Appendix J

Details of Hawking’s Calculation

J.1 Decomposition into Complete Basis

1. * *
(0irp5) = —52/2(%%% — @5 Vi) d8H = 0y

where d¥ is an area element and ¥ is a Cauchy surface.

(J.1)

J.2 Solution of Klein-Gordon Equation in Schwarzschild

Spacetime
9"V yh =0

This becomes

V(9" 0v¢) =0
The covariant derivative of a vector field A* is given by
VAt = 9, A" + T AY

As we have proven

we have
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(J.2)



Vi = =0,/ =34")

Thus the Klein-Gordon equation can be written

1 14
ﬁﬁu(v —99" 0,¢) =0
—(1—2M) 0 0 0
0 (1-24)~-1 9 0
(G1) = 0 0 20
0 0 0 r2sin%0
g is given by
g = —rtsin® 6
2
I’ = —gsimﬁg — LI

907700  sin20002

ro 02 10 [ 4(r—2M)\ 0 1 -5
- g 92 I Zi2le=o.
7“—2M8t2+r287“{r < r >87“} 72 ]¢) 0

Now write ¢ as

oy 18 (o r—2M\ 9 1.,
_ -9 gL __7 —0.
[ r—2M (iw)” + r20r {r ( r or r2 E(r)®(,¢) =0

dividing both sides

By writing the constant as (I + 1), we obtain

L?0(0,¢) =11+ 1)0(8, p)

T—QMw+r28r{T ( r or r2 R(r)=0
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(J.5)

(J.6)

(J.9)

(J.10)

(J.11)

(J.12)
(J.13)



©(0, ¢) can be expanded

@(97 90) = Z aleVlm(aa SO) (J.14)
lm
where Y},,(0, ¢) are the spherical harmonics.
R'(r.) == rR(r) (J.15)
where r, is the tortise coordinate defined by
4 2MIn | — 1 (J.16)
Ty =T i . .
o o 0
or — Or Or.
r 0
= 1
(r—QM) ory (J.17)
1 r 0? 10 —2M\ 0
v ( - 2M> gt = T K - > ﬂ (rR(r))
_ 10 [(r=2M\ o (r=2M) OR()
ror r r or
2 2 (r—2M\ OR(r) O [(r—2M)\ 0
= 3 ;( . ) or E[( r >E]R(T)
2 10| ofr—2MY\ 0
= 5o [ ( ; >a_} R(r) (7.18)
Under these transformations, equation () becomes
1 T r 9> 2M 1 b
;[r—2Mw —<7T_QM>8—T2—F+EZ(Z+1)}R(T*)—O (J.19)
Dividing by . we obtain
0 _, , 1 (2M 2M ,

taking r — oo
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2

o R'(r.) +w?R'(r,) =0

The solution for this equation is given by

R/(T*) — Cwlefiwm 4 Czleiwr*

1 . ,
R(T‘) = ;(Cwleilwr* =+ C:)lelwr*).
Now write ¢ as

Ae™ 4 A*“YR(r)O(6, p)
Aefiwt + A*eiwt)

-3

(
(

S

Use affine parameters

where v and u are respectively called the advanced and retarded time.

J.3 Bogoliubov Coefficients

rvw! > i
Ay = —— dv e P
V 27er/ —00
/ o
o ™ w iw'v
Buow = dv e Pw-
V 27TF(.UI —00

where the partial wave is

0, v > g
Po ™ r\%’;—w exp [—i4Mwln (%)] , v <1y
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(Cure™™™ + CLe™™)0(0, ¢)

(J.21)

(J.22)

(J.23)

(J.24)

(J.25)

(J.26)

(J.27)

(J.28)



rvw' [ B,(r) [ w <vo—v>] i
Oy = dv exp | —i—In e v
“ V2mE,, /oo rv2mw P K

near the horizon r = 2M

1 (P,2M)\ ume [ /vo —idMw —iw!
) = — [ 27 - d _ dMw —iw'v
Q' = on (Fw/(QM)> S Vsl B C ) ‘

substituting x = vy — v, we obtain

1 (Py(2M)\ ame [W i, /OO —idMw —(—iw’
= — | = = d UMw ,—(—iw")x
Yo' = on <Fw/(2M)> © Ve , e

Recall

make the substitution u = ts

[e.e]
I'(e) = te/ ds s te™t
0

Set € =1 —i4Mw and t = —iw’ we obtain the final formula

1 P,(2M i w! —iw! . . —i
O = Py <7F:/((2M))> AMw ;e w1 — 14Mw)(—zw')1 AM
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(J.29)

(1.30)

(J.31)

(J.32)



