Appendix G

The Holst Action and
Ashtekar-Barbero Real Variables

G.1 The Holst Action

1 a
S(Ew) = 5 [ AUlBIERES PP 0, w) (G.1)
where
1. 1
Py, = 8107 — ﬁGIJKL' (G-2)

G.1.1 341 Decomposition of the Holst Action

We relate the curvature of the Ashtekar-Barbero connection to the curvature of the spin con-
nection,

Fly = Qa[a(ré} + ﬁKZ]) — (1] + BK]) (T} + BKY)

, 1 , ,
= 20, (I'y + BKy) — §€ij ((Fé + BK])(T + BKY) —a < b)

= 20,1 — ¢ Tk — ﬂ(za[aKg] — e (D) K + K[{Ir’g])) — el ] K
- ﬁ(26[aK§] — el (T Il K[ﬂar’g])) — B2 KIK]
= Fy— 820,k — 2e’jkI‘faKf] — B KIKf

= Fy, — 20V Ky — 0%€ ), KKy (G.3)
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G.1.2 The Diffeomorphism Constraint

For the diffeomorphism constraint we have (we introduce here a negative sign so that the con-
straint appears with a positve sign in the Hamiltonian, recall the basic form £ = pg — H)

Vi
NeC, = _ﬁmz\fa(8 ﬁG)PI LB, KL
- O
_ ﬂN“E;-’ %1 Fup ™

~ . 1 .
b 0 0 kl
= ﬂ]\]a.EJ‘7 (Fab 7 _ %E Jleab >

= 28N°E? <a[awb}0j +w[a0kwb]k:j 25 (Oay” Jru’[tsz“’l?]Ll))

= 2ﬁNaEb <8[aK]} + K[ wb]k ﬁ (28[an]kl + fjkl(W[akowb}ol + W[akmwb]nll))>

a 1 1 m
= 2N E? <8[a ﬁemkr Kb} ekl(K[]fzKll)]—i_w[ak wb]ml)> (G4)

0i
where we used € ]kl —€ > Ki=w and w k = e wLa' - Also that Wiq wb]ol = w[a()kwb] 0L,

km

The term Wi Wy ni becomes,

ejklwakmwb I ejkl( km Py (e | )
= ejk,le km lmeZFp
= €(8,05 = nupn™TATY
= &,k
= — LTy (G.5)

Continuing with the calculation for the spatial diffeomorphism constraint,
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NC,

N°E} <28[ — B, TH K — . 6 W (TETE — K{Z&i}))

N°Ej <28 ﬂ € kl(r LKy + K TY) — ;6 o (LT — K[’Z&i}))
N°E? <25[ A - 1ejkl(rfarg} + B, Ky + BKET — K{ZK,%))
N°E} <28[aA§)} — %ejkl@’;arg] + BUL Ky + BEETy + 8K Ky)

+ (14 B KEKS)
NE (200 A — €y (Th + BEE) T + BK}) + (1 + 52)), KK} )

NEY (Fl,+ (14 B2 KEK])

where in the second line we used € klI‘f“ Kl] —€ klI‘[bK | = —¢€ le[aFk} =€ le[’ZI‘b].

G.1.3 The Hamiltonian Constraint

1n 6 (L) (G P

—4r G2 E\a/?j PUKL F KL

—Ar G Ej“/?;’ <Fé{) _ %EinLFabKL>

— 47 G E:af? <F;g - %(e” o Fap + €7 F, O ))

—4n G Ez“ff <23[awb]ij T 2“’[aiKWb]Lij L+ %Eijk(a[awb}ko + w[aklwb]lo)>
—4r G’ Ezaf? <F i+ 2K, %Eijk(a[aKg] + w[alebw))

AnGR D EZGE? (F b+ € KK — %Wﬂiﬁ)

Substituting in (G.3) in this we obtain,
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EaE? 2 1
c - _4w05227q% A <]~' +(1+ )k, KmK] _1_25; V[aK])
EoE® \/—Ea 3 3241
_ 271 ") Yy k 2\ _k myon\ 2 J ZJ
=GP k(]-'ab+(1+ﬁ Jek KT K,,) 4G (swe)\f 2 VK
2E;IE;) 2\ _k 2 %
— _irGp We 7 (]—' L (14 )emnK;”K,?) (8% + 1)) BYEYV | K (G.8)

In a constrained Hamiltonian system, a dynamical quanity is called first class constraint if
its Poisson bracket with all other constraints vanishes on the constraint surface (the surface
implicitly defined by the simultaneous vanishing of all the constraints). A second class constraint
is one that is not first class.

G.1.4 Addition Constraints

The Hamiltonian is then a sum over constraints,

H = [AL, BY) = / diz (AiGi +(1+B)wYS; + NC + N“Ca> (G.9)

r

1 1
a(ZEb) = ;= e“bceal&,elc — (€aiab€cj + eajﬁbeci)

Y9 /detq

abc

€
2+/detq
€

= _W(eaiabecj + 6ajabeci - 5ij€alab€lc) (GlO)

Recall ef = Ef + nny and in the temporal gauge n; = 0 so

abe
LB = —W(EaiabEcj + EojOyEei — 01 B0y L) (G.11)
Obviously
DyE! = OE? — ¢;* (U] + BK])ER =0 ¢;*K{E} =0
imply
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Contracting this the totally anti-symmetric tensor

O = Eljk(abE,? - Eij/klrz E]I;/) = EljkabE,? - Eijkﬁij/klrz E]I;/
= OB — (8,88 — ok ol ) B,
A0, — (B —ThEY) (@.12)

(det(E)| = | det(E)

E¢ = |det(E)|~'/2E¢

a 1 — a
LB = 5ldet(E)] Leijida(| det(E)|ER)
1 E?
= ein(0uEl + ——k 9, det(E

1
= Seun(0uF} + BRELO.EY) (G.13)

LB} = TuuEf) + o Ej

6abc 1
= —W(Em’abEcj + EajﬁbEci — 5iann8bEg) + §€ijk(8aE](gl + EgEé@aEf)
kim
€ 1
= —TEgEfE;(EaiabEcj + EajOhEei = 01 EanOp EY) + S €k (Du B + ELEZ 0. Ey)

1/ . ) 1
= —5 (ezlmEleﬁﬁbEcj + EﬂlmEle;c‘)bEci — Eklm5ijEll)Eg,LabE§> + §€ijk;(8aE]? + EgE?aaEﬁ)

1 , , 1
= §Elb (EllkEajabEg + EﬂkEaiabEg + emlkéingc‘)bE;”) + —Eijl(abElb + Eleg‘abEﬁ)

2
L ikt by e N I e
= 56 El (Ea,b — Eb,a)E] + 56 El EkEC,b
1
= ?WE;’(EQb — B}, + E{E]'El)ES (G.14)

G.1.5 Final Total Hamiltonian

H=[A},E}) = /d4m (A'G; + NC + N°Cy) (G.15)

Co = EVFY, (G.16)
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= 47
\/a

(974 + 201+ 5 K]

or

€ Fk pafb ECEb
C = —4nGp* | 0 4 o1 4 g2l
B < /e (1+57) Va (

G.2 Inclusion of Matter
G.2.1 Yang-Mills

G.2.2 Klein-Gordan - Scalar Matter

G.2.3 Fermionic Matter

G.3 Biblioliographical notes

In this chapter I have relied on the following refferences:

Eric Poisson

)

—Ti)(A] — FZ))

Kenneth smith, Dynamic Singularity Excision in Numerical Relativity.

(G.17)

(G.18)

Robert Bartnik, Jim Isenberg, The Constraint FEquations?? or should this be refferenced in

G.4 Worked Exercises and Details

‘ Details (I1.1) Gauss gauge

Derive Eq’s above

Gi(z) = DyEY(2) = 0, B (x) + 6§kAfl(a;)Eak(:1:)

(B2 (). C(y)} = / (B (x), N (5) 3} =
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/ Py{AL(z), N ()G} = / dy{Ai (), A <y>DaEbj<y>} -

SAL(z) O[0. EY (y) + € AT (y) B (2)]
3 3 mn a
/d / v3ake ¥ SEL () (G-21)
. 6D,E%(x) . 8AL(x)Ek (2)
3 N? 7 :/ 3 N? T
[ e @y = [ PN 0=
_ / BN (z)el 63 — )5 B (z) = (G.22)
 SDLEM(y) - 8[0aE(y) + €, AL(y) B (y))]
3 M ) :/ 3 M J J
/ d°y (y)iéEg(z) d’yM (y) 5B (2)
—/dgy[c‘)ch(y) — € M7 (y) AL ()]6° (y — 2)68 = —[0aM (2) + €5, M7 (2) A (2)] = (G.23)
| Details (I1.1) Spacial diff
V(N) = / BBNEYF, (G.24)
b
‘ Details (I1.1) Ham
Fiy = 04 A}, — 0y AL + Al Afeiji, (G.25)
Obviously
(A FIY =0 (G.26)
as F ;b depends only on the connection field. So that the Poisson bracket is simple:
{AL H(N)} = {A}, TV FLELES) = ¢F FL{ AL ES ESY (G.27)

Using the “product rule” for Poisson brackets this is
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(AL H(N)} = FeT™ (4L, BB + (AL, B LEY)
= 2FLTF AL B ES
2t R

(G.28)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its

spacetime indices. We have proved (F.46).

| Details (I1.1) Ham

Fiy = 0,4} — 0y AL + AT Afep,

Obviously

{45, B} =0

as F éb depends only on the connection field. So that the Poisson bracket is simple:

{Al H(N)} = {A}, TV FLESESY = 9% FL{ AL EY B}
Using the “product rule” for Poisson brackets this is
(AL HN)Y = R ™ (AL BV EG + {40, B} B )

= 2Fgé€i/jlk/{Aa7 E;J/} i
QeijkE]C-Fbkc

(G.29)

(G.30)

(G.31)

(G.32)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its

spacetime indices. We have proved (F.46).

| Details (1.2.2)

{G(N), G(My)} = / / B yN (@) M (4){G (z), & ()} =

_ ; y 6GH(x) 6G (y) 692( ) 6G7 (y)
= [ @ [ @ [@anennw {M’g(z) SEL(z)  SEL() 3AK(2)
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(G0, GG} = [ & [N GEHE)DuM() ~ M E* () DuNU(:)

Jacobi identity

€ijmEmkn T €jmk€min + €kim€mjn = 0

(G.34)

(G.35)

(G.36)

(G.37)

(G.38)

‘ Details

{Cn,Cu} = {Cn, (D, A} — DyAL)EER}e "

{Cn,Cur} = / Br(NO,M — MO,N)(ECEY[ES, Fy)

/ dB3x(NO,M — MO,N)(EE

(G.39)

(G.40)
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