

F ij
ab −

1

2β
(ǫijk0F

k0
ab + ǫij0kF

0k
ab )

)

= −4πGβ2
Ẽa

i Ẽ
b
j√
q

(

2∂[aω
ij

b] + 2ω iK
[a ω Lj

b] ηKL +
2

β
ǫijk(∂[aω

k0
b] + ω kl

[a ω 0
b]l )

)

= −4πGβ2
Ẽa

i Ẽ
b
j√
q

(

F ij
ab + 2Ki

[aK
j
b] −

2

β
ǫijk(∂[aK

k
b] + ω kl

[a Kb]l)

)

= −4πGβ2
Ẽa

i Ẽ
b
j√
q
ǫijk

(

F k
ab + ǫkmnK

m
[aK

n
b] −

2

β
∇[aK

k
b]

)

(E.212)

Substituting in (E.208) in this we obtain,

C = −4πGβ2
Ẽa

i Ẽ
b
j√
q
ǫijk

(

Fk
ab + (1 + β2)ǫkmnK

m
a K

n
b + 2

β2 + 1

β
∇[aK

k
b]

)

= −4πGβ2
Ẽa

i Ẽ
b
j√
q
ǫijk

(

Fk
ab + (1 + β2)ǫkmnK

m
a K

n
b

)

− 4πGβ2
(
√
qEa

i

8πβG

) Ẽb
j√
q
ǫijk2

β2 + 1

β
∇[aK

k
b]

= −4πGβ2
Ẽa

i Ẽ
b
j√
q
ǫijk

(

Fk
ab + (1 + β2)ǫkmnK

m
a K

n
b

)

− (β2 + 1)ǫijkE
a
i Ẽ

b
j∇[aK

k
b] (E.213)

In a constrained Hamiltonian system, a dynamical quanity is called first class constraint if
its Poisson bracket with all other constraints vanishes on the constraint surface (the surface
implicitly defined by the simultaneous vanishing of all the constraints). A second class constraint
is one that is not first class.

E.14.4 Addition Constraints

The Hamiltonian is then a sum over constraints,

H = [Ai
a, Ẽ

b
j ] =

∫

d4x
(

ΛiGi + (1 + β)ω0j
t Sj +NC +NaCa

)

(E.214)

Sj = −ǫ n
jm Km

b Ẽ
b
n
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Γa(iE
b
j) = δij

1

2

1√
detq

ǫabceal∂be
l
c −

ǫabc

2
√
detq

(eai∂becj + eaj∂beci)

= − ǫabc

2
√
detq

(eai∂becj + eaj∂beci − δijeal∂be
l
c) (E.215)

Recall eaI = Ea
I + nanI and in the temporal gauge ni = 0 so

Γa(iE
b
j) = − ǫabc

2
√
detq

(Eai∂bEcj + Eaj∂bEci − δijEal∂bE
l
c) (E.216)

Obviously

DbẼ
b
i = ∂bẼ

b
i − ǫ k

ij (Γj
b + βKj

b )Ẽ
b
k = 0 ǫ k

ij K
j
b Ẽ

b
k = 0

imply

∂bẼ
b
i − ǫ k

ij Γj
bẼ

b
k = 0

Contracting this the totally anti-symmetric tensor

0 = ǫijk(∂bẼ
b
i − ǫ k′

ij′ Γj′

b Ẽ
b
k′) = ǫijk∂bẼ

b
i − ǫijkǫ

k′

ij′ Γj′

b Ẽ
b
k′

= ǫijk∂bẼ
b
i − (δj

j′δ
k
k′ − δk

j′δ
j
k′)Γ

j′

b Ẽ
b
k′

= ǫijk∂bẼ
b
i − (Γj

bẼ
b
k − Γk

b Ẽ
b
j ) (E.217)

|det(Ẽ)| = |det(E)|2

Ea
i = |det(Ẽ)|−1/2Ẽa

i

Γa[iE
a
j] =

1

2
|det(E)|−1ǫijk∂a(|det(E)|Ea

k )

=
1

2
ǫijk(∂aE

a
k +

Ea
k

|det(E)|∂a|det(E)|)

=
1

2
ǫijk(∂aE

a
k + Ea

kE
l
c∂aE

c
l ) (E.218)
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ΓaiE
a
j = Γa(iE

a
j) + Γa[iE

a
j]

= − ǫabc

2
√
detq

(Eai∂bEcj + Eaj∂bEci − δijEan∂bE
n
c ) +

1

2
ǫijk(∂aE

a
k + Ea

kE
l
c∂aE

c
l )

= −ǫ
klm

2
Ea

kE
b
lE

c
m(Eai∂bEcj + Eaj∂bEci − δijEan∂bE

n
c ) +

1

2
ǫijk(∂aE

a
k + Ea

kE
n
c ∂aE

c
n)

= −1

2

(

ǫilmEb
lE

c
m∂bEcj + ǫjlmEb

lE
c
m∂bEci − ǫklmδijE

b
lE

c
m∂bE

k
c

)

+
1

2
ǫijk(∂aE

a
k + Ea

kE
n
c ∂aE

c
n)

=
1

2
Eb

l

(

ǫilkEaj∂bE
a
k + ǫjlkEai∂bE

a
k + ǫmlkδijE

c
k∂bE

m
c

)

+
1

2
ǫijl(∂bE

b
l + Eb

lE
n
c ∂bE

c
n)

=

=

=
1

2
ǫiklEb

l (E
k
a,b − Ek

b,a)E
a
j +

1

2
ǫiklEb

lE
c
kE

j
c,b

=
1

2
ǫiklEb

l (E
k
a,b − Ek

b,a + Ec
kE

m
a E

m
c,b)E

a
j (E.219)

E.14.5 Final Total Hamiltonian

H = [Ai
a, Ẽ

b
j ] =

∫

d4x
(
ΛiGi +NC +NaCa

)
(E.220)

Ca = Ẽb
jF j

ab (E.221)

C = −4πGβ2
Ẽa

i Ẽ
b
j√
q

(

ǫijkFk
ab + 2(1 + β2)Ki

[aK
j
b]

)

(E.222)

or

C = −4πGβ2

(

ǫijkFk
abẼ

a
i Ẽ

b
j√

q
+ 2(1 + β2)

Ẽa
[iẼ

b
j]√
q

(Ai
a − Γi

a)(A
j
b − Γj

b)

)

(E.223)
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E.16 Worked Exercises and Details

Gauss-Codazi

Gauss’ equation.

R d
abc ud = (DaDb −DbDa)uc

= 2qr
[aq

s
b]q

t
c∇r( q

p
s

︸︷︷︸

I

qq
t

︸︷︷︸

II

∇puq
︸ ︷︷ ︸

III

) (E.224)

tackle each term separately.

R d
abc ud = (I) + (II) + (III), (E.225)

Proof.

(I) = 2qr
[aq

s
b] (qt

cq
q
t) (∇rq

p
s)(∇puq)

= 2qr
[aq

s
b]q

q
c (∇r(δ

p
s + npns)) (∇puq) using qt

cq
q
t = qt

q

= 2qr
[aq

s
b]q

q
c (∇rn

pns)(∇puq)

= 2qr
[aq

s
b]q

q
c (np∇rns + ns∇rn

p)(∇puq)

= 0. (E.226)

We now move to the second piece of (E.224),

(II) = 2qr
[aq

s
b]q

t
cq

p
s (∇rq

q
t)(∇puq)

= 2qr
[aq

p
b]q

t
c (∇r(δ

q
t + nqnt)) (∇puq) using qs

bq
p
s = qt

c

= 2qr
[aq

p
b]q

t
c (∇rn

qnt)) (∇puq)

= 2qr
[aq

p
b]q

t
c(∇rnt)n

q(∇puq), (E.227)

We will use that uan
a = 0 implies ua∇bn

a = −na∇bua,

= 2qr
[aq

s
b]q

t
c(∇rnt)(∇pn

q)uq

= 2qr
[aq

s
b]q

t
c(∇rnt)(∇pn

q)uq

= −2Kc[aKb]qu
q

= −(KcaK
d

b −KcbK
d

a )ud. (E.228)
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(III) = 2qr
[aq

s
b]q

t
cq

p
sq

q
t (∇r∇puq)

= 2qr
[aq

s
b]q

q
c (∇r∇puq)

= 2q[raq
s]
bq

t
c(∇[r∇p]uq)

= 2qr
aq

p
bq

q
cR

s
rpq us

= 2qr
aq

p
bq

q
cq

d
sR

s
rpq ud. (E.229)

Putting it all together

R d
abc ud = (0) −

(

(KcaK
d

b −KcbK
d

a )ud

)

+ (qr
aq

p
bq

q
cq

d
sR

s
rpq ud) (E.230)

As ud is arbritary, this yields Gauss’ equation (E.9).

Gauss-Codazi

Details Hamiltonian.

The determinate of the metric can be written e = N
√
q

ds2 = N2dt2 − qab(dx
a +Nadt)(dxb +N bdt)

= (N2 − qabN
aN b)dt2 − qabN

bdxadt− qabN
adtdxb − qabdx

adxb (E.231)

gab =







N2 −NaN
a −qa1N

a −qa2N
a −qa3N

a

−q1bN
b

−q2bN
b −qab

−q3bN
b







(E.232)

as can be seen from
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ds2 = (dt, dx1, dx2, dx3)







N2 −NaN
a −qa1N

a −qa2N
a −qa3N

a

−q1bN
b

−q2bN
b −qab

−q3bN
b













dt
dx1

dx2

dx3







= (dt, dx1, dx2, dx3)







(N2 −NaN
a)dt − qabN

adxb

−q1bN
bdt− q1bdx

b

−q2bN
adt− q2bdx

b

−q3bN
bdt− q3bdx

b







= (N2 −NaN
a)dt2 − qabN

adxbdt − dxbqabN
bdt− dxaqabdx

b (E.233)

We now evaluate the determinant (E.232)

det g = (N2 −NaN
a) det



 −qab



+ qa1N
a det





−q1bN
b −q12 −q13

−q2bN
b −q22 −q23

−q3bN
b −q32 −q33



+

−qa2N
a det





−q1bN
b −q11 −q13

−q2bN
b −q21 −q23

−q3bN
b −q31 −q33



+ qa3N
a det





−q1bN
b −q11 −q12

−q2bN
b −q21 −q22

−q3bN
b −q31 −q32



 (E.234)

Consider the determinate in the second term on the RHS of (E.234)

det





−q1bN
b −q12 −q13

−q2bN
b −q22 −q23

−q3bN
b −q32 −q33



 = − det





q11N
1 + q12N

2 + q13N
3 q12 q13

q21N
1 + q22N

2 + q23N
3 q22 q23

q31N
1 + q32N

2 + q33N
3 q32 q33



 (E.235)

We use two properties of determinates () and () to write (E.235) as

−N1 det





q11 q12 q13
q21 q22 q23
q31 q32 q33



−N2 det





q12 q12 q13
q22 q22 q23
q32 q32 q33



−N3 det





q13 q12 q13
q23 q22 q23
q33 q32 q33



 (E.236)

since the determinant of a matrix with a repeated column is zero (see appendex A) the second
and third terms of (E.236) vanish and we are left with

−N1 det





q11 q12 q13
q21 q22 q23
q31 q32 q33



 = −N1 det q (E.237)

The other terms in (E.236) are treated analogously and putting it all together (E.234) becomes
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det g = −(N2 −NaN
a) det q − qa1N

aN1 det q − qa2N
aN2 det q − qa3N

aN3 det q

= (−N2 +NaN
a − qabN

aN b) det q (E.238)

= −N2 det q (E.239)

Therefore

e = det(eab) =
√−g = N

√
q. (E.240)

Details (I1.1) Gauss gauge

Derive Eq’s above

Gi(x) = DaE
ai(x) = ∂aE

ai(x) + ǫijkA
j
a(x)E

ak(x) (E.241)

{Ea
i (x), G(y)} =

∫

d3y{Ea
i (x),Λj(y)Gj} = (E.242)

∫

d3y{Ai
a(x),Λ

j(y)Gj} =

∫

d3y{Ai
a(x),Λ

j(y)DaE
bj(y)} =

∫

d3z

∫

d3y
δAi

a(x)

δAk
c (z)

Λj(y)
δ[∂aE

aj(y) + ǫimnA
m
a (y)Ean(z)]

δEc
k(z)

(E.243)

∫

d3xN i(x)
δDaE

a
i (x)

δAk
c (z)

=

∫

d3xN i(x)ǫijk
δAj

a(x)Eak(x)

δAk
c (z)

=

∫

d3xN i(x)ǫijkδ
3(x− z)δc

aE
ak(x) = (E.244)

∫

d3yM j(y)
δDaE

a
i (y)

δEc
k(z)

=

∫

d3yM j(y)
δ[∂aE

a
j (y) + ǫijkA

j
a(y)Eak(y)]

δEc
k(z)

= −
∫

d3y[∂cM
j(y) − ǫijkM

j(y)Ak
c (y)]δ3(y − z)δa

c = −[∂aM
j(z) + ǫijkM

j(z)Ak
c (z)] =(E.245)

Details (I1.1) Spacial diff
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V ( ~N ) =

∫

Σ
d3NaEbiF i

ab (E.246)

Details (I1.1) Ham

F i
ab = ∂aA

i
b − ∂bA

i
a +Aj

aA
k
b ǫijk (E.247)

Obviously

{Ai
a, F

j
bc} = 0 (E.248)

as F i
ab depends only on the connection field. So that the Poisson bracket is simple:

{Ai
a,H(N)} = {Ai

a, ǫ
i′j′k′

F i′

bcẼ
b
j′Ẽ

c
i′} = ǫi

′j′k′

F i′

bc{Ai
a, Ẽ

b
j′Ẽ

c
i′} (E.249)

Using the “product rule” for Poisson brackets this is

{Ai
a,H(N)} = F i′

bcǫ
i′j′k′

(

{Ai
a, Ẽ

b
j′}Ẽc

i′ + {Ai
a, Ẽ

c
i′}Ẽb

j′

)

= 2F i′

bcǫ
i′j′k′{Ai

a, Ẽ
b
j′}Ẽc

i′

= 2ǫijkẼc
jF

k
bc (E.250)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its
spacetime indices. We have proved (E.186).

Details (I1.1) Ham

F i
ab = ∂aA

i
b − ∂bA

i
a +Aj

aA
k
b ǫijk (E.251)

Obviously

{Ai
a, F

j
bc} = 0 (E.252)

as F i
ab depends only on the connection field. So that the Poisson bracket is simple:

{Ai
a,H(N)} = {Ai

a, ǫ
i′j′k′

F i′

bcẼ
b
j′Ẽ

c
i′} = ǫi

′j′k′

F i′

bc{Ai
a, Ẽ

b
j′Ẽ

c
i′} (E.253)
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Using the “product rule” for Poisson brackets this is

{Ai
a,H(N)} = F i′

bcǫ
i′j′k′

(

{Ai
a, Ẽ

b
j′}Ẽc

i′ + {Ai
a, Ẽ

c
i′}Ẽb

j′

)

= 2F i′

bcǫ
i′j′k′{Ai

a, Ẽ
b
j′}Ẽc

i′

= 2ǫijkẼc
jF

k
bc (E.254)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its
spacetime indices. We have proved (E.186).

Details (L2.2)

{G(Ni), G(Mj)} =

∫ ∫

d3xd3yN i(x)M j(y){Gi(x),Gj(y)} =

=

∫

d3z

∫

d3x

∫

d3yN i(x)M j(y)

[
δGi(x)

δAk
c (z)

δGj(y)

δEc
k(z)

− δGi(x)

δEc
k(z)

δGj(y)

δAk
c (z)

]

(E.255)

∫

d3xN i(x)
δGi(x)

δAk
c (z)

= N i(z)ǫijkE
ck(z) (E.256)

∫

d3yM j(y)
δGj(y)

δEc
k(z)

= −DaMk(z) (E.257)

{G(Ni), G(Mj)} =

∫

d3z
[

N i(z)ǫijkE
ck(z)DaMk(z) −M i(z)ǫijkE

ck(z)DaNk(z)
]

(E.258)

Jacobi identity

ǫijmǫmkn + ǫjmkǫmin + ǫkimǫmjn = 0 (E.259)

{G(Ni), G(Mj)} = −G([N,M ]) (E.260)

Details

{CN , CM} = {CN , (DaA
i
b −DbA

i
a)Ẽ

a
j Ẽ

b
k}ǫijk (E.261)
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{CN , CM} =

∫

d3x(N∂aM −M∂aN)(Ẽ[aẼb][Ẽc, Fab]
∫

d3x(N∂aM −M∂aN)(ẼcẼ (E.262)
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