
Appendix G

The Holst Action and

Ashtekar-Barbero Real Variables

G.1 The Holst Action
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where
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KL. (G.2)

G.1.1 3+1 Decomposition of the Holst Action

We relate the curvature of the Ashtekar-Barbero connection to the curvature of the spin con-
nection,
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G.1.2 The Diffeomorphism Constraint

For the diffeomorphism constraint we have (we introduce here a negative sign so that the con-
straint appears with a positve sign in the Hamiltonian, recall the basic form L = pq̇ −H)
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where we used ǫ
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Continuing with the calculation for the spatial diffeomorphism constraint,
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where in the second line we used ǫ
j
klΓ

k
[aK

l
b] = −ǫ

j
klΓ

k
[bK

l
a] = −ǫ

j
klK

l
[aΓ

k
b] = ǫ

j
klK

k
[aΓ

l
b].

G.1.3 The Hamiltonian Constraint
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i Ẽb
j√

q

(

F
ij
ab −

1

2β
(ǫij

k0F
k0

ab + ǫ
ij

0kF
0k

ab )

)

= −4πGβ2
Ẽa
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Substituting in (G.3) in this we obtain,
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In a constrained Hamiltonian system, a dynamical quanity is called first class constraint if
its Poisson bracket with all other constraints vanishes on the constraint surface (the surface
implicitly defined by the simultaneous vanishing of all the constraints). A second class constraint
is one that is not first class.

G.1.4 Addition Constraints

The Hamiltonian is then a sum over constraints,

H = [Ai
a, Ẽ

b
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(G.9)
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Recall ea
I = Ea

I + nanI and in the temporal gauge ni = 0 so
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b
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Obviously
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Contracting this the totally anti-symmetric tensor
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b
j ) (G.12)
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G.1.5 Final Total Hamiltonian

H = [Ai
a, Ẽ

b
j ] =

∫
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(G.15)
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ab (G.16)
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or
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(G.18)

G.2 Inclusion of Matter

G.2.1 Yang-Mills

G.2.2 Klein-Gordan - Scalar Matter

G.2.3 Fermionic Matter

G.3 Biblioliographical notes

In this chapter I have relied on the following refferences:

Eric Poisson

Kenneth smith, Dynamic Singularity Excision in Numerical Relativity.

Robert Bartnik, Jim Isenberg, The Constraint Equations?? or should this be refferenced in

G.4 Worked Exercises and Details

Details (I1.1) Gauss gauge

Derive Eq’s above

Gi(x) = DaE
ai(x) = ∂aE

ai(x) + ǫi
jkA

j
a(x)Eak(x) (G.19)

{Ea
i (x), G(y)} =

∫

d3y{Ea
i (x),Λj(y)Gj} = (G.20)
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∫

d3y{Ai
a(x),Λj(y)Gj} =

∫

d3y{Ai
a(x),Λj(y)DaE
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∫

d3z

∫

d3y
δAi

a(x)

δAk
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Λj(y)
δ[∂aEaj(y) + ǫi
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δEc
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(G.21)

∫

d3xN i(x)
δDaE

a
i (x)

δAk
c (z)

=

∫

d3xN i(x)ǫi
jk

δA
j
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δAk
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=

∫

d3xN i(x)ǫi
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ak(x) = (G.22)

∫

d3yM j(y)
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a
i (y)

δEc
k(z)

=

∫

d3yM j(y)
δ[∂aE

a
j (y) + ǫi

jkA
j
a(y)Eak(y)]

δEc
k(z)

= −
∫

d3y[∂cM
j(y) − ǫi

jkM
j(y)Ak

c (y)]δ3(y − z)δa
c = −[∂aM

j(z) + ǫi
jkM

j(z)Ak
c (z)] = (G.23)

Details (I1.1) Spacial diff

V ( ~N ) =

∫

Σ
d3NaEbiF i

ab (G.24)

Details (I1.1) Ham

F i
ab = ∂aA

i
b − ∂bA

i
a + Aj

aA
k
b ǫijk (G.25)

Obviously

{Ai
a, F

j
bc} = 0 (G.26)

as F i
ab depends only on the connection field. So that the Poisson bracket is simple:

{Ai
a,H(N)} = {Ai

a, ǫi′j′k′

F i′

bcẼ
b
j′Ẽ

c
i′} = ǫi′j′k′

F i′

bc{Ai
a, Ẽ

b
j′Ẽ

c
i′} (G.27)

Using the “product rule” for Poisson brackets this is
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{Ai
a,H(N)} = F i′

bcǫ
i′j′k′

(

{Ai
a, Ẽ

b
j′}Ẽc

i′ + {Ai
a, Ẽ

c
i′}Ẽb

j′

)

= 2F i′

bcǫ
i′j′k′{Ai

a, Ẽ
b
j′}Ẽc

i′

= 2ǫijkẼc
jF

k
bc (G.28)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its
spacetime indices. We have proved (F.46).

Details (I1.1) Ham

F i
ab = ∂aA

i
b − ∂bA

i
a + Aj

aA
k
b ǫijk (G.29)

Obviously

{Ai
a, F

j
bc} = 0 (G.30)

as F i
ab depends only on the connection field. So that the Poisson bracket is simple:

{Ai
a,H(N)} = {Ai

a, ǫi′j′k′

F i′

bcẼ
b
j′Ẽ

c
i′} = ǫi′j′k′

F i′

bc{Ai
a, Ẽ

b
j′Ẽ

c
i′} (G.31)

Using the “product rule” for Poisson brackets this is

{Ai
a,H(N)} = F i′

bcǫ
i′j′k′

(

{Ai
a, Ẽ

b
j′}Ẽc

i′ + {Ai
a, Ẽ

c
i′}Ẽb

j′

)

= 2F i′

bcǫ
i′j′k′{Ai

a, Ẽ
b
j′}Ẽc

i′

= 2ǫijkẼc
jF

k
bc (G.32)

where in the in the second step we used that the field-strength tensor is anti-symmetric in its
spacetime indices. We have proved (F.46).

Details (L2.2)

{G(Ni), G(Mj)} =

∫ ∫

d3xd3yN i(x)M j(y){Gi(x),Gj(y)} =

=

∫

d3z

∫

d3x

∫

d3yN i(x)M j(y)

[

δGi(x)

δAk
c (z)

δGj(y)

δEc
k(z)

− δGi(x)

δEc
k(z)

δGj(y)

δAk
c (z)

]

(G.33)
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∫

d3xN i(x)
δGi(x)

δAk
c (z)

= N i(z)ǫi
jkE

ck(z) (G.34)

∫

d3yM j(y)
δGj(y)

δEc
k(z)

= −DaMk(z) (G.35)

{G(Ni), G(Mj)} =

∫

d3z
[

N i(z)ǫi
jkE

ck(z)DaMk(z) − M i(z)ǫi
jkE

ck(z)DaNk(z)
]

(G.36)

Jacobi identity

ǫijmǫmkn + ǫjmkǫmin + ǫkimǫmjn = 0 (G.37)

{G(Ni), G(Mj)} = −G([N,M ]) (G.38)

Details

{CN , CM} = {CN , (DaA
i
b −DbA

i
a)Ẽ

a
j Ẽb

k}ǫijk (G.39)

{CN , CM} =

∫

d3x(N∂aM − M∂aN)(Ẽ[aẼb][Ẽc, Fab]
∫

d3x(N∂aM − M∂aN)(ẼcẼ (G.40)
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