
Chapter 3

Isolated and Dynamical Horizons -
Generalizations of Stationary Black
Holes

A spacetime that looks Minkowskian at infinity is refered to as asymptotically flat.

An event horizon is a surface beyond which timelike curves cannot escape to infintity.
Recall that the causal past J−(S) of some region S is the set of all points one can reach
from that region by moving along past-directed timelike or null curves. The causal past
of future null inifinity J−(ζ+) lie outside of the event horizon of the black hole, see Fig
3.18. The event horizon is formed by the set of points on the verge of lying in J−(ζ+)
but not quite ie. they are the boundary separating J−(ζ+) from the inside of the black
hole, J̇−(ζ+). This definition has draw-back in that one needs to know the entire future
history of the spacetime to identify the event horizon.

null infinity(ζ  )+

+J−(ζ  )

J−

Event horizon
future

Collapsing
      star

ζ+

Figure 3.1: eventhorizon.

the gravitational field at its surface is so strong that the light cones will be bent inward.
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Standard BH thermodynamics is based on globally stationary space-times with event
horizons.

Standard treatments of BH mechanics are elegent from the space-time geometry point of
view but are not well suited for quantization. They do not lead to a well defined action
principle and Hamiltonian framework.

In the usual formulation of the black hole thermodynamics the energy and anular mo-
mentum are defined by ADM at infinity. ??To define a temperature of a black hole one
must make refference to a Killing vector field at infinity??

The presentation will become progressively more involved.

???Surface area of a black hole - is it invariant under active diffeomorphisms? A surface
defined as a loci of points of a coordinate system is not invariant under active diffeo-
morphisms, just as the proper-time between two spacetime points is not invariant under
active diffeomorphisms. The horizon is defined in such a way that under an active diffeo-
morphism, the horizon is dragged across together with the metric field - just as with the
proper time between particle coincident points are dragged across with the metric.???

3.1 Review of Stationary Black Holes

3.1.1 Mass and Angular Momentum of Bodies in Newtonian
Gravity and Special Realtivity

Mass of Body

T ab = ρvavb (3.1)

E =

∫

V

ρ dV (3.2)

Angular Momentum

J = P × r (3.3)

Jd = −mǫabcdv
axbwc = −mǫabcdv

axbpc (3.4)

pa = Eva + P a (3.5)

213



Jd = −mǫabcdv
axbP c (3.6)

Mass and angular momentum in GR

phase space of GR for the case when no internal boundary are present configuration space
is the space of all metrics qab which satisfy the fall-off conditions at infinity

qab =

(

1 +
M(θ, φ)

r

)

fab + O
(

1

r2

)

. (3.7)

The momentum conjugate to qab is given by

pab =
√

q
(
Kab − KQab

)
. (3.8)

Mass of Body

E = keξ = −8π

∫

V

(Tab −
1

2
Tgab)ξ

ava d3x. (3.9)

E = 2

∫

V

(Tab −
1

2
Tgab)v

avb d3x =

∫

V

d3xρ. (3.10)

Angular Momentum

χa = ǫabcdv
axbed (3.11)

χav
a = χae

a = 0 (3.12)

J = k′eχ = −8πk′
∫

V

(Tab −
1

2
Tgab)χ

avb dV. (3.13)

J =
1

8π

∫

S

∇aχbv
anb dS. (3.14)

The net flow through the faces

l2c(T 01(x) − T 01(x + l)] = −l3c
∂T 01

∂x
(3.15)
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l3
∂T 00

∂t
= −l3c

(
∂T 01

∂x
+

∂T 02

∂y
+

∂T 03

∂z

)

(3.16)

Notion of energy and angular momentum have played a key role in analyzing behaviour
of physical theories. For theories of fields on a fixed, background spacetime, a locally
conserved stress-energy tensor, Tab, normally can be defined. If the background spaceime
has a Killing field, ka, then Ja = T a

bk
b is a locally conserved current. If Σ is a Cauchy

surface, then q =
∫

Σ
JadΣa defines a conserved quantity associated with ka; if Σ is a

timelike or null surface, then
∫

Σ
JadΣa has the interpretation of the flux of this quantity

through Σ.

However, in diffeomorphism covariant theories such as general relativity, there is no notion
of the local stress-energy tensor of the gravitational field, so conserved quantities () cannot
and their fluxes cannot be defined by the above procedures, even when Killing fields are
present. Nevertheless, in general relativity, for asymptotic symmetries have been defined
at spacial infinity.

A definition of mass-energy are radiated energy at null infinity, I, was first given by Traut-
man and Bondi et al. This definition was arrived at via a detailed study of asymptotic
behaviour of the metric, and the main justification advanced for this definition has been
in agreement with other notions of mass in some simply cases as well as the fact that the
radiated energy is always positive

Ashtekar illustrates this “Thus for example, while an event horizon may well be developing
in the room in which you are now sitting in anticipation of a future gravitational collapse.”

3.2 The Schwarzschild Metric

The most general spherically symmetric metric is

dτ 2 = A(t, r)dt2 − B(t, r)dr2 − 2C(t, r)dtdr − D(t, r)(dθ2 + sin2 θdφ2) (3.17)

We introduce a new radial coordinate

r′ = D1/2(t, r)

The line element then becomes

dτ 2 = A′(t, r′)dt2 − B′(t, r′)dr
′2 − 2C ′(t, r′)dtdr − r

′2(dθ2 + sin2 θdφ2) (3.18)

Consider the differential
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A′(t, r′)dt − B′(t, r′)dr′

The theory of ordinary differential equations tells us that there exists a function (so called
integration factor) f(t, r′) such that

∂t′

∂t
= A′(t, r′)f(t, r′),

∂t′

∂r′
= −B′(t, r′)f(t, r′)

for some t′ = t′(t, r′), making t′ a perfect differential:

dt′ =
∂t′

∂t
dt +

∂t′

∂r′
dr′

=
(
A′(t, r′)dt − B′(t, r′)dr′

)
f(t, r′) (3.19)

We need to know something of integrating factors and perfect differentials.

Proof:

Consider the ordinary differential equation of first order in two variables:

(
dy

dx
− Y (x, y)

X(x, y)
) = g(x, y). (3.20)

Observe that

d

dx

(

ye−
R

x Y (x′,y)/X(x′,y)dx′
)

=

(
dy

dx
e−

R

x Y (x′,y)/X(x′,y)dx′ − Y (x, y)

X(x, y)
e−

R

x Y (x′)/X(x′)dx′
)

Thus we multiply a given differential equation by the factor

e−
R

x Y (x′,y)/X(x′,y)dx′

which turns the LHS of the equation into a perfect differential

d

dx

(

ye−
R

x Y (x′,y)/X(x′,y)dx′
)

= g(x, y)e−
R

x Y (x′,y)/X(x′,y)dx′

or
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d
(

y(x, y)e−
R

x Y (x′,y)/X(x′,y)dx′
)

= (dy − Y (x, y)

X(x, y)
dx)e−

R

x Y (x′)/X(x′)dx′

= (X(x, y)dy − Y (x, y)dx)
(
e−

R

x Y (x′,y)/X(x′,y)dx′/X(x, y)
)

(3.21)

Put

y′(x, y) = y(x, y)e−
R

x Y (x′,y)/X(x′,y)dx′

and

f(x, y) = e−
R

x Y (x′,y)/X(x′,y)dx′/X(x, y)

then we have

dy′ = (X(x, y)dy − Y (x, y)dx)f(x, y)

We use this result to define a new time coordinate t′ for which

dt′ =
(
A′(t, r′)dt − B′(t, r′)dr′

)
f(t, r′) (3.22)

Squaring, we obtain

dt
′2 =

(
A

′2dt2 − 2A′B′dtdr′ + B
′2dr

′2
)
f 2(t, r′)

or

A′dt2 − 2B′dtdr′ = A
′−1f−2dt

′2 − A
′−1B

′2dr
′2

the line element then becomes

Dropping the primes, the line element then becomes

dτ 2 = A(t, r)dt2 − B(t, r)dr2 − r2(dθ2 + sin2 θdφ2) (3.23)
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Dropping the primes, the line element then becomes

dτ 2 = eνdt2 − eλdr2 − r2(dθ2 + sin2 θdφ2) (3.24)

where

ν = ν(t, r), λ = λ(t, r) (3.25)

The metric components are

g00 = A, g11 = −B, g22 = −r2, g33 = −r2 sin2 θ (3.26)

g00 = eν , g11 = −eλ, g22 = −r2, g33 = −r2 sin2 θ (3.27)

The metric is diagonal so that g00 = 1/g00. The coordinates are labelled

x0 = t, x1 = r, x2 = θ, x3 = φ.

By definition

Γabc =
1

2
gad(gbd,c + gcd,b − gbc,d).

There are 43/2 = 32 independent Γabcs. However many will be zero. For example, it is
obvious that if all components are distinct the connection vanishes.

Let us do some examples.

Γ0
01 =

1

2
g0d(g0d,1 + g1d,0 − g01,d)

=
1

2
g00(g00,1 + g10,0 − g01,0)

=
ν ′

2
(3.28)

where we have used that the metric is diagonal and the prime denotes differentiation with
respect to r.

Consider Γ1
00
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Γ1
00 =

1

2
g11(g01,0 + g01,0 − g00,1)

= −1

2
g11g00,1

=
e−λ

2
ν ′eν

=
eν−λ

2
ν ′ (3.29)

Consider Γ1
11

Γ1
00 =

1

2
g11(g11,1 + g11,1 − g11,1)

=
1

2
g11g11,1

=
e−λ

2
λ′eλ

=
λ′

2
(3.30)

Consider Γ1
22

Γ1
22 =

1

2
g11(g21,2 + g21,b − g22,1)

= −1

2
g11g22,1

=
e−λ

2
(−2r)

= −re−λ (3.31)

Consider Γ2
12

Γ2
12 =

1

2
g22(g12,2 + g22,1 − g12,2)

=
1

2
g22g22,1

=
1

2r2
2r

= 1/r (3.32)
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Consider Γ3
13

Γ3
13 =

1

2
g33(g13,3 + g33,1 − g13,3)

=
1

2
g33g33,1

= − 1

2r2 sin2 θ
(−2r sin2 θ)

= 1/r. (3.33)

Consider Γ1
33

Γ1
33 =

1

2
g1d(g3d,3 + g3d,3 − g33,d)

=
1

2
g11(g31,3 + g31,3 − g33,1)

= −g11g33,1

= −r sin2 θ/B. (3.34)

Consider Γ3
32

Γ3
32 =

1

2
g33(g33,2 + g23,3 − g32,3)

=
1

2
g33g33,2

= − 1

2r2 sin2 θ

∂

∂θ
(−r2 sin2 θ)

=
cos θ

sin θ
= cot θ. (3.35)

Consider Γ3
33

Γ3
33 =

1

2
g33(g33,3 + g33,3 − g33,3)

=
1

2
g33g33,3 = 0 (3.36)

As none of the metric components depend on φ. There are many other examples that
turn out to be zero.
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Consider Γ0
00

Γ0
00 =

1

2
g00(g00,0 + g00,0 − g00,0)

=
1

2
g00g00,0

=
e−ν

2
ν̇eν

=
ν̇

2
(3.37)

Consider Γ0
11

Γ0
01 =

1

2
g00(g00,1 + g10,0 − g01,0)

=
1

2
g00g00,1

=
e−ν

2
ν ′eν

=
ν ′

2
(3.38)

Consider Γ0
11

Γ0
11 =

1

2
g00(g10,1 + g10,1 − g11,0)

= −1

2
g00g11,0

=
eλ−ν

2
λ̇ (3.39)

Consider Γ1
00

Γ1
00 =

1

2
g11(g01,0 + g01,0 − g00,1)

= −1

2
g11g00,1

= −eν−λ

2
ν ′ (3.40)
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Consider Γ1
01

Γ1
01 =

1

2
g11(g01,1 + g11,0 − g01,1)

=
1

2
g11g11,0

=
e−λ

2
λ̇eλ

=
λ̇

2
(3.41)

We find altogether:

Γ1
00 =

1

2
eν−λν ′

Γ1
11 =

1

2
λ′

Γ1
22 = −re−λ,

Γ1
33 = −re−λ sin2 θ,

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 = 1/r

Γ2
33 = − sin θ cos θ,

Γ3
32 = Γ3

23 = cot θ

Γ0
00 =

ν̇

2
,

Γ0
01 =

ν ′

2

Γ0
11 =

eλ−ν

2
λ̇

Γ1
00 = −eν−λ

2
ν ′

Γ1
01 =

1

2
λ̇ (3.42)

All others being zero.

We can calculate the Riemann tensor using

Ra
bcd = ∂cΓ

a
bd − ∂dΓ

a
bc + ΓebdΓ

a
ec − ΓebcΓ

a
ed (3.43)

Ra
bcd = −Ra

bdc (3.44)
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The non-vanishing components of the Riemann tensor are

R0
101 = eλ−ν

(

λ̈

2
+

λ̇2

4
− ν ′λ̇

4

)

+

(
ν ′λ′

4
− ν ′′

2
− ν

′2

4

)

R0
202 = −re−λν ′/2

R0
303 = −re−λ sin2 θν ′/2

R0
212 = −re−ν λ̇/2

R0
313 = −re−ν sin2 θλ̇/2

R1
212 = re−λλ′/2

R1
313 = re−λ sin2 θλ′/2

R2
323 = (1 − e−λ) sin2 θ (3.45)

We use these to calculate the components of the Ricci tensor.

Rab = ∂bΓ
c
ac − ∂cΓ

c
ab + ΓdacΓ

c
bd − ΓdabΓ

c
dc (3.46)

The non-vanishing components of the Ricci tensor are

R00 =

(

λ̈

2
+

λ̇2

4
− ν̇λ̇

4

)

+ eλ−ν
(

ν ′′

2
+

ν
′2

4
− ν ′λ′

4
+

1

r
ν ′
)

(3.47)

R11 = −
(

ν ′′

2
+

ν
′2

4
− ν ′λ′

4
− 1

r
λ′
)

+ eλ−ν
(

λ̈

2
+

λ̇2

4
− ν̇λ̇

4

)

(3.48)

R01 =
1

r
λ̇ (3.49)

R22 = e−λ
(r

2
(λ′ − ν ′) − 1

)

+ 1 (3.50)

R33 = R22 sin2 θ (3.51)

(3.49) vanishing implies

λ = λ(r).

From R00 and R11 vanishing independently

0 = eλ−νR00 + R11 =
1

r
(λ′ + ν ′) (3.52)
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implying

λ + ν = h(t) (3.53)

where h(t) is an arbitrary function of integration. As λ is purely a function of r, (3.50) is
an ordinary differential equation, which we write

e−λ − re−λλ′ = 1,

or

(re−λ)′ = 1.

Integrating, we get

re−λ = r + Const.

so

eλ = (1 + Const./r)−1. (3.54)

Note

eν = eh(t)−λ

The line element becomes

ds2 = eh(t)

(

1 +
Const.

r

)

dt2 − dr2

1 + Const./r
− r2(dθ2 + sin2 θdφ2) (3.55)

Write

t′ =

∫ t

eh(u)/2du (3.56)

then

dt
′2 = eh(t)dt2
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Dropping primes the most general spherically symmetric solution of the vacuum field
equations is

ds2 =

(

1 +
Const.

r

)

dt2 − dr2

1 + Const./r
− r2(dθ2 + sin2 θdφ2) (3.57)

All of the metric components are independent of a time coordinate. We have therefore
proven that any spherically symmetric vacuum metric is stationary.

Now consider the Newtonian limit. A point mass M situated at the origin in Newtonian
theory gives rise to a potential

φ = −GM/r

Using this in the weak field limit gives

g00 ≃ 1 + 2φ/c2 = 1 − 2GM/c2r.

We see that the constant turns out to be −2GM/c2

ds2 =

(

1 − 2GM

c2r

)

dt2 − dr2

1 − 2GM/c2r
− r2(dθ2 + sin2 θdφ2) (3.58)

3.3 Schwarzschild Black Hole

3.3.1 Eddington-Finkelstein Coordinates

In the Eddington-Finkelstein coordinates radial null geodesics become straight lines

t = t + 2m ln(r − 2m) (3.59)

dt = dt − 2m

r − 2m
dr (3.60)

Squaring gives
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(

1 − 2M

r

)

dt2 =

(

1 − 2M

r

)[

dt − 2m

r

(

1 − 2m

r

)−1

dr

]2

=

(

1 − 2M

r

)

dt
2 − 2

2m

r
dtdr +

4m2

r2

(

1 − 2m

r

)−1

dr2 (3.61)

Now we substitute it into the Schwarzschild line element.

ds2 =

(

1 − 2M

r

)

dt2 −
(

1 − 2m

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2)

=

(

1 − 2M

r

)

dt
2 − 4m

r
dtdr −

(

1 − 4m2

r2

)(

1 − 2m

r

)−1

dr2

−r2(dθ2 + sin2 θdφ2)

=

(

1 − 2M

r

)

dt
2 − 4m

r
dtdr −

(

1 − 2M

r

)

dr2 − r2(dθ2 + sin2 θdφ2) (3.62)

and obtain the line element

ds2 =

(

1 − 2M

r

)

dt
2 − 4m

r
dtdr −

(

1 − 2M

r

)

dr2 − r2(dθ2 + sin2 θdφ2) (3.63)

Notice that in this new coordinate system we no longer have a coordinate signularity at
R = 2M . In fact it is regular for the whole range 0 < r < 2m.

Advanced time parameter

As an external observer we cannot chart the course of a particle upon entering the event
horizon. However, a particle entering would pass through the event horizon unaware of
anything strange. The singularity at R = 2M of the Schwarzschild metric is unphysical,
it is simply a coordinate singularity.

To show it isn’t a physical singularity, let us make a change of coordinates and derive a
new metric. We will keep r, θ but replace t with

t = v − r − 2M ln
∣
∣
∣

r

2M
− 1
∣
∣
∣ (3.64)

Let us find dt and substitute it back into the Schwarzschild line element. We begin by
taking the derivative of t,
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dt = dv − dr − dr

r/2M − 1

= dv −
(

r/2M − 1 + 1

r/2M − 1

)

dr

= dv − rdr

r − 2M

= dv −
(

1 − 2M

r

)−1

dr (3.65)

Squaring this we get

dt2 = dv2 − 2

(

1 − 2M

r

)−1

dvdr +

(

1 − 2M

r

)−2

dr2. (3.66)

Now we substitute it into the Schwarzschild line element.

ds2 =

(

1 − 2M

r

)

dt2 − dr2

1 − 2M/r
− r2(dθ2 + sin2 θdφ2)

=

(

1 − 2M

r

)[

dv2 − 2

(

1 − 2M

r

)−1

dvdr +

(

1 − 2M

r

)−2

dr2

]

−
(

1 − 2M

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2)

=

(

1 − 2M

r

)

dv2 − 2dvdr − r2(dθ2 + sin2 θdφ2) (3.67)

We have the line element in the Eddington-Finkelstein coordinates

ds2 =

(

1 − 2M

r

)

dv2 − 2dvdr − r2(dθ2 + sin2 θdφ2). (3.68)

Notice that in this new coordinate system we no longer have a coordinate signularity at
R = 2M . We are now able to explore what happens inside the Schwarzschild black hole.
Notice however we still have a singularity at r = 0. This is a real physical singularity,
and not due to the coordinates used.
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3.4 Internal Schwarzschild Solution

Perfect Fluid Schwarzschild Solution

The metric has the form

ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θdφ2) (3.69)

We need to solve the full Einstein equation,

Gab = Rab −
1

2
Rgab = 8πGTab. (3.70)

The Ricci scalar is giveb by

R = e−λ
(

ν ′′ +
1

2
ν ′2 − 1

2
ν ′λ′ +

2

r
(ν ′ − λ′) +

2

r2

)

− 2

r2
. (3.71)

The nonvanishing components of the Einstein tensor Gab are given by

G00 =
1

r2
eν−λ

(
rλ′ − 1 + eλ

)

G11 =
1

r2

(
rν ′ + 1 − eλ

)

G22 = r2e−λ
(

ν ′′

2
+

ν
′2

4
− ν ′λ′

4
+

1

2r
(ν ′ − λ′)

)

G33 = sin2 θG22 (3.72)

The star is modelled by a perfect fluid

Tab = (ρ + p)UaUb − pgab. (3.73)

where ρ and p are the energy density and uniform pressure as measured in the rest frame
of the fluid, and U is the fluid four velocity - assumed to be

Ua = (eν/2, 0, 0, 0) (3.74)

UaUa = 1
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Tab =







eνρ 0 0 0
0 eλp 0 0
0 0 r2p 0
0 0 0 r2 sin2 θ p







(3.75)

Einstein’s equations read

1

r2
e−λ

(
rλ′ − 1 + eλ

)
= 8πGρ, (3.76)

1

r2
e−λ

(
rν ′ + 1 − eλ

)
= 8πGp, (3.77)

e−λ
(

ν ′′

2
+

ν
′2

4
− ν ′λ′

4
+

1

2r
(ν ′ − λ′)

)

= 8πGp (3.78)

Note that the first of these equations involves only λ(r) and the density ρ(r). Write

m(r) =
1

2G
(r − re−λ) (3.79)

then the first equation becomes

dm

dr
= 4πr2ρ (3.80)

which that can be integrated

m(r) = 4π

∫ r

0

ρ(r′)r
′2dr′. (3.81)

Here, ρ is the density and so we interpret m(r) as the total mass of the star enclosed by a
sphere of radius r. Say or star extends to a radius R, after which spacetime is described
by the Schwarzschild solution. We must have

M = m(R) = 4π

∫ R

0

ρ(r′)r2dr. (3.82)

where M is the Schwarzschild mass.
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eλ =

(

1 − 2Gm(r)

r

)−1

(3.83)

so that the line element becomes

ds2 = eν(r)dt2 −
(

1 − 2Gm(r)

r

)−1

dr2 − r2(dθ2 + sin2 θdφ2) (3.84)

Equation (3.77) becomes

1

r2

(

1 − 2Gm(r)

r

)

(rν ′ + 1) − 1

r2
= 8πGp,

or

(r − 2Gm(r)) (rν ′ + 1) = r + 8πGpr3,

or

(rν ′ + 1) =
r + 8πGpr3

(r − 2Gm(r))
,

and so

dν

dr
=

2Gm(r) + 8πGpr3

r (r − 2Gm(r))
(3.85)

From the energy-momentun ∇aT
ab = 0, the component b = 1 gives

(ρ + p)
dν

dr
= −dp

dr
(3.86)

we use this to eliminate ν from (3.85):

dp

dr
= −(ρ + p)[2Gm(r) + 8πGpr3]

r (r − 2Gm(r))
(3.87)

This is the equation of hydrostatic equilibrium, describing the balance between compres-
sion due to gravity and the pressure gradiant force in the opposite direction.
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3.5 Penrose-Carter diagrams

Let M denote physical space-time with metric gab. The idea is to construct another

“unphysical” manifold M̃ with boundary I and metric g̃ab, such that M is conformal to

the interior of M̃ with

g̃ab = Ω2gab, (3.88)

(where Ω is the conformal factor) and so that the “infinity” of M is represented by the
finite hypersurface I. We realise the whole physical spacetime M as a subset of the
unphysical spacetime M̃.

Asymptotic properties of M and of fields in M can be investigated by studying I, and
the local behaviour of the fields at I provided the relavent information is conformally
invariant.

We will show that the null geodesics of conformally related metrics are the same, and
hence have the same causal structure.

In chapter 7 we use such diagrams when investigating Hawking radiation.

Geodesics under conformal transformations

We denote the inverse metric to g̃ab by g̃ab. Obviously,

g̃ab = Ω−2gab.

Let ∇̃a denote the derivative operator associated with g̃ab.

∇̃ag̃ab = 0 (3.89)

implies

Γ̃abc =
1

2
g̃ad(∇bg̃cd + ∇cg̃bd −∇dg̃bc) (3.90)

But since ∇agbc = 0, we have

∇bg̃cd = ∇b(Ω
2gcd) = 2Ωgcd∇bΩ (3.91)
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Γ̃abc = Ω−1gad(gcd∇bΩ + gbd∇cΩ − gbc∇dΩ)

= 2δa(b∇c) ln Ω − gbc∇d ln Ω (3.92)

The tangent, va, to an affinely parameterised geodesic γ with respect to ∇b satifies

vb∇bv
a = 0 (3.93)

Hence

vb∇̃bv
a = vb∇bv

a + vbΓ̃abcv
c

= va(2vc∇c ln Ω) − (gbcv
bvc)gad∇d lnΩ (3.94)

Thus, γ fails to be a geodesic with respect to ∇̃b unless gbcv
bvc = 0, in which case it is

the non-affinely parameterised geodesic equation - the RHS is proportional to va. Hence
we have proved the result.

3.5.1 Penrose-Carter Diagram for Minkowski Spacetime.

As a first example to illustrate the idea of a Penrose diagram we consider the procedure
for Minkowski spacetime.

We introduce coordinates

v = t + r, (3.95)

w = t − r, (3.96)

It is obvious that

−∞ < v < ∞, −∞ < w < ∞ (3.97)

v ≥ w, (3.98)

the Minkowski spacetime becomes

ds2 = dvdw − 1

4
(v − w)2(dθ2 + sin2 θdφ2). (3.99)
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We define new coordinates p and q by

p = tan−1 v, (3.100)

q = tan−1 w, (3.101)

with coordinate ranges

−1

2
π < p <

1

2
π, −1

2
π < q <

1

2
π (3.102)

p ≥ q. (3.103)

ds2 =
1

4
sec2 p sec2 q[4dpdq − sin2(p − q)(dθ2 + sin2 θdφ2)] (3.104)

and the line element of the unphysical metric is

ds̃2 = 4dpdq − sin2(p − q)(dθ2 + sin2 θdφ2) (3.105)

Ω =
1

4
sec2 p sec2 q (3.106)

We introduce coordinates

t′ = p + q, (3.107)

r′ = p − q, (3.108)

The unphysical metric is now

ds̃2 = dt
′2 − dr

′2 − sin2 r′(dθ2 + sin2 θdφ2) (3.109)

subject to the coordinate range

−π < t′ + r′ < π, (3.110)

−π < t′ − r′ < π, (3.111)

r′ ≥ 0. (3.112)
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r = 0

i+

i−

i0

t = Const.

r = Const.

I+

I−

Figure 3.2: Penrose diagram of Minkowski spacetime

The whole of Minkowski spacetime has been shrunk into a finite or compact region. The
process is called conformal compactification.

I+ is future null infinity,

I− is past null infinity,

i+ is future timelike infinity,

i− is past timelike infinity,

i0 is past spacelike infinity.

3.5.2 Maximal Extensions

3.5.3 The Kruskal Solution

The coordinate choice most useful for path integral investigation into black hole radiation.

3.6 Charged Balck Holes

We now obtain the Reissener-Nordstrom solution that describes a charged non-rotating
black hole. We look for a static, asymptotically flat, shrerically symmetric solution of the
Einstein-Maxwell field equations. The Einstein-Maxwell equations are
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i+i+
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I− I−

I

II

I ′

II ′

Figure 3.3: Penrose diagram of the Kruskal solution

Singularity

HoleBlack

i−

i0

i+
r

=
0

H
+

I−

I+

Figure 3.4: Penrose diagram of a black hole.

Gab = 8πTab (3.113)

where Tab is the energy-momentum tensor of electromagnetism

Tab =
1

4π
(−gcdFacFbd +

1

4
gabFcdF

cd) (3.114)

and where Fab is the field strength tensor. Note that Tab has zero trace,

T = gabTab =
1

4π
(−gabgcdFacFbd +

1

4
gabgabFcdF

cd) = 0. (3.115)

235



This implies the vanishing of the Ricci scalar as the trace of the Einstein tensor must
vanish

R − 1

2
4R = T a

a = 0 ⇒ R = 0

We can then instead use

Rab = 8πTab (3.116)

In source-free regions the tensor Fab must satisfy Maxwell’s equations

∇bF
ab = 0, (3.117)

∂[aFbc] = 0. (3.118)

We can assume there are coordinates (t, r, θ, φ) so thay the metric reduces to the form

ds2 = eνdt2 − eλdr2 − r2(dθ2 + sin2 θdφ2). (3.119)

If we impose the condition that the solution is static, then this requires ν and λ are
functions of r only,

ν = ν(r), λ = λ(r). (3.120)

We also assume the solution to be asymptotically flat.

We read off from (3.119) that

gab =







eν 0 0 0
0 −eλ 0 0
0 0 −r2 0
0 0 0 −r2 sin2 θ







(3.121)

and so

gab =







e−ν 0 0 0
0 −e−λ 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ







(3.122)
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and

√

|g| =
√

− det(gab) = e
1

2
(ν+λ)r2 sin θ. (3.123)

The non-zero components of the Ricci tensor Rab are then

R00 = eλ−ν
(

ν ′′

2
+

ν ′2

4
− ν ′λ′

4
+

1

r
ν ′
)

R11 = −
(

ν ′′

2
+

ν ′2

4
− ν ′λ′

4
− 1

r
λ′
)

R22 = e−λ
(r

2
(λ′ − ν ′) − 1

)

+ 1

R33 = R22 sin2 θ (3.124)

which follow from (3.47)-(3.51) and the assumption that ν = ν(r) and λ = λ(r).

Solving the Maxwell equations and the electric charge

In spherical polar coordinates the Maxwell tensor takes the form

Fab = E(r)







0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







. (3.125)

To confirm this ansatz we will take the definition of the Maxwell tensor in Minkoski
coordinates (t, x, y, z):

Fµν =







0 −Ex −Ey −Ez

Ex 0 Bz −By

Ey −Bz 0 Bx

Ez By −Bx 0







(3.126)

and find its components in spherical polar coordinates (t, r, θ, φ)

t = t

x = r sin θ cos φ

y = r sin θ sin φ

z = r cos θ (3.127)
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via the tansformation formula

F ′µν =
∂xσ

∂x′µ
∂xρ

∂x′ν
Fσρ, (3.128)

where we easily find that,

∂x

∂x′
=







1 0 0 0
0 sin θ cos φ r cos θ cos φ −r sin θ sin φ
0 sin θ sin φ r cos θ sin φ r sin θ cos φ
0 cos θ −r sin θ 0







(3.129)

while inserting the assumption that the elecric field is radial:

Ex = E(r) sin θ cos φ

Ey = E(r) sin θ sin φ

Ez = E(r) cos θ. (3.130)

We obtain from (3.128)
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





1 0 0 0
0 sin θ cos φ sin θ sin φ cos θ
0 r cos θ cos φ r cos θ sin φ −r sin θ
0 −r sin θ sin φ r sin θ cos φ 0













0 −E(r) sin θ cos φ −E(r) sin θ sin φ −E(r) cos θ
E(r) sin θ cos φ 0 0 0
E(r) sin θ sin φ 0 0 0

E(r) cos θ 0 0 0













1 0 0 0
0 sin θ cos φ r cos θ cos φ −r sin θ sin φ
0 sin θ sin φ r cos θ sin φ r sin θ cos φ
0 cos θ −r sin θ 0







=







1 0 0 0
0 sin θ cos φ sin θ sin φ cos θ
0 r cos θ cos φ r cos θ sin φ −r sin θ
0 −r sin θ sin φ r sin θ cos φ 0













0 −E(r) 0 0
E(r) sin θ cos φ 0 0 0
E(r) sin θ sin φ 0 0 0

E(r) cos θ 0 0 0







=







0 −E(r) 0 0
E(r) 0 0 0

0 0 0 0
0 0 0 0







(3.131)

confirming the ansatz.

Raising the indices using the inverse metric, we obtain
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F ab = E(r)







e−ν 0 0 0
0 −e−λ 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













0 −1 0 0
1 0 0 0
0 0 0 0
0 0 0 0













e−ν 0 0 0
0 −e−λ 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ







= E(r)







e−ν 0 0 0
0 −e−λ 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













0 e−λ 0 0
e−ν 0 0 0
0 0 0 0
0 0 0 0







= e−ν−λE(r)







0 1 0 0
−1 0 0 0
0 0 0 0
0 0 0 0







(3.132)

We verify that (3.118) is automatically satisfied using (3.125). We can use Fab = −Fba to
write

∂[aFbc] =
2

3!
(∂aFbc + ∂cFab + ∂bFca) (3.133)

We need only check for

a = 0, b = 1, c = 2

a = 0, b = 1, c = 3

a = 0, b = 2, c = 3

a = 1, b = 2, c = 3. (3.134)

First

∂[0F12] =
2

3!
(∂0F12 + ∂2F01 + ∂1F20)

= 0 (3.135)

then
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∂[0F13] =
2

3!
(∂0F13 + ∂3F01 + ∂1F30)

= 0 (3.136)

then

∂[0F23] =
2

3!
(∂0F23 + ∂3F02 + ∂2F30)

= 0 (3.137)

and lastly

∂[0F23] =
2

3!
(∂0F23 + ∂3F02 + ∂2F30)

= 0. (3.138)

To write out (3.117) we will use the following expression that holds for any antisymmetric
rank two tensor Xab = −Xba

∇aX
ab =

1
√

|g|
∂a(
√

|g|Xab). (3.139)

To prove this result we need

Γaab =
1
√

|g|
∂b
√

|g|. (3.140)

Observe for a rank two tensor Xab

∇aX
ab = ∂aX

ab + ΓaacX
cb + ΓbacX

ac

= ∂aX
ab +

1
√

|g|
(∂c
√

|g|)Xcb + ΓbacX
ac

=
1
√

|g|
∂c(
√

|g|Xcb) + ΓbacX
ac (3.141)

Since we require the tensor Xab to be antisymmetric the last term vanishes and we have
established the result.
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We now apply it to the tensor F ab:

∇aF
ab =

1
√

|g|
∂a(
√

|g|F ab)

=
e−

1

2
(ν+µ)

r2 sin θ
∂a(e

1

2
(ν+µ)r2 sin θF ab) (3.142)

From the t component of Maxwell’s equation (3.117) and using (3.132) we must have

0 = ∇aF
a0

=
e−

1

2
(ν+µ)

r2 sin θ
∂a(e

1

2
(ν+µ)r2 sin θF a0)

=
e−

1

2
(ν+µ)

r2
∂1(e

1

2
(ν+µ)r2F 10)

= −e−
1

2
(ν+µ)

r2
∂1(e

− 1

2
(ν+µ)r2E). (3.143)

Integrating this gives

E = e
1

2
(ν+λ)ǫ/r2 (3.144)

where ǫ is the constant of integration. Assuming the solution is asymptotically flat requires

ν, λ → 0 as r → ∞ (3.145)

and so asymptotically

E ∼ ǫ/r2

We therefore interpret ǫ as the charge of the blackhole.

We confirm the other Maxwell’s eqations. From the r component

∇aF
a1 =

e−
1

2
(ν+µ)

r2 sin θ
∂a(e

1

2
(ν+µ)r2 sin θF a1)

=
e−

1

2
(ν+µ)

r2 sin θ
∂0(e

1

2
(ν+µ)r2 sin θF 01)

= 0 (3.146)
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as there is no time-dependence. The other two are zero by spherical symmetry assumption.
In particular as F a2 = 0

∇aF
a2 =

e−
1

2
(ν+µ)

r2 sin θ
∂a(e

1

2
(ν+µ)r2 sin θF a2)

= 0. (3.147)

Similarly for ∇aF
a3 = 0.

Calculation of the energy-momentum tensor

We employ the ansatz (3.125) together with (3.121) and (3.122) to compute the Maxwell
energy momentum tensor:

Tab =
1

4π
(−gcdFacFbd +

1

4
gabFcdF

cd). (3.148)

First we compute

FcdF
cd = gcegdfFcdFef

= g0eg1fF01Fef + g1eg0fF10Fef

= 2g0eg1fF01Fef

= 2g00g11F01F01

= −2e−ν−λE2. (3.149)

We find the componets of Tab: First T00

T00 =
1

4π
(−gcdF0cF0d +

1

4
g00FcdF

cd)

=
1

4π
(−g11F01F01 +

1

4
g00FcdF

cd)

=
1

4π
(e−λE2 − 1

2
eνe−ν−λE2)

=
1

8π
e−λE2 (3.150)

Next T11
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T11 =
1

4π
(−gcdF1cF1d +

1

4
g11FcdF

cd)

=
1

4π
(−g00F10F10 +

1

4
g11FcdF

cd)

= − 1

4π
(e−νE2 − 1

2
eλe−ν−λE2)

= − 1

8π
e−νE2 (3.151)

Then T22

T22 =
1

4π
(−gcdF2cF2d +

1

4
g22FcdF

cd)

=
1

16π
g22FcdF

cd

=
1

8π
r2e−ν−λE2. (3.152)

It is easy to see that T33 = T22 sin2 θ. We compute T01:

T01 =
1

4π
(−gcdF0cF1d +

1

4
g01FcdF

cd)

= − 1

4π
g10F01F10

= 0. (3.153)

In acordance with (3.124), (note in the derivation of the Schwarzschild solution that
R01 = 8πT01 = 0 implied λ(t, r) = λ(r) by (3.49)).

The other components of Tab are easily seen to be zero, which are in accordance with
(3.124).

Solving the field equations

The equations R00 = 8πT00 and R11 = 8πT11 can be combined

eλ−νR00 + R11 = 8π[eλ−νT00 + T11] (3.154)

By (3.124), (3.150) and (3.151), from the 00 and 11 equations we get
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λ′ + ν ′ = 0 (3.155)

which by (3.145) means that

λ = −ν. (3.156)

The 22 equation

R22 = 8πT22 = r2e−ν−λE2

becomes on using (3.124), (3.144) and (3.156)

eν(−rν ′ − 1) + 1 = r2E2 = ǫ2/r2 (3.157)

or

(reν)′ = 1 − ǫ2/r2 (3.158)

integrating

eν = 1 + Const./r + ǫ2/r2 (3.159)

(note that because R33 = R22 sin2 θ and T33 = T22 sin2 θ the field equation R33 = 8πT33

gives the same equation as R22 = 8πT22). We obtain the line element

ds2 =

(

1 +
Const.

r
+

ǫ2

r2

)

dt2 −
(

1 +
Const.

r
+

ǫ2

r2

)−1

dr2 − r2(dθ2 +sin2 θdφ2). (3.160)

When ǫ = 0, this reduces to the Schwarzschild line element and so

Const. = −2MG/c2.

We obtain the Reissner-Nordstrom solution

ds2 =

(

1 − 2MG

c2r
+

ǫ2

r2

)

dt2 −
(

1 − 2MG

c2r
+

ǫ2

r2

)−1

dr2 − r2(dθ2 + sin2 θdφ2). (3.161)
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3.6.1 Event Horizons

Recall that at the event horizon was the point after which the coefficients of dr and dt
change signs.

The horizon function H(r) is given by

H(r) =

(

1 − 2m

r
+

ǫ2

r2

)

(3.162)

is quadratic with two distinct roots. Write

r2H(r) = r2 − 2mr + ǫ2 = (r − m)2 + ǫ2 − M2. (3.163)

Notice that we must have ǫ2 ≤ m2 otherwise the roots would be complex.

The two roots are given by

r+ = m + (m2 − ǫ2)1/2

r− = m − (m2 − ǫ2)1/2 (3.164)

These two roots correspond to two different event horizons, one at r+ and the other at
r−.

The line element has three regular regions

I. r+ < r < ∞,

II. r− < r < r+,

III. 0 < r < r−. (3.165)

The outer horizon at r+ is much like the event horizon of 2m for a Schwarzschild black
hole.

Space and time change roles.

At the inner horizon, the Cauchy horizon, space and time change roles again.

Inside the Cauchy horizon the sigularity is space-like.

As the more charge is entered into the black hole, the inner event horizon gets larger,
while the outer event horizon starts to shrink. When we reach the maximum possible
charge, i.e. ǫ2 = m2, the two horizons merge and only the regions I and III exist.
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3.6.2 Analogue of Eddington-Finkelstein Coordinates

ǫ2 < m2

t = t − r2
+

r+ − r−
ln(r − r+) +

r2
−

r+ − r−
ln(r − r−) (3.166)

r+ − r− = 2(m2 − ǫ2)1/2

r+ − r− = 2(m2 − ǫ2)1/2

r+ + r− = 2m (3.167)

r+r− = ǫ2 (3.168)

dt = dt − r2
+

r+ − r−

dr

r − r+

+
r2
−

r+ − r−

dr

r − r−

= dt − dr

r+ − r−

(
r2
+

r − r+

+
r2
−

r − r−

)

(3.169)

dt2 = dt
2 − 2

1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)

dtdr +
dr2

(r+ − r−)2

(
r2
+

r − r+

− r2
−

r − r−

)2

(3.170)

Notice that the horizon function is

r2H(r) = (r − r+)(r − r−)

ds2 =
(r − r+)(r − r−)

r2
dt2 − r2

(r − r+)(r − r−)
dr2 − r2(dθ2 + sin2 θdφ2)

=
(r − r+)(r − r−)

r2
dt

2 − 2
(r − r+)(r − r−)

r2

1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)

dtdr

+
(r − r+)(r − r−)

r2

dr2

(r+ − r−)2

(
r2
+

r − r+

− r2
−

r − r−

)2

− r2

(r − r+)(r − r−)
dr2 − r2(dθ2 + sin2 θdφ2) (3.171)
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Consider the coefficient of −2dtdr:

(r − r+)(r − r−)

r2

1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)

=
1

r2(r+ − r−)

(
r2
+(r − r−) − r2

−(r − r+)
)

=
1

r2(r+ − r−)

(
r(r2

+ − r2
−) − (r2

+r− − r2
−r+)

)

=
r+ + r−

r
− r+r−

r2

=
2m

r
− ǫ2

r2
(3.172)

Consider the coefficient of −dr2:

−(r − r+)(r − r−)

r2

1

(r+ − r−)2

(
r2
+

r − r+

− r2
−

r − r−

)2

+
r2

(r − r+)(r − r−)

= − r2

(r − r+)(r − r−)

(
2m

r
− ǫ2

r2

)2

+
r2

(r − r+)(r − r−)

=
r2

(r − r+)(r − r−)

[

1 −
(

2m

r
− ǫ2

r2

)2
]

=
1

1 − 2m/r − ǫ2/r2

[

1 −
(

2m

r
− ǫ2

r2

)2
]

= 1 +
2m

r
− ǫ2

r2
(3.173)

Introduce the function f by

f = 1 − g00 =
2m

r
− ǫ2

r2
(3.174)

Then the line element can becomes

ds2 = (1 − f)dt
2 − 2fdtdr − (1 + f)dr2 − r2(dθ2 + sin2 θdφ2) (3.175)

Notice we no longer have any coordinate singularities.
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3.6.3 Penrose Diagram

3.6.4 Double null coordinates

Introduce double null coordinates

v = t + r, w = 2t − v, (3.176)

this implies

v = t + r∗, w = t − r∗, (3.177)

where

r∗ = r +
r2
+

r+ − r−
ln(r − r+) − r2

−
r+ − r−

ln(r − r−) (3.178)

Obviously

(

1 − 2m

r
+

ǫ2

r2

)

dvdw =
(r − r+)(r − r−)

r2
(dt2 − dr∗2) (3.179)

The coefficient of dt2 can seen immediately to be correct. Now

dr∗ =

[

1 +
1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)]

dr (3.180)

Squaring

dr∗2 =

[

1 + 2
1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)

+
1

(r+ − r−)2

(
r2
+

r − r+

− r2
−

r − r−

)2
]

dr2

(3.181)
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(r − r+)(r − r−)

r2
dr∗2

=
[(r − r+)(r − r−)

r2
dr∗2

+2
(r − r+)(r − r−)

r2

1

r+ − r−

(
r2
+

r − r+

− r2
−

r − r−

)

+
(r − r+)(r − r−)

r2

1

(r+ − r−)2

(
r2
+

r − r+

− r2
−

r − r−

)2 ]

dr2

=
r2

(r − r+)(r − r−)

[(

1 − 2m

r
+

ǫ2

r2

)2

+

+2

(

1 − 2m

r
+

ǫ2

r2

)(
2m

r
− ǫ2

r2

)

+

(
2m

r
− ǫ2

r2

)2 ]

dr2

=
r2

(r − r+)(r − r−)

[

1 − 2

(
2m

r
+

ǫ2

r2

)

+

(
2m

r
+

ǫ2

r2

)2

+2

(

1 − 2m

r
+

ǫ2

r2

)(
2m

r
− ǫ2

r2

)

+

(
2m

r
− ǫ2

r2

)2 ]

dr2

=
r2

(r − r+)(r − r−)
dr2. (3.182)

Therefore

(

1 − 2m

r
+

ǫ2

r2

)

dvdw =

(

1 − 2m

r
+

ǫ2

r2

)

dt2 −
(

1 − 2m

r
+

ǫ2

r2

)−1

dr2

Thus the line element can be written in double null coordinates as

(

1 − 2m

r
+

ǫ2

r2

)

dvdw − r2(dθ2 + sin2 θdφ2) (3.183)

3.6.5 Maximal extension

ǫ2 < m2, we define new coordinates

v′′ = tan−1

(

exp
r+ − r−

4r2
+

v

)

, w′′ = tan−1

(

− exp
r+ − r−

4r2
+

w

)

(3.184)

Inverting we see
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v =
4r2

+

r+ − r−
ln tan v′′, w = − 4r2

+

r+ − r−
ln tanw′′ (3.185)

As

d ln tan x =
d tanx

tan x
=

1

sin x cos x
dx =

2

sin 2x
dx = 2cosec2x dx

we get

dvdw = −42 × 22

(
4r2

+

r+ − r−

)2

cosec2v′′cosec2w′′ dv′′dw′′

Consider the product tan v′′ tan w′′

tan v′′ tanw′′

= − exp

(
r+ − r−

4r2
+

v

)

exp

(
r− − r+

4r2
+

w

)

= − exp

(
r+ − r−

4r2
+

(v − w)

)

= − exp

(
r+ − r−

2r2
+

r∗
)

= − exp

(
r+ − r−

2r2
+

r

)

× exp

(
r+ − r−

2r2
+

[
r2
+

r+ − r−
ln(r − r+)

])

exp

(
r+ − r−

2r2
+

[
r2
−

r+ − r−
ln(r − r−)

])

= − exp

(
r+ − r−

2r2
+

r

)

(r − r+)1/2(r − r−)r
2
−

1/2r2+ . (3.186)

Therefore the line element has the form

ds2 = −64

(

1 − 2m

r
+

ǫ2

r2

)
4r4

+

(r+ − r−)2
cosec2v′′cosec2w′′ dv′′dw′′

= −r2(dθ2 + sin2 θdφ2) (3.187)

where r is defined implicitly by
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tan v′′ tan w′′ = − exp

(
r+ − r−

2r2
+

r

)

(r − r+)1/2(r − r−)r
2
−
/2r2

+ . (3.188)

This line element is the analogue of the Kruskel solution and represents the maximal
analytic extension of the Reissner-Nordstrm solution for ǫ2 < m2.

The Penrose diagram for this maximal extension is shown in fig (3.6.5)
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Figure 3.5: Penrose diagram of a black hole.
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3.7 Rotating Black Holes

3.7.1 Field Equations

Degenerate metric

A metric of the form

gab = ηab − 2mlalb, lalbη
ab = 0, m is arbitrary. (3.189)

is called a degenerate metric. The Schwarzschild metric is an example as can be seen from
the Eddington-Finkelstein form (3.63)

ds2 =

(

1 − 2M

r

)

dt
2 − 4m

r
dtdr −

(

1 − 2M

r

)

dr2 − r2(dθ2 + sin2 θdφ2)

= dt
2 − dr2 − r2(dθ2 + sin2 θdφ2) − 2m

r
(dt + dr)2

= dt
2 − (dx2 + dy2 + dz2) − 2m

r

(

dt +
xdx + ydy + zdz

r

)2

(3.190)

Therefore the Schwarzschild metric can be written in degenerate form with la given by

la =
1√
r

(

1,
x

r
,
y

r
,
z

r

)

(3.191)

It turns out that the solution for a rotating black-hole is also of the form of a degenerate
metric. Let us proceed. Define

la := ηablb. (3.192)

The inverse matrix of gab is

gab = ηab + 2mlalb (3.193)

as is easily seen:

gacg
cb = (ηac − 2mlalc)(η

cb + 2mlclb)

= δ b
a + 2mlal

b − 2mlbla + 4m2lal
blcl

c

= δ b
a
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It follows from (3.193) that the contravariant four vector corresponding to la is the same
as ηablb:

la := gaclc = ηaclc. (3.194)

Therefore its indices han be raised and lowered by either the true metric or the Lorentz
metric. Since la is null it has the property

0 =
1

2
∂d(η

ablalb) = lc∂dlc = lc∂dl
c. (3.195)

We can consider, g, the determinat of the metric. At any point la is a flat-space null
vector: lalbη

ab = 0. We can perform a proper rotation of coordinates in three-space that
leaves ηab invariant and brings la into the form







a
a
0
0







, (3.196)

see

(a, a, 0, 0)







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1













a
a
0
0







= 0. (3.197)

In this system we have

g =

∣
∣
∣
∣
∣
∣
∣
∣

1 − 2ma2 −2ma2 0 0
−2ma2 −1 − 2ma2 0 0

0 0 −1 0
0 0 0 −1

∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣

1 − 2ma2 −2ma2

−2ma2 −1 − 2ma2

∣
∣
∣
∣

= −(1 − 2ma2)(1 + 2ma2) − 4m2a4

= −1 (3.198)

Since a three-dimensional rotation has a unit Jacobian, the metric transforms as a scalar
under this transformation. Thus, g = −1 for any degenerate metric. It follows that
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Γaca =
∂

∂xc
ln
√−g = 0 (3.199)

This simplifies the field equations Rab = 0,

Rab = −∂cΓ
c
ab + ΓdacΓ

c
db = 0 (3.200)

Now Rab involves different powers of m and since m is arbitrary each order must vanish
separately. If we note that the Christoffel symbol of the first kind, Γab,d, is linear in m,
power counting is easy and we isolate terms corresponding to different powers of m,

Rab = −∂cΓ
c
ab + ΓdacΓ

c
db

= −∂c(g
cdΓab,d) + gcdΓea,d gefΓcb,f

= −∂c
(
(ηcd + 2mlcld)Γab,d

)
+ (ηcd + 2mlcld)(ηef + 2mlelf ) Γea,dΓcb,f

= −ηcd∂cΓab,d

−2m∂c
(
lcldΓab,d

)
+ ηcdηefΓea,dΓcb,f

+2m(lcldηef + lelfηcd)Γea,dΓcb,f

+4m2lcldlelfΓea,dΓcb,f (3.201)

We just rewrite one term by swapping the dummy variables d and f :

lcldηefΓea,dΓcb,f = lclfηedΓea,fΓcb,d

This gives four sets of ten equations:

−ηcd∂cΓab,d = 0 O(m)

2m∂c
(
lcldΓab,d

)
− ηcdηefΓea,dΓcb,f = 0 O(m2)

lelfηcdΓea,dΓcb,f + lclfηedΓea,fΓcb,d = 0 O(m3)

4m2lcldlelfΓea,dΓcb,f = 0 O(m4) (3.202)

Order m4 equations:

We need to satisfy

lcldlelfΓea,dΓcb,f = 0
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From the form of the degenerate metric (3.189) we have

∂agbc = −2m∂a(lblc). (3.203)

We will use this a number of times in what follows. Consider the part ldleΓea,d

ldleΓea,d = ldle
1

2
le(∂egad + ∂aged − ∂dgea)

= −mldle
(
∂e(ldla) + ∂a(ldle) − ∂d(lela)

)

= −m
[
lela(l

d∂eld) + (ldld)l
e∂ela +

+ (lele)l
d∂ald + (ldld)l

e∂ale
−ldla(l

e∂dle) − (lele)l
d∂dla

]

= 0 (3.204)

Therefore the m4 equations are automatically stisfied by degenerate metrics.

Order m3 equations:

lelfηcdΓea,dΓcb,f + lclfηedΓea,fΓcb,d = 0 (3.205)

First note that

lclfηedΓea,fΓcb,d = lelfηcdΓeb,dΓca,f (3.206)

shows the second term in on the LHS (3.205) is the same as the first term with a and b
exchanged. Thus the field equations are

lelfηcdΓea,dΓcb,f + a ↔ b = 0 (3.207)

Consider

leΓea,d =
1

2
le(∂egad + ∂aged − ∂dgea)

= −mle[∂e(lald) + ∂a(leld) − ∂d(lela)]

= −mle∂e(lald), (3.208)

where again we have used (3.203), and also consider
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lfΓcb,f =
1

2
lf(∂cgbf + ∂bgcf − ∂fgcb)

= mlf∂f (lclb). (3.209)

Combining them we have

lelfηcdΓea,dΓcb,f = −m2lelfηcd∂e(lald)∂f (lclb)

= −m2lelfηcd[ld∂ela + la∂eld][lb∂f lc + lc∂f lb]

= −m2lelfηcd[ldlb(∂ela)(∂f lc) + lalb(∂eld)(∂f lc) + lald∂elc∂f lb].

(3.210)

Let us consider the terms separately, first,

−m2lelfηcdldlb(∂ela)(∂f lc) = ...ηcdld∂f lc
= ...lc∂f lc
= 0. (3.211)

where we have used (3.195). Next

−m2lelfηcdlalb(∂eld)(∂f lc) = −m2lalb(l
e∂eld)(l

f∂f l
d) (3.212)

by a simple rearangement of terms. Next

−m2lelfηcdlald∂elc∂f lb = ...ηcdld∂elc
= ...lc∂elc
= 0. (3.213)

where we have used (3.195) again.

Therefore

lelfηcdΓea,dΓcb,f = −m2lalb(l
e∂eld)(l

f∂f l
d) (3.214)

Using this in (3.207), the m3 equations lead to
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−m2lalb(v
cvc) = 0 (3.215)

where

vc := ld∂dl
c. (3.216)

Therefore vc is a null vector. It is also orthogonal to the null vector lc, as easily seen

vblb = (lc∂cl
b)lb = lc(lb∂cl

b) = 0 (3.217)

where we have used (3.195). Notice that

va = gabv
b

= (ηab − 2mlalb)v
b

= ηabv
b (3.218)

so that the indices of vc can be lowered and raised with the Lorentz metric, as with lc.
At any chosen point la and va may be written

lb = (|~l|,~l), vb = (|~v|, ~v) (3.219)

where ~l an ~v are ordinary three-vectors in Eucldean space. If θ is the angle between ~l an
~v then

cos θ =
~l · ~v
|~l| |~v|

(3.220)

Now because lb and vb are orthogonal (from (3.217)),

lbvb = lavbηab = l0v0 −~l · ~v
= |~l||~v|(1 − cos θ) = 0 (3.221)

Thus cos θ = 1, and so ~v is parallel to ~l at any given point. We may therefore write

vb = lc∂cl
b = −A(xa)lb (3.222)
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where A is a scalar field.

We will next consider the linear order in m equations and return to the order m2 equations
later, where we will show that they are identically satisified.

Equation from linear in m equation

Using (3.203) in the linear in m equation

−ηcd∂cΓab,d = 0 (3.223)

gives

−ηcd∂cΓab,d = −ηcd∂c[∂agbd + ∂bgad − ∂dgab]

= 2mηcd[−∂c∂d(lalb) + ∂c∂a(lbld) + ∂c∂b(lald)]

= 2m[−�
2(lalb) + ηcd∂c∂a(lbld) + ηcd∂c∂b(lald)]

= 0 (3.224)

where we have introduced the D’Alembertian opertator

ηcd∂c∂d = �
2 =

∂2

∂x02
−∇2.

Define

L := −∂al
a. (3.225)

Expanding ηcd∂c(lbld) gives

ηcd∂c(lbld) = ηcdld∂clb + ηcdlb∂cld
= −((−lc∂clb) − (lb∂cl

c))

= −(L + A)lb (3.226)

implying

ηcd∂c∂a(lbld) = ∂a
(
ηcd∂c(lbld)

)
= −∂a[(L + A)lb]
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Substituting this into equation (3.224) we obtain the equation for la

−�
2(lalb) = ∂b[(L + A)la] + ∂a[(L + A)lb] (3.227)

We use this equation in the following to prove the order m2 equations are satisfied, proving
the order m2 equations are automatically satisfied by any solution to (3.227). The entire
content of the field equations are thus embodied in (3.227). After dealing with the m2

equations we will specialise (3.227) to the stationary case where all x0 derivatives vanish.

Order m2 equations

Recall the order m2 equations

2m∂c
(
lcldΓab,d

)
− ηcdηefΓea,dΓcb,f = 0. (3.228)

Consider the first term, again we use (3.203), we have

2m∂c
(
lcldΓab,d

)
=

2m

2
∂c[l

cld(∂agbd + ∂bgad − ∂dgab)]

= −2m2∂c[l
cld
(
∂a(lbld) + ∂b(lald) − ∂d(lalb)

)
] (3.229)

Looking at the first term in the brackets

ld∂a(lbld) = lb(l
d∂ald) + (ldld)∂alb = 0

and similarly the second

ld∂b(lald) = 0.

So
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2m∂c
(
lcldΓab,d

)
= 2m2∂c[l

cld(lb∂dla + la∂dlb)]

= 2m2∂c[l
cldlb∂dla + lcldla∂dlb)]

= 2m2∂c[(l
d∂dla)l

clb + (ld∂dlb)l
cla]

= 2m2∂c[(−Ala)l
clb + (−Alb)l

cla]

= −4m2∂c[(Alc)(lalb)]

= −4m2[lalb∂c(Alc) + Alc∂c(lalb)]

= −4m2[lalb∂c(Alc) + Alclb∂cla + Alcla∂clb]

= −4m2[lalb∂c(Alc) + Alb(l
c∂cla) + Ala(l

c∂clb)]

= −4m2[lalb∂c(Alc) − 2A2lalb]

= −4m2lalb[∂c(Alc) − 2A2] (3.230)

So that

2m∂c
(
lcldΓab,d

)
= −2m2lalb[2∂c(Alc) − 4A2] (3.231)

Now lets us look at the second term in (3.228)

−ηcdηefΓea,dΓcb,f .

We have

−ηcdηefΓea,dΓcb,f = −ηcdηef4m2

4
[∂e(lald) + ∂a(leld) − ∂d(lela)] ×

×[∂c(lblf) + ∂b(lclf) − ∂f (lclb)]

= −m2ηcdηef [∂e(lald)∂c(lblf ) + ∂e(lald)∂b(lclf) − ∂e(lald)∂f (lclb)

∂a(leld)∂c(lblf) + ∂a(leld)∂b(lclf ) − ∂a(leld)∂f (lclb)

−∂d(lela)∂c(lblf) − ∂d(lela)∂b(lclf ) + ∂d(lela)∂f (lclb)].

(3.232)

Tedious but straightforward calculations give
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1. ηcdηef∂e(lald)∂c(lblf) = lalb[3A
2 + ∂dl

c∂cl
d]

2. ηcdηef∂e(lald)∂b(lclf) = 0

3. −ηcdηef∂e(lald)∂f (lclb) = −lalb(∂dl
c∂dlc)

4. ηcdηef∂a(leld)∂c(lblf) = 0

5. ηcdηef∂a(leld)∂b(lclf) = 0

6. −ηcdηef∂a(leld)∂f (lclb) = 0

7. −ηcdηef∂d(lela)∂c(lblf ) = −lalb(∂dl
c∂dlc)

8. −ηcdηef∂d(lela)∂b(lclf ) = 0

9. ηcdηef∂d(lela)∂f(lclb) = lalb[3A
2 + ∂dl

c∂cl
d] (3.233)

so that

−ηcdηefΓea,dΓcb,f = −m2[1. + · · · + 9.]

= −2m2lalb[3A
2 + ∂dl

c∂cl
d − ∂dl

c∂dlc] (3.234)

Putting together (3.231) and (3.234)

2m∂c
(
lcldΓab,d

)
− ηcdηefΓea,dΓcb,f

= −2m2lalb[2∂c(l
cA) − 4A2]

− 2m2lalb[3A
2 + ∂dl

c∂cl
d − ∂dl

c∂dlc]

= −2m2lalb[2∂c(l
cA) − A2 + ∂dl

c∂cl
d − ∂dl

c∂dlc] (3.235)

we see the m2 order equations vanish when

lalb[2∂c(l
cA) − A2 + ∂dl

c∂cl
d − ∂dl

c∂dlc] = 0. (3.236)

which implies the scalar equation

2∂c(l
cA) − A2 + ∂dl

c∂cl
d − ∂dl

c∂dlc = 0. (3.237)

Let us consider the third term, using ld∂dl
c = −Alc and L = −∂cl

c
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∂dl
c∂cl

d = ∂c(l
d∂dl

c) − ld∂c∂dl
c

= ∂c(−Alc) + ld∂dL

= ∂c[(L − A)lc] + L2 (3.238)

Similarly we find for the fourth term using lc∂dlc = 0

∂dl
c∂dlc = ∂d(l

c∂dlc) − lc∂d∂
dlc

= −lc∂d∂
dlc (3.239)

Expanding (3.227) gives

−la∂d∂
dlb − lb∂d∂

dla − 2(∂dla)(∂dlb)

= lb∂a(L + A) + la∂b(L + A) + (L + A)(∂bla + ∂alb). (3.240)

Contracting with la gives

−lbl
a∂d∂

dla = lalb∂a(L + A) + (L + A)la∂alb
= lbl

a∂a(L + A) − (L + A)Alb (3.241)

(where we have used lala = 0 as well as la∂bla = 0 and la∂alb = −Alb). As lb is a common
factor we get

−la∂d∂
dla = la∂a(L + A) − (L + A)A

= ∂a[(L + A)la] − ∂al
a(L + A) − (L + A)A

= ∂a[(L + A)la] + L2 − A2 (3.242)

(where we have used the definition L := −∂al
a). By using (3.239) the left hand side of

this equation can be replaced by ∂dl
c∂dlc. Thus the fourth term of (3.237) can be written

∂dl
c∂dlc = L2 − A2 + ∂a[(L + A)la]. (3.243)

We now sustitute (3.238) and (3.243) into the LHS of the scalar equation (3.237), to
obtain
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2∂c(l
cA) − A2 + ∂dl

c∂cl
d − ∂dl

c∂dlc =

2∂c(l
cA) − A2 +

(
∂a[(L − A)la] + L2

)
−
(
∂a[(L + A)la] + L2 − A2

)

2∂c(l
cA) − 2∂c(l

cA)

0 (3.244)

Thus any solution of (3.227) makes the m2 equations vanish identically.

Stationary field equations from the m order equation

We have found that the full content of the field equations is embodied in

−�
2(lalb) = ∂b[(L + A)la] + ∂a[(L + A)lb]. (3.245)

We now consider the stationary, or time-independent, case. We will find a simlpification
to the algebraic manipulations will occur with the introduction of the three-vector λj via

la = l0(1, λ1, λ2, λ3) (3.246)

Since la is a flat-space null vector (lalbη
ab = 0), λj is a flat-space unit vector,

~λ2 = 1.

For a = b = 0, in the time-independent case we are now considering, (3.245) reduces to

∇2(l20) = 0 (3.247)

For a = 0, b = j 6= 0 (3.245) reduces to

∇2(l20λj) = ∂j [(L + A)l0] (3.248)

For a = i 6= 0, b = j 6= 0 (3.245) reduces to

∇2(l20λiλj) = ∂j [(L + A)l0λi] + ∂i[(L + A)l0λj] (3.249)

We can take (3.249) and simplify it to a first-order diferential equation by using (3.248)
and (3.247). First expand the RHS of (3.249) and then use (3.248),
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∇2(l20λiλj) = ∂j [(L + A)l0λi] + ∂i[(L + A)l0λj ]

= λi∂j [(L + A)l0] + λj∂i[(L + A)l0] + (L + A)l0(∂jλi + ∂iλj)

= λi∇2(l20λj) + λj∇2(l20λi) + (L + A)l0(∂jλi + ∂iλj) (3.250)

Rearanging gives

∂jλi + ∂iλj =
1

(L + A)l0
[∇2(l20λiλj) − λi∇2(l20λj) − λj∇2(l20λi)] (3.251)

Let us expand the derivatives in ∇2(l20λiλj):

∇2(l20λiλj) = ∂k∂k(l
2
0λiλj)

= ∂k[λiλj∂k(l
2
0) + l20λj∂kλi + l20λi∂kλj]

= λiλj∇2(l20) + λj∂k(l
2
0)(∂kλi) + ∂k(l

2
0)λi∂kλj

+ ∂k(l
2
0)(∂kλi)λj + l20(∂k∂kλi)λj + l20(∂kλi)(∂kλj)

+ ∂k(l
2
0)λi∂kλj + l20(∂kλi)(∂kλj) + l20λi∂k∂kλj

= λiλj∇2(l20) + 2(∂k(l
2
0))(λj∂kλi + λi∂kλj)

+ l20(λj∇2λi + λi∇2λj) + 2l20(∂kλi)(∂kλj). (3.252)

Let us expand the derivatives in λi∇2(l20λj):

λi∇2(l20λj) = λi∂k∂k(l
2
0λj)

= λi∂k
(
(∂kl

2
0)λj + l20∂kλj

)

= λiλj∇2(l20) + 2(∂k(l
2
0))(λi∂kλj) + l20 λi∇2λj. (3.253)

With these results, let us expand the content of the square brackets on the RHS of (3.251)

∇2(l20λiλj) − λi∇2(l20λj) − λj∇2(l20λi)

= (∇2(l20))λiλj + 2∂k(l
2
0)(λj∂kλi + λi∂kλj)

+ l20(λj∇2λi + λi∇2λj) + 2l20(∂kλi)(∂kλj)

− λiλj∇2(l20) − 2(∂kl
2
0)λi∂kλj − l20λi∇2λj

− λjλi∇2(l20) − 2(∂kl
2
0)λj∂kλi − l20λj∇2λi

= −(∇2(l20))λiλj + 2l20(∂kλi)(∂kλj)

= 2l20(∂kλi)(∂kλj) (3.254)
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where we used (3.247) in the last line. We get

∂jλi + ∂iλj =
2l0

L + A
(∂kλi)(∂kλj) (3.255)

Define

p :=
L + A

2l0
(3.256)

then

∂jλi + ∂iλj =
1

p
(∂kλi)(∂kλj) (3.257)

The gravitational field is now described by (3.247), (3.248), and (3.257).

Let

Mik := ∂kλi (3.258)

Then (3.257) becomes

Mij + Mji = Mik(M
T )kj (3.259)

or

M + MT =
1

p
MMT (3.260)

The constant length of λj , implies

1

2
∂k(λiλi) = λi∂kλi = 0 (3.261)

or

MTλ = 0. (3.262)

That is ~λ is in the null space of MT . Moreover, lc∂clb = −Alb with b = 0 gives
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λj∂jl0 = A (3.263)

and with b = k 6= 0

λj∂j(l0lk) = Aλk (3.264)

where we used the definition of λ given in (3.246), but

λj∂j(l0λk) = l0(λj∂jλk) + λkλj∂jl0
= l0(λj∂jλk) + Aλk (3.265)

where we used (3.263). By comparing (3.264) and (3.265) we see that

λj∂jλk = 0 (3.266)

or

Mλ = 0. (3.267)

We will now be able to solve (3.260), (3.262), and (3.267) for M as a function of ~λ.

Consider a rotation such that

Rλ = λ′ (3.268)

where

λ′ =





1
0
0



 . (3.269)

If ~λ is in the null space of M and MT , then ~λ′ is in the null space of M ′ and M ′T , where

M ′ = RMRT , M ′T = RMTRT . (3.270)

Now a rotation matrix satisfies RRT = I. Let us write this out in component form,
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RRT =





R11 R12 R13

R21 R22 R23

R31 R32 R33









R11 R21 R31

R12 R22 R32

R13 R23 R33



 =





1 0 0
0 1 0
0 0 1





Writing out some of the terms

R11R11 + R12R12 + R13R13 = 1

R21R11 + R22R12 + R23R13 = 0
... +

... +
... =

...

Generally:

Ri1Rk1 + Ri2Rk2 + Ri3Rk3 = δik (3.271)

In other words the three rows constitue three orthonormal vectors in 3 spacial dimensions.
Define

~R1 = (R11, R12, R13)

~R2 = (R21, R22, R23)

~R3 = (R31, R32, R33)

We are considering rotation such that





R11 R12 R13

R21 R22 R23

R31 R32 R33









λ1

λ2

λ3



 =





1
0
0



 (3.272)

Notice that you could exchange the second and third rows of R without changing (3.272).
Let us choose the ordering such that:

~R2 × ~R3 = ~R1. (3.273)

We will use this later. From that

λ′ =





1
0
0




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and that M ′λ′ = 0 and M ′Tλ′ = 0 we see that M ′ must have the form

M ′ =





0 a b
c N ′11 N ′12
d N ′21 N ′22



 (3.274)

The values a, b, c, d can be determined from the property of M ′,

M ′ + M ′T =
1

p
M ′M ′T (3.275)

We have first

M ′ + M ′T =





0 a + c b + d
a + c · ·
b + d · ·



 (3.276)

but then

1

p
M ′M ′T =

1

p





0 a b
c · ·
d · ·









0 c d
a · ·
b · ·





=
1

p





a2 + b2 · ·
· · ·
· · ·



 (3.277)

which implies a2 + b2 = 0 or a = b = 0. Now consider 1
p
M ′M ′T again:

1

p
M ′M ′T =

1

p





0 0 0
c · ·
d · ·









0 c d
0 · ·
0 · ·





=
1

p





0 . .
0 .
0



 (3.278)

implying c = d = 0. So M ′ must be of the form

M ′ =





0 0 0
0 N ′11 N ′21
0 N ′12 N ′12



 (3.279)
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The matrix N ′ satisfies the same equation, (3.275), as M ′:

N ′ + N ′
T

=
1

p
N ′N ′

T

(3.280)

Write

U = I − 1

p
N ′

then the relation (3.280) becomes the following relation for U ,

UUT =

(

I − 1

p
N ′
)(

I − 1

p
N ′

T

)

= I − 1

p

(

N ′ + N ′
T − 1

p
N ′N ′

T

)

= I (3.281)

Put

U =

(
a b
c d

)

(3.282)

Then UUT = I reads

(
a b
c d

)(
a c
b d

)

=

(
a2 + b2 ac + bd
ac + bd c2 + d2

)

=

(
1 0
0 1

)

(3.283)

a2 + b2 = 1

c2 + d2 = 1

ac + bd = 0 (3.284)

Now we consider what the result is of taking product UTU :
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(
a c
b d

)(
a b
c d

)

=

(
a2 + c2 ab + cd
ab + cd b2 + d2

)

(3.285)

From

det Udet UT = 1

we have

det U = ∓1

or

ad − bc = ∓1

multiplying this by c

acd − bc2 = ∓c

and using ac = −bd gives

−bd2 − bc2 = ∓c

or

−b(c2 + d2) = ∓c

and as c2 + d2 = 1 we therefore have

b = ±c. (3.286)

Using this in (3.285) we have

a2 + c2 = a2 + b2 = 1

b2 + d2 = c2 + d2 = 1

ab + cd = a(±c) + (±b)d

= ±(ac + bd) = 0 (3.287)
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therefore

UTU = I.

Now UUT = UTU = I is the well known condition for unitary matrices. Summarising

U = I − 1

p
N ′, UUT = UTU = I (3.288)

Since N ′ is a 2 × 2 real matrix, it is therefore either a proper rotation or a an improper
rotation, that is, a rotation plus inversion. Thus it may be written

U =

(
cos θ − sin θ
sin θ cos θ

)

or

(
cos θ − sin θ
− sin θ cos θ

)

. (3.289)

The first case corresponds to detU = +1 (a proper rotation) and the second detU = −1
(an improper rotation). The first case leads to interesting results. For N ′ and M ′ we have

N ′ = p

(
1 − cos θ sin θ
− sin θ 1 − cos θ

)

(3.290)

M ′ = p





0 0 0
0 1 − cos θ sin θ
0 − sin θ 1 − cos θ



 (3.291)

We now need to rotate back to the originl coordinates to get

M = RTM ′R.

The simple form of M ′ allows us to write

Mik = RliRjkM
′
lj

= R2iR2kM
′
22 + R3iR3kM

′
33

+ R2iR3kM
′
23 + R3iR2kM

′
32

= p(1 − cos θ)(R2iR2k + R3iR3k) + p sin θ(R2iR3k − R3iR2k) (3.292)

Let us look at properties of the rotation matrix
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RTR =





R11 R21 R31

R12 R22 R32

R13 R23 R33









R11 R12 R13

R21 R22 R23

R31 R32 R33



 =





1 0 0
0 1 0
0 0 1





Writing out some terms

R11R11 + R21R21 + R31R31 = 1

R12R11 + R22R21 + R32R31 = 0
... +

... +
... =

...

Or generaly:

R1iR1k + R2iR2k + R3iR3k = δik. (3.293)

Now take (3.273), which can be written in component form

ǫlmnR2mR3n = R1l,

contracting with ǫijl gives

ǫijlǫlmnR2mR3n = (δimδjn − δinδjm)R2mR3n

= R2iR3j − R3iR2j (3.294)

meaning

R2iR3j − R3iR2j = ǫijlR1l (3.295)

Let us write R1i = Ri. Using the above results in (3.292) gives

Mik = p(1 − cos θ)(δik − RiRk) + p sin θǫiklRl. (3.296)

Now we had





R11 R12 R13

· · ·
· · ·









λ1

λ2

λ3



 =





1
0
0



 (3.297)
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implying

R11λ1 + R12λ2 + R13λ3 = 1

or

R1iλi = 1

Using the notation R1i = Ri, this becomes

~R · ~λ = 1, (3.298)

where ~R denotes the vector with components Ri. As both ~R and ~λ are unit vectors,

~R · ~λ = cos ϕ = 1. (3.299)

implies ϕ = 0 and hence

~R = ~λ (3.300)

or Ri = λi. Then we have our end result

Mik = p(1 − cos θ)(δik − λiλk) + p sin θǫiklλl. (3.301)

We have now replaced the non-linear implicit relation (3.257) by the above simple explicit
expression for ∂kλi.

Laplace and eikonal equations

We rewrite (3.301) in terms of new parameters α and β

∂kλi = α(δik − λiλk) + βǫiklλl. (3.302)

It will turn out that α and β determine the metric. A number of important three-vector
realtion follow directly from (3.302). Set i = k and sum
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∂iλi = α(δii − λiλi) + βǫiilλl
= α(3 − 1) + 0

giving

∇ · λ = 2α. (3.303)

Multiplying (3.302) by ǫjki and summing over i and k gives

ǫjki∂kλi = α(δik − λiλk)ǫjki + βǫiklǫjkiλl
= βǫiklǫjkiλl
= −2βλj

or

∇× λ = −2βλ. (3.304)

The Laplacian of λ can be obtaind in two ways. First differentiating by (3.302) with
respect to xk gives

∇2λi = ∂k[α(δik − λiλk) + βǫiklλl]

= ∂iα − λi(λk∂kα) − αλk∂kλi − αλi∂kλk + ǫiklλl∂kβ + βǫikl∂kλl
= ∂iα − λi(∇α · λ) − αλi(∇ · λ) + β(∇× λ)i + (∇β × λ)i
= ∂iα − λi(∇α · λ) − 2(α2 + β2)λi + (∇β × λ)i

where we used (3.303), (3.304), and

λk∂kλi = α(λi − λiλ · λ) + βǫiklλkλl
= 0

(3.305)

(which is just Mλ = 0). We have obtained our first equation for ∇2λ:
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∇2λ = ∇α − λ(∇α · λ) − 2(α2 + β2)λ + ∇β × λ (3.306)

To obtain the alternative equation we first derive the vector identity

∇× (∇× λ) = ∇(∇ · λ) −∇2λ

from

[∇× (∇× λ)]m = ǫmni∂n(ǫikl∂kλl)

= ǫmniǫikl∂n∂kλl
= (δmkδnl − δmlδnk)∂n∂kλl
= ∂m(∂nλn) − ∂n∂nλm.

We then have

∇2λ = ∇(∇ · λ) −∇× (∇× λ)

= ∇(2α) −∇× (−2βλ)

= 2∇α + 2(∇β × λ) + 2β∇× λ

= 2∇α + 2(∇β × λ) − 4β2λ (3.307)

where again we used (3.303) and (3.304). We equate the expressions (3.306) and (3.307)

∇α − λ(∇α · λ) − 2(α2 + β2)λ + ∇β × λ

= 2∇α + 2(∇β × λ) − 4β2λ

from which we obtain

∇α = −∇β × λ − λ(∇α · λ) − 2(α2 − β2)λ. (3.308)

Dotting this with λ gives

∇α · λ = −(∇α · λ) − 2(α2 − β2)

and rearanging we have

276



∇α · λ = β2 − α2 (3.309)

and substituting this into (3.308) gives

∇α = (β2 − α2)λ −∇β × λ (3.310)

Equations (3.309) and (3.310) are very important.

Equations analogous to (3.309) and (3.310) with β replacing α on the left hand side can
be obtained. The divergence of (3.304) is zero, implying the divergence of βλ is zero,

∇ · (βλ) = β∇ · λ + ∇β · λ = 0 (3.311)

using (3.303) in this gives

∇β · λ = −2αβ (3.312)

Now cross (3.310) with λ and use (∇β × λ) × λ = −λ · λ∇β + λ(λ · ∇β). We obtain

∇β = λ(λ · ∇β) + (∇α × λ) (3.313)

which usong (3.312) becomes

∇β = −2αβλ + (∇α × λ). (3.314)

Introduce the complex function γ

Eqations (3.309), (3.310), (3.312), and (3.314) are very important and can be expressed
in a more concise way by the introduction of the complex function γ = α + iβ:

∇γ · λ = ∇α · λ + i∇β · λ
= [β2 − α2] + i[−2αβ]

= −(α + iβ)2

= −γ2 (3.315)
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∇γ = [(β2 − α2)λ −∇β × λ] + i[−2αβλ + (∇α × λ)]

= [(β2 − α2) + i(−2αβ)]λ + i[∇α + i∇β] × λ

= −γ2λ + i(∇γ × λ). (3.316)

We will obtain a pair of simple differential equations that determine γ and show in that
γ in turn determines the metric via l0 and λj.

The first differential equation is found by forming the Laplacian for γ from (3.316) and
using (3.303), (3.315), and (3.304) we obtain

∇2γ = ∇ · ∇γ

= ∇ · [−γ2λ + i(∇γ × λ)]

= −γ2∇ · λ − 2γ∇γ · λ + i∇ · (∇γ × λ)

= −2αγ2 + 2γ3 + i∂i[ǫijk(∂jγ)λk]

= −2αγ2 + 2γ3 − i∂iγ(ǫijk∂jλk)

= −2αγ2 + 2γ3 − i∇γ · (∇× λ)

= −2αγ2 + 2γ3 − i∇γ · (−2βλ)

= −2αγ2 + 2γ3 − 2iβγ2

= −2γ2(α + iβ − γ)

= 0 (3.317)

Thus γ is a complex harmonic function. The second differential equation is obtained by
squaring (3.316) and using (3.315)

(∇γ)2 = [−γ2λ + i(∇γ × λ)]2

= γ4 − (∇γ × λ) · (∇γ × λ)

= γ4 + i(∇γ × λ) · (∇γ + γ2λ)

= γ4 (3.318)

we get

∇2γ = 0, (∇γ)2 = γ4 (3.319)

Let us introduce ω ≡ 1/γ, then
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∇ω = ∇
(

1

γ

)

= − 1

γ2
∇γ (3.320)

Then the equation (∇γ)2 = γ4 becomes

(∇ω)2 =
1

γ4
(∇γ)2 = 1.

where we used (3.318). Repeating (3.317), altogether we have

∇2γ = 0, (∇ω)2 = 1, ω ≡ 1

γ
(3.321)

These equations determine the function γ completely, dependent on consistent boundary
conditions.

As we shall now show, these equations completely replace the field equations since the
metric functions l0 and λ are determined by γ.

Expression for λ

It is more convenient to express (3.315) and (3.316) in terms of ω. For equation (3.315)
we have

∇
(

1

ω

)

· λ = −λ · ∇ω

ω2
= − 1

ω2
(3.322)

where we have used (3.320) and (3.315). For equation (3.316) we have

∇
(

1

ω

)

= − 1

ω2
λ + i(∇

(
1

ω

)

× λ) (3.323)

or

− 1

ω2
∇ω = − 1

ω2
λ − i

ω2
(∇ω × λ)

Substituting (3.323) into (3.322) gives

λ · ∇ω = 1.
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Altogether we have

λ · ∇ω = λ · ∇ω∗ = 1, ∇ω = λ + i(∇ω × λ) (3.324)

Thus

∇ω ×∇ω∗ = [λ + i(∇ω × λ)] × [λ − i(∇ω∗ × λ)]

= −iλ × (∇ω∗ × λ) + i(∇ω × λ) × λ + (∇ω × λ) × (∇ω∗ × λ)

= −i[∇ω∗ − λ(λ · ∇ω∗)] − i[∇ω − λ(λ · ∇ω)] + (∇ω × λ) × (∇ω∗ × λ)

= −i(∇ω∗ − λ) − i(∇ω − λ) + (∇ω × λ) × (∇ω∗ × λ)

= −i[∇ω∗ + ∇ω] + 2iλ + (∇ω × λ) × (∇ω∗ × λ) (3.325)

where we used the vector identity λ× (∇f × λ) = λ · λ∇f − λ(λ · ∇f) and that λ · ∇ω =
λ · ∇ω∗ = 1.

Consider the last term,

[(∇ω × λ) × (∇ω∗ × λ)]p = ǫpil(∇ω × λ)i(∇ω∗ × λ)l
= ǫpil(ǫijkλk∂jω)(ǫlmnλn∂mω∗)

= ǫpilǫlmn(ǫijkλkλn∂jω∂mω∗)

= (δpmδin − δpnδim)(ǫijkλkλn∂jω∂mω∗)

= ǫijkλkλi∂jω∂pω
∗ − λpǫijkλk∂jω∂iω

∗

= λpǫijkλi∂jω∂kω
∗

= λp[λ · (∇ω ×∇ω∗)] (3.326)

So

∇ω ×∇ω∗ = −i[∇ω∗ + ∇ω] + 2iλ + λ[λ · (∇ω ×∇ω∗)]

= −i[∇ω∗ + ∇ω] + Bλ (3.327)

Now as

(∂iω)εijk∂jω∂kω
∗ = 0

or
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∇ω · (∇ω ×∇ω∗) = 0

dotting (3.327) with ∇ω and using (∇ω)2 = 1 and λ · ∇ω = 1 we obtain for B

B = i[1 + ∇ω · ∇ω∗] (3.328)

So we get for λ

λ =
∇ω + ∇ω∗ − i(∇ω ×∇ω∗)

1 + ∇ω · ∇ω∗
(3.329)

and we have our expression for λj in terms of ω.

Expression for l0

We prove that the choice

l20 = Re (γ) = α. (3.330)

leads to a solution of the first two field equations (3.247) and (3.248) as we will now show.
We have first from the first equation in (3.321) that

0 = ∇2α = ∇2(l20). (3.331)

which solves (3.247). Next consider

∇2(αλj) = α∇2λj + 2(∂kα)(∂kλj) (3.332)

By using (3.307), (3.302), and (3.309) we get

∇2(αλj) = α∇2λj + 2(∂kα)(∂kλj)

= α[2∂jα + 2(∇β × λ)j − 4β2λj ]

+ 2(∂kα)[α(δjk − λjλk) + βǫjklλl]

= 4α∂jα − 4αβ2λj − 2λjα(λ · ∇α) + 2α(∇β × λ)j + 2β(∇α × λ)j

= 4α∂jα − 4αβ2λj − 2λjα(β2 − α2) + 2α(∇β × λ)j + 2β(∇α × λ)j

= 4α∂jα + 2α(α2 − 3β2)λj + 2α(∇β × λ)j + 2β(∇α × λ)j (3.333)
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We simplify further using (3.310) and (3.314),

∇2(αλj) = 4α∂jα + 2α(α2 − 3β2)λj + 2α[(β2 − α2)λj − ∂jα]

+ 2β[2αβλj + ∂jβ]

= 2α∂jα + 2β∂jβ

= ∂j(α
2 + β2). (3.334)

Or

∇2(αλ) = ∇(α2 + β2). (3.335)

We calculate the RHS of (3.335). From α = p(1 − cos θ) and β = p sin θ we have

α2 + β2 = 2p2(1 − cos θ) = 2αp (3.336)

From the definition of p,

p =
L + A

2l0
. (3.337)

We then have

L + A =
l0
α

(α2 + β2). (3.338)

Thus with l20 = α the RHS of (3.335) is

∂j [(L + A)l0] = ∂j(α
2 + β2). (3.339)

We see that l20 = α is indeed a solution.

3.7.2 The Kerr Solution

A solution to the field equations

Consider the function
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γ = [(x − a)2 + (y − b)2 + (z − c)2]−1/2 (3.340)

We will calculate ∇2γ and (∇ω)2, (ω = 1/γ). First

∂

∂x
[(x − a)2 + (y − b)2 + (z − c)2]−1/2 = −(x − a)[(x − a)2 + (y − b)2 + (z − c)2]−3/2

and

∂2

∂x2
[(x − a)2 + (y − b)2 + (z − c)2]−1/2

= −[(x − a)2 + (y − b)2 + (z − c)2]−3/2

+ 3(x − a)2[(x − a)2 + (y − b)2 + (z − c)2]−5/2 (3.341)

so that

∇2γ = ∇2[(x − a)2 + (y − b)2 + (z − c)2]−1/2

= −3[(x − a)2 + (y − b)2 + (z − c)2]−3/2

+ 3[(x − a)2 + (y − b)2 + (z − c)2][(x − a)2 + (y − b)2 + (z − c)2]−5/2

= 0. (3.342)

Now consider ∇ω

∇ω = ∇[(x − a)2 + (y − b)2 + (z − c)2]1/2

=
[(x − a)̂i + (y − b)ĵ + (z − c)k̂]

[(x − a)2 + (y − b)2 + (z − c)2]1/2
(3.343)

so obviously we have

(∇ω)2 = 1. (3.344)

Therefore (3.340) is a solution of the field equations (3.321).
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The Schwarzschild solution

Consider the choice

γ = (x2 + y2 + z2)−1/2 (3.345)

We obviously have

l20 =
1

r
. (3.346)

Next as ω = 1/γ, ω = r and

∇ω = ∇(x2 + y2 + z2)1/2

=
x̂i + yĵ + zî

(x2 + y2 + z2)1/2

=
x

r
î +

y

r
ĵ +

z

r
î (3.347)

Obviously

∇ω ×∇ω∗ = ∇ω ×∇ω = 0 (3.348)

Next

∇ω · ∇ω∗ = ∇ω · ∇ω = 1 (3.349)

Recall λ is given by

λ =
∇ω + ∇ω∗ − i(∇ω ×∇ω∗)

1 + ∇ω · ∇ω∗

= ∇ω

=
x

r
î +

y

r
î +

z

r
î (3.350)

Reading off the components of λ we get

λ1 =
x

r
, λ2 =

y

r
, λ3 =

z

r
. (3.351)
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Combining this with (3.346) gives for la

la = l0(1, λ1, λ2, λ3) =
1√
r

(

1,
x

r
,
y

r
,
z

r

)

(3.352)

in agreement with (3.191).

The Kerr solution

Consider the complex valued choice,

γ = (x2 + y2 + (z − ia)2)−1/2 (3.353)

Let us calculate the functions l0 and λ. We first split ω into real and imaginary parts

ω = 1/γ = ρ + iσ = (x2 + y2 + (z − ia)2)1/2 = (r2 − a2 − 2iaz)1/2 (3.354)

Squaring and equating real and imaginary parts gives

ρ2 − σ2 = r2 − a2, σ = −az

ρ
(3.355)

substituting for σ in the real part gives

ρ2 − a2z2

ρ2
= r2 − a2

resulting in the quadratic equation in ρ2:

ρ4 − ρ2(r2 − a2) − a2z2 = 0. (3.356)

Completeing the square we obatain

ρ2 =
r2 − a2

2
+

[
(r2 − a2)2

4
+ a2z2

]1/2

(3.357)

where we have choosen the plus sign so that for r ≫ a, ρ ∼ r. Now l20 = Re (γ). From
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γ =
1

ρ + iσ
=

ρ

ρ2 + σ2
− iσ

ρ2 + σ2

we have

l20 =
ρ

ρ2 + σ2
=

ρ3

ρ4 + a2z2
. (3.358)

Now let us move onto the calculation of λ. First

∇ω = ∇
(

1

γ

)

= ∇(r2 − 2iaz − a2)1/2

=
1

2ω
(2x̂i + 2yĵ + 2zk̂ − 2iak̂)

=
r̂ − iak̂

ω
(3.359)

then

∇ω + ∇ω∗ =
r̂ − iak̂

ω
+

r̂ + iak̂

ω∗

=
ω∗(r̂ − iak̂) + ω(r̂ + iak̂)

|ω|2

=
(ρ − iσ)(r̂ − iak̂) + (ρ + iσ)(r̂ + iak̂)

|ω|2

= 2
ρr̂ − aσk̂

|ω|2 (3.360)

and

∇ω · ∇ω∗ =
r̂ − iak̂

ω
· r̂ + iak̂

ω∗
=

r2 + a2

|ω|2

and

∇ω ×∇ω∗ =
r̂ − iak̂

ω
× r̂ + iak̂

ω∗
= 2ia

r × k

|ω|2
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so λ is

λ =
∇ω + ∇ω∗ − i(∇ω ×∇ω∗)

1 + ∇ω · ∇ω∗

=
2[ρr̂ − aσk̂ + a(r × k)]

|ω|2 + r2 + a2
. (3.361)

We can simplify this by noting

|ω|2 = [(r2 − a2)2 + 4a2z2]1/2

= 2[
(r2 − a2)2

4
+ a2z2]1/2

= 2ρ2 − (r2 − a2)

because then

|ω|2 + r2 + a2 = 2(ρ2 + a2).

Substituting this into (3.361) we then have for λ

λ =
[ρr̂ − aσk̂ + a(r × k)]

ρ2 + a2
(3.362)

As

r × k = (x̂i + yĵ) × k̂ = yî− xĵ

and as σ = −az/ρ, λ is

λ =
1

ρ2 + a2

[

ρr̂ +
a2z

ρ
k̂ + a(yî− xĵ)

]

=
1

ρ2 + a2

[

(ρx + ay)̂i + (ρy − ax)ĵ +
(ρ2 + a2)z

ρ
k̂

]

. (3.363)

We can read off the components
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λ1 =
ρx + ay

a2 + ρ2
,

λ2 =
ρy − ax

a2 + ρ2
,

and

λ3 =
z

ρ
.

Then

lµdxµ = l0

[

dx0 +
ρx + ay

a2 + ρ2
dx +

ρy − ax

a2 + ρ2
dy +

z

ρ
dz

]

= l0

[

dx0 +
ρ

a2 + ρ2
(xdx + ydy) +

a

a2 + ρ2
(ydx− xdy) +

z

ρ
dz

]

Finally, as

ds2 = ηµνdxµdxν − 2mlµlνdxµdxν

we have

ds2 = (dx0)2 − (dx)2 − 2mρ3

ρ4 + a2z2

[

dx0 +
ρx

a2 + ρ2
(xdx + ydy)

+
a

a2 + ρ2
(ydx− xdy) +

z

ρ
dz

]2

(3.364)

This is the form obtained by Kerr in 1963.

3.7.3 Independence of Metric on Angular Variable ϕ

We now make axially symmetry of this solution manifest. Consider
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u = x0 + u

x = ρ sin θ cos ϕ − aρ sin θ sin ϕ

y = ρ sin θ cos ϕ + aρ sin θ sin ϕ

z = ρ cos θ. (3.365)

The middle two transformations can be written as a complex expression

(ρ + ia)eiϕ sin θ = x + iy (3.366)

Now let us find the differential dz2

dz2 = (cos θdρ − ρ sin θdθ)2 (3.367)

Now let us find the differential dx2 + dy2

dx2 + dy2 = |d(x + iy)|2
= |d[(ρ + ia)eiϕ sin θ]|2
= |eiϕ sin θdρ + i(ρ + ia)eiϕ sin θdϕ + (ρ + ia)eiϕ cos θdθ|2
= | sin θdρ + i(ρ + ia) sin θdϕ + (ρ + ia) cos θdθ|2
= | sin θdρ − a sin θdϕ + ρ cos θdθ + i[ρ sin θdϕ + a cos θdθ]|2
= (sin θdρ − a sin θdϕ + ρ cos θdθ)2 + (ρ sin θdϕ + a cos θdθ)2 (3.368)

Now let us find the differential xdx + ydy

xdx + ydy =
1

2
d|x + iy|2

=
1

2
d|(ρ + ia)eiϕ sin θ|2

=
1

2
d|(ρ + ia) sin θ|2

=
1

2
d[(ρ2 + a2) sin2 θ]

= (ρ2 + a2) sin θ cos θdθ + ρ sin2 θdρ (3.369)

Now let us find the differential xdy − ydx
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xdy − ydx = −Im[(x + iy)d(x− iy)]

= −Im{[(ρ + ia)eiϕ sin θ]d[(ρ − ia)e−iϕ sin θ]}
= −Im{[(ρ + ia)eiϕ sin θ][e−iϕ sin θdρ − i(ρ − ia)e−iϕ sin θdϕ +

+ (ρ − ia)eiϕ cos θdθ]}
= −Im{(ρ + ia) sin2 θdρ − i(ρ2 + a2) sin2 θdϕ + (ρ2 + a2) sin θ cos θdθ}
= (ρ2 + a2) sin θ2dϕ − a sin2 θdρ (3.370)

Now let us find the differential zdz

zdz = ρ cos2 θdρ − ρ2 sin θ cos θdθ (3.371)

2mρ3

ρ4 + a2z2
=

2mρ

ρ2 + a2 cos2 θ
(3.372)

Substituting these results into (3.364)

ds2 = (du − dρ)2 − (sin θdρ − a sin θdϕ + ρ cos θdθ)2 − (ρ sin θdϕ + a cos θdθ)2

−(cos θdρ − ρ sin θdθ)2

− 2mρ

ρ2 + a2 cos2 θ

[

du − dρ +
ρ

a2 + ρ2

{
(ρ2 + a2) sin θ cos θdθ + ρ sin2 θdρ

}

− a

a2 + ρ2

{
(ρ2 + a2) sin2 θdϕ − a sin2 θdρ

}
+ cos2 θdρ − ρ sin θ cos θdθ

]2

(3.373)

We multiply out the first and second line and get

du2 + (1 − sin2 θ − cos2)θdρ2 − [(ρ2 + a2) cos2 θ + ρ2 sin2 θ]dθ2 − (ρ2 + a2) sin2 θdϕ2

− 2dudρ− (2ρ sin θ cos θ − 2ρ sin θ cos θ)dρdθ + 2a sin2 θdρdϕ

+ (aρ sin θ cos θ − ρa sin θ cos θ)dθdϕ

= du2 − (ρ2 + a2 cos2 θ)dθ2 − (ρ2 + a2) sin2 θdϕ2 − 2dudρ + 2a sin2 θdρdϕ (3.374)

The last two lines can be simplified,
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− 2mρ

ρ2 + a2 cos2 θ

[

du +

(

−1 +
ρ2

a2 + ρ2
sin2 θ +

a2

a2 + ρ2
sin2 θ + cos2 θ

)

dρ

+ (ρ sin θ cos θ − ρ sin θ cos θ) dθ +
(
−a sin2 θ

)
dϕ
]2

= − 2mρ

ρ2 + a2 cos2 θ

[

du +

(
ρ2

a2 + ρ2
+

a2

a2 + ρ2
− 1

)

sin2 θdρ − a sin2 θdϕ
]2

= − 2mρ

ρ2 + a2 cos2 θ

[

du − a sin2 θdϕ
]2

(3.375)

Putting together (3.374) and (3.375) we get

ds2 = du2 − (ρ2 + a2 cos2 θ)dθ2 − (ρ2 + a2) sin2 θdϕ2 − 2dudρ + 2a sin2 θdρdϕ

− 2mρ

ρ2 + a2 cos2 θ

[

du − a sin2 θdϕ
]2

. (3.376)

Simplifying, we finally obtain the line element

ds2 =

(

1 − 2mρ

ρ2 + a2 cos2 θ

)

du2 − 2dudρ +
2mρ

ρ2 + a2 cos2 θ
(2a sin2 θ)dudϕ

+ 2a sin2 θdρdϕ − (ρ2 + a2 cos2 θ)dθ2 −
(

(ρ2 + a2) sin2 θ +
2mρ

ρ2 + a2 cos2 θ
(a2 sin4 θ)

)

dϕ2.

(3.377)

There is no dependence of the line element on the angular coordinate ϕ, so that the solu-
tion (3.377) is manifestly axially symmetric. This is the advanced Eddington-Finkelstein
form of Kerr’s solution.

3.7.4 Boyer-Lindquist Coordinates

We wish to make a change of coordinates that puts the line element in a form suh that
the only cross-term is dϕdt.

write the element (3.377) as

ds2 = g00du2 + g22dθ2 + g33dϕ2 + 2g03dudϕ + 2g01dudρ + 2g13dρdϕ (3.378)

We guess the form of the desired transformation
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t = u − A(ρ) du = dt + A′dρ

ϕ̃ = ϕ − B(ρ) dϕ = dϕ̃ + B′dρ (3.379)

(3.378) is then

ds2 = g00(dt + A′dρ)2 + g22dθ2 + g33(dϕ̃ + B′dρ)2 + 2g03(dt + A′dρ)(dϕ̃ + B′dρ)

+ 2g01(dt + A′dρ)dρ + 2g13dρ(dϕ̃ + B′dρ)

= g00dt2 + (g00A
′2 + g33B

′2 + 2g01A
′ + 2g13B

′ + 2g03A
′B′)dρ2

+ g22dθ2 + g33dϕ̃2 + 2g03dtdϕ̃ + 2(g03A
′ + g33B

′ + g13)dϕ̃dρ

+ 2(g00A
′ + g03B

′ + g01)dtdρ (3.380)

We now demand that the coefficients of dϕ̃dρ and dtdρ zanish, we must have

g03A
′ + g33B

′ + g13 = 0 (3.381)

and

g00A
′ + g03B

′ + g01 = 0 (3.382)

respectively. Multiplying (3.381) by g03 and (3.382) by g33 and subtracting implies

A′ =
g33g01 − g03g13

g2
03 − g00g03

. (3.383)

Multiplying (3.381) by g00 and (3.382) by g03 and subtracting implies

B′ =
g00g13 − g03g01

g2
03 − g00g03

. (3.384)

g33g01 − g03g13 = −
(

(ρ2 + a2) sin2 θ +
2mρ

ρ2 + a2 cos2 θ
(a2 sin4 θ)

)

(−1)

−
(

2mρa sin2 θ

ρ2 + a2 cos2 θ

)

a sin2 θ

= (ρ2 + a2) sin2 θ (3.385)
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g00g13 − g03g01 =

(

1 − 2mρ

ρ2 + a2 cos2 θ

)

a sin2 θ −
(

2mρa sin2 θ

ρ2 + a2 cos2 θ

)

(−1)

= a sin2 θ (3.386)

g2
03 − g00g33 =

(
2mρa sin2 θ

ρ2 + a2 cos2 θ

)2

−
(

1 − 2mρ

ρ2 + a2 cos2 θ

)

×

× −
(

(ρ2 + a2) sin2 θ +
2mρ

ρ2 + a2 cos2 θ
(a2 sin4 θ)

)

=
sin2 θ

ρ2 + a2 cos2 θ
[
4m2ρ2a2 sin2 θ

ρ2 + a2 cos2 θ
+

+ (ρ2 + a2 cos2 θ − 2mρ)[(ρ2 + a2) +
2mρa2 sin2 θ

ρ2 + a2 cos2 θ
]

=
sin2 θ

ρ2 + a2 cos2 θ
[(ρ2 + a2 cos2 θ)(ρ2 + a2) + 2mρa2 sin2 θ − 2mρ(ρ2 + a2)]

=
sin2 θ

ρ2 + a2 cos2 θ
[(ρ2 + a2 cos2 θ)(ρ2 + a2) − 2mρ(ρ2 + a2 cos2 θ)]

= (ρ2 + a2 − 2mρ) sin2 θ (3.387)

Therefore

A′ =
ρ2 + a2

ρ2 + a2 − 2mρ
(3.388)

and

B′ =
a

ρ2 + a2 − 2mρ
(3.389)

The line element is now given by (3.380) with the last two terms vanishing by construction.
The calculation of the coefficient of dρ2 can be simplified

g00A
′2 + g33B

′2 + 2g01A
′ + 2g13B

′ + 2g03A
′B′

= A′(A′g00 + B′g03 + g01) + B′(A′g03 + B′g33 + g13) + g01A
′ + g13B

′

= g01A
′ + g13B

′

= (−1)
ρ2 + a2

ρ2 + a2 − 2mρ
+ a sin2 θ

a

ρ2 + a2 − 2mρ

= − ρ2 + a2 cos2 θ

ρ2 + a2 − 2mρ
(3.390)
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The line element is then

ds2 = g00dt2 + (g01A
′ + g13B

′)dρ2 + g22dθ2 + g33dϕ̃2 + 2g03dtdϕ̃ (3.391)

ds2 =

(

1 − 2mρ

ρ2 + a2 cos2 θ

)

dt2 − ρ2 + a2 cos2 θ

ρ2 + a2 − 2mρ
dρ2 − (ρ2 + a2 cos2 θ)dθ2

−
(

(ρ2 + a2) sin2 θ +
2mρ

ρ2 + a2 cos2 θ
(a2 sin4 θ)

)

dϕ̃2 +
4maρ sin2 θ

ρ2 + a2 cos2 θ
dtdϕ̃

(3.392)

This is the Kerr solution in Boyer-Lindquist coordinates and is analogous to the Schwarzschild
coordinates for a non-rotating black hole.

3.7.5 Interptetation as Rotating Body

ds2 =

(

1 − 2mr

ρ2

)

dt2 +
2mar sin2 θ

ρ2
(dtdφ + dφdt)

−ρ2

∆
dr2 − ρ2dθ2 − sin2 θ

ρ2

[
(r2 + a2)2 − a2∆ sin2 θ

]
dφ2 (3.393)

where

∆(r) = r2 − 2mr + a2 (3.394)

and

ρ2 = r2 + a2 cos2 θ (3.395)

a = J/M (3.396)

where J is the Komar anagular momentum.
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3.7.6 Basic Propertire of the Kerr Solution

Boyer-Lindquist cordinates

If we let a → 0 we obtain

ds2 =

(

1 − 2mr

r2

)

dt2 − r2

r2 − 2GMr
dr2

−r2dθ2 − sin2 θ

r2
r4dφ2 (3.397)

i.e. as a → 0 Boyer-Lindquist cordinates reduce to Schwarschild coordinates.

The Boyer-Lindquist form is the most useful one for investigating the properties of the
Kerr solution.

• If we set a = 0, the regain the Schwarschild solution in Schwarschild coordinates and so
m is identified with the geometric mass;

• The metric coefficients are independent of t and hence the solution is stationary;

• The metric coefficients are independent of φ and hence the solution is axially symmetric,
i.e. there is an axis such that the solution is invariant under rotation about this axis.

• As for discrete symmetries, the solution is invariant under the symultaneous inversion
of t and φ, that is under the transformation

t → −t, φ → −φ. (3.398)

This suggests that the Kerr solution may correspond to a spinning source, since running
time backwards with negative spin direction is equivalent to unning time forward with
positive spin directin.

Cartesian Coordinates

x =
√

r2 + a2 sin θ cos φ

y =
√

r2 + a2 sin θ sin φ

z = r cos θ (3.399)

295



3.7.7 Singularities and Event Horizons

Event horizons are null surfaces beyond which it is impossible to return to a certain region
of space.

The stataionary limit surface is timelike exery where except where it s tangent to the
event horizons at the poles. It represents the place past which it is impossible to remail
stationay.

ring singularity

r−

r+

inner event horizon

outer event horizon

ergosphere

Figure 3.6: Rotating blackhole

∆ = r2 − 2mr + a2 = 0, (3.400)

two null event horizons

r± = m ± (m2 − a2)1/2. (3.401)

Then in a similarly way in which the Reissner-Nordstrom solution is regular in three
regions:

I. r+ < r < ∞

II. r− < r < r+

III. 0 < r < r−

In the limit a → 0
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3.8 Raychaudhuri equations

3.8.1 Null geodesic congruences

These equations are not very different (in structure as well as consequences thereof) from
the equations for timelike congruences.

3.9 Properties of Null Surfaces

tangent vector is also normal

•

• Null surfaces

vectors normal to 

v

x

t

(a) (b)

null vector

v

t vector

x

Figure 3.7: Normal and tangent vector to a tangent

(a) timelike surface (b) spacelike surface (c) null surface

na

na

na
na

na

Figure 3.8: (a) Normal to a timelike surface, (b) Normal to a spacelike surface, (c) Normal
to a null surface.

na∇au = 0 (3.402)
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na is tangent to the level surfaces of u null generators of u.

nb∇bn
a = (∇bu)∇b∇au = (∇bu)∇a∇bu =

1

2
∇a(∇bu∇bu) = 0 (3.403)

λ

θA

Figure 3.9: Coordinatizing a null surface in Minkowsian spacetime - λ, θA.

λ1
λ2

λ3

θ

φ

Figure 3.10: Each two sphere. Coordinates λ, θ, φ.

If we follow the null geodesics forward in time, instant by instant, the outward rays take
us along a sequence of shperes increasing in radius and area, while the inward rays take
us along a sequence of spheres whose radius and area decreases.

unlike Killing horizons, isolated horizons do not require there to be a Killing vector field
in their neighbourhood.

Additionary properties of black hole horizons can be infferred from the Raychaudhuri’s
equation.

A trapped surface θ(ℓ) < 0 and θ(n) < 0

A marginally trapped surface is one where the above requirements are weakened so as to:
θ(ℓ), θ(n) ≤ 0

An outer marginally trapped surface θ(ℓ) ≤ 0. is the boundary of a three-dimension volume
whose expansion of the outgoing family of null geodesics orthogonal to S is everywhere
non-postive, θ(ℓ) ≤ 0.

An apparent horizon is a closed, spacelike, two-surface is an apparent horizon if it is the
outermost marginally traped surface.
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S

Σ

T a

Ra

naℓa

Figure 3.11: A spacial two-sphere S embedded in the spacial slice Σ (which in turn is
embedded in spacetime M), with two sets of orthogonal null vector fields. The vector
field na is the unit timelike normal to Σ, Ra is the unit spacial normal to S, and na and
ℓa are, respevtively, the outgoing and ingoing null vectors orthogonal to S.

For null congruences the condition n · l is not sufficient to eliminate the ambiguity in the
choice of η because

η′ · l = (η + al) · l = η · l + al · l
= η · l (3.404)

so that η′ · l = 0 whenever η · l = 0.

nana = 0, nala = −1 (3.405)

S Σ

T a

T a

Ra

Ra

na
na

ℓa
ℓa

Figure 3.12: A spacial two-sphere S .

Since the metric qab induced on the hupersurface is degenerate (qabℓ
b = 0)

Daqbc
∆
= ∂aqbc + Cd

abqcd + Cd
acqbd = 0 (3.406)

Cd
abqdc

∆
=

1

2
(∂cqab − ∂aqbc − ∂bqac). (3.407)

This we see that qab does not uniquely determine Cd
abqdc - if Cd

ab is a solution of (3.407),
then so is Cd

ab + αabℓ
d for any symemtric tensor αab.
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If l is tangent to an out going radial null geodesic, then n is tangent to an out going one.

The vector η now span a two-dimensional subspace, T⊥, of the tangent space, that is
orthogonal to both l and n, i.e. Pη, where

P a
b = δab + nalb + lanb (3.408)

projects onto T⊥.

We decompose B as we did for timelike congruences:

B̂ab =
1

2
θPab + σ̂ab + ω̂ab (3.409)

where

θ = B̂a
a expansion

σ̂ab = B̂(ab) −
1

2
Pabθ shear

ω̂ab = B̂[ab] twist (3.410)

Lemma l[aB̂bc] = l[aBbc]

Proof:

bf Proposition The tangents l are normal to a family of null hypersurfaces if and only if
ω̂ = 0.

Proof:

0 = l[aω̂bc] ≡ l[aB̂bc]

= l[aBbc]

= l[aDclb] (3.411)

Expansion and Shear

A = ǫabcdlanbη
(1)
c η

(2)
d (3.412)

Since la∇al
b = 0 and la∇an

b = 0, we have
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∂A
∂λ

= la∂aA = la∇aA = ǫabcdlanb(∇lη
(1)
c η

(2)
d )(η(1)

c ∇lη
(2)
d )

= ǫabcdlanb

[

B̂ e
c η(1)

e η
(2)
d + η(1)

c B̂ e
d η(2)

e

]

= ǫabcdlanbB̂
e
c η

(1)
[e η

(2)
d]

= θA (3.413)

i.e. θ mearsures the rate of increase of the magnitude of the area element. If θ > 0
neighboring geodesics are diverging, if θ < 0 they are converging.

3.9.1 geodesics: Expansion, Rotation, and Shear

weak energy condition

If vα non − spacelike T αβvαvβ ≥ 0. (3.414)

Rµν −
1

2
gµνR = κTµν (3.415)

we contract with vµvν

Rµνv
µvν − 1

2
gµνv

µvνR = κTµνv
µvν (3.416)

Tµνv
µvν (3.417)

d2A1/2

dλ2
= −(|σ|2 +

1

2
Rαβk

αkβ)A1/2 (3.418)

TαβW
αW β ∗= T00 ≥ 0 (3.419)

by continuity

Tαβk
αkβ ≥ 0 k2 = 0. (3.420)

Rαβ −
1

2
gαβ ∼ Tαβ (3.421)
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implies

Rαβk
αkβ ≥ 0 (3.422)

implies

dA1/2

dλ2
≤ 0. (3.423)

Raycherdhuri’s equation for null geodesic congruences.

These equations are not very different (in structure as well as consequences thereof) from
the equations for timelike congruences.

3.9.2 Frobenius’ Theorem

ta = λf,a, (3.424)

ta∂btc = λf,aλbf,c +λ2f,af,c (3.425)

t[a∂btc] = 0 (3.426)

because of the symmetry of the lower two indices of the connection, i.e, Γcab = Γcbb, we can
replace the partial derivative in the above expression by the covariant derivative,

t[a∇btc] = 0 (3.427)

Timelike Case

We are assuming that t2 6= 0.

t[a∇btc] = 0 (3.428)

We wish to show that if this condition is met then ta = λf,a . ta = t2f,a λ = t2. That is,

there is a function f such that f,a = ta/t
2 - this would be equivalent to showing

∂a

(
tb
t2

)

= ∂b

(
ta
t2

)

, (3.429)
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This indeed what we shall do. which would be a problem if we didn’t have t2 6= 0. For
the purposes of comparision we use the quotient diferentiation rule then multiply by (t2)2

the condition (3.429) becomes

t2∂atb − tb∂at
2 = t2∂bta − ta∂bt

2 (3.430)

This proof works if t2 6= 0; the null case t2 = 0 will be considered separately.

∇atb = −∇bta

ta∇btc + tc∇atb + tb∇cta = 0, (3.431)

contracting with tc we get

tat
c∇btc + t2∇atb + tct

c∇cta = 0 (3.432)

using Killing’s equation again,

tat
c∇btc − t2∇atb − tct

c∇cta = 0 (3.433)

using tc∇atc = tc∇at
c

3.9.3 Null Case

B̃ab = (g c
a + kaN

c + Nak
c)(g d

b + kbN
d + Nbk

d)Bcd

= (g c
a + kaN

c + Nak
c)(Bcb + kbBcdN

d)

= Bab + kaN
cBcb + kbN

cBac + kakbBcdN
cNd (3.434)

∇[akbkc] = 0. (3.435)

implies

B[ab]kc + B[ca]kb + B[bc]ka = 0 (3.436)
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B[ab] = B[ca]kbN
c + B[bc]kaN

c

=
1

2
(Bcakb − Backb + Bbcka − Bcbka)N

c)

= Bc[akb]N
c + k[aBb]cN

c (3.437)

but from eq (4.3.4)

B̃ab = B[ab] − Bc[akb]N
c − k[aBb]cN

c (3.438)

3.9.4 Killing Horizons

Defintion: A null hypersurface N is a killing horizon of a Killing vector field ξ if, on N ,
ξ is normal to N .

Formula for surface gravity

ξ[a∇bξc]|N = 0 (3.439)

κ = −1

2
(∇aξb)(∇aξb)|N (3.440)

Surface gravity is the acceleration of a static particle near the horizon as a measured
at spacial infinity.

Killing horizon:

surface gravity

∇[atbtc] (3.441)

Using the Kiling’s equation ∇atb = −∇bta

ta∇btc + tc∇atb + tb∇cta = 0, (3.442)

contracting with ∇atb
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(∇atb)(∇atb)tc = −(∇atc)(∇bt
a)tb + (∇ctb)(∇at

b)ta

= −κ∇atc)t
a + κ∇ctbt

b

= −2κ2tc. (3.443)

κ2 = −1

2
∇bta∇bta (3.444)

3.10 Laws of (Stationary) Black Hole Mechanics

3.10.1 Zeroth law

3.10.2 First law

Some matter falls into a black hole. The resulting black hole will oscilate, emmitting
gravitational radiation, but it quickly settles down to another Schwarzschild black hole.
Could the energy carried away by gravitational radiation be greater than the matter
that fell in, leaving a lower mass Schwarzschild black hole than the initial one? This
cannot happen because the area of Schwarzschild black holes are related to their mass by
A = 4π(2M)2.

MH − 2ΩHJH = − 1

8π

∫

∂V

∇a(ta + Ωφb)dSab

= − 1

8π

∫

∂V

∇aξbdsab

= − 1

4π

∫

∂V

ξanb∇aξbdS

= − 1

4π

∫

∂V

κξbnbdS

= − 1

4π

∫

∂V

dS. (3.445)

δM = −
∫

T a
bt
bdΣa, δJ =

∫

T a
bφ

bdΣa (3.446)

dSab = 2ξ[anb]dS (3.447)

305



δM − ΩHδJ =

∫

Tab(t
a + ΩHφb)ξadSdv

=

∫

dv

∫

Tabξ
aξbdS. (3.448)

dθ

dv
= κθ − 8πTabξ

aξb. (3.449)

δM − ΩHδJ =

∫

(
dθ

dv
− κθ)dS

= v|∞−∞ − κ

∫

(
1

dS

dA

dv
)dS

= δA. (3.450)

3.10.3 Second law

The second law of black hole mechanics states that the area of the event horizon cannot
decrease.

Irreversible tendency for geodesics to converge toward each other.

caustic

null generators

Figure 3.13: In Schwarzschild black hole the horizon is generated by the radial light rays,
which meet at the center.

Glossing over technical details... If there were points on the horizon that can be joined
by a timelike curve, it is then possible to show that there is a small deformation of this
curve that results in a future-directed timelike curve starting inside the black hole and
ending outside the event horizon - contradicting the very defination of an event horizon.
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The chronological future I+(S) of a set S is the set of points of the spacetime M can be
reached from p by a future-directed timelike curve.

Open sets - A defining property of open sets is that there is always ‘room for variation’.
An open interval of the real line is the set of points between a and b excluding a and b.
As the end points are removed, any point in the set (a, b) is always a non-zero distance
from the edge of the set, there is always room to move from side to side.

Locally the geometry is Minkowski spacetime (even at the event horizon!) so we know
locally any non-spacelike separated points on the horizon are joined by a null geodesic.
The same is true globally. Suppose that p and q were two points of the event horizon
which are timlike separated. As chronological futures and pasts are open sets, there is
always room for the timelike curve between p and q to be deformed to a nearby timelike
curve between new points p′ and q′ with p′ inside the event horizon but q′ outside. We
have a contradiction, the timelike curve between p and q cannot exist.

We know that in Minkowsian spacetime that the chronogolical future (past) of a set is
open. The reason why the chronoligical future (past) of a set is open in general follows from
the fact that if a region is sufficiently small, its geometry is indistinguishable from that of
flat spacetime. Such regions are refered to as simple regions or normal neightbourhoods.

There is a future-directed timelike γ joing p to q. Consider a point z on γ in the past of q
which is sufficiently close to q so that a normal neighbourhood U(z) exists which contains
q.

p

I+(p)

a b

(a) (b)

Figure 3.14: (a) An open interval of the real line is the set of points between a and b
excluding a and b. (b) .

A neighbourhood of the point q that is sufficiently small lies entirely within the chrono-
logical future of p. Similarly, a neighbourhood of the point p, that is sufficiently small,
lies entirely within the chronological past of the point q. From this it follows that any
point in U(p) can be joined to any point in V (q) by a timelike curve (see fig(3.17)). A
slight deformation of the curve which keeps it timelike will make it link an arbitrary
event p in some sufficiently small neighbourhood U(a) to an arbritary event in some small
neighbourhood V (a).

As a lies on the event horizon, the neighbourhood U(a) overlaps with both the interior and
exterior of the black hole, and similarly for V (b). Take any point in the neighbourhood
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p

qU(z)

z

γ

Figure 3.15: q lies in the chronological future of z.

U(a), which lies within the event horizon, label it p and any point in the neighbourhood
V (b) which lies outside the event horizon, label it q. These two points can be joined a
timelike curve, γ′ (see (3.17)).

Conjugate points of neighbouring geodesics...

From Raychaudhuri’s equation, if two null geodesics start to converge, they will intersect
within affine parameter time. This is the instability of the atractive influence of gravity.

dθ

dλ
= −1

2
θ2 − σabσ

ab − Rabℓ
aℓb, (3.451)

where the vorticity is zero because hypersurface orthogonal. We have the inequality

The Raychaudhuir equation implies the following inequality for the expansion θ(λ)

dθ

dλ
≤ −1

2
θ2 (3.452)

Integrating this

∫
dθ

θ2
≤ −1

2

∫ λ

0

dλ (3.453)

gives us

θ−1(λ) ≥ θ−1(0) +
λ

4
(3.454)

From this inequality we see that if the congruence is initially converging (θ(0) < 0), then
θ−1(λ) → −∞ within an affine parameter λ ≤ 2/|θ(0)|.
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p

q

p′

q′

U(p)

V (q)

Figure 3.16: The chronological future I+(p) of p is an open set; given any point q ∈
I+(p), there exists a sufficiently small neighbourhood V (q) contained in I+(p). Similar
statements hold for the p in the chronological past I−(q) of q.

It is obvious in Minkowskian spacetime that if one has path that is partly null and partly
timelike, then there is a timelike curve between the two points (fig(5.12)). To prove the
same is true in general on curved spacetimes, we will again employ the fact that if a region
is sufficiently small, its geometry is indistinguishable from that of flat spacetime.

We are making use of the fact that it is true in Minkowski spacetime fig. (5.12). Cover
the null geodesic with a finite number of normal neighbourhoods.fig. (5.13). Pick a point
between x1 and call it z1.

That is, if one of the geodesics encounters a singularity before it has a chance to cross the
other geodesic.

If one of these geodesics in fig.(5.13) encountered a singularity befor it crossed the other
geodesic. We required that the spacetime manifold to be smooth, and also the metric.
The singular point at the centre of the Schwartzchild solution where the curvature di-
verges, must be missing. The radial geodesics thus come to a full stop. Before the second
conjugate point is reached, a singularity by a geodesic comming to a full stop if the null
geodesic in fig (3.18). The geodesic cannot be extended within the manifold, but never-
theless ends at a finite value of the affine parameter. We require that any null generator of
the horizon does not meet a singularity. the cosmic cencership conjecture holds. Hawking
relaxed this condition that is less strict and so emcoposess more spacetimes, called the
weak cosmic censorship condition.

In this last part prove the statements in the Schwartzschild solution.

J̇−(I+) is generated by null geodesics that never leave the horizon. The generator followed
into the past lies in the surface of the event horizon or is in J−(I+).
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a

b

U(a)

V (b)

J̇−(I+)

timelike curveγ

p

q

Figure 3.17: If two points on the event horizon are timelike separated, we can produce
a timelike curve starting inside the black hole which joins to a point outside the event
horizon.

There is a timelike curve, D, from p to b. Because b ≫ p there exists a neighbourhood,
V (b), of b which is entirely contained inside I+(p). As U(a) was an arbritarily small
neighbourhood a cannot be inside the event horizon, rather it is in either J̇−(I+) or
J−(I+).

So any that comes to be a null generator must come from outside the black hole.

3.10.4 Third law

The third law of black hole mechanics states that the surface gravity of a black hole cannot
be reduced to zero within a finite advanced time.

3.10.5 Quasi-Local Generalizations

The notion of an isolated horizon is arrived at by extracting from the definition of a
Killing hroizon the minimum conditions necessary for black hole thermodynamics.

3.10.6 Black Hole Thermodynamics

from theomodynamics we se the temperature and entropy arises from underlying statis-
tical mechanics. What microstaes are responsible for black hole thermodynamics?

a classical, stationary black hole is determined completely by its mass, charge, and an-
gular momentum, with no room for additional microscopic states to account for thermal
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p

q
r

γ

γ′

Figure 3.18: When neighbouring null geodesics have conjugate points there exists a timlike
curve joining the two conjugate points. The dashed line represents a timelike curve joining
to the null geodesic. The points q and q′ are timelike separated - rounding off the corner.
We make this argument more rigouress in the appendix M.

p

q

r

timelike
timelike

null

segment
curve

geodesic

Figure 3.19: In flat spacetime, when a null geodesic curve joins onto a timlike curve, there
exists a timelike curve between p and q.

behaviour.

If black hole thermodynamics has a statistical mechanical origin then the relavent states
must therefore be non-classical.

3.11 Definitions

A trapped surface θ(ℓ) < 0 and θ(n) < 0

A marginally trapped surface θ(ℓ), θ(n) ≤ 0

An outer marginally trapped surface θ(ℓ) ≤ 0. is the boundary of a three-dimension volume
whose expansion of the outgoing family of null geodesics orthogonal to S is everywhere
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p pp

q qq

rrr

(a) (b) (c)

x1

x2

z0 z0

z1

N1N1

N2N2

N3

Figure 3.20: There exists a timlike curve joining the two conjugate points. A timelike
curve joining to the null geodesic. (b) Contiuing in this way, we “peel” away a timelike
curve that joins r and p.

non-postive, θ(ℓ) ≤ 0.

An apparent horizon

A closed, spacelike, two-surface is an apparent horizon if it is the outermost marginally
traped surface.

3.12 Non-Expanding Horizons (NEH)

The very acsessible [64], A 3+1 perspective on null hypersurfaces and isolated horizons

Any null normal ‘is expansion free and by defnition. It is also automatically twist free
because it is normal to a smooth surface. Additional properties use the Raychaudhuri
equation

0 = −Lℓθℓ
△
= |σ(ℓ)|2 + Rabℓ

aℓb (3.455)

From the energy condition it follows that Rabℓ
aℓb

△
= 8πGTabℓ

aℓb

Since |σ(ℓ)|2 is also positive, it follows from (2.3) that

|σ(ℓ)|2 = 0, Rabℓ
aℓb = 0. (3.456)
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p p

J̇−(I+)J̇−(I+)

aa

bb

(a) (b)

U(a)U(a)

l

I+

time-

time-

like

like

segment

C

D

E

V (b)

Figure 3.21: There exists a timlike curve joining the two is way, we a timelike curve that
joins r and p.

J̇−(I+)

Figure 3.22: There exists a timlike curve joining the two is way, we a timelike curve that
joins r and p.

Since ℓ is expansion, shear and twist free, it follows that there must exist a one-form ω(ℓ)
a

associated with ℓ such that

∇aℓ
b △= ω(ℓ)

a ℓb (3.457)

ℓa∇aℓ
b △= ℓaω(ℓ)

a ℓb = κ(ℓ)ℓ
b (3.458)

where κ(ℓ) := ℓaω(ℓ)
a the surface gravity of ∆.

Under the rescalings ℓ 7→ ℓ′ = fℓ, of the null normal ℓ, it transforms via:

ωa 7→ ω̃a = ωa + ∇ a← ln f (3.459)
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and the surface gravity transforms as

κ(ℓ′) := ℓ′aω(ℓ′)
a = fκ(ℓ) + ℓa∂af (3.460)

From (4.3.4) we also get

Lℓqab
△
= Lℓgab

△
= 2∇aℓb

△
= 0. (3.461)

Thus, every null normal ℓ is a ‘Killing field’ of the degenerate metric on ∆. Although ℓ
is a ‘Killing field’ of the intrinsic horizon geometry, the space-time metric gab need not
admit a Killing field in any neighborhood of ∆. Robinson-Trautman metrics [??] provide
explicit examples of this type.

3.13 Weakly Isolated Horizons (WIH) and General-

ization of the Laws of Black Hole Mechanics

M

H= R x S
2T = R x S2

Figure 3.23: Classical bourndary conditions for weakly isolated horizons.

S+

S−

M+

M−

∆

i0

Figure 3.24: Conformal spacetime diagram of a WHI.

The lapse function N and shift Na will define the flow of time relative to this surface in
the usual way. That is, Ndt units of proper time pass for every dt units of coordinate
time, and an observer swept along by the flow of time will move with velocity

√
NaNa/N .

Keep in mind that depending on the spacetime, such “motion” may or may not correspond
to “real” movement. For example, a particle which is static on the Schwarzchild horizon
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H

S

S

lana
T a

Σ Ra
Ra

e1

e2

Figure 3.25: Construction of a null tetrad for a NEH. Any spatial two surface S determines
uniquely, up to rescaling, two null vectors orthogonal to S.

will have a velocity equal to the speed of light, but doesn’t actually move by any normal
definition of movement.

3.13.1 Zeroth law

black hole mechanics says that the surface gravity of a weakly isolated horizon is constant.
This result hold even when the horizon is highly distorted so long as it is in equilibrium.

κ(ℓ) := ℓaωa (3.462)

Lℓωa = 0. (3.463)

the curl of ωa is related to the imaginary part of Ψ2:

D[aωb] = (ImΨ2)ǫab (3.464)

or, as is usually written, in terms of the covariant exterior derivative

dω = 2(ImΨ2)ǫ (3.465)

where ǫ is the area 2-form on ∆ (Lℓǫ and ℓ ·ǫ). Hence we conclude ℓ ·dω = 0 which implies
that κ(ℓ) is constant on the horizon:

0 = Lℓω = d(ℓ · ω) = dκ(ℓ) (3.466)
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3.13.2 First law

Hamiltonian theory well defined equivalent to the first law of black hole mechanics.

Two Hamiltonian frameworks are available. The first uses a covariant phase space which
consists of the solutions to field equations which satisfy the required boundary conditions
[26, 15]. Here the calculations are simplest if one uses a first order formalism for gravity,
so that the basic gravitational variables are orthonormal tetrads and Lorentz connections.
The second uses a canonical phase space consisting of initial data on a Cauchy slice M
ofinner boundary

In this report, we use a Hamiltonian framework to calculate conserved quantities such as
angular momentum and mass. We therefore begin by describing the phase space we are
interested in. Let M be the region of spacetime that we are interested in. The boundary
of M consists of four components: the timelike cylinder 1 at spatial infinity, two spacelike
surfaces M which are the future and past boundaries of M and and inner boundary which
is a weakly isolated horizon with a preferred class of null normals [‘] (see figure ). The
two spheres S are the intersections of M with .

shall use a first order formalism in which the fundamental fields are the gravitational
connection A aI J and a tetrad e I a which satisfy appropriate boundary conditions (see []
for a formulation in terms of metrics and extrinsic curvature). The lowercase latin indices
refer to the spacetime wnd the uppercase letters refer to a fixed internal four dimensional
Lorentzian vector space with internal metric ηIJ with signature (−; +; +; +). A Lorentz
connection AJ denes a derivative operator acting on internal indices

DakI := ∂akI + A J
aI kJ (3.467)

where @ a is an arbitrary at fiducial derivative operator. Fix a preferred internal null
tetrad (‘I; nI; mI; mI) at . The allowed field config- urations (AaIJ ; eIa) are those which
satisfy the appropriate fall-of conditions at infnity

to ensure asymptotic flatness; and at are such that (i) a = ‘IeaI is a member of the
preferred equivalence class [ℓ] fixed at and (ii) (; ‘) is a WIH. It turns out (see [3] for
details) that due to the zeroth law, the standard gravitational action is a viable action
even in the presence of the internal boundary ∆:

S(e, A) = − 1

16πG

∫

M
ΣIJ ∧ FIJ +

1

16πG

∫

τ∞

ΣIJ ∧ AIJ (3.468)

where

ΣIJ :=
1

2
ǫIJKLe

K ∧ eL (3.469)
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and

F J
I = dA J

I + A K
I ∧ A J

K (3.470)

is the curvature of the derivative operator D a . Our phase space , known as the covariant
phase space, is the set of solutions to the eld equations satisfying the boundary conditions
specied above. The symplectic structure is obtained by second variations of the action
and leads to the following expression

3.13.3 Second law

3.14 Isolated Horizons

Boundary conditions at T : asymptotic flatness.

Boundary conditions at H : ∂αv = nα, nαl
α = 1.

(i) H is null, lαlα = 0, lα is tangent.

(ii) Gauge fixing - σ has:

lα = σαAA′l
A l̄A

′

nα = σαAA′o
AoA

′

(3.471)

(iii) Field equations hold at H .

(iv) Main conditions:

oADαoA = 0

lADαlA = −if(v)σAA
′

α lAoA
′

f > 0 (3.472)

on H .

3.14.1 Boundary Conditions for Isolated Horizons

Boundary conditions that define an isolated horizon:

Consequences of the boundary conditions:

• The 2-spheres (v = const) are marginally trapped (expansion of l vanishes).
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• The Horizon H is non-rotating (l and n are shear- and twist-free; expansion of n is
spherically).

shear-free:

σ = mamb∇alb = 0. (3.473)

twist-free:

l[a∂blc] = 0. (3.474)

(Let us assume that la is orthogonal to a family of hypersurfaces, the wave fronts, i.e.,
there exist scalar fields v, w such that

la = v∇aw. (3.475)

Then it is easy to show that

l[a∂blc] = 0. (3.476)

In fact the converse holds: (3.476) implies (3.475) as a consequence of Frobenius’ theorem.)

• H is a future horizon (expansion of n is negative).

• Metric on 2-sphere (v = const) is independent of v area is constant, A

• Gauge-fixing reduces AAB
α to a (complex) U(1) connection on H ; only real U(1) is

dynamical variable.

• If ΣAB = σAA
′ ∧ σBA′ then

FAB
αβ = −2π

A ΣAB
αβ (3.477)

curvature of A pulled back to the sphere (v = const).

3.15 Rotating Isolated Horizons

There are two distinct notions of multipole moments - source multipoles which encode the
distribution of mass (or charge-current), and field multipoles which arise as coefficients in
the asymptotic expansions of fields.
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IH geometries may be distorted because of matter rings, stars, black holes in the exterior
region. As we will see, a diffeomorphism invariant characterization can be provided by a
set of mass and angular momentum multipole moments Mn, Jn.

3.15.1 Basic Review of Multipoles

Gravitainal (Electrostatic) Multipoles

Earth’s gravitational field comming from the pair shaped deformation of the Earth.

The potential Φ(~r) of the gravitational fieldb at ~r produced by a mass m at ~r′ is

Φ(~r) =
m

|~r − ~r′| (3.478)

as in Fig.(3.15.1).

z

y

x

θ

φ

~r
~r′

Figure 3.26: multipole is the position of the mass density source and ~r is the requested
position for the potential Φ(~r).

First, say we wish to calculate the gravitation field at a point r produced by matter located
at ~rs where is rs a distance d away form the origin in the z−direction, see (Fig.3.15.1).
The mass will be given as the density ρ(~rs) times a small volume element ∆V .

Φ(r − rs) =
ρ(rs)∆V

|r − rs|
=

[

1 +

(

−d
∂

∂z

)

+
1

2!

(

−d
∂

∂z

)2

+ . . .

]

Φ(r) (3.479)

The terms in this expansion are easily evaluated using the following identity

∂

∂z

1

rm
= 2z

∂

∂r2

1

(r2)m/2
= − mz

rm+2
= −m cos θ

rm+1
. (3.480)
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where cos θ = ~r · ~rs/rr′ = z/r. We find for the first few terms

Φ(r − rs) = ρ(rs)∆V

(
1

r
+

d cos θ

r2
+

d2

2

3 cos2 θ − 1

r3
+ . . .

)

(3.481)

The first 3 terms are the monopole, dipole and quadrapole respectively. Pn(cos θ). The
first few polynomials are

P0 = 1, P1 = x, P2 =
3x2 − 1

2
, P3 =

5x3 − 3x

2
(3.482)

z

y

θ

z

y

θd

x

d

s

x

d
~r~r

~r (r, φ, θ) (r, φ, θ)

(a) (b)

Figure 3.27: dipolemass (a) monpole. (b) dipole (c) quadrapole

We make the replacement cos θ → ~r · ~r′/rr′ and get:

Φ(~r) =
1

r

∫

d3x′ρ(~r′) +
~r

r3
·
∫

d3x′ρ(~r′)~r′ +

+
1

2r5
·
∫

d3x′ρ(~r′)
(3~r · ~r′ − r′2r2)

2
+ . . . (3.483)

where

E1 =

∫

d3x′ρ(~r′) Monopole Moment

E2 =

∫

d3x′ρ(~r′)~r′ Dipole Moment

E3 =

∫

d3x′ρ(~r′)
(3~r · ~r′ − r′2r2)

2
Quadrupole Moment (3.484)

The result of this integration, in the axisymmetric case, will be of the form:

320



Φ(~r) =

∫

rn
(

1

r
+

d cos θ

r2
+

d2

2

3 cos2 θ − 1

r3
+ . . .

)

ρ(~r′)d3x′

=
1

r
−
∞∑

n=1

En

1

rn+1
(3.485)

the coeffients En are defined as the moments

En :=

∫

rnPn(cos θ)ρd3x (3.486)

Note that these terms only exist because of our choise of coordinates - take care with
your origin (in section ?? we will see that the framework for the type II isolated horizon
automatically places you in the ‘centre of mass frame’). Consider the dipole (Fig. 3.15.1
a). They have the same mass and both are a distance d from the origin.

Φ(r, θ) = ρ(rs)∆V

(
1

|r − rs|
+

1

|r + rs|

)

= 2ρ(rs)∆V

(
1

r
+

d2

2

3 cos2 θ − 1

r3
+ . . .

)

(3.487)

Generally, if the matter distribution axisymmetric, and if the term P1(cos θ) is missing it
is because we are sitting in the centre of mass frame.

The coefficients of the Legendre series match a known solution at a boundary. bounadry
value problem.

Φ(r, θ) =
GM

R

[

R

r
−
∞∑

n=2

an

(
R

r

)n+1

Pn(cos θ)

]

(3.488)

P1 is omitted since it would represent a displacement and not deformation. For a spherical
case all the moments zanish apart from the zeroth P0 = 1 and Φ is a function of r only.
The scalar curvature of the surface of the Earth is constant over the surface and is just
1/R.

When the mass is concentrated on a sphere S defined as r = R, the expression simplifies
to

En = Rn

∮

S

Pn(cos θ)ρ̃d2Ṽ (3.489)
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Say we have constant mass density over the surface of an elipsoid, defined by

x2 + y2

a2
+

z2

b2
= R2. (3.490)

The mass density ρ(x, y, z) = C.

We can choose new coordinates to describe where the elipsoid is a sphere, if so the density,
in the new coordinates will vary of the surface of this sphere. We introduce the coordinates

ax′ = x, ay′ = y, bz′ = z. (3.491)

x′2 + y′2 + z′2 = R2. (3.492)

and the density is

ρ′(x′, y′, z′) = (3.493)

Angular Momentum (Magnetic) Multipoles

z

θ

y

j

x

φ

~r
~r′

Figure 3.28: magmulty is the position of the current density and ~r is the requested position
for the magnetic potential Φm(~r).

dB = I
dl × ~r0

r2
(3.494)

B =

∫

I
dl × ~r0

r2
(3.495)
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The vector potential A of a magnetic dipole, dipole moment m, is given by

A(r) =
µ0

4π
(m× r0

r3
) (3.496)

using the identity ∇× (A×B) = (B ·∇)A− (A ·∇)B−B(∇·A)+A(∇·B), the magnetic
field is given by

B =
3r0(r0 · m) − m

r3
(3.497)

where cos θ = r0 · m

φm =
~∇ · (~r ×~j)

|~r − ~r′| (3.498)

Φm(~r) =
1

r

∫

d3x′~∇ · (~r′ ×~j) +
~r

r3
·
∫

d3x′~r′~∇ · (~r′ ×~j) +

+
1

2r5
·
∫

d3x′
(3~r · ~r′ − r′2r2)

2
~∇ · (~r′ ×~j) + . . . (3.499)

where

M1 =

∫

d3x′~∇ · (~r′ ×~j) Monopole Moment

M2 =

∫

d3x′~r′~∇ · (~r′ ×~j) Dipole Moment

M3 =

∫

d3x′
(3~r · ~r′ − r′2r2)

2
~∇ · (~r′ ×~j) Quadrupole Moment (3.500)

the coeffients Mn are defined as the moments

Mn :=

∫

rnPn(cos θ)~∇ · (~r ×~j)d3x (3.501)

Mn = −Rn+1

∮

S

(ǫ̃abD̃bPn(cos θ))j̃ad
2Ṽ (3.502)
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3.15.2 Spherical Harmonics

For functions that live on the unit sphere there is an expansion by a in spherical harmonics,
analogous to Forurier expansion of functions that live on the real line. The reader probably
have come accross them before as they solve the Schrödinger equation for the Hydrogen
atom. These form a complete orthonormal set on the unit sphere. The orthonormality is
expreesed as

∫

Y ∗lm(θ, φ)Yl′m′(θ, φ)dΩ = δll′δmm′ (3.503)

Complete because for any square integrable function ∆ there is a ??unique?? expansion

∆(θ, φ) =
∞∑

l=0

l∑

m=−l
almYlm, (θ, φ) (3.504)

where

alm =

∫

Y ∗lm(θ, φ)∆(θ, φ)dΩ. (3.505)

in solid angle notation

dΩ = sin θdθdφ. (3.506)

unit normal vector to the sphere vector

n̂ = (sin θ cos φ, sin θ sin φ, cos θ). (3.507)

Ylm(θ, φ) =

√

2l + 1

4π

(l − m)!

(l + m)!
Pm
l (cos θ)eimφ, (3.508)

where Pm
l are the associated Legendre functions. For our purposes we all the geometries

under consideration are axisymmetric, we only need the Ylm with m = 0. The functions
we need are the Pm

l with m = 0, these are prescisely the functions that appeared in the
moment expansion in the previous section. These are called the Legendre polynomials.

the generating function for Legendre polynomials:
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g(t, x) = (1 − 2tx + t2)−1 =
∞∑

n=0

Pn(x)tn, |t| < 1. (3.509)

3.15.3 Invariant Coordinates on the Horizon

Label points on the submanifold in a way that is invariant under spacetime coordinate
transformations xa 7→ xa′. They are ‘coordinates’ in that they specify individual points
on the sphere but they transform as scalars under spacetime coordinate transformations.

The thesis [78]

In Euclidean 3-space,

Let S be the unit 2-sphere, equipped with metric q̃ab.

ǫabφ
b = ∂aζ (3.510)

ǫ11 = ǫ00 = 0, ǫ10 = −ǫ01 = 1. ds2 = dθ2 + sin2 θdφ2 so that q̃ab = (1, sin2 θ). In polar
coordinates ǫ̃ab =

√
q̃[ab] = sin θ[ab]. The Killing’s vector field is in polar coordinates

Φ = rφ̂ + 0r̂ + 0θ̂. restricted to the unit sphere Φ = sin φ̂ + 0r̂ + 0θ̂

∂φζ = ǫφrΦ
r + ǫφθΦ

θ = 0;

∂θζ = ǫθrΦ
r + ǫθφΦ

φ = ǫθφ sin θ

∂θζ = − sin θ

So that

ζ = cos θ + C

The condition
∮

S
ζǫ̃ ≡

∮

S
ζd2S to eliminate the freedom to add to ζ a constant.

∮

S

ζd2S =

∫ θ=π

θ=0

∫ φ=2π

φ=0

(cos θ + C)dφ sin θdθ = 0 + 4πC (3.511)

so we should take C = 0. On the unit 2-sphere in Euclidean 3-space, this function is

ζ = cos θ. (3.512)

vector field ζa on S ′ = (S− poles) via:
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x

θ

y

z

φ

Figure 3.29: polarcoo

q̃abζ
aφb = 0 (3.513)

fixing the norm of the vector field ζa by the condition

ζθ∂θ cos θ = 1 (3.514)

ζθ = − 1

sin θ
(3.515)

at poles

orbits of 

killing field

S

φa

φa
φa = 0

Ŝ

Figure 3.30: axicoords. In addaptive coordinates

q̃ab = R2(f−1∂aζ∂bζ + f∂aφ∂bφ) and q̃ab =
1

R2
(fζaζb + f−1φaφb) (3.516)

q̃abq̃bc = (fζaζb + f−1φaφb)(f−1∂bζ∂cζ + f∂bφ∂cφ)

= ζaζb∂bζ∂cζ + f 2ζaζb∂bφ∂cφ (3.517)
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Invariant Coordinates

Let S be a manifold with the topology of a 2-sphere, equipped with metric q̃ab. a the area
of S and by R its radius, defined by a = 4πR2.

we can define on S a function ζ via

The definition of ζ (3.510) and (3.511) can be put into a covariant form as

D̃aζ = ǫ̃abφ
b and

∫

ζ
√

q̃d2S (3.518)

Obviously ∂φζ = 0. This fact can be put into a coordinate invariant form as Lφζ = 0

Such metric manifolds carry invariantly defined coordinates.

Consider the orbits of the axial Killing field φa of qab on S.

introduce a vector field ζa on S ′ = (S− poles) via:

q̃abζ
aφb = 0 and ζaD̃aζ = 1. (3.519)

Then it follows

ζa =
R4

µ2
q̃abD̃bζ (3.520)

where µ2 = q̃abφ
aφb is the squared norm of φa.

q̃ab = R2(f−1D̃aζD̃bζ + fD̃aφD̃bφ) and q̃ab =
1

R2
(fζaζb + f−1φaφb) (3.521)

where f = µ2/R2.

R̃(ζ, φ) = − 1

R2
f ′′(ζ). (3.522)

one can reconstruct the function f from the scalar curvature:

f = −R2

[∫ ζ

−1

dζ1

∫ ζ1

−1

dζ2R̃(ζ2)

]

+ 2(ζ + 1) (3.523)

canonical round, 2-sphere metric q̃0
ab on S:
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q̃0
ab = R2(f−1

0 D̃aζD̃bζ + f0D̃aφD̃bφ) (3.524)

where f0 = 1 − ζ2. The availability of q̃0
ab enables us to perform a natural harmonic

decomposition on S. One uses spherical harmonics defined by q̃0
ab.

3.15.4 Definition of Geometric Multipoles

We showed that ζ is a good coordinate on the manifold of orbits of and all geometrical
fields such as Ψ2. In Euclidean space, smooth functions on the unit 2-sphere which are
Lie dragged by φa, can be decomposed uniquely in terms of Legendre polynomials. We
follow the same idea to define multipoles of Ψ2. We set

In − iJn :=
1

8πG

∮

S

ζnΨ2ǫ (3.525)

Magnetostatics in Flat Space

Mn =

∫

rnPn(cos θ)~∇ · (~x ×~j)d3x, (3.526)

Angular Momentum Moments

Jn := −Rn+1
∆

8πG

∮

S

(ǫ̃abD̃bPn(ζ))ω̃ad
2Ṽ

= −
√

4π

2n + 1

Rn+1
∆

4πG

∮

S

Y 0
n (ζ)ImΨ2d

2Ṽ

= −
√

4π

2n + 1

Rn+1
∆

4πG
Ln (3.527)

Electrostatics in Flat Space

En =

∫

rnPn(cos θ)ρd3x, (3.528)
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Moments

Mn := −
√

4π

2n + 1

M∆Rn
∆

4πG

∮

S

Y 0
n (ζ)ReΨ2d

2Ṽ

= −
√

4π

2n + 1

M∆Rn
∆

4πG
In (3.529)

Structure of IHs

However, the connection is now complex:

Ai
ari = Γiari − iωa (3.530)

where Γia is a real U(1) connection and ωa is globally defined and real valued on ∆ (which
carries the angular momentum information). The scalar curvature of the 2-metric on
the horizon need not be constant; the horizon may be arbitrarily distored (subject to
axisymmetry).

The curvature is given by:

Fab = 2dV = −2Ψ2Σ
i
abri (3.531)

Properties of moments:

ζ and ImΨ2 are completely determined, in a covariant manner, by the metric q̃ab, the
rotation one-form ω̃a, and a rotational killing field φa. Therefore, it is immediate that if
(∆, qab, D) and (∆′, q′ab, D

′) are related by an active diffeomorphism, we have In = I ′n and
Jn − J ′n.

i) In, Jn are diffeomorphism invariant. That is, (S, φa, V ) and its image (S, φa′, V ′) under
any diffeomorphism define exactly the same set of numbers In, Jn; and

ii) The multipole moments In, Jn of any Ψ2 enable one to reconstruct that Ψ2 up to
diffeomorphism.

3.16 Dynamical Horizons

In this chapter study generalizations of the isolated horizon framework by allowing matter
fields to fall into the black hole. The method is based on the fact that the world tube of
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apparent horizons is a spacelike surface in the dynamical regime and therefore the usual
Hamiltonian and momentum constraints must hold on this surface.

We point out the similarities of this method with the analysis of isolated horizon mechanics
described in the earlier chapters and we also describe some subtleties regarding the ADM
angular momentum.

Figure 3.31: .

Defnition: A smooth three dimensional sub-manifold H of a spacetime (M, gab) will be
said to be a dynamical horizon if

(i) H is topologically S2 × I and spacelike where I is an interval on the real line.

(ii) There is a preferred foliation of H by two-spheres and each leaf of this foliation is an
outer-marginally-trapped-surface; i.e. the expansion θ(ℓ) of any outgoing null normal ℓa

is identically zero and the expansion θ(n) of any ingoing null normal n a is negative.

(iii) All equations of motion hold at H and all matter fields satisfy the condition that
−T a

b Xb is future-directed and causal for any future-directed null vector Xa .

∫

V

(16πNtabT̃
aT̃ b)d3x =

∫

V

N(R + K2 −KabKab)d3x (3.532)

where N is an arbitrary ositive function (the lapse) and V is the region on H bounded
by S1 and S2

GabR̃aR̃b = −1

2

(

R̃ −K2 + KabKab
)

(3.533)

R = 2(Rab − Gab)R̃aR̃bR̃ + (K)2 −KabKab + 2Daα
a. (3.534)

Substituiting this result in (4.3.4)
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∫

V

(16πNTabT̃
aT̃ b)d3x =

∫

V

N
(

R̃ + (K)2 −KabKab + 2Daα
a
)

d3x. (3.535)

This equation relates the flux of energy along the normal to H((T̃ a) with quantities
intrinsic to H .

∫

V

(16πNTabT̃
aT̃ b)d3x =

∫

V

(

2NR̃bDa(Kab −Kqab)
)

d3x

=

∫

V

2N
(

Daβ
a −PabDaR̃b

)

d3x (3.536)

where βa := KabR̃b −KR̃a and, as before, Pab = Kab −Kqab.

ζa := W̃ a + D̃a ln NR = q̃abRc∇cℓb (3.537)

F (R)
∆H =

∫

∆H

NRR̃d3V = 16πG

∫

∆H

TabT
aξa(R)d

3V +

∫

∆H

NR{|σ|2 + 2|ζ |2}d3V (3.538)

3.16.1 Gravitational Energy Flux

With these decompositions, the following results are very easily verifed

2Kab
2Kab =

1

2
( 2K)2 + 2σab

2σab

K = 2A + B

KabKab =
1

2
( 2K)2 + σ̃abσ̃

ab + 2WaW
a + B2

2K = −2A (3.539)

Vanishing in Spherical symmetry: By Birkhoff’s theorem

Vaidya solution

any metric gab(x) soves Einsteins field equations so long as we take the energy momentum-
tensor to be given by Tab ≡ Rab− 1

2
gabR, where we have calculated Rab using gab(x). What

distinguishes a physical solution from a non-physical solution is whether the corresponding
energy-momentum tensor satisfies physically reasonable conditions, such as the various
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energy conditions. Even it satifies these conditions, one still has to a physical interpreta-
tion of the source of this energy-momentum tensor.

We want m to depend on u, m = m(u)

f = 1 − 2m(u)

r
(3.540)

The only non-vanishing component of the Einstein tensor is Guu = −(2/r2)/(dm/du)
(exercise). Then the energy-momentum tensor is of the form

Tab = −dm/du

4πr2
ℓaℓb, (3.541)

where ℓa = −∂u is tangent to radial, outgoing null geodesics.

3.16.2 Rotating Dynamical Horizons

3.17 Null Tetrads and Spinor Analysis

3.17.1 Null Tetrads

We start with four linerly independent vector fields eai , where i serves to label the vectors.

∑

i

αie
a
i = 0 implies αi = 0.

At a particular point, we define a matrix of scalars gij, called the frame metric, by

gij = gabe
a
i e
b
j . (3.542)

Since eai are linearly independent and that gab is non-singular, it follows that the matrix
gij is non-singular and hence invertible. To see this first consider the eigenvector equation

∑

j

gijvj = λvi

as gij is real and symmetric it has eigenvales. To prove gij is non-singular we assume
λ = 0. Then
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∑

j

gijvj = eai [
∑

j

gabe
b
jvj] = 0.

As the eai are linearly independent, this implies

∑

j

gabe
b
jvj = 0.

Using that gab is invertible, this implies

∑

j

ebjvj = 0

and again by linearly independence of ebj we have vj = 0. Hence there is no eigenvector
with eigenvalue zero and so gij is invertible.

We denote the inverse as gij,

gijg
jk = δki . (3.543)

we then use the frame metric to raise and lower frame indices. Then we can write

δij = gikgkj = gikgabe
a
ke
b
j = eiae

a
j . (3.544)

Using this it is easy to verify the inverse relationship to (3.542) is

gab = gije
i
ae
j
b (3.545)

as

gabe
a
i e
b
j = (gkle

k
ae
l
b)e

a
i e
b
j

= gkl(e
k
ae
a
i )(e

l
be
b
j)

= gij

Suppose for a given spacetime we have defined an orthonormal tetrad as follows:
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va timelikevector

ia, ja, ka spacelikevectors. (3.546)

We can construct a null teterad via

e a
0

= la :=
1√
2
(va + ia), (3.547)

e a
1

= na :=
1√
2
(va − ia) (3.548)

in whcih case la and na are null vectors, that is

lala = nana = 0 (3.549)

and satisfy the normalization condition

lana = 1. (3.550)

next we introduce a complex null vector defined by

ma :=
1√
2
(ja + ika) (3.551)

together with its complex conjugate

ma :=
1√
2
(ja − ika) (3.552)

It easily follows that the vector are null,

mama = mama = 0, (3.553)

and satisfy the normalization condition

mama = −1. (3.554)

Including
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e a
2

= ma, e a
3

= ma, (3.555)

then the defines the frame metric via (3.542) is then

gij =







0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0







(3.556)

and the inverse frame metric is

gij =







0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0.







(3.557)

gab = gije
i
ae
j
b

= (la, na, mama)







0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0













lb

nb

mb

mb







= lanb + nalb − mamb − mbma.

The metric gab is decomposed into products the null tetrads according to

gab = lana + lbna − mamb − mbma. (3.558)

gab = gijeai e
b
j

= (la, na, mama)







0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0













lb

nb

mb

mb







= lanb + nalb − mamb − mbma. (3.559)

n · l = −1 n · m = 0 n · m = 0

l · m = 0 l · m = 0 m · m = 1. (3.560)
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Example

Conbsider the flat Minkowski metric, written in spherical polar coordinates:

ds2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2

lµ =
1√
2
(1, 1, 0, 0), nµ =

1√
2
(1,−1, 0, 0)

mµ =
1√
2
(0, 0, r, ir sin θ), mµ =

1√
2
(0, 0, r,−ir sin θ) (3.561)

gµν =







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ







(3.562)

l · l = gµνlµlν

=
1

2
(1, 1, 0, 0)







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













1
1
0
0







= 0. (3.563)

n · n = gµνnµnν

=
1

2
(1,−1, 0, 0)







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













1
−1
0
0







= 0. (3.564)

l · n = gµνlµnν

=
1

2
(1, 1, 0, 0)







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













1
−1
0
0







= 1. (3.565)
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m · m = gµνmµmν

=
1

2
(0, 0, r, ir sin θ)







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













0
0
r

ir sin θ







=
1

2
(0, 0, r, ir sin θ)







0
0

−1/r
−i/r sin θ







= 0. (3.566)

Obviously m · m = 0.

m · m = gµνmµmν

=
1

2
(0, 0, r, ir sin θ)







1 0 0 0
0 −1 0 0
0 0 −1/r2 0
0 0 0 −1/r2 sin2 θ













0
0
r

−ir sin θ







=
1

2
(0, 0, r, ir sin θ)







0
0

−1/r
i/r sin θ







= −1. (3.567)

Obviously l · m = l · m = 0 and n · m = n · m = 0

3.17.2 Newman-Penrose Formulism

The Weyl tensor in terms of the curvature tensor is

Cabcd = Rabcd +
1

2
(gadRcb + gbcRda − gacRdb − gbdRca)

+
1

6
(gacgdb − gadgcb)R. (3.568)

Define the scalars
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Ψ0 = −Cabdcl
amblcmd,

Ψ1 = iCabdcl
amblcnd,

Ψ2 = Cabdcl
ambmcnd,

Ψ3 = −iCabdcl
anbmcnd,

Ψ4 = −Cabdcm
anbmcnd. (3.569)

The tetrad components of the Ricci tensor are given by:

Φ00 =
1

2
Rabl

alb, Φ01 = i
1

2
Rabl

amb,

Φ02 = −1

2
Rabm

amb, Φ10 = −i
1

2
Rabl

amb,

Φ11 =
1

4
Rab(l

anb + mamb), Φ12 = i
1

2
Rabn

amb,

Φ20 = −1

2
Rabm

amb, Φ21 = −i
1

2
Rabn

amb,

Φ22 =
1

2
Rabn

anb. (3.570)

κ = −malb∇bla ǫ =
1

2
(malb∇bma − nalb∇bla) π = malb∇bna

σ = −mamb∇bla β =
1

2
(mamb∇bma − namb∇bla) µ = mamb∇bna

ρ = −mamb∇bla α =
1

2
(mamb∇bma − namb∇bla) λ = mamb∇bna

τ = −manb∇bla γ =
1

2
(manb∇bma − nanb∇bla) ν = manb∇bna (3.571)

3.17.3 Spinor Analysis in GR

Spinors and Vectors

σ0 =

(
1 0
0 1

)

, σ1 =

(
0 1
1 0

)

, σ2 =

(
0 −i
i 0

)

, σ3 =

(
1 0
0 −1

)

(3.572)

We form the matrix

uAA
′

= u0σAA
′

0 + u1σAA
′

1 + u2σAA
′

2 + u3σAA
′

3 =

(
t + z x − iy
x + iy t − z

)

(3.573)
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We demand that this matrix by Hermitian

u† = u (3.574)

as then and only then are the coordinates (t, x, y, z) guareanteed to be real. One can
represent the effect of the Lorenz transformation by matrix multiplication

u′ = LuL† (3.575)

Here u′ is also Hermitian

(u′)† = (LuL†)†

= (L†)†u†L†

= LuL†

= u′. (3.576)

and the new coordinates (t′, x′, y′, z′) are guareanteed to be real too. Explicitly

(
t′ + z′ x′ + iy′

x′ − iy′ t′ − z′

)

=

(
a b
c d

)(
t + z x + iy
x − iy t − z

)(
a c

b d

)

(3.577)

A Lorentx transformation is defined as a linear operation that leaves the interval invariant:

t
′2 − x

′2 − y
′2 − z

′2 = t2 − x2 − y2 − z2 (3.578)

Note that the determinant of u is

det u = t2 − x2 − y2 − z2 (3.579)

so that the condition for the preservation of the interval is

det u′ = det u (3.580)

or

(det L)(det u′)(det L†) = det u (3.581)
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This requirement is fulfilled by

det L = 1. (3.582)

We take the transformation rule for a two component quantitiy ξA to be

ξ
′A = LA

BξB. (3.583)

This is the definition of a two-component spinor. To recover the formula u′ = LuL†,
namely,

u
′AB′

= LA
CL

B′

D′u
CD′

(3.584)

we introduce another spinor ηB
′

which transforms according to the conjugate of the
Lorentz transformation

η
′A′

= L
A′

B′η
B′

(3.585)

because then the transformation law for a second rank spinor ξAηB
′

,

ξ
′Aη

′B′

= LA
CL

B′

D′ξ
CηD

′

, (3.586)

is the same transformation law for uAA
′

.

We see in a sense a spinor is the “square-root of a vector”.

Dual spinor

In components with respect to this basis we have

ǫAB =

(
0 1
−1 0

)

(3.587)

We define ǫAB as

ǫAB = −(ǫ−1)AB =

(
0 1
−1 0

)

(3.588)

We can use ǫAB lower indices of spinors,
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ǫABξAηB = (ǫABξA)ηB. (3.589)

The quantity in the brackets is the dual of ξB, and so we have

ξB = ǫABξA = ξAǫAB = −ǫBAξA (3.590)

Using the inverse of ǫAB we have

(ǫ−1)BCξB = ξAǫAB(ǫ−1)BC = ξAδ C
A , (3.591)

where δ C
A is the spinor Kronecker delta. Note th eposition of the indices

−ǫBCξB = ξAδ C
A = ξC. (3.592)

These can be used for the raising or lowering of spinor indices, in a way analogous to gab

and gab for tensors, but here one has to be careful with the up-down rule.

ξB = ξAǫAB, ξC = ǫCBξB. (3.593)

For multiple-component spinors, for example we have

ξA C
D = ξABCǫBD (3.594)

Null vectors.

A space time vector corresponding to a spinor of the form

XAA′

= αAβA
′

(3.595)

is null as its determinate is zero,

ǫABǫA′B′(α
AβA

′

)(αBβB
′

) = (αAαA)(βA
′

βA′) = 0. (3.596)

In fact any null vector has this spinorial form. A four-vector is null if and only if
det(XAA′

) = 0. This means rows/columbs must be linearly dependent.

A real null vector satisfies the condition β = α whenever X is.
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Converting spinors into vectors

uAA
′

= xµσ AA′

µ (3.597)

As

uAA′ = uBB
′

ǫBAǫB′A′

we define the matrix σµAA′ via

uAA′ = xµσ
µ
AA′ (3.598)

we have

uAA′ = xµσ BB′

µ ǫBAǫB′A′

= xµ(η
µνσ BB′

ν ǫBAǫB′A′)

= xµσ
µ
AA′ (3.599)

implying

σµAA′ = ηµνσ BB′

ν ǫBAǫB′A′. (3.600)

Let us calculate this from

σ AA′

0 =

(
1 0
0 1

)

, σ AA′

1 =

(
0 1
1 0

)

, σ AA′

2 =

(
0 −i
i 0

)

, σ AA′

3 =

(
1 0
0 −1

)

(3.601)

Firstly

σ0
AA′ = η0µσ BB′

µ ǫBAǫB′A′

= −(ǫT )ABσ BB′

0 ǫB′A′

= −
(

0 −1
1 0

)(
1 0
0 1

)(
0 1
−1 0

)

=

(
−1 0
0 −1

)

(3.602)
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then

σ1
AA′ = η1µσ BB′

µ ǫBAǫB′A′

= (ǫT )ABσ BB′

1 ǫB′A′

=

(
0 −1
1 0

)(
0 1
1 0

)(
0 1
−1 0

)

=

(
0 −1
−1 0

)

(3.603)

then

σ2
AA′ = η2µσ BB′

µ ǫBAǫB′A′

= (ǫT )ABσ BB′

2 ǫB′A′

=

(
0 −1
1 0

)(
0 −i
i 0

)(
0 1
−1 0

)

=

(
0 −i
i 0

)

(3.604)

and

σ3
AA′ = η3µσ BB′

µ ǫBAǫB′A′

= (ǫT )ABσ BB′

3 ǫB′A′

=

(
0 −1
1 0

)(
1 0
0 −1

)(
0 1
−1 0

)

=

(
−1 0
0 1

)

. (3.605)

Altogether we have

σ0
AA′ = −

(
1 0
0 1

)

, σ1
AA′ = −

(
0 1
1 0

)

, σ2
AA′ =

(
0 −i
i 0

)

,

σ3
AA′ = −

(
1 0
0 −1

)

. (3.606)

We have the following orthogonality and normalisation relations
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σ AA′

µ σµBB′ = −2δABδA
′

B′ (3.607)

and

σ AA′

µ σνAA′ = −2δνµ (3.608)

Proof:

(i) Proof of (3.607)

We check by direct calculation. There arer 16 possibilities

A = A′ and B 6= B′

3∑

ν=0

σ 00′

µ σµ01′ = 0

3∑

ν=0

σ 00′

µ σµ10′ = 0

3∑

ν=0

σ 11′

µ σµ01′ = 0

3∑

ν=0

σ 11′

µ σµ10′ = 0 (3.609)

B = B′ and A 6= A′

3∑

ν=0

σ 01′

µ σµ00′ = 0

3∑

ν=0

σ 10′

µ σµ00′ = 0

3∑

ν=0

σ 01′

µ σµ11′ = 0

3∑

ν=0

σ 10′

µ σµ11′ = 0 (3.610)

A = A′ and B = B′
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3∑

ν=0

σ 00′

µ σµ00′ = −2

3∑

ν=0

σ 00′

µ σµ11′ = 0

3∑

ν=0

σ 11′

µ σµ00′ = 0

3∑

ν=0

σ 11′

µ σµ11′ = −2 (3.611)

A 6= A′ and B 6= B′

3∑

ν=0

σ 01′

µ σµ01′ = −2

3∑

ν=0

σ 01′

µ σµ10′ = 0

3∑

ν=0

σ 10′

µ σµ01′ = 0

3∑

ν=0

σ 10′

µ σµ10′ = −2 (3.612)

confirming (3.607).

(ii) Proof of (3.608).

Calculate σ AA′

µ σνAA′. First say µ 6= ν

σ AA′

µ σνAA′ = Tr[−σTµσν ] = 0 (3.613)

as what appears in the bracket is the positive or negative of one of the sigma matrices.
Now say µ = ν, first µ = 0

σ AA′

0 σ0
AA′ = Tr[−σT0 σ0] = −2.

Now say µ = 1
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σ AA′

1 σ1
AA′ = Tr[−σT1 σ1] = −2.

Similarly for σ3. Now say µ = 2

σ AA′

2 σ2
AA′ = Tr[σT2 σ2] = −2.

Now say µ = 3

σ AA′

3 σ3
AA′ = Tr[σT3 σ3] = −2.

Altogether

σ AA′

µ σνAA′ = −2δνµ (3.614)

Now

σνAA′u
AA′

= σνAA′(x
µσ AA′

µ )

= xµσνAA′ σ AA′

µ

= −2xµδνµ
= −2xν

therefore the contravariant components of the vector are

xµ = −1

2
σµAA′u

AA′

(3.615)

Now

σ AA′

ν uAA′ = σ AA′

ν (xµσ
µ
AA′)

= xµσ
µ
AA′ σ AA′

ν

= −2xν

and the covariant components of the vector are
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xµ = −1

2
σ AA′

µ uAA′. (3.616)

A tensor T can be expressed in spinor language, for example for a mixed tensor

T BB′CC′

AA′ = σµAA′σ
BB′

ν σ CC′

σ T νσ
µ (3.617)

and the inverting this via

T νσ
µ =

(

−1

2

)3

σ AA′

µ σνBB′σ
σ
CC′T

BB′CC′

AA′ (3.618)

ǫAA′BB′CC′DD′ = ǫµνσρσ
µ
AA′σ

ν
BB′σ

σ
CC′σ

ρ
DD′ (3.619)

Spin basis

It is easy to find if two spinors µA and λA are linearly independent µA = Const.λA; there
scalar product λAµA = 0. Therefore a nonvanishing scalar product

λAµA 6= 0 (3.620)

is a necessary and sufficient condition for the linear independence of two spinors.

A general spinor can be written as a linear combination of two basis spinors:

ξ = ξ0o + ξ1ı. (3.621)

oA = (1, 0), ıA = (0, 1) (3.622)

The conition that (o, ı) is a spin basis are

ǫABoAoB = ǫABıAıB = 0, ǫABoAıB = 1. (3.623)

ǫAB = oAıB − ıAoA (3.624)

since both sides give the same result when applied to oA or ıA:
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ǫABoA = oAoAıB − ıAoAoB = oB
ǫABıA = oAıAıB − ıAıAoB = ıB (3.625)

Jacobi identity

We have the Jacobi identity

ǫA[BǫCD] = 0 = ǫABǫCD + ǫACǫDB + ǫADǫBC (3.626)

Lemma 3.17.1 Let τ...CD... be a multivalent spinor. Then

τ...AB... = τ...(AB)... +
1

2
ǫABτ C

...C ... (3.627)

Proof:

It is sufficient to consider the case where τ has valence two. So multiply (3.626) with the
CD indices raised with τCD,

(ǫABǫCD + ǫ C
A ǫDB + ǫ D

A ǫ C
B )τCD = ǫABτ C

C − τAB + τBA = 0, (3.628)

or

τ[AB] =
1

2
ǫABτ C

C . (3.629)

So that

τAB = τ(AB) + τ[AB] = τ(AB) +
1

2
ǫABτ C

C . (3.630)

The alternating tensor. The alternating, as defined before, by ǫabcd = ǫ[abcd], with
ǫ0123 = 1. We prove that

ǫabcd = iǫACǫBDǫA′D′ǫB′C′ − iǫADǫBCǫA′C′ǫB′D′. (3.631)
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First note this corresponds to a real tensor since complex conjugation interchanges the two
terms with i replaced with −i. We check that it is anti-symmetric under interchanging a
and b:

ǫabcd = iǫBCǫADǫB′D′ǫA′C′ − iǫBDǫACǫB′C′ǫA′D′ = −ǫbacd. (3.632)

Similarly it can be shown to be anti-symmetric under the interchange of c and d. Finally
we consider the interchange between b and c. We have using the Jacobi identity (3.626),

ǫabcd + ǫacbd = iǫACǫBDǫA′D′ǫB′C′ − iǫADǫBCǫA′C′ǫB′D′

+ iǫABǫCDǫA′D′ǫC′B′ − iǫADǫCBǫA′B′ǫC′D′

= i(ǫACǫDB + ǫABǫCD)ǫA′D′ǫB′C′ − iǫADǫBC(ǫA′C′ǫD′B′ + ǫA′B′ǫC′D′)

= i(−ǫADǫBC)ǫA′D′ǫB′C′ − iǫADǫBC(−ǫA′D′ǫB′C′)

= 0. (3.633)

From anti-symmetry in the pairs ab, bc and cd, it follows that we have total anti-symmetry:

ǫabcd = ǫ[abcd]. (3.634)

An equivalent expression for ǫabcd is:

iǫABǫCDǫA′C′ǫB′D′ − iǫACǫBDǫA′B′ǫC′D′. (3.635)

We use the Jacobi identity (3.626) to show they are equivalent:

iǫABǫCDǫA′C′ǫB′D′ − iǫACǫBDǫA′B′ǫC′D′

= −i(ǫACǫDB + ǫADǫBC)ǫA′C′ǫB′D′ + iǫACǫBD(ǫA′C′ǫD′B′ + ǫA′D′ǫB′C′)

= −iǫACǫDBǫA′C′ǫB′D′ − iǫADǫBCǫA′C′ǫB′D′

︸ ︷︷ ︸

iǫACǫBDǫA′C′ǫD′B′ + iǫACǫBDǫA′D′ǫB′C′

︸ ︷︷ ︸

= iǫACǫBDǫA′D′ǫB′C′ − iǫADǫBCǫA′C′ǫB′D′ . (3.636)

Null tetrads and spinors

We can contract the σâ AA′ with a tetrad e a
â
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ua = uâe a
â = uAA

′

σâ AA′e
a

â , (3.637)

so that

uAA
′

= σ AA′

â uâ. (3.638)

ka = ±κAκA
′

(3.639)

sa = 2−1/2(κAµA
′

+ µAκA
′

), (3.640)

is a unit spacetime vector orthogonal to ka, and is unique up to an additive multiple of
ka.

Another real unit spacelike vector orthogonal to ka is

ta = 2−1/2(κAµA
′ − µAκA

′

) (3.641)

τAA
′

= ξoAoA
′

+ ηıAıA
′

+ ζoAıA
′

+ σıAoA
′

(3.642)

la = oAoA
′

, na = ıAıA
′

, ma = oAıA
′

, ma = ıAoA
′

, (3.643)

la = oAoA′, na = ıAıA′, ma = oAıA′ , ma = ıAoA′. (3.644)

lala = oAoA′o
AoA

′

= 0 (3.645)

Theorem: Suppose τAB...C is totally symmetric. Then there exists univalent spinors
αA, βB, . . . , γC such that

τAB...C = α(AβB . . . γC). (3.646)

The α, β, . . . γ are called principal spinors of τ . The corresponding null directions of τ .

Proof:

First we let ξA = (x, y) and define
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τ(ξ) = τAB...CξAξB . . . ξC. (3.647)

For simplicity, let us consider the simple case of a valent 2 spinor, τAB. Now

τAB = τABξAξB

is obviously a polynomial of degree 2 in (complex) x and y:

τ00x
2 − τ01xy − τ10yx + τ11y

2 = τ00x
2 − 2!τ01xy + τ11y

2

= y2

[

τ00

(
x

y

)2

− 2!τ01

(
x

y

)

+ τ11

]

= y2p2

(
x

y

)

. (3.648)

The polynomial in (x/y) can be factorised

τ00(x/y − a1)(x/y − a2) (3.649)

where a1 and a2 are roots of the equation p2(x/y) = 0. So

τ(ξ) = τABξAξB

= y2p2

(
x

y

)

= y2(α0

x

y
− α1)(β0

x

y
− β1)

= (α0x − α1y)(β0x − β1y)

= αAβBξAξB (3.650)

Therefore

τABξAξB = αAβBξAξB (3.651)

τ00x
2 − 2!τ01xy + τ11y

2 = τ00x
2 − 2!τ10xy + τ11

= α0β0x
2 − α0β1xy − α1β0yx + α1β1y

2 (3.652)
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Differentiating ∂2/∂xp∂yq for p + q = 2 we get

τ00 = α(0β0)

τ01 = α(0β1)

τ11 = α(1β1) (3.653)

or

τAB = α(AβB) (3.654)

For τ with valence n

τ(ξ) = τAB...CξAξB . . . ξC

= ynpn

(
x

y

)

= y2(α0

x

y
− α1)(β0

x

y
− β1) . . . (γ0 − γ1

x

y
)

= (α0x − α1y)(β0x − β1y) . . . (γ0x − γ1y)

= αAβB . . . γCξAξB . . . ξC (3.655)

Differentiating as ∂2/∂xp∂yq for p, q = 0, 1, . . . , n, such that p + q = n we obtain

τAB...C = α(AβB . . . γC). (3.656)

The spinor equivalent of Tab = −Tba is TABA′B′ = −TBAB′A′ . Define

φAB =
1

2
T C′

ABC′

By

T C′

ABC′ = TABA′B′ǫ
A′B′

= −TBAB′A′ǫ
A′B′

= TBAA′B′ǫ
A′B′

= T C′

BAC′

we have
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φAB = φBA.

TABA′B′ = TAB(A′B′) + TAB[A′B′]

= TAB(A′B′) + φABǫA′B′ (3.657)

where φAB = 1
2
T C′

ABC′ . Aplying this again

TABA′B′ = T(AB)(A′B′) + φABǫA′B′ + ǫABφA′B′ (3.658)

Note that

T(AB)(A′B′) =
1

2!

1

2!
(TABA′B′ + TBAB′A′ + TBAA′B′ + TABB′A′)

=
1

2!

1

2!
(TABA′B′ − TABA′B′ + TBAA′B′ − TBAA′B′)

= 0. (3.659)

So that we have

TABA′B′ = φABǫA′B′ + ǫABφA′B′ . (3.660)

The dual of T is defined by T ∗ab = 1
2
ǫ cd
ab Tcd. Let us calculate T ∗ABA′B′ ,

T ∗ABA′B′ =
1

2
i(ǫABǫCDǫ C′

A′ ǫ D′

B′ − ǫ C
A ǫ D

B ǫA′B′ǫ
C′D′

)TCDC′D′

=
i

2
(ǫABǫCDǫ C′

A′ ǫ D′

B′ − ǫ C
A ǫ D

B ǫA′B′ǫ
C′D′

)(φCDǫC′D′ + ǫCDφC′D′)

=
i

2
[ǫAB(ǫCDφCD)(ǫ C′

A′ ǫ D′

B′ ǫC′D′) + ǫAB(ǫCDǫCD)(ǫ C′

A′ ǫ D′

B′ φC′D′)

− (ǫ C
A ǫ D

B φCD)ǫA′B′(ǫ
C′D′

ǫC′D′) − (ǫ C
A ǫ D

B ǫCD)ǫA′B′(ǫ
C′D′

φC′D′)]

= i(ǫABφA′B′ − φABǫA′B′) (3.661)

where we used ǫCDφCD = ǫC
′D′

φC′D′ = 0 and ǫCDǫCD = ǫC
′D′

ǫC′D′ = 2. From this and
(3.660) we have

Tab + iT ∗ab = 2φABǫA′B′ (3.662)
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which proves that φAB and Tab are fully equivalent as

Tab = Re (2φABǫA′B′).

We can decompose φAB as it is symmetric,

φAB = α(AβB) (3.663)

If α and β are proportional then α is called a repeated principal spinor of φ, and φ is
called algebraically special.

3.17.4 Curvature Spinors

Rabcd = RAA′BB′CC′DD′ (3.664)

From Rabcd = −Rbacd

Rabcd =
1

2
R X′

AX′B CC′DD′ǫA′B′ +
1

2
R X
XA′ B′CC′DD′ǫAB (3.665)

We have the symmetries

R X′

AX′B CC′DD′ = R X′

(A|X′|B) CC′DD′

R X
XA′ B′CC′DD′ = R X

X(A′ B′)CC′DD′ (3.666)

From Rabcd = −Rabdc we then have

Rabcd = XABCDǫA′B′ǫC′D′ + ΦABC′D′ǫA′B′ǫCD
+ ΦA′B′CDǫABǫC′D′ + XA′B′C′D′ǫABǫCD (3.667)

where

XABCD =
1

4
R X′ Y ′

AX′B CY ′D , ΦABC′D′ =
1

4
R X′ Y
AX′B Y C′ D′ (3.668)

The complex conucates appear to make Rabcd real. We have the symmetries
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R X′ Y ′

AX′B CY ′D = R X′ Y ′

(A|X′|B) CY ′D = R X′ Y ′

(A|X′|B) (C|Y ′|D)

R X Y
XA′ B′Y C′ D′ = R X Y

X(A′ B′)Y C′ D′ = R X′ Y
(A|X′|B) Y (C′ D′) (3.669)

or

XABCD = X(AB)CD = X(AB)(CD) = XAB(CD)

ΦABC′D′ = Φ(AB)C′D′ = Φ(AB)(C′D′) = ΦAB(C′D′) (3.670)

The interchange symmetry

XABCDǫA′B′ǫC′D′ + ΦABC′D′ǫA′B′ǫCD + ΦA′B′CDǫABǫC′D′ + XA′B′C′D′ǫABǫCD
= XCDABǫA′B′ǫC′D′ + ΦC′D′ABǫA′B′ǫCD + ΦCDA′B′ǫABǫC′D′ + XC′D′A′B′ǫABǫCD

(3.671)

Contracting both sides with ǫA
′B′

ǫC
′D′

gives

XABCD = XCDAB (3.672)

Contracting both sides with ǫA
′B′

ǫCD gives

ΦABC′D′ = ΦC′D′AB (3.673)

Therefore the interchange symmetry is equivalent to

XABCD = XCDAB, ΦABC′D′ = ΦABC′D′ (3.674)

The second of these equations implies that ΦABA′B′ corresponds to a real tensor Φab while
ΦABA′B′ = Φ(AB)(A′B′) = ΦBAB′A′ implies Φab = Φba and Φ C C′

C C′ = ΦABA′B′ǫABǫA
′B′

=

Φ(AB)(A′B′)ǫ
ABǫA

′B′

= 0 implies Φ a
a = 0, altogether

ΦABA′B′ = Φab = Φba = Φab, Φ a
a = 0 (3.675)

that is Φab is real, symmetric and trace-free. Note also XABCD = X(AB)(CD) and XABCD =
XCDAB implies
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XA(BC)DǫAD =
1

2
(XABCD + XACBD)ǫAD

=
1

2
(XBADC + XBDAC)ǫAD

= XB(AD)CǫAD

= 0 (3.676)

that is

X A
A(BC) = 0. (3.677)

The first type of dual of R∗abcd = 1
2
ǫ ef
cd Rabef

R∗ABCDA′B′C′D′ =
1

2
i(ǫCDǫEF ǫ E′

C′ ǫ F ′

D′ − ǫ E
C ǫ F

D ǫC′D′ǫ
E′F ′

)RABEFA′B′E′F ′

=
1

2
i(ǫCDǫEF ǫ E′

C′ ǫ F ′

D′ − ǫ E
C ǫ F

D ǫC′D′ǫ
E′F ′

)

(XABEF ǫA′B′ǫE′F ′ + ΦABE′F ′ǫA′B′ǫEF
+ ΦA′B′EF ǫABǫE′F ′ + XA′B′E′F ′ǫABǫEF )

=
1

2
i(2ΦABC′D′ǫA′B′ǫCD + 2XA′B′C′D′ǫABǫCD

− 2XABCDǫA′B′ǫC′D′ − 2ΦA′B′CDǫABǫC′D′)

= iRABCDA′B′D′C′ (3.678)

Similarly we have

∗Rabcd = ∗RABCDA′B′C′D′ = iRABCDB′A′C′D′ (3.679)

Also

∗R∗abcd =
1

4
ǫ ef
ab ǫ gh

cd Refgh

= ∗R∗ABCDA′B′C′D′

= i ∗RABCDA′B′D′C′

= −RABCDB′A′D′C′ (3.680)

Altogether
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R∗abcd = iRABCDA′B′D′C′

∗Rabcd = iRABCDB′A′C′D′

∗R∗abcd = −RABCDB′A′D′C′ (3.681)

Clearly all three duals satisfy share the anti-symmetry of Rabcd (Rabcd = R[ab][cd]). In
addition as

ǫ ef
ab ǫ gh

cd Refgh = ǫ ef
ab ǫ gh

cd Rghef = ǫ ef
cd ǫ gh

ab Refgh

i.e.

∗R∗abcd = ∗R∗cdab (3.682)

and

∗R∗a[bcd] =
1

4
ǫ ef
a[b ǫ gh

cd] Refgh =
1

4
ǫ ef
a[b ǫ gh

c]d Refgh = 0

i.e.

∗R∗a[bcd] = 0. (3.683)

Rabcd = X + Φ + Φ + X

R∗abcd = −iX + iΦ − iΦ + iX
∗Rabcd = −iX − iΦ + iΦ + iX
∗R∗abcd = −X + Φ + Φ − X (3.684)

Because of XABCD = XCDAB

X C
CB D = ǫACXABCD = ǫACXCDAB = −ǫACXADCB = −X C

CD B (3.685)

and so

X C
CB D = 3ΥǫBD. (3.686)
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We translate the symmetry R[abc]d = 0 or equivalently Ra[bcd] = 0 into spinors. To simplify
the calculation we establish an equivalence, first note

R∗ bc
ab =

1

2
ǫbcefRabef = −1

2
ǫcbefRa[bef ] (3.687)

therefore Ra[bcd] = 0 implies R∗ bc
ab = 0. Next

Ra[bcd] =
1

3!
δefgbcd Raefg

= − 2

3!
ǫhbcd

1

2
ǫehfgRaefg

= − 2

3!
ǫhbcdR

∗ eh
ae (3.688)

therefore R∗ bc
ab = 0 implies Ra[bcd] = 0. Thus Ra[bcd] = 0 is equivalent to

R∗ bc
ab = 0. (3.689)

To obtain the cyclic identity

R∗ b
ab c = −iX B

AB CǫA′B′ǫ
B′

C′ + iΦ B′

AB C′ǫA′B′ǫ
B
C

− iΦ
B

A′B′ CǫABǫB
′

C′ + iX
B′

A′B′ C′ǫABǫBC

= −iX B
AB CǫA′B′ǫ

B′

C′ + iX
B′

A′B′ C′ǫABǫBC
+ i(ΦACA′C′ − ΦACA′C′)

= 0 (3.690)

implies

X B
AB CǫA′C′ = X

B′

A′B′ C′ǫAC (3.691)

or

ΥǫACǫA′C′ = ΥǫA′C′ǫAC (3.692)

or on contracting with ǫACǫA
′C′

gives
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Υ = Υ (3.693)

Let us define ΨABCD by

ΨABCD = XABCD − Υ(ǫACǫBD + ǫBCǫAD) (3.694)

where

Υ =
1

6
ǫACǫBDXABCD. (3.695)

The symmetries XABCD = X(AB)(CD)

Ψ(AB)(CD) − ΨABCD = X(AB)(CD) − XABCD + Υ(ǫACǫBD + ǫBCǫAD)

− Υ

(2!)2
(ǫACǫBD + ǫBCǫAD + ǫBCǫAD + ǫACǫBD

+ ǫADǫBC + ǫBDǫAC + ǫBDǫAC + ǫADǫBC)

= 0. (3.696)

or

ΨABCD = Ψ(AB)(CD) (3.697)

and XABCD = XCDAB imply

ΨABCD − ΨCDAB = XABCD − XCDAB

− Υ(ǫACǫBD + ǫBCǫAD) + Υ(ǫCAǫDB + ǫDAǫCB)

= 0. (3.698)

or

ΨABCD = ΨCDAB. (3.699)

By construction
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ǫACΨABCD = ǫACXABCD − ǫACΥ(ǫACǫBD + ǫBCǫAD)

= 3ΥǫBD − Υ(2ǫBD + ǫBD)

= 0. (3.700)

Therefore ΨABCD is totally symmetric

ΨABCD = Ψ(ABCD). (3.701)

We have now found the spinor equivalents of all the symmetries of Rabcd. Next we compute
the Ricci tensor Rac = R b

abc . From (3.667) we get

Rac = R b
abc

= X B
ABC ǫA′B′ǫ

B′

C′ + Φ B′

ABC′ ǫA′B′ǫ
B

C

+ Φ
B

A′B′C ǫABǫ B′

C′ + X
B′

A′B′C′ ǫABǫ B
C

= 6ΥǫACǫA′C′ − 2ΦACA′C′ (3.702)

or

Rab = 6ΥǫABǫA′B′ − 2ΦABA′B′ . (3.703)

which may written

Rab = 6Υgab − 2Φab. (3.704)

Hence, for the scalar curvature R = R a
a we find, using Φ a

a = 0

R = 24Υ. (3.705)

Thus

Φab = −1

2
(Rab −

1

4
Rgab) (3.706)

RABCDA′B′C′D′ = (ΨABCD + Υ(ǫACǫBD + ǫBCǫAD))ǫA′B′ǫC′D′ + ΦABC′D′ǫA′B′ǫCD
+ ΦA′B′CDǫABǫC′D′ + (ΨA′B′C′D′ + Υ(ǫA′C′ǫB′D′ + ǫB′C′ǫA′D′))ǫABǫCD

= ΨABCDǫA′B′ǫC′D′ + ΦABC′D′ǫA′B′ǫCD + Υ(ǫACǫBD + ǫBCǫAD)ǫA′B′ǫC′D′

+ c.c. (3.707)
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Weyl tensor

Define the real tensor

CABCDA′B′C′D′ = ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′D′ǫABǫCD (3.708)

Rearanging (3.707) gives

CABCDA′B′C′D′ = RABCDA′B′C′D′

−ΦABC′D′ǫA′B′ǫCD − Υ(ǫACǫBD + ǫBCǫAD)ǫA′B′ǫC′D′

−ΦA′B′CDǫABǫC′D′ − Υ(ǫA′C′ǫB′D′ + ǫB′C′ǫA′D′)ǫABǫCD (3.709)

We use the Jacobi identity

ǫA′B′ǫC′D′ + ǫA′D′ǫB′C′ − ǫA′C′ǫB′D′ = 0

on the terms proportional to Υ,

−Υ(ǫACǫBD + ǫBCǫAD)ǫA′B′ǫC′D′ + c.c.

= −Υ(ǫACǫBD + ǫBCǫAD)(ǫA′C′ǫB′D′ − ǫA′D′ǫB′C′) + c.c.

= −Υ(ǫACǫA′C′ǫBDǫB′D′ − ǫBCǫB′C′ǫADǫA′D′

− ǫACǫBDǫA′D′ǫB′C′ + ǫBCǫADǫA′C′ǫB′D′) + c.c

= −2Υ(ǫACǫA′C′ǫBDǫB′D′ − ǫBCǫB′C′ǫADǫA′D′) (3.710)

Substituting this into (3.709)

CABCDA′B′C′D′ = RABCDA′B′C′D′ − ΦABC′D′ǫA′B′ǫCD − ΦCDA′B′ǫABǫC′D′

−2Υ(ǫACǫA′C′ǫBDǫB′D′ − ǫBCǫB′C′ǫADǫA′D′) (3.711)

Comparing

−ΦABC′D′ǫA′B′ǫCD − ΦCDA′B′ǫABǫC′D′ (3.712)

with
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ΦACA′C′ǫB′D′ǫBD − ΦADA′D′ǫB′C′ǫBC − ΦBCB′C′ǫA′D′ǫAD + ΦBDB′D′ǫA′C′ǫAC
(3.713)

for the distinct indices

A = 0, B = 0, C = 0, D = 0;
A = 1, B = 1, C = 1, D = 1;
A = 1, B = 1, C = 1, D = 0;
A = 0, B = 1, C = 1, D = 1;
A = 0, B = 1, C = 0, D = 1;
A = 0, B = 0, C = 0, D = 1;
A = 0, B = 1, C = 0, D = 0;

proves they are equivalent. Substituting (3.713) into (3.711) gives

CABCDA′B′C′D′ = RABCDA′B′C′D′ + ΦACA′C′ǫB′D′ǫBD − ΦADA′D′ǫB′C′ǫBC
− ΦBCB′C′ǫA′D′ǫAD + ΦBDB′D′ǫA′C′ǫAC
− 2Υ(ǫACǫA′C′ǫBDǫB′D′ − ǫBCǫB′C′ǫADǫA′D′) (3.714)

Converting into tensors gives

CABCDA′B′C′D′ = Rabcd + (Φacgdb − Φadgbc − Φbcgad + Φbdgac) − 2Υ(gacgbd − gbcgad)

= Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac)

+
1

8
R(gacgdb − gadgbc − gbcgad + gbdgac) −

R

12
(gacgbd − gbcgad)

= Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

1

6
(gacgdb − gadgcb)R

(3.715)

This agrees with the definition of the Weyl tensor

Cabcd = Rabcd +
1

2
(gadRcb + gbcRda − gacRdb − gbdRca) +

1

6
(gacgdb − gadgcb)R (3.716)

so we can identify

CABCDA′B′C′D′ = Cabcd (3.717)
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Worked exercise:

Use that Cabcd only differes from Rabcd by terms involving the Ricci tensor and the Ricci
scalar, that Cabcd have the same symmetries as Rabcd:

Rabcd = −Rabdc = −Rbacd (3.718)

and that

C c
acb = 0

to determine Cabcd.

Solution:

The most general expression for Cabcd involving Rabcd, Rab, R and gab is

Cabcd = Rabcd + [C1Rabgcd + C2Racgbd + C3Radgbc] + [C4Rbcgad + C5Rbdgac] + C6Rcdgab
+R(C7gabgcd + C8gacgbd + C9gadgbc). (3.719)

Using

Cabcd = −Cbacd

= Rabcd − [C1Rabgcd + C2Rbcgad + C3Rbdgac] − [C4Racgbd + C5Radgbc] − C6Rcdgab
−R(C7gabgcd + C8gbcgad + C9gbdgac) (3.720)

which implies C1 = 0 and C2 = −C4 and C3 = −C5 and C6 = 0 and C7 = 0 and
C8 = −C9. So that

Cabcd = Rabcd + C2(Racgbd − Rbcgad) + C3(Radgbc − Rbdgac)

+ C8R(gacgbd − gadgbc) (3.721)

Now using

Cabcd = −Cabdc

= Rabcd − C2(Radgbc − Rbdgac) − C3(Racgbd − Rbcgad)

− C8R(gadgbc − gacgbd) (3.722)
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So that C2 = −C3 and so

Cabcd = Rabcd + C2(Racgbd − Rbcgad − Radgbc + Rbdgac)

+ C8R(gacgbd − gadgbc). (3.723)

Now using C d
adc = 0 we obtain

0 = Rac + C2(4Rac − Rac − Rac + Rgac) + C8R(4gac − gac)

or

0 = (1 + 2C2)Rac + (C2 + 3C8)Rgac.

So that

Cabcd = Rabcd −
1

2
(Racgbd − Rbcgad − Radgbc + Rbdgac) +

1

6
R(gacgbd − gadgbc).

(3.724)

The dual of the Weyl tensor is

C∗abcd =
1

2
ǫ ef
ab Cabef

In spinor notation

C∗ABCDA′B′C′D′ =
1

2
i(ǫCDǫEF ǫ E′

C′ ǫ F ′

D′ − ǫ E
C ǫ F

D ǫC′D′ǫ
E′F ′

)CABEFA′B′E′F ′

=
1

2
i(ǫCDǫEF ǫ E′

C′ ǫ F ′

D′ − ǫ E
C ǫ F

D ǫC′D′ǫ
E′F ′

)

ΨABEF ǫA′B′ǫE′F ′ + ΨA′BE′F ′ǫABǫEF
= i(ΨA′B′C′D′ǫABǫCD − ΨABCDǫA′B′ǫC′D′) (3.725)

Therfore

C abcd + iC∗abcd = 2ΨABCDǫA′B′ǫC′D′ (3.726)
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so that C abcd and ΨABCD are equivalent,

C abcd = Re (2ΨABCDǫA′B′ǫC′D′). (3.727)

As ΨABCD is totally symetric we can decompose it as

Petrov classification

ΨABCD = α(AβBγCδD). (3.728)

There are six distict cases which constitute the so-called Petrov classification

T
¯
ype I or {1, 1, 1, 1}. None of the four pricipal null directions coincide.

T
¯
ype II or {2, 1, 1}. Two directions coincide.

T
¯
ype D or {2, 2}. Two are two different pairs of repeated null directions.

T
¯
ype III or {3, 1}. Three pricipal null directions coincide.

T
¯
ype N or {4}. All four pricipal null directions coincide.

T
¯
ype O The Weyl tensor vanishes and spacetime is conformally flat.

Spinor Covariant Derivative

(∇AA′) =
1√
2

(
∂t + ∂z ∂x − i∂y
∂xi + ∂y ∂t − ∂z

)

(3.729)

where the ∂a are derivatives with respect to inertial coordinates.

3.17.5 Curvature in spinors

uaRabcd = 2∇[c∇d]ub (3.730)

It is easily seen that ∇[c∇d] annihiltes all scalar fields:

∇[c∇d]φ = ∇c∂dφ −∇d∂cφ

= ∂c∂dφ − ∂d∂cφ + (Γecd − Γedc)∂eφ = 0. (3.731)
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uaRabcd = 2∇[c∇d](ub̂e
b̂
b)

= 2ub̂∇[c∇d]e
b̂
b (since ∇[c∇d]ub̂ = 0)

= 2(uaeb̂a)∇[c∇d]e
b̂
b (3.732)

It follows that

Rabcd = 2eb̂a∇[c∇d]e
b̂
b. (3.733)

2∇[c∇d] = ∇CC′∇DD′ −∇DD′∇CC′ (3.734)

The spinor equivalent is

RABCDA′B′C′D′ = 2ǫB̂AǫB̂′A′∇[c∇d]

(

ǫB̂BǫB̂
′

B′

)

= ǫB̂AǫB̂′A′(∇c∇d −∇d∇c)
(

ǫB̂BǫB̂
′

B′

)

= ǫB̂AǫB̂′A′ [∇c(ǫ
B̂′

B′∇dǫ
B̂
B + ǫB̂B∇dǫ

B̂′

B′)

− ∇d(ǫ
B̂′

B′∇cǫ
B̂
B + ǫB̂B∇cǫ

B̂′

B′)

= ǫB̂AǫB̂′A′ǫ
B̂′

B′(∇c∇d −∇d∇c)ǫ
B̂
B + c.c.

= 2ǫB̂AǫB′A′∇[c∇d]ǫ
B̂
B + c.c. (3.735)

We define

�CD = ǫC
′D′∇[CC′∇DD′]

=
1

2
ǫC

′D′

(∇CC′∇DD′ −∇DD′∇CC′)

=
1

2
(∇CC′∇ C′

D + ∇DD′∇ D′

C )

= ∇C′(C∇ C′

D) . (3.736)

∇CC′∇DD′ = ∇C′(C∇D)D′ +
1

2
ǫCD∇C′E∇E

D′

= ∇(C′(C∇D)D′) +
1

2
ǫC′D′∇E′(C∇ E′

D)

+
1

2
ǫCD∇E(C′∇ E

D′) +
1

4
ǫCDǫC′D′∇EE′∇EE′

(3.737)
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∇CC′∇DD′ −∇DD′∇CC′

= ∇(C′(C∇D)D′) +
1

2
ǫC′D′∇E′(C∇ E′

D)

+
1

2
ǫCD∇E(C′∇ E

D′) −
1

4
ǫCDǫC′D′∇EE′∇EE′

− ∇(D′(D∇C)C′) −
1

2
ǫD′C′∇E′(D∇ E′

C)

− 1

2
ǫDC∇E(D′∇ E

C′) −
1

4
ǫDCǫD′C′∇EE′∇EE′

(3.738)

Or

∇CC′∇DD′ −∇DD′∇CC′ = ǫC′D′∇E′(C∇ E′

D) + ǫCD∇E(D′∇ E
C′)

= ǫC′D′�CD + ǫCD�C′D′. (3.739)

Consider the term

ǫB̂A�CDǫB̂B (3.740)

This is obviously symmetric in CD and from

0 = �CD(ǫB̂AǫB̂B)

= ǫB̂A�CDǫB̂B + ǫB̂B�CDǫB̂A

= ǫB̂A�CDǫB̂B − ǫB̂B�CDǫB̂A (3.741)

we see it is symmeric in AB. We decompose it into symmetric spinors
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ǫB̂A�CDǫB̂B =
1

3
ǫB̂A(�CDǫB̂B + �DBǫB̂C + �BCǫB̂D)

+
1

3
ǫB̂A(�CDǫB̂B − �BDǫB̂C)

+
1

3
ǫB̂A(�CDǫB̂B − �CBǫB̂D)

= ǫB̂A�(CDǫB̂B) −
1

3
ǫB̂AǫCB�

F
D ǫB̂F − 1

3
ǫB̂AǫDB�

F
C ǫB̂F

= ǫB̂A�(CDǫB̂B) −
1

3
ǫCBǫB̂(A�

F
D) ǫB̂F − 1

6
ǫADǫCBǫB̂E�

EF ǫB̂F

− 1

3
ǫDBǫB̂(A�

F
C) ǫB̂F − 1

6
ǫACǫDBǫB̂E�

EF ǫB̂F

= ǫB̂A�(CDǫB̂B) − (
1

6
ǫB̂E�

EF ǫB̂F )(ǫACǫDB + ǫADǫCB)

− 1

3
[ǫCBǫB̂(A�

F
D) ǫB̂F + ǫDBǫB̂(A�

F
C) ǫB̂F ] (3.742)

Using the symmetry in AB and CD,

ǫB̂A�CDǫB̂B = ǫB̂(A�|(CD)|ǫ
B̂
B)

= ǫB̂A�(CDǫB̂B) − (
1

6
ǫB̂E�

EF ǫB̂F )2ǫ(A(CǫD)B)

= ΨABCD − 2Υǫ(A(CǫD)B) (3.743)

where

ΨABCD = ǫB̂A�(CDǫB̂B) = Ψ(ABCD) (3.744)

and

Υ =
1

6
ǫB̂E�

EF ǫB̂F . (3.745)

Also we write

ǫB̂A�C′D′ǫ
B̂
B = ΦABC′D′ (3.746)

which is symmetric in AB and C ′D′. Combining all of this into (3.735)

RABCDA′B′C′D′ = ǫA′B′ǫC′D′

[

ΨABCD − 2Υǫ(A(CǫD)B)

]

+ ǫA′B′ǫCDΦABC′D′ + c.c. (3.747)
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3.17.6 Spinor Form of the Ricci Identies

Recall the covariant derivative satisfies the product rule

∇a(TASB) = TA∇aSB + SB∇aTA. (3.748)

Then

(∇a∇b −∇b∇a)(TASB) = ∇a(TA∇bSB + SB∇bTA)

−∇b(TA∇aSB + SB∇aTA)

= TA∇a∇bSB + SB∇a∇bTA
−TA∇b∇aSB + SB∇b∇aTA

= 2TA∇[a∇b]SB + 2SB∇[a∇b]TA (3.749)

2∇[a∇b] = ǫA′B′�AB + ǫAB�A′B′

�AB(φCχD) = φC�ABχD + χD�ABφC (3.750)

We consider the self-dual null bivector

T ab = ξAξBξA
′B′

(3.751)

The Ricci identity says

2∇[a∇b]T
cd = R c

abe T ed + R d
abe T ce (3.752)

Using (3.749)

2ξCǫC
′D′∇[a∇b]ξ

D + 2ξDǫC
′D′∇[a∇b]ξ

C = R CC′

abEE′ ξEξDǫE
′D′

+ R DD′

abEE′ ξCξEǫC
′E′

(3.753)

or

4ǫC
′D′

ξ(C∇[a∇b]ξ
D) = R CC′

abEE′ ξEξDǫE
′D′

+ R DD′

abEE′ ξCξEǫC
′E′

(3.754)
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Consider

ǫC′D′R
CC′

AA′BB′EE′ ǫE
′D′

= δ E′

C′ (X C
ABE ǫA′B′ǫ

C′

E′ + Φ C′

ABE′ ǫA′B′ǫ
C

E

+ Φ C
A′B′E ǫABǫ C′

E′ + X
C′

A′B′E′ ǫABǫ C
E )

= 2X C
ABE ǫA′B′ + Φ C′

ABC′ ǫA′B′ǫ
C

E

+ 2Φ C
A′B′E ǫAB + X

C′

A′B′C′ ǫABǫ C
E

= 2X C
ABE ǫA′B′ + 2Φ C

A′B′E ǫAB (3.755)

where we used Φ C′

ABC′ = ǫC
′D′

ΦABC′D′ = 0, and X
C′

A′B′C′ = ǫC
′D′

XA′B′C′D′ = 0. We also
have

ǫC′D′R
DD′

AA′BB′EE′ ǫC
′E′

= ǫD′C′R
DD′

AA′BB′EE′ ǫE
′C′

= ǫC′D′R
DC′

AA′BB′EE′ ǫE
′D′

= 2X D
ABE ǫA′B′ + 2Φ D

A′B′E ǫAB (3.756)

where in the first step we made the replacements ǫC′D′ = −ǫD′C′ ǫC
′E′

= −ǫE
′C′

, and in
the second we swapped the dummy variables C ′ and D′, then comparison with the LHS
of (3.755) gives the last line. Substitution of these results into the contraction of (3.754)
with ǫC′D′ gives

2ξ(D∇[a∇b]ξ
C) = ξ(D(ǫA′B′X

C)
ABE + ǫABΦ

C)
A′B′E )ξE (3.757)

If we have

φ(AχB) = 0

then either φA = 0 or χB = 0

We obtain

2∇[a∇b]ξ
C = (ǫA′B′X

C
ABD + ǫABΦ C

A′B′D )ξD (3.758)

or

ǫA′B′�ABξC + ǫAB�A′B′ξ
C = (ǫA′B′X

C
ABE + ǫABΦ C

A′B′E )ξE (3.759)
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contracting with ǫA
′B′

gives

�ABξC = XABCDξD (3.760)

contracting with ǫAB gives

�A′B′ξC = ΦA′B′CDξD (3.761)

If we substitute XABCD = ΨABCD + Υ(ǫACǫBD + ǫBCǫAD) in (3.760) we obtain

�ABξC = ΨABCDξD + Υ(ǫACǫBD + ǫBCǫAD)ξD

= ΨABCDξD − Υ(ξBǫAC + ξAǫBC) (3.762)

Symmetrising over ABC gives

�(ABξC) = ΨABCDξD (3.763)

Contracting (3.760) with ǫBC and using ǫBCXABCD = 3ΥǫAD we obtain

�ABξB = −3ΥξA (3.764)

We collect these formula together:

�ABξC = ΨABCDξD − 2Υξ(AǫB)C

�(ABξC) = ΨABCDξD

�ABξB = −3ΥξA
�A′B′ξC = ξDΦCDA′B′ . (3.765)

These are the spinor forms for the Ricci identities.

3.17.7 Einstein’s equations

The vacuum field equations are

Rab = 0. (3.766)
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or in terms of spinors

6ΥǫABǫA′B′ − 2ΦABA′B′ = 0. (3.767)

Symmetrising (3.767) over AB implies

Φab = ΦABA′B′ = 0 then Υ = 0. (3.768)

Obviously (3.772) implies (3.767), thus they are equivalent.

If a cosmological constant is included in the field equations are

Rab −
1

2
gabR − Λgab = 0. (3.769)

Contracting gives R = −4Λ which upon substitution back into the field equations gives

Rab = −Λgab (3.770)

which in spinor form becomes

6ΥǫABǫA′B′ − 2ΦABA′B′ = −ΛǫABǫA′B′ (3.771)

and is equivalent to

Φab = ΦABA′B′ = 0, Υ = −1

6
Λ. (3.772)

In the general case, where sources are present, the fielf equations with cosmological term
are

Gab − Λgab = 8πGTab (3.773)

using R = 24Υ, this can be written

Φab + (3Υ +
1

2
Λ)gab = −4πGTab (3.774)

which we rewrite as
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Φab + (3Υ +
1

2
Λ)gab = −4πG[(Tab −

1

4
T c
c gab) +

1

4
T c
c gab] (3.775)

As Φab represents the trace-free part of the RHS we have

Φab = −4πG(Tab −
1

4
T c
c gab) (3.776)

and

Υ = −1

3
πGT c

c −
1

6
Λ (3.777)

Recall that

X B
AB C = 3ΥǫAC

thus the vanishing of Υ which occurs for vacuum field equations implies that XABCD

is symmetric in BC and since it is symetric in AB and CD, it is symmetric in all its
indices. The curvature tensor RABCDA′B′C′D′ is given by the Weyl tensor (in accordance
with ) CABCDA′B′C′D′ . In a vacuum the curvature can be fully characterised by a totally
symmetric four-index spinor.

3.17.8 Spinor form of the Bianchi identity

Recall the Bianchi identity

∇[aRbc]de = 0. (3.778)

Consider

∇a ∗Rabcd =
1

2
ǫ ef
ab ∇aRefcd

=
1

2
ǫa ef
b ∇[aRef ]cd (3.779)

This proves ∇[aRbc]de = 0 implies ∇a ∗Rabcd = 0. Now consider
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∇[aRbc]de =
1

3!
δefgabc∇fRghde

=
1

3!
ǫiabcǫ

ifgh∇fRghde

= − 2

3!
ǫi abc∇f

(
1

2
ǫ gh
fi Rghde

)

= − 2

3!
ǫi abc∇f ∗Rfide (3.780)

This proves ∇a ∗Rabcd = 0 implies ∇[aRbc]de = 0, therefore the Bianchi identity is equiva-
lent to

∇a ∗Rabcd = 0 (3.781)

From (4.3.4) this in spinor form is

∇a ∗Rabcd = −i∇AA′

[XABCDǫA′B′ǫC′D′ + ΦABC′D′ǫA′B′ǫCD
− ΦCDA′B′ǫABǫC′D′ − XA′B′C′D′ǫABǫCD]

= 0. (3.782)

Or

ǫC′D′∇A
B′XABCD + ǫCD∇A

B′ΦABC′D − ǫC′D′∇ A′

B ΦCDA′B′ − ǫCD∇ A′

B XA′B′C′D′ = 0
(3.783)

Contracting with ǫC
′D′

gives

∇A
B′XABCD = ∇ A′

B ΦCDA′B′ . (3.784)

Contracting with ǫCD gives its complex conjugate. Thus (3.784) is the spinor form of the
Bianchi identity.

3.17.9 Newman-Penrose Formalism in Spinor Form

Newman-Penrose scalars in terms of spinors

Now
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ma∇la = oAıA
′∇(oAoA′)

= oAıA
′

(oA∇oA′ + oA′∇oA)

= oA∇oA. (3.785)

Note ∇(oAıA) = 0 implies

oA∇ıA = ıA∇oA (3.786)

Now consider

1

2
(na∇la − ma∇ma) =

1

2
(ıAıA

′∇(oAoA′) − ıAoA
′∇(oAıA′))

=
1

2
[ıAıA

′

(oA∇oA′ + oA′∇oA) − ıAoA
′

(oA∇ıA′ + ıA′∇oA)]

=
1

2
(ıA

′∇oA′ + ıA∇oA − oA
′∇ıA′ + ıA∇oA)

= ıA∇oA = oA∇ıA. (3.787)

−ma∇na = −ıAoA
′∇(ıAıA′)

= −ıAoA
′

(ıA∇ıA′ + ıA′∇ıA)

= ıA∇ıA. (3.788)

Altogether we have

ma∇la = oA∇oA
1

2
(na∇la − ma∇ma) = oA∇ıA = ıA∇oA

−ma∇na = ıA∇ıA (3.789)

Recall D = la∇a, ∆ = na∇a, δ = ma∇a, and δ = ma∇a. The Newman-Penrose scalars
can then be written:

κ = oADoA ǫ = oADıA π = ıADıA
σ = oAδoA β = oAδıA µ = ıAδıA
ρ = oAδoA α = oAδıA λ = ıAδıA
τ = oA∆oA γ = oA∆ıA ν = ıA∆ıA (3.790)
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Consider DoA, we can write

DoA = aoA + b ıA (3.791)

we can determine a and b by contracting with ıA and oA respectively,

a = ıADoA, b = −oADoA, (3.792)

so that, using (3.790),

DoA = ǫ∇oA − κıA. (3.793)

We can derive the following in a similar manner:

DoA = ǫoA − κıA, DıA = πoA − ǫıA,

∆oA = γoA − τıA, ∆ıA = νoA − γıA,

δoA = βoA − σıA, δıA = µoA − βıA,

δoA = αoA − ρıA, δıA = λoA − αıA. (3.794)

Weyl tensor written in terms of spinors

We move to the Newman-Penrose components of the Weyl tensor. Consider Ψ0 =
Cabcdl

amblcmd

Cabcdl
amblcmd = (ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′DǫABǫCD)oAoA

′

oBıB
′

oCoC
′

oDıD
′

= ΨABCDoAoBoCoD(ǫA′B′o
A′

ıB
′

)(ǫC′D′o
C′

ıD
′

) + . . . ǫABoAoB . . .

= ΨABCDoAoBoCoD. (3.795)

Consider Ψ1 = Cabcdl
amblcnd

Cabcdl
amblcnd = (ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′DǫABǫCD)oAoA

′

oBıB
′

oCoC
′

ıDıD
′

= ΨABCDoAoBoCıD(ǫA′B′o
A′

ıB
′

)(ǫC′D′o
C′

ıD
′

)

= ΨABCDoAoBoCıD. (3.796)

Consider Ψ2 = Cabcdl
ambmcnd
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Cabcdl
ambmcnd = (ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′DǫABǫCD)oAoA

′

oBıB
′

ıCoC
′

ıDıD
′

= ΨABCDoAoBıCıD(ǫA′B′o
A′

ıB
′

)(ǫC′D′o
C′

ıD
′

)

= ΨABCDoAoBıCıD. (3.797)

Consider Ψ3 = Cabcdl
anbmcnd

Cabcdl
anbmcnd = (ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′DǫABǫCD)oAoA

′

ıBıB
′

ıCoC
′

ıDıD
′

= ΨABCDoAıBıC ıD(ǫA′B′o
A′

ıB
′

)(ǫC′D′o
C′

ıD
′

) + . . . ǫCDıC ıD

= ΨABCDoAıBıC ıD. (3.798)

Lastly, consider Ψ4 = Cabcdm
anbmcnd

Cabcdm
anbmcnd = (ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′DǫABǫCD)ıAoA

′

ıBıB
′

ıCoC
′

ıDıD
′

= ΨABCDıAıBıCıD(ǫA′B′o
A′

ıB
′

)(ǫC′D′o
C′

ıD
′

)

= ΨABCDıAıBıCıD. (3.799)

The Newman-Penrose components of the Weyl tensor written in terms of spinors are given
by:

Ψ0 = ΨABCDoAoBoCoD,

Ψ1 = ΨABCDoAoBoCıD,

Ψ2 = ΨABCDoAoBıCıD,

Ψ3 = ΨABCDoAıBıCıD,

Ψ4 = ΨABCDıAıBıC ıD. (3.800)

Ricci tensor written in terms of spinors

We move to the tetrad components of the Ricci tensor written in terms of spinors. Con-
sider Φ00 = −1

2
Rabl

alb

−1

2
Rabl

alb = −1

2
(6ΥǫABǫA′B′ − 2ΦABA′B′)o

AoA
′

oBoB
′

= ΦABA′B′o
AoBoA

′

oB
′

. (3.801)

377



Consider Φ01 = −1
2
Rabl

amb

−1

2
Rabl

amb = −1

2
(6ΥǫABǫA′B′ − 2ΦABA′B′)o

AoA
′

oBıB
′

= ΦABA′B′o
AoBoA

′

ıB
′

. (3.802)

Consider Φ02 = −1
2
Rabm

amb

−1

2
Rabm

amb = −1

2
(6ΥǫABǫA′B′ − 2ΦABA′B′)o

AıA
′

oBıB
′

= ΦABA′B′o
AoBıA

′

ıB
′

. (3.803)

Consider Φ10 = −1
2
Rabl

amb = Φ01, hence

Φ10 = ΦABA′B′o
AıBoA

′

oB
′

. (3.804)

Consider Φ20 = −1
2
Rabm

amb = Φ02, hence

Φ20 = ΦABA′B′i
AıBoA

′

oB
′

. (3.805)

Consider Φ11 = −1
4
Rab(l

anb + mamb)

−1

4
Rab(l

anb + mamb) = −1

4
(6ΥǫABǫA′B′ − 2ΦABA′B′)(o

AoA
′

ıBıB
′

+ oAıA
′

ıBoB
′

)

=
1

2
ΦABA′B′(o

AıBoA
′

ıB
′

+ oAıBıA
′

oB
′

)

− 3Υ

2
ǫABǫA′B′(o

AıBoA
′

ıB
′

+ oAıBıA
′

oB
′

)

= ΦABA′B′o
AıBoA

′

ıB
′

. (3.806)

where we used the symmetry in A′B′ of ΦABA′B′ . Consider Φ12 = −1
2
Rabn

amb

−1

2
Rabn

amb = −1

2
(6ΥǫABǫA′B′ − 2ΦABA′B′)ı

AıA
′

oBıB
′

= ΦABA′B′ı
AıA

′

oBıB
′

= ΦABA′B′o
AıBıA

′

ıB
′

. (3.807)
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where we used the symmetry in AB of ΦABA′B′ . Consider Φ21 = −1
2
Rabn

amb = Φ12, hence

Φ21 = ΦABA′B′i
AıBoA

′

ıB
′

. (3.808)

Consider Φ22 = −1
2
Rabn

anb

−1

2
Rabn

anb = −1

2
(6ΥǫABǫA′B′ − 2ΦABA′B′)ı

AıA
′

ıBıB
′

= ΦABA′B′ı
AıA

′

ıBıB
′

= ΦABA′B′ı
AıBıA

′

ıB
′

. (3.809)

Collecting these results together the tetrad components of the Ricci tensor written in
terms of spinors are given by:

Φ00 = ΦABA′B′o
AoBoA

′

oB
′

,

Φ01 = ΦABA′B′o
AoBoA

′

ıB
′

,

Φ02 = ΦABA′B′o
AoBıA

′

ıB
′

,

Φ10 = ΦABA′B′o
AıBoA

′

oB
′

,

Φ11 = ΦABA′B′o
AıBoA

′

ıB
′

,

Φ12 = ΦABA′B′o
AıBıA

′

ıB
′

,

Φ20 = ΦABA′B′i
AıBoA

′

oB
′

,

Φ21 = ΦABA′B′i
AıBoA

′

ıB
′

,

Φ22 = ΦABA′B′i
AıBıA

′

ıB
′

. (3.810)

Lorentz transformations

Class I transformation:

They correspond to

(ô, ı̂) = (o, ı + ao) (3.811)

we have

l̂ = ôAô
A′

= oAoA
′

m̂ = ôAı̂
A′

= oAıA
′

+ aoAoA
′

n̂ = ı̂Aı̂
A′

= ıAıA
′

+ aoAıA
′

+ aıAoA
′

+ aaoAoA
′

(3.812)
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or

l̂ = l, m̂ = m + al, n̂ = n + am + am + aal. (3.813)

Class II transformation:

They correspond to

(ô, ı̂) = (o + bı, ı) (3.814)

we have

n̂ = ı̂Aı̂
A′

= ıAıA
′

m̂ = ôAı̂
A′

= oAıA
′

+ bıAıA
′

l̂ = ôAô
A′

= oAoA
′

+ boAıA
′

+ bıAoA
′

+ bbıAıA
′

(3.815)

or

n̂ = n, m̂ = m + bn, l̂ = l + bm + bm + bbl. (3.816)

Class III transformation:

They correspond to

(ô, ı̂) = (λo, λ−1ı), λ = c exp(iθ), (3.817)

we have

l̂ = c2l, n̂ = c−2n, , m̂ = e2iθm. (3.818)

Transformation of Weyl scalars

The Weyl scalars transform under class I transformations as
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Ψ̂0 = Ψ0,

Ψ̂1 = Ψ1 + aΨ0,

Ψ̂2 = Ψ2 + 2aΨ1 + a2Ψ0,

Ψ̂3 = Ψ3 + 3aΨ2 + 3a2Ψ1 + a3Ψ0,

Ψ̂4 = Ψ4 + 4aΨ3 + 6a2Ψ2 + 4a3Ψ1 + a4Ψ0. (3.819)

The Weyl scalars transform under class II transformations as

Ψ̂0 = Ψ0 + 4bΨ1 + 6b2Ψ2 + 4b3Ψ3 + b4Ψ4,

Ψ̂1 = Ψ1 + 3bΨ2 + 3b2Ψ3 + b3Ψ4,

Ψ̂2 = Ψ2 + 2bΨ3 + b2Ψ4,

Ψ̂3 = Ψ3 + bΨ4,

Ψ̂4 = Ψ4. (3.820)

The Weyl scalars transform under class III transformations as

Ψ̃0 = c4e4iθΨ0,

Ψ̃1 = c2e2iθΨ1,

Ψ̃2 = Ψ2,

Ψ̃3 = c−2e−2iθΨ3,

Ψ̃4 = c−4e−4iθΨ4. (3.821)

3.17.10 Petrov Classification

Recall

ΨABCD = α(AβBγCδD). (3.822)

There are six distict cases which constitute the so-called Petrov classification

T
¯
ype I or {1, 1, 1, 1}. None of the four pricipal null directions coincide.

T
¯
ype II or {2, 1, 1}. Two directions coincide.

T
¯
ype D or {2, 2}. Two are two different pairs of repeated null directions.
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T
¯
ype III or {3, 1}. Three pricipal null directions coincide.

T
¯
ype N or {4}. All four pricipal null directions coincide.

T
¯
ype O The Weyl tensor vanishes and spacetime is conformally flat.

Petrov classification via scalars

The condition for e a
0̂

to be a principal null vector is

Type I is when Ψ0 = Ψ4 = 0 and Ψ1, Ψ2, Ψ3 6= 0

Condition for double:

Type II is when Ψ0 = Ψ1 = Ψ4 = 0 and Ψ2, Ψ3 6= 0

Condition for a pair of doubles:

Type D is when Ψ0 = Ψ1 = Ψ3 = Ψ4 = 0 and Ψ2 6= 0

Condition for triple:

Type III is when Ψ0 = Ψ1 = Ψ2 = Ψ4 = 0 and Ψ3 6= 0

Condition for quadruple:

Type N is when Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0 and Ψ4 6= 0

Type O is when Ψ0 = Ψ1 = Ψ2 = Ψ3 = Ψ4 = 0 .

Proof:

Assume spacetime is not conformally flat and not all Weyl scalars vanish. Let Ψ4 6= 0. If
it happens to be zero in the chosen frame, we can make it non-zero by a rotation of class
I. By a class II transformation, Ψ̂0 can be made to vanish if b is a root of the equation

b4Ψ4 + 4b3Ψ3 + 6b2Ψ2 + 4bΨ1 + Ψ0 = 0 (3.823)

This always has four roots and the correspondingnew directions of l,

l + bm + bm + bbn, (3.824)

are the principal null directions of the Weyl tensor.

We can easily derive from (3.820) that
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1

4

d

db
Ψ̂0(b) = b3Ψ4 + 3b2Ψ3 + 3bΨ2 + Ψ1 = Ψ̂1(b)

1

3

d

db
Ψ̂1(b) = b2Ψ4 + 2bΨ3 + Ψ2 = Ψ̂2(b)

1

2

d

db
Ψ̂2(b) = bΨ4 + Ψ3 = Ψ̂3(b)

d

db
Ψ̂3(b) = Ψ4 = Ψ̂4(b), (3.825)

and that

Ψ̂0(b) = Ψ4(b − b1)(b − b2)(b − b3)(b − b4). (3.826)

We have

Ψ̂1(b) =
1

4

d

db
Ψ̂0(b)

=
Ψ4

4

d

db
(b − b1)(b − b2)(b − b3)(b − b4)

=
Ψ4

4
[(b − b2)(b − b3)(b − b4) + (b − b1)(b − b3)(b − b4)

+(b − b1)(b − b2)(b − b4) + (b − b2)(b − b3)(b − b4)] (3.827)

and

Ψ̂2(b) =
1

3

d

db
Ψ̂1(b)

=
Ψ4

6
[(b − b1)(b − b2) + (b − b1)(b − b3) + (b − b1)(b − b4)

+(b − b2)(b − b3) + (b − b2)(b − b4) + (b − b3)(b − b4) (3.828)

and

Ψ̂3(b) =
1

2

d

db
Ψ̂2(b)

=
Ψ4

4
(4b − b1 − b2 − b3 − b4) (3.829)

and finally
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Ψ̂4(b) =
d

db
Ψ̂3(b) = Ψ4. (3.830)

a) Petrov type I. All four roots are distinct. Then a rotation of class II with parameter
b = b1 (say) we can make

Ψ̂0 = b4
1Ψ4 + 4b3

1Ψ3 + 6b2
1Ψ2 + 4b1Ψ1 + Ψ0 = 0.

Taking Ψ̂0 as a fucntion of b, we have

For (3.827) the parameter b = b1

Ψ̂1 = Ψ̂1(b = b1) =
Ψ4

2
(b1 − b2)(b1 − b3)(b1 − b4) 6= 0. (3.831)

For (3.828)

Ψ̂2(b) =
Ψ4

6
[(b − b1)(3b − b2 − b3 − b4) + (b − b2)(2b − b3 − b4) + (b − b3)(b − b4)]

(3.832)

Ψ̂2 = Ψ̂2(b = b1) =
Ψ4

6
[(b1 − b2)(b1 − b3) + (b1 − b2)(b1 − b4) + (b1 − b3)(b1 − b4)]. (3.833)

As we have already seen

Ψ̂3(b) =
Ψ4

4
(4b − b1 − b2 − b3 − b4) (3.834)

so that

Ψ̂3 = Ψ̂3(b = b1) =
Ψ4

4
[(b1 − b2) + (b1 − b3) + (b1 − b4)]. (3.835)

We have that Ψ̂1 is guaranteed to be non-zero. If we have Re(b1) > Re(b2), Re(b3), Re(b4)

or Im(b1) > Im(b2), Im(b3), Im(b4) then Ψ̂2, Ψ̂3 > 0.

A rotation of class I (which does not effect Ψ0) we can make Ψ4 vanish with appropriate
value of parameter a
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ˆ̂
Ψ4 = Ψ4 + 4aΨ̂3 + 6a2Ψ̂2 + 4a3Ψ̂1 = 0. (3.836)

We also have that Ψ̂1 is invariant under this rotation and so

ˆ̂
Ψ1 = Ψ̂1 6= 0. (3.837)

Only if the above polynomial (3.836) has three distinct roots can
ˆ̂
Ψ2 and

ˆ̂
Ψ3 be non-zero.

b) Petrov type II. Two roots coincide b1 = b2 the other two different and distinct
b1 6= b3 6= b4 and b3 6= b4. We have

Ψ̂0(b) = Ψ4(b − b1)
2(b − b3)(b − b4) (3.838)

and under a transformation of class II we have (using (3.827) with b1 = b2)

Ψ̂1(b) = Ψ4(b − b1)[2(b − b3)(b − b4) + (b − b1)(b − b3) + (b − b1)(b − b4)] (3.839)

Setting b = b1 we make Ψ0, and Ψ1 vanish simultaneously.

Ψ̂2 =
1

3

d

db
Ψ̂1(b)

∣
∣
∣
b=b1

=
2

3
Ψ4(b1 − b3)(b1 − b4) 6= 0. (3.840)

and from (3.829)

Ψ̂3 = Ψ̂3(b = b1) =
Ψ4

4
(2b1 − b3 − b4) (3.841)

Under a transformation of class I with parameter a we uneffect the vanishing of Ψ0 and
Ψ1 while make Ψ4 vanish if we chose a to be a root of

ˆ̂
Ψ4 = Ψ4 + 4aΨ̂3 + 6a2Ψ̂2 = 0. (3.842)

Under such a transformation we have

ˆ̂
Ψ2 = Ψ̂2 6= 0 (3.843)

and
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ˆ̂
Ψ3 = Ψ̂3 + 3aΨ̂2

We have

1

4

d

da
ˆ̂
Ψ4(a) = Ψ̂3 + 3aΨ̂2 =

ˆ̂
Ψ3

So
ˆ̂
Ψ3 will vanish if (3.842) has repeated roots. The condition for the qudratic equation

(3.842) to have repeated roots reduces to

2Ψ̂2
3 − 3Ψ̂2Ψ4 = 0.

From (3.841) we have

2Ψ̂2
3 = 2

Ψ2
4

16
[(b1 − b3) + (b1 − b4)]

2

=
Ψ2

4

8
[(b1 − b3)

2 + 2(b1 − b3)(b1 − b4) + (b1 − b4)
2],

and from (3.840) we have

3Ψ̂2Ψ4 = 2Ψ2
4(b1 − b3)(b1 − b4).

We write

2Ψ̂2
3 − 3Ψ̂2Ψ4 =

1

8
[(b1 − b3)

2 − 14(b1 − b3)(b1 − b4) + (b1 − b4)
2]

Put ρ = b1 − b4 then look for roots for the quadratic equation in γ,

γ2 − 14γρ + ρ2 = 0.

Say α is a root, if it happens that b3 = b1 − α then 2Ψ̂2
3 − 3Ψ̂2Ψ4 = 0 and (3.842) has

repeated roots.

c) Petrov type D. We have two distinct double roots b1 and b2. And so putting b3 = b1

and b4 = b2 we have

Ψ̂0(b) = Ψ4(b − b1)
2(b − b2)

2 (3.844)
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Ψ̂1(b) =
1

2
Ψ4(b − b1)(b − b2)(2b − b1 − b2). (3.845)

Ψ̂2(b) =
1

3
Ψ4[(b − b2)(b − b2) +

1

2
(2b − b1 − b2)

2]. (3.846)

Ψ̂3(b) =
1

2
Ψ4(2b − b1 − b2). (3.847)

Ψ̂4 = Ψ4. (3.848)

With the choice, b = b1

Ψ̂0 = Ψ̂1 = 0 Ψ̂2 =
1

6
Ψ4(b1 − b2)

2

Ψ̂3 =
1

2
Ψ4(b1 − b2), and Ψ̂4 = Ψ4 (3.849)

We now subject the frame to a class I transformation with parameter a. First we also
have

ˆ̂
Ψ0 =

ˆ̂
Ψ1 = 0 (3.850)

which follows from

ˆ̂
Ψ0 = Ψ̂0 = 0

ˆ̂
Ψ1 = Ψ̂1 + aΨ̂0 = 0. (3.851)

Then

ˆ̂
Ψ2 = Ψ̂2 + 2aΨ̂1 + Ψ̂0

= Ψ̂2

=
1

6
Ψ4(b1 − b2)

2 6= 0 (3.852)

Consider
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ˆ̂
Ψ3 = Ψ̂3 + 3aΨ̂2

=
1

2
Ψ4(b1 − b2) + 3a

1

6
Ψ4(b1 − b2)

2

=
1

2
Ψ4(b1 − b2)[1 + a(b1 − b2)] (3.853)

and

ˆ̂
Ψ4 = Ψ4 + 4aΨ̂3 + 6a2Ψ̂2

= Ψ4 + 4a
1

2
Ψ4(b1 − b2) + 6a21

6
Ψ4(b1 − b2)

2

= Ψ4[1 + a(b1 − b2)]
2. (3.854)

With the choice

a = −(b1 − b2)
−1 (3.855)

we have

ˆ̂
Ψ3 =

ˆ̂
Ψ4 = 0. (3.856)

Thus Ψ0, Ψ1, Ψ3, and Ψ4 have all been reduced to zero with Ψ2 the only nonvanishing
scalar.

d) Petrov type III. Three roots coincide b1 = b2 = b3 6= b4. With a class II transforma-
tion with parameter b1 then we can make Ψ0, Ψ1, and Ψ2 vanish. We have

Ψ̂3(b) =
1

4
Ψ4(4b − b4 − 3b1)

Ψ̂4(b) = Ψ4 (3.857)

Putting b = b1

Ψ̂3 =
1

4
(b1 − b4) 6= 0.

Ψ̂4 = Ψ4 (3.858)
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Then by a subsequent transformation of class I with parameter a we have

ˆ̂
Ψ3 = Ψ̂3 6= 0

ˆ̂
Ψ4 = Ψ̂4 + 4aΨ̂3

= Ψ4 + Ψ4a(b1 − b4)

= Ψ4(1 + a(b1 − b4)) (3.859)

With the choice a = −(b1 − b4)
−1 we can make Ψ4 vanish. And Ψ3 is the only non-zero

scalar.

e) Petrov type N. All four roots coincide with on distinct root b1. Then a transformation
of class II with parameter b1 we can make Ψ0, Ψ1, Ψ2, and Ψ3 vanish simultaneously and
Ψ4 will be the only non-vanishing scalar, as is easily seen from:

Ψ̂1(b) =
1

4

d

db
Ψ̂0(b) = Ψ4

1

4

d

db
(b − b1)

4 = Ψ4(b − b1)
3

Ψ̂2(b) =
1

3

d

db
Ψ̂1(b) = Ψ4(b − b1)

2

Ψ̂3(b) =
1

2

d

db
Ψ̂2(b) = Ψ4(b − b1)

Ψ̂4(b) =
d

db
Ψ̂3(b) = Ψ4. (3.860)

3.17.11 Equivalence of Petrov Classification Schemes

We are interested in the roots of Ψ̂4(b) = 0 which is quartic in b and so can be written,

Ψ̂0(b) = Ψ4(b − b1)(b − b2)(b − b3)(b − b4).

Case (a) First we consider the case where the four roots b1, b2, b3, b4 are distinct. Write

ρA1 := oA + b1i
A

ρA2 := oA + b2i
A

ρA3 := aA + b3i
A

ρA4 := aA + b4i
A (3.861)
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Then Ψ̂0 = 0 implies the 4 equations for α, β, γ, δ:

α(AβBγCδD) ρA1 ρB1 ρC1 ρD1 = 0

α(AβBγCδD) ρA2 ρB2 ρC2 ρD2 = 0

α(AβBγCδD) ρA3 ρB3 ρC3 ρD3 = 0

α(AβBγCδD) ρA4 ρB4 ρC4 ρD4 = 0 (3.862)

which reduce to the 4 equations:

(αAρA1 )(βBρB1 )(γCρC1 )(δDρD1 ) = 0 (3.863)

(αAρA2 )(βBρB2 )(γCρC2 )(δDρD2 ) = 0 (3.864)

(αAρA3 )(βBρB3 )(γCρC3 )(δDρD3 ) = 0 (3.865)

(αAρA4 )(βBρB4 )(γCρC4 )(δDρD4 ) = 0 (3.866)

Now we use that for spinors, αAρA = 0 if and only if α is proportional to ρ (we write
αA = λρA).

We are considering the case where all the roots b1, b2, b3, b4 are all different and as such
that the spinors ρ1, ρ2, ρ3, ρ4 are not proportional to each other. Then (3.863) is zero if
and only if one of at least one of the brackets vanish. Say the first bracket is one that
vanishes, so we can say αA = λ1ρ1A = λ1(oA+b1iA). The first bracket in (3.864) cant then
vanish because ρ1 is not proportional to ρ2, and so one of the other brackets must vanish.
Say the second bracket is one that vanishes, and so βA = λ2ρ2A = λ2(oA+ b2iA). The first
two brackets of (3.865) cant vanish, so at least one of the other two vanish, say it is the
3rd bracket then γA = λ3ρ3A = λ3(oA + b3iA). The first 3 brackets of (3.866) can’t vanish
and so it must be the last bracket that vanishes, and so δA = λ4ρ4A = λ4(oA + b4iA).
And So ΨABCD = α(AβBγCδD) where the spinors αA, βA, γA, δA are all distinct and each
representing a principal null direction.

Case (b) We consider the case where just two roots coincide, say b1 = b2. As ρ1 = ρ2 we

have three independent equations from Ψ̂0 = 0:

(αAρA1 )(βBρB1 )(γCρC1 )(δDρD1 ) = 0 (3.867)

(αAρA3 )(βBρB3 )(γCρC3 )(δDρD3 ) = 0 (3.868)

(αAρA4 )(βBρB4 )(γCρC4 )(δDρD4 ) = 0 (3.869)

Then (3.867) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say αA = λ1ρ1A = λ1(oA + b1iA). The first
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bracket in (3.868) cant then vanish because ρ1 is not proportional to ρ3, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
βA = λ3ρ3A = λ3(oA + b3iA). The first two brackets of (3.869) cant vanish, so at least one
of the other two vanish, say it is the 3rd bracket then γA = λ4ρ4A = λ4(oA + b4iA).

It can easily be shown that with parameter b = b1(= b2) Ψ̂0 and Ψ̂1 will vanish. So we
also have the equation

α(AβBγCδD) ρA1 ρB1 ρC1 iD = 0

or

ρ1(Aρ3Bρ4CδD) ρA1 ρB1 ρC1 iD = 0

which reduce to

(ρ1AiA)(ρ3BρB1 )(ρ4CρC1 )(δDρD1 ) = 0

implying δA = ρ1A = λ1(oA + b1ia). So now we have that ΨABCD = α(AβBγCδD) where
the spinors αA, βA, γA, δA each represent a principal null direction with two directions
coinciding.

Case (c) Two distinct double roots b1 and b2. As ρ1 = ρ3 and ρ2 = ρ4 we have two

independent equations from Ψ̂0 = 0:

(αAρA1 )(βBρB1 )(γCρC1 )(δDρD1 ) = 0 (3.870)

(αAρA2 )(βBρB2 )(γCρC2 )(δDρD2 ) = 0 (3.871)

Then (3.870) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say αA = λ1ρ1A = λ1(oA + b1iA). The first
bracket in (3.871) cant then vanish because ρ1 is not proportional to ρ4, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
βA = λ2ρ2A = λ2(oA + b2iA).

It is easily shown that with parameter b = b1 we have Ψ̂1 = 0

α(AβBγCδD) ρA1 ρB1 ρC1 iD = 0

or
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ρ1(Aρ2BγCδD) ρA1 ρB1 ρC1 iD = 0

which reduces to

(ρ1AiA)(ρ2BρB1 )(γCρC1 )(δDρD1 ) = 0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
γA = λ1ρ1A = λ1(oA + b1iA).

It is easily shown that with parameter b = b2 we have Ψ1 = 0

α(AβBγCδD) ρA2 ρB2 ρC2 iD = 0

or

ρ1(Aρ2Bρ1CδD) ρA2 ρB2 ρC2 iD = 0

which reduces to

(ρ1AρA2 )(ρ2BiB)(ρ1CρC2 )(δDρD2 ) = 0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
δA = λ2ρ2A = λ2(oA+b2iA). So now we have that ΨABCD = α(AβBγCδD) where the spinors
αA, βA, γA, δA each represent a principal null direction with two different pairs repeated.

Case (d) Three roots coincide and b = b1(= b2 = b3). As ρ1 = ρ2 = ρ3 we have two

independent equations from Ψ̂0 = 0:

(αAρA1 )(βBρB1 )(γCρC1 )(δDρD1 ) = 0 (3.872)

(αAρA4 )(βBρB4 )(γCρC4 )(δDρD4 ) = 0 (3.873)

Then (3.872) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say αA = λ1ρ1A = λ1(oA + b1iA). The first
bracket in (3.873) cant then vanish because ρ1 is not proportional to ρ4, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
βA = λ4ρ4A = λ4(oA + b4iA).

It is easily shown that with parameter b = b1(= b2 = b3) Ψ̂0, Ψ̂1 and Ψ̂2 will vanish
simultaneously. So we also have the equations
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α(AβBγCδD) ρA1 ρB1 ρC1 iD = 0 (3.874)

α(AβBγCδD) ρA1 ρB1 iCiD = 0 (3.875)

(3.874) is

ρ1(Aρ4BγCδD) ρA1 ρB1 ρC1 iD = 0

which reduces to

(ρ1AiA)(ρ4BρB1 )(γCρC1 )(δDρD1 ) = 0

This implies that γA = λ1ρ1A = λ1(oA + b1iA). (3.875) then reads

ρ1(Aρ4Bρ1CδD) ρA1 ρB1 iCiD = 0

which reduces to

(ρ1AiA)(ρ4BρB1 )(ρ1CiC)(δDρD1 ) = 0

which means that δD = ρ1D = λ1(oa + b1iA). So now we have that ΨABCD = α(AβBγCδD)

where the spinors αA, βA, γA, δA each represent a principal null direction with three direc-
tions coinciding.

Case (e) All roots coincide and we have for b = b1 that Ψ̂0 = Ψ̂1 = Ψ̂2 = Ψ̂3 = 0. We
have the equations:

α(AβBγCδD) ρA1 ρB1 ρC1 ρD1 = 0 (3.876)

α(AβBγCδD) ρA1 ρB1 ρC1 iD = 0 (3.877)

α(AβBγCδD) ρA1 ρB1 iCiD = 0 (3.878)

α(AβBγCδD) ρA1 iBiCiD = 0 (3.879)

(3.876) reduces to

(αAρA1 )(βBρB1 )(γCρC1 )(δDρD1 ) = 0
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At least one of the brackets vanish, say the first. So that αA = λ1ρ1A = λ1(oA + b1iA).
(3.877) reduces to

(ρ1AiA)(βBρB1 )(γCρC1 )(δDρD1 ) = 0.

At least one the last three brackets vanish, say the second bracket vanishes. Then βA =
λ1ρ1A = λ1(oa + b1iA). (3.878) reduces to

(ρ1AiA)(ρ1BiB)(γCρC1 )(δDρD1 ) = 0.

At least one the last two brackets vanish, say the third bracket vanishes. Then γA =
λ1ρ1A = λ1(oa + b1iA). (3.879) reduces to

(ρ1AiA)(ρ1BiB)(ρ1CiC)(δDρD1 ) = 0.

The last bracket must vanish, therefore δA = λ1ρ1A = λ1(oa + b1iA). So now we have
that ΨABCD = α(AβBγCδD) where the spinors αA, βA, γA, δA each represent a principal
null direction with all four directions coinciding.

Proof of the converse:

We now prove the converse.

Case (a) Assume

ΨABCD = α(AβBγCδD)

where

α = α0oA + α1iA,

β = β0oA + β1iA,

γ = γ0oA + γ1iA,

δ = δ0oA + δ1iA (3.880)

are disinct (not proportional to each other). We then wish to show that all roots of

Ψ0 → Ψ0 + 4bΨ1 + 6b2Ψ2 + 4b2Ψ3 + b4Ψ4 = 0

are distinct.
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Ψ0 → ΨABCD(oA + biA)(oA + biA)(oA + biA)(oA + biA)

= α(AβBγCδD)(o
A + biA)(oA + biA)(oA + biA)(oA + biA)

= αAβBγCδD(oA + biA)(oA + biA)(oA + biA)(oA + biA)

= (αAoA + b αAiA)(βBoB + b βBiB)(γCoC + b γCiC)(δDoD + bδDiD)

= (−α1 + bα0)(−β0 + bβ0)(−γ0 + bγ1)(−δ0 + bδ1)

= 0. (3.881)

We see that it has 4 distinct roots.

Case (b) Assume

ΨABCD = α(AαBγCδD)

where α, β, γ are distinct, then

Ψ0 → ΨABCD(oA + biA)(oA + biA)(oA + biA)(oA + biA)

= αAαBγCδD(oA + biA)(oA + biA)(oA + biA)(oA + biA)

= (αAoA + b αAiA)(αBoB + b αBiB)(γCoC + b γCiC)(δDoD + bδDiD)

= (−α1 + bα0)
2(−γ0 + bγ1)(−δ0 + bδ1)

= 0. (3.882)

We see that two roots coincide.

The other cases work through the same way.

3.17.12 Petrov classification via Eigenbivectors of the Weyl Ten-
sor

Eigenbivectors of the Weyl Spinor

Given any spin-frame (oA, iA) we can construct a corresponding orthonormal basis
1

δAB

,
2

δAB, and
3

δAB (
α

δAB
β

δ
AB

= δαβ) for C(AB)

1

δAB= − i√
2
(oAoB − iAiB),

2

δAB=
1√
2
(oAoB + iAiB),

3

δAB= i
√

2o(AiB). (3.883)
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We have

α

δAB
α

δ
CD

= − i√
2
(oAoB − iAiB) · − i√

2
(oCoD − iCiD)

+
1√
2
(oAoB + iAiB) · 1√

2
(oCoD + iCiD)

+
i√
2
(oAiB + oBiA) · i√

2
(oCiD + oDiC)

=
1

2

(
− oAoBoCoD + oAoBiCiD + iAiBoCoD − iAiBiCiD

)

+
1

2

(
oAoBoCoD + oAoBiCiD + iAiBoCoD + iAiBiCiD

)

+
1

2

(
− oAiBoCiD − oAiBoDiC − oBiAoCiD − oBiAoDiC

)

=
1

2

(
oAoBiCiD − oAiBiCoD − iAoBoCiD + iAiBoCoD

+oBoAiCiD − oBiAiCoD − iBoAoCiD + iBiAoCoD
)

=
1

2
(oAiC − iAoC)(oBiD − iBoD) +

1

2
(oBiC − iBoC)(oAiD − iAoD)

=
1

2
(δ C
A δ D

B + δ C
B δ D

A ) (3.884)

The components of φAB with respect to the basis (3.883) are

1

φ=
−i√

2
(φ00 − φ11),

2

φ=
1√
2
(φ00 + φ11),

3

φ= i
√

2φ01. (3.885)

The components of Ψ CD
AB with respect to the basis (3.883) are

Ψ =





1
2
(−Ψ0 + 2Ψ1 − Ψ4)

−i
2

(Ψ0 − Ψ4) (Ψ1 − Ψ3)−i
2

(Ψ0 − Ψ4)
1
2
(Ψ0 + 2Ψ1 + Ψ4) i(Ψ1 + Ψ3)

(Ψ1 − Ψ3) i(Ψ1 + Ψ3) −2Ψ2



 (3.886)

From (3.884)

αα

Ψ = Ψ CD
AB

α

δ
ABα

δCD

= Ψ CD
AB

1

2
(δACδBD + δADδBC )

= Ψ AB
AB

= ΨABCDǫCAǫDB

= 0. (3.887)
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From (3.884) we have that the eigen-equation

αβ

Ψ φβ = λφα (3.888)

can be written:

αβ

Ψ φβ = Ψ CD
AB

α

δ
ABβ

δCD φEF
β

δ
EF

= Ψ CD
AB

α

δ
AB 1

2
(δEC δFD + δEDδFC )φEF

= Ψ CD
AB φCD

α

δ
AB

= λφAB
α

δ
AB

. (3.889)

Therefore the expressing the eigen-equation

Ψ CD
AB φCD = λφAB (3.890)

in components according to the basis (3.883), we see that λ is also an eigenvalue in the
normal sense of the matrix Ψ. If λ1, λ2, λ3 are the three eigenvalues of Ψ we have

λ1 + λ2 + λ3 = Ψ AB
AB = 0

λ2
1 + λ2

2 + λ2
3 = Ψ CD

AB Ψ AB
CD =: I

λ3
1 + λ3

2 + λ3
3 = Ψ CD

AB Ψ EF
CD Ψ AB

EF =: J. (3.891)

From

0 = (λ1 + λ2 + λ3)
3 − 3(λ1 + λ2 + λ3)(λ

2
1 + λ2

2 + λ2
3)

= λ3
1 + λ3

2 + λ3
3 + 3(λ2

1λ2 + λ2
1λ3 + λ2

2λ3 + λ2
2λ1 + λ2

3λ1 + λ2
3λ2) + 6λ1λ2λ3

− 3(λ3
1 + λ3

2 + λ3
3 + (λ2 + λ3)λ

2
1 + (λ1 + λ3)λ

2
2 + (λ1 + λ2)λ

2
3)

= −2(λ3
1 + λ3

2 + λ3
3) + 6λ1λ2λ3

we have

J = 3λ1λ2λ3. (3.892)
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Note that the eigenvalues λ1, λ2, λ3 are roots of

6λ3 − 3Iλ − 2J = 0

as is easily seen from

6(λ − λ1)(λ − λ2)(λ − λ3) = 6λ3 − (λ1 + λ2 + λ3)λ
2 − 3(λ2

1 + λ2
2 + λ2

3)λ − 6λ1λ2λ3

Using

ΨABCD = Ψ0iAiBiCiD − 4Ψ1o(AiBiCiD) + 6Ψ2o(AoBiCiD)

− 4Ψ1o(AoBoCiD) + Ψ4oAoBoCoD (3.893)

which follows as it gives (3.800) upon contraction with appropriate combination of o’s
and i’s. For example

ΨABCDoAoBiCiD = (Ψ0iAiBiCiD − 4Ψ1o(AiBiCiD) + 6Ψ2o(AoBiCiD)

− 4Ψ1o(AoBoCiD) + Ψ4oAoBoCoD)oAoBiCiD

= 6Ψ2o(AoBiCiD)o
AoBiCiD

= 6Ψ2

1

4!
(· · · + oCoDiAiB + oDoCiAiB + oCoDiBiA

+ oDoCiBiA + · · · )oAoBiCiD

= Ψ2. (3.894)

where we used oAoA = iAiA = 0 and oAiA = 1 = −iAoA.

We obtain

I = 2Ψ0Ψ4 − 8Ψ1Ψ3 + 6Ψ2
2 (3.895)

J = 6 det





Ψ0 Ψ1 Ψ2

Ψ1 Ψ2 Ψ3

Ψ2 Ψ3 Ψ4



 . (3.896)

From (3.892) we have that the determinant of Ψ is 1
3
J
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We have

I3 − 6J2 = (λ1 − λ2)
2(λ2 − λ3)

2(λ3 − λ1)
2 subject to λ1 + λ2 + λ3 = 0 (3.897)

which can be shown by verifying:

(λ2
1 + λ2

2 + (−λ1 − λ2)
2)3 − 6(λ3

1 + λ3
2 + (−λ1 − λ2)

3)2

= (λ1 − λ2)
2(λ2 − (−λ1 − λ2))

2((−λ1 − λ2) − λ1)
2. (3.898)

Equation (3.897) establishes that two or more of the λ’s are equal is equivalent to I3 = 6J2.

Eigenbivectors of the Weyl Tensor

C cd
ab Xcd = µXab, (3.899)

where Xab = −Xab. In terms of spinors:

Xab = φABǫA′B′ + ǫABξA′B′ (3.900)

where φAB and ξA′B′ are both symmetric. Defing X∗ab:

X∗ab =
1

2
ǫ cd
ab Xcd

and using

ǫabcd = i(ǫACǫBDǫA′D′ǫB′C′ − ǫADǫBCǫA′C′ǫB′D′)

we obtain

X∗ABA′B′ =
1

2
i(ǫ C

A ǫ D
B ǫ D′

A′ ǫ C′

B′ − ǫ D
A ǫ C

B ǫ C′

A′ ǫ D′

B′ )XCDC′D′

=
1

2
i(ǫ C

A ǫ D
B ǫ D′

A′ ǫ C′

B′ − ǫ D
A ǫ C

B ǫ C′

A′ ǫ D′

B′ )(φCDǫC′D′ + ǫCDξC′D′)

=
1

2
i(φABǫB′A′ + ǫABξB′A′ − φBAǫA′B′ − ǫBAξA′B′)

= i(ǫABξA′B′ − φABǫA′B′). (3.901)
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As such we have

Xab + iX∗ab = 2φABǫA′B′ , Xab − iX∗ab = 2ǫABξA′B′ . (3.902)

The Weyl tensor in terms of spinors is

Cabcd = ΨABCDǫA′B′ǫC′D′ + ǫABǫCDΨA′B′C′D′ (3.903)

Defining

C∗abcd =
1

2
ǫ ef
ab CefcdX

cd

We obtain

C∗ABCDA′B′C′D′ =
1

2
i(ǫ E

A ǫ F
B ǫ F ′

A′ ǫ E′

B′ − ǫ F
A ǫ E

B ǫ E′

A′ ǫ F ′

B′ )

(ΨEFCDǫE′F ′ǫC′D′ + ǫEF ǫCDΨE′F ′C′D′)

=
1

2
i(ΨABCDǫB′A′ǫC′D′ + ǫABǫCDΨB′A′C′D′

−ΨBACDǫA′B′ǫC′D′ − ǫBAǫCDΨA′B′C′D′)

= i(ΨA′B′C′D′ǫABǫCD − ΨABCDǫA′B′ǫC′D′) (3.904)

Then

Cabcd + iC∗abcd = 2ΨABCDǫA′B′ǫC′D′ , Cabcd − iC∗abcd = 2ΨA′B′C′D′ǫABǫCD (3.905)

From (3.899) we obtain

(C cd
ab + i

1

2
ǫ ef
ab C cd

ef )Xcd = µ(Xab + i
1

2
ǫ ef
ab Xef) (3.906)

which in terms of spinors is

2Ψ CD
AB ǫA′B′ǫ

C′D′

(φCDǫC′D′ + ǫCDξC′D′) = µ2φABǫA′B′

or
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Ψ CD
AB φCD =

1

2
µφAB (3.907)

where we have used ǫC
′D′

ǫC′D′ = 2 and ǫC
′D′

ξC′D′ = 0.

From (3.899) we obtain

(C cd
ab − i

1

2
ǫ ef
ab C cd

ef )Xcd = µ(Xab − i
1

2
ǫ ef
ab Xef) (3.908)

which in terms of spinors is

2Ψ
C′D′

A′B′ ǫABǫCD(φCDǫC′D′ + ǫCDξC′D′) = µ2ǫABξA′B′

or

Ψ
C′D′

A′B′ ξC′D′ =
1

2
µξA′B′ (3.909)

where we have used ǫCDǫCD = 2 and ǫCDφCD = 0.

3.17.13 Focussing and Shearing of Null Curves

η’

p

γ

aη

a
a la~ o  oA A’

p

l

Figure 3.32: visualflownull.

[l, η]a = lb∇bη
a − ηb∇bl

a = 0. (3.910)

DoA = DıA = 0. (3.911)
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This means that o and ı are parallelly propergated along γ and so remain a spin basis at
each point of γ.

recalling that D = la∇a

D(laηa) = laDηa = lalb∇bηa = laηb∇bl
a =

1

2
ηb∇b(l

2) = 0 (3.912)

We now construct the NP tetrad (l, n, m, m)

ηa = ula + zma + zma

= uoAoA
′

+ zoAıA
′

+ zoA
′

ıA. (3.913)

Now, since lb∇bη
a = ηb∇bl

a we have

Dηa = lb∇bη
a = ηb∇bl

a, (3.914)

so that,

Dηa = uDla + zδla + zδla. (3.915)

In terms of spinors this reads

oAoA
′

Du + oAıA
′

+ ıAoA
′

= zoAδoA
′

+ zoA
′

δoA + zoAδoA
′

+ zoA
′

δoA. (3.916)

Multipling by oAıA′ gives

−Dz = zoAδoA − zoAδoA, (3.917)

i.e.,

Dz = −ρz − σz. (3.918)

The interpretation of z is as follows. Consider the projection of ηa onto the spacelike
surface 2-dimensional subspace T⊥ as introduced in subsection?? Recall that this surface
was spanned by ma, ma, or equivalently e a

1̂
, e a

2̂
. Write the projection as
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√
2(xe1̂ − ye2̂) = x(m + m)/i + y(m− m)/i

= zm + zm, (3.919)

where z = x + iy, which is consistent with (3.913).

Suppose first that σ = 0 while ρ is real, i.e. Dz = −ρz, or

Dx = −ρx, Dy = −ρy. (3.920)

This is isotrpic magnificatoin at a rate of −ρ. Next suppose that σ = 0 while ρ = −iω,
so that Dz = iωz, or

Dx = −ωy, Dy = ωx. (3.921)

This corresponds to a rotation with angular velocity ω. Next consider the case where
ρ = 0 and σ is real. Then

Dx = −σx, Dy = σy, (3.922)

which represents a volume-preserving shear at a rate with principle axes along the x and
y axes.

3.17.14 Goldberg Sachs Theorem

Equivalence relations for geodesic shearfree null congruences

Lemma 3.17.2 The following three conditions are equivalent

a) la = oAoA
′

corresponds to geodesic shearfree null congruences;

b) κ = σ = 0;

c) oAoB∇AA′oB = 0 .

Proof:

b) implies c) and c) implies b):

Recall that κ = oAoBoB
′∇BB′oA and σ = oAoBıB

′∇BB′oA. We write
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oAoB∇BB′oA = coB′ + dıB′ (3.923)

then

κ = oAoBoB
′∇BB′oA = coB

′

oB′ + doB
′

ıB′ = −d. (3.924)

and

σ = oAoBıB
′∇BB′oA = cıB

′

oB′ + dıB
′

ıB′ = c. (3.925)

so that

oAoB∇BB′oA = σoB′ − κıB′ (3.926)

This establishes the equivalence of b) and c).

b) implies a)

κ = oADoA = oAoBoB
′∇BB′oA = 0.

and

σ = oAδoA = oAoBıB
′∇BB′oA = 0.

We write

lb∇bla = D(oAoA′)

= oADoA′ + oA′DoA
= aoAoA′ + boAıA′ + bıAoA′ + cıAıA′ (3.927)

Contracting the second and third line on the RHS with oAoA
′

implies c = 0. Next,
contracting the second and third line on the RHS with ıAoA

′

implies

oAıA(oA
′

DoA′) = κ = 0 = −b = −b.

Next, contracting the second and third line on the RHS with ıAıA
′

implies
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ıA
′

DoA′ + ıADoA = ǫ + ǫ = a

.

We find

lb∇bla = ala. (3.928)

which the non-affinely parameterised geodesic equation.

a) implies b):

lb∇bla = ala says

D(oAoA′) = oADoA′ + oA′DoA = aoAoA′ (3.929)

Contracting with oA implies

oA′(o
ADoA) = 0,

or

oADoA = κ = 0. (3.930)

Integrability conditions

Aa∇aφ = f, Ba∇aφ = g, (3.931)

where Aa, Ba are locally tranverse vector fields which are surface forming,

Aa∇aB
b − Ba∇aA

b = αAb + βBb. (3.932)

Theorem 3.17.3 A necessary and sufficient condition for solutions of the system (3.931)
to exist is

Aa∇ag − Ba∇af = αf + βg. (3.933)

405



Proof:

Suppose φ is a solution of (3.931) then (3.932) implies

Aa∇a(B
b∇bφ) − Ba∇a(A

b∇bφ)

= (Aa∇aB
b − Ba∇aA

b)∇bφ + (AaBb − BaAb)∇a∇bφ

= (αAa + βBa)∇aφ

= αf + βg (3.934)

No suppose conversely that (3.940) holds. We choose a special coordinate system such
that

Aa∇a =
∂

∂y1

Then we may solve Aa∇aφ = f via

φ(y1, yα) =

∫ y1

ỹ

f(s, yα)ds (3.935)

where α = 2, . . . , n. Let Ba∇aφ − g = h. We may choose ỹ = ỹ(yα) to set h = 0 on an
intial surface y1 = const. Now

Aa∇ah = Aa∇a(B
b∇bφ) − Aa∇ag

= Ba∇a(A
b∇bφ) + (Aa∇aB

b − Ba∇aA
b)∇bφ − Aa∇ag

= Ba∇af + (αAa + βBa)∇aφ − Aa∇ag

= (αAa + βBa)∇aφ − (Aa∇ag − Ba∇af)

= αf + βBa∇aφ − αf − βg

= βh. (3.936)

Since h = 0 intially we see that h = 0 and so Ba∇aφ = g, i.e. φ solves (3.931).

Theorem 3.17.4 (Sommers 1976) The integrable condition for the equation

ξA∇AA′x = αA′ (3.937)
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in complex x for ξA analytic shearfree null geodesics is

ξAξB∇ A′

A αA′ = αA′ξ
A∇ A′

A ξB. (3.938)

Proof: We write the equation to be solved in component form relative to some basis
(oA, ıA),

ξAoA
′∇AA′x = oA

′

αA′, ξAıA
′∇AA′x = ıA

′

αA′ (3.939)

putting it into the form (3.931) where we identify φ = x, Aa = ξAoA
′

, Ba = ξAıA
′

,
f = oA

′

αA′ , and g = ıA
′

αA′. The integrability condition is then

ξAoA
′∇AA′(ı

B′

αB′) − ξAıA
′∇AA′(o

B′

αB′) = αoA
′

αA′ + βıA
′

αA′. (3.940)

where α and β are given by

ξAoA
′∇AA′(ξ

BıB
′

) − ξAıA
′∇AA′(ξ

BoB
′

) = αξBoB
′

+ βξBıB
′

. (3.941)

Transvecting (3.941) with αB′ and equating to (3.940), we find

ξAξB{oA′∇AA′(ı
B′

αB′) − ıA
′∇AA′(o

B′

αB′)} = αB′ξ
A{oA′∇AA′(ξ

BıB
′

) − ıA
′∇AA′(ξ

BoB
′

)}
(3.942)

or

ξAξB{(oA′

ıB
′ − ıA

′

oB
′

)∇AA′αB′} = αB′ξ
A{(oA′

ıB
′ − ıA

′

oB
′

)∇AA′ξ
B)} (3.943)

Using oA
′

ıB
′ − ıA

′

oB
′

= ǫA
′B′

, (3.943) becomes

ξAξB∇ A′

A αA′ = αA′ξ
A∇ A′

A ξB (3.944)
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Some relations

If ξ is geodesic shearfree it satifies

ξAξB∇AA′ξB = 0 (3.945)

We define ηA′ as the proportinality factor in the equation

ξA∇AA′ξB = ξBηA′ (3.946)

Consider

ξBξA∇AA′η
A′

= ξBξA∇AA′η
A′

+ ξAηA
′∇AA′ξB

= −ξA∇ A′

A (ξBηA′)

= ξA∇AA′(ξ
C∇ A′

C ξB)

= (∇ A′

C ξB)ξA∇AA′ξ
C + ξAξC∇AA′∇ A′

C ξB

= (∇ A′

C ξB)ξCηA′ + ξAξC∇AA′∇ A′

C ξB
= 0 + ξAξC�ACξB
= ΨABCDξAξCξD. (3.947)

where we used (3.762). Therefore we have the first relation

ξBξA∇AA′η
A′

= ΨABCDξAξCξD. (3.948)

Now taking the derivative of ξAξD∇ A′

A ξD = 0 gives

0 = ∇BA′(ξ
AξD∇ A′

A ξD)

= ξAξD∇BA′∇ A′

A ξD + (∇BA′ξ
A)ξD∇ A′

A ξD + (∇BA′ξ
D)ξA∇ A′

A ξD

= ξAξD∇BA′∇ A′

A ξD + 2(∇BA′ξ
D)ξA∇ A′

(A ξD) (3.949)

The first term of the last line

ξAξD∇BA′∇ A′

A ξD =
1

2
ξAξD(∇BA′∇ A′

A ξD + ∇DA′∇ A′

A ξB) +
1

2
ξAξDǫBD∇CA′∇ A′

A ξC

=
1

2
ξAξD∇BA′∇ A′

A ξD +
1

2
[ξAξD∇DA′∇ A′

A ξB − ξAξB∇DA′∇ A′

A ξD]
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which implies

ξAξD∇BA′∇ A′

A ξD = ξAξD∇DA′∇ A′

A ξB − ξAξB∇DA′∇ A′

A ξD (3.950)

Using (3.762) and (3.764)

ξAξD∇BA′∇ A′

A ξD = ξAξD∇A′(D∇ A′

A) ξB − ξAξB(2∇A′(D∇ A′

A) ξD −∇AA′∇ A′

D ξD)

= ξAξD�ADξB − 2ξAξB�ADξD + ξAξB∇AA′∇ A′

D ξD

= ΨABCDξAξCξD + ξAξB∇AA′∇ A′

D ξD

(3.951)

We introduce, analogously to (3.946), the proportinality factor ζA′

ξAζA′ := ξB∇AA′ξB

=
1

2
ξB(∇AA′ξB + ∇BA′ξA + ǫDA′∇DA′ξ

D)

=
1

2
ξA(ζA′ + ηA′ −∇DA′ξ

D) (3.952)

Hence

ζA′ = ηA′ −∇DA′ξ
D. (3.953)

The second term in (3.949) becomes

2(∇BA′ξ
D)ξA∇ A′

(A ξD) = (∇BA′ξ
D)ξD(ηA

′

+ ζ
A′

)

= −ξBζA′(η
A′

+ ζ
A′

)

= ξBηA′ζ
A′

= ξBηA′(η
A′ −∇ A′

D ξD)

= −ξBηA′∇ A′

D ξD (3.954)

The sum of the RHS of (3.951) and (3.954) is equal to zero by (3.949) hence

ξBξA∇AA′∇ A′

D ξD − ξBηA′∇ A′

D ξD = −ΨABCDξAξCξD. (3.955)
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Goldberg Sachs Theorem

Theorem 3.17.5 In a spacetime which satifies the vacuum field equations Rµν = 0 any
two of the following conditions imply the third:

a) The Weyl tensor ΨABCD is algebraically special with n−fold repeated principal spinor
o, (n = 2, 3, 4);

b) either spacetime is flat or o generates a geodesic shearfree congruence;

c) ∇AA′

ΨABCD contracted with (5 − n) o’s vanishes.

Proof:

a) and b) imply c): n = 2.

Assume a), then ΨABCD = ξ(AξBαCβD). Obviously

ξAξBξCΨABCD = 0,

and so

ξAξBξC∇DD′

ΨABCD + 3ΨABCDξAξB∇DD′

ξC = 0. (3.956)

Now we use b). If spacetime is flat then condition c) obviously holds. If instead ξ is
geodesic and shearfree

a) and c) imply b): n = 2.

Condition a) implies (3.956). If c) holds then (3.956) imjplies

ΨABCDξAξB∇DD′

ξC = 0,

which on substitution of ΨABCD = ξ(AξBαCβD) implies

0 = ξ(AξBαCβD)ξ
AξB∇DD′

ξC

=
1

24
[· · · + αAβB(ξCξD + ξDξC) + αBβA(ξCξD + ξDξC) + . . . ]ξAξB∇DD′

ξC

=
1

6
(α(AβB)ξ

AξB)ξCξD∇DD′

ξC (3.957)

and so
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ξCξD∇DD′

ξC = 0

which proves b).

b) and c) imply a): n = 2.

Consider the relation

ξAξBξCΨABCD = xξD.

We wish to show that x = 0. Taking derivatives we have

ξAξBξC∇DD′

ΨABCD + 3ΨABCDξAξB∇DD′

ξC = ξD∇DD′

x + x∇DD′

ξD. (3.958)

Assuming c (n = 2), the first term on the LHS vanishes. Assume ΨABCD = ξ(AαBβCγD),
then we have for the second term on the LHS

3ξ(AαBβCγD)ξ
AξB∇DD′

ξC =
3

4
[ξAα(BβCγD) + ξBα(AβCγD)

+ ξCα(AβBγD) + ξDα(AβBγC)]ξ
AξB∇DD′

ξC

=
3

4
[ξCα(AβBγD) + ξDα(AβBγC)]ξ

AξB∇DD′

ξC

which on using (3.946) and (3.952) becomes

3

4
ξAξB[α(AβBγD)ξC∇DD′

ξC + α(AβBγC)ξD∇DD′

ξC]

= −3

4
[ξAξBξDζ

D′

α(AβBγD) + ξAξBξCηD
′

α(AβBγC)]

= −3x(ζ
D′

+ ηD
′

) (3.959)

where we used

4x = ξAξBξCα(AβBγC) (3.960)

which follows from

xξD = ξAξBξCΨABCD = ξAξBξCξ(AαBβCγD) =
1

4
ξAξBξCξDα(AβBγC).
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(3.958) now reads

−3x(ζ
D′

+ ηD
′

) = ξD∇DD′

x + x∇DD′

ξD

= ξD∇DD′

x + x(ζ
D′

− ηD
′

) (3.961)

This becomes

ξA∇AA′(lnx) = 2ηA′ + 4ζA′ = 6ηA′ − 4∇DA′ξ
D. (3.962)

To check if a solution lnx of this equation exists we substitute its RHS for αA′ = 6ηA′ −
4∇DA′ξD into the integrability theorem (3.17.4). This yields

−ξAξB∇AA′(6η
A′ − 4∇ A′

D ξD) = αA′ξ
A∇ A′

A ξB

= ξBαA′η
A′

= −ξBηA′(6η
A′ − 4∇ A′

D ξD)

= 4ξBηA′∇ A′

D ξD (3.963)

Rearanging this gives

−6ξBξA∇AA′η
A′

= −4(ξBξA∇AA′∇ A′

D ξD − ξBηA′∇ A′

D ξD) (3.964)

Substitution of the identities (3.948) and (3.955) gives

−6ΨABCDξAξBξD = −4(−ΨABCDξAξBξD)

or

ΨABCDξAξBξD = 0

which says x = 0, contary to our assumption.
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3.17.15 Tetrad Formulism and the Cartan Structure Equations

T b̂...
â... = e a

â eb̂ b · · ·T b...
a... (3.965)

T b...
a... = eâae

b
b̂
· · ·T b̂...

â... (3.966)

The directional derivative along a tetrad vector is denoted by a comma or by ∂a

T b̂...
â...,ĉ = ∂ĉT

b̂...
â... = e c

ĉ

∂

∂xc
T b̂...
â... (3.967)

The tetrad components of the covariant derivative are denoted by a semicolon

T b̂...
â...;ĉ = eâae

b
b̂
· · · e c

ĉ T b...
a...;c (3.968)

They are given by

T b̂...
â...;c = T b̂...

â...,ĉ − Γd̂âĉT
b̂...
d̂...

− · · ·+ Γb̂
d̂ĉ

T d̂...
â... + · · · (3.969)

where the Γâ
b̂ĉ

are the Ricci rotation coefficients

Γâ
b̂ĉ

= −eâa;be
a
b̂

e b
ĉ (3.970)

and take the place of the Christoffel symbols in the tetradad formulism. The rotation
coefficients also appear in the commutator of two directional derivatives along tetrad
vectors

2T ...
...,[âb̂]

= T ...
...,âb̂

− T ...
...,b̂â

= e b
b̂

(e a
â T ...

...,a),b − e a
â (e b

b̂
T ...
...,b),a

= e b
b̂

(e a
â ),bT

...
...,a − e a

â (e b
b̂

),aT
...
...,b + e a

â e b
b̂

(T ...
...,ab − T ...

...,ba)

= T ...
...,ĉ[e

ĉ
a(e

b
b̂

(e a
â ),b − e b

â (e a
b̂

),b)]

= T ...
...,ĉ[e

ĉ
a(e

b
b̂

[(e a
â ),b + Γabde

d
â ] − e b

â [(e a
b̂

),b + Γabde
d
â ])]

= T ...
...,ĉ[e

ĉ
a(e

b
b̂

(e a
â );b − e b

â (e a
b̂

);b)]

= 2T ...
...,ĉΓ

ĉ
[âb̂]

(3.971)

The tetrad vector determine linear differential forms
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eâadxa = eâ, (3.972)

in terms of which the metric form is given by

ds2 = eâe
â = eâae

â
bdxadxb = gabdxadxb (3.973)

The exterior product of two linear differential forms A = Aadxa and B = Badxa is the
anti-symmetric multiplication

A ∧ B = −B ∧ A

= AaBbdxa ∧ dxb

= A[aBb]dxa ∧ dxb (3.974)

The exterior derivative of a linear differential form is

dA = Ab,adxa ∧ dxb = A[b,a]dxa ∧ dxb (3.975)

Cartan Structure Equations

We define

Γâ
b̂

= Γâ
b̂ĉ
ec (3.976)

Râ
b̂

= Râ
b̂ĉd̂

eĉ ∧ ed̂. (3.977)

The Cartan structure equations are

deâ = eb̂ ∧ Γâ
b̂
= Γâ

b̂ĉ
eb̂ ∧ eĉ (3.978)

1

2
Râ

b̂
= dΓâ

b̂
+ Γâ

f̂
∧ Γf̂

b̂
(3.979)

Proof:

First equation
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deâ = d(eâadxa)

= ∂be
â
bdxb ∧ dxa

= −(∂be
â
a − Γdbae

â
d)dxa ∧ dxb

= −∇be
â
adxa ∧ dxb

= −(∇be
â
a)δ

a
c δ

b
d dxc ∧ dxd

= −(∇be
â
a)e

a
b̂

e b
ĉ eb̂ ce

ĉ
ddxc ∧ dxd

= −(∇be
â
a)e

a
b̂

e b
ĉ eb̂ ∧ eĉ

= Γâ
b̂ĉ
eb̂ ∧ eĉ. (3.980)

Second equation:

Râ
b̂ĉd̂

eĉ ∧ ed̂ = eâae
b
b̂

Ra
bĉd̂

eĉ ce
d̂
ddxc ∧ dxd

= eâae
b
b̂

Ra
bcddxc ∧ dxd

= 2eâae
b
b̂

(∂cΓ
a
bd + ΓebdΓ

a
ce)dxc ∧ dxd (3.981)

Consider dΓâ
b̂

dΓâ
b̂

= d(Γâ
b̂ĉ
eĉ bdxb)

= d[(eâce
d
ĉ ∇de

c
b̂

)eĉ bdxb]

= d(eâc∇be
c
b̂

dxb)

= d([eâc∂be
c
b̂

+ eâcΓ
c
bde

d
b̂

]dxb)

= [(∂ae
â
c)(∂be

c
b̂

) + eâc∂a∂be
c
b̂

+ (∂ae
â
c)Γ

c
bde

d
b̂

+eâcΓ
c
bd(∂ae

d
b̂

) + eâc(∂aΓ
c
bd)e

d
b̂

]dxa ∧ dxb. (3.982)

The term eâc∂a∂be
c
b̂

dxa ∧ dxb vanishes. Now

Γâĉ ∧ Γĉ
b̂

= (eâc∇ae
c
ĉ dxa) ∧ (eĉ d∇be

d
b̂

dxb)

= [eâc∂ae
c
ĉ + eâcΓ

c
aee

e
ĉ ]eĉ d[∂be

d
b̂

+ Γdbfe
f

b̂
]dxa ∧ dxb

= [−e c
ĉ (∂ae

â
c) + eâcΓ

c
aee

e
ĉ ]eĉ d[∂be

d
b̂

+ Γdbfe
f

b̂
]dxa ∧ dxb

= [−(∂ae
â
d) + eâcΓ

c
ad][∂be

d
b̂

+ Γdbfe
f

b̂
]dxa ∧ dxb

= −(∂ae
â
c)(∂be

c
b̂

) − (∂ae
â
c)Γ

c
bde

d
b̂

+ eâcΓ
c
ad(∂be

d
b̂

)

+eâcΓ
c
adΓ

d
bfe

f

b̂
]dxa ∧ dxb (3.983)
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Combining (3.982) and (3.983)

dΓâ
b̂
+ Γâĉ ∧ Γĉ

b̂
= [eâcΓ

c
bd(∂ae

d
b̂

) + eâcΓ
c
ad(∂be

d
b̂

)

eâc(∂aΓ
c
bd)e

d
b̂

+ eâcΓ
c
adΓ

d
bfe

f

b̂
]dxa ∧ dxb

= [eâc(∂aΓ
c
bd)e

d
b̂

+ eâcΓ
c
adΓ

d
bfe

f

b̂
]dxa ∧ dxb

= eâae
b
b̂

(∂cΓ
a
db + ΓaceΓ

e
db)dxc ∧ dxd

=
1

2
Râ

b̂ĉd̂
eĉ ∧ ed̂. (3.984)

Equations (3.978) determine the anti-symmetric part of Γâ
[b̂ĉ]

of the rotation coefficients.

Define

Γâb̂ĉ = gâd̂Γ
d̂
b̂ĉ
. (3.985)

The vanishing of the covariant derivatives of the metric tensor

0 = ∇ĉgâb̂ = gâb̂,ĉ − Γd̂âĉgd̂b̂ − Γd̂
b̂ĉ
gâd̂

= gâb̂,ĉ − Γb̂âĉ − Γâb̂ĉ

implies the symmetric part Γ(âb̂)ĉ of the rotation coefficients

Γ(âb̂)ĉ =
1

2
∂ĉgâb̂. (3.986)

The expressions for Γâ
[b̂ĉ]

and Γ(âb̂)ĉ determine all rotation coefficients, and (3.979) then

determine all the components of the curvature tensor.

Specialisation to rigid tetrads

When we limit ourselves to the case of rigid tetrads where the gâb̂ are constants. The
rotation coefficients are the anti-symmetric in the first two indicies

Γâb̂ĉ = −Γb̂âĉ,

and are determined by (3.978)
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Γâb̂ĉ =
1

2
(Γâb̂ĉ + Γĉâb̂) +

1

2
(Γb̂ĉâ + Γâb̂ĉ) −

1

2
(Γĉâb̂ + Γb̂ĉâ)

=
1

2
(Γâb̂ĉ − Γâĉb̂) +

1

2
(Γb̂ĉâ − Γb̂âĉ) −

1

2
(Γĉâb̂ − Γĉb̂â)

= Γâ[b̂ĉ] + Γb̂[ĉâ] − Γĉ[âb̂] (3.987)

The curvature one forms Γâb̂ satisfy

Γâb̂ = −Γb̂â (3.988)

and therefore has six independent components. They are obtained from the first Cartan
structure equation (3.978),

deâ = Γâ
b̂
∧ eb̂.

Once we have calculated the curvature one forms, we obtain the Ricci rotation coefficients
using

Γâ
b̂
= Γâ

b̂ĉ
eĉ. (3.989)

We calculate the curvature two forms Râ
b̂

using the second Cartan structure equation
(3.979),

1

2
Râ

b̂
= dΓâ

b̂
+ Γâ

f̂
∧ Γf̂

b̂

which are related to the Riemann tensor as

Râ
b̂
= Râ

b̂ĉd̂
eĉ ∧ ed̂ (3.990)

After calculating the Riemann tensor we obtain the Ricci tensor by

Râb̂ = Rb̂â = Rĉ
âb̂ĉ

= gĉd̂Rĉâb̂d̂. (3.991)

There are 10 independent components. We then calculate the Rici scalar by

R = gâb̂Râb̂. (3.992)
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3.17.16 Specialisation to Null Tetrads

e0̂ = l, e1̂ = n, e2̂ = m, e3̂ = m, (3.993)

gâb̂ = gâb̂ =







0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0







(3.994)

eâ = gâb̂eb̂ (3.995)

e0̂ = e1̂ = n, e1̂ = e0̂ = l, e2̂ = −e3̂ = −m, e3̂ = −e2̂ = −m, (3.996)

Independent curvature one forms

There are six independent curvature one forms Γâb̂ as it is anti-symmetric. The non-zero
curvature one forms are

Γ0̂1̂, Γ0̂2̂, Γ0̂3̂, Γ1̂2̂, Γ1̂3̂, Γ2̂3̂ (3.997)

However

Γ0̂1̂ = Γ0̂1̂, Γ0̂2̂ = Γ0̂3̂, Γ1̂3̂ = Γ1̂2̂, Γ2̂3̂ = −Γ2̂3̂.

The collection (3.997) is equivalent to the collection

Γ1̂0̂ + Γ2̂3̂, Γ0̂2̂, Γ0̂3̂, Γ1̂2̂, Γ1̂3̂, Γ1̂0̂ − Γ2̂3̂ (3.998)

This collection is made up of the one forms

Γ0̂3̂, Γ2̂3̂ + Γ1̂0̂, Γ1̂2̂ (3.999)

and their complex cojugates. The colection (3.999) are taken as our six independent
curvature one forms.
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Independent rotation coefficients

Recall the Ricci rotation coefficients are given by

Γâb̂ĉ = −eâa;be
a
b̂

e b
ĉ

κ = Γ2̂0̂0̂ ǫ =
1

2
(Γ1̂0̂0̂ + Γ2̂3̂0̂) π = Γ1̂3̂0̂

σ = Γ2̂0̂2̂ β =
1

2
(Γ1̂0̂2̂ + Γ2̂3̂2̂) µ = Γ1̂3̂2̂

ρ = Γ2̂0̂3̂ α =
1

2
(Γ1̂0̂3̂ + Γ2̂3̂3̂) λ = Γ1̂3̂3̂

τ = Γ2̂0̂1̂ γ =
1

2
(Γ1̂0̂1̂ + Γ2̂3̂1̂) ν = Γ1̂3̂3̂ (3.1000)

Independent curvature two forms

Before we write down the first Cartan structure equations for these independent one forms
we need the following:

Γ0̂ĉ ∧ Γĉ
3̂

= gĉd̂Γ0̂ĉ ∧ Γd̂3̂

= g0̂1̂Γ0̂0̂ ∧ Γ1̂3̂ + g1̂0̂Γ0̂1̂ ∧ Γ0̂3̂ + g2̂3̂Γ0̂2̂ ∧ Γ3̂3̂ + g3̂2̂Γ0̂3̂ ∧ Γ2̂3̂

= Γ0̂3̂ ∧ Γ1̂0̂ − Γ0̂3̂ ∧ Γ2̂3̂ (3.1001)

Γ2̂ĉ ∧ Γĉ
3̂

= gĉd̂Γ2̂ĉ ∧ Γd̂3̂

= g0̂1̂Γ2̂0̂ ∧ Γ1̂3̂ + g1̂d̂Γ2̂1̂ ∧ Γ0̂3̂ + g2̂3̂Γ2̂2̂ ∧ Γ3̂3̂ + g3̂2̂Γ2̂3̂ ∧ Γ2̂3̂

= Γ0̂3̂ ∧ Γ1̂2̂ − Γ0̂2̂ ∧ Γ1̂3̂ (3.1002)

Γ1̂ĉ ∧ Γĉ
0̂

= gĉd̂Γ1̂ĉ ∧ Γd̂0̂

= g0̂1̂Γ1̂0̂ ∧ Γ1̂0̂ + g1̂0̂Γ1̂1̂ ∧ Γ0̂0̂ + g2̂3̂Γ1̂2̂ ∧ Γ3̂0̂ + g3̂2̂Γ1̂3̂ ∧ Γ2̂0̂

= −Γ0̂3̂ ∧ Γ1̂2̂ − Γ0̂2̂ ∧ Γ1̂3̂ (3.1003)
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Γ1̂ĉ ∧ Γĉ
2̂

= gĉd̂Γ1̂ĉ ∧ Γd̂2̂

= g0̂1̂Γ1̂0̂ ∧ Γ1̂2̂ + g1̂0̂Γ1̂1̂ ∧ Γ0̂2̂ + g2̂3̂Γ1̂2̂ ∧ Γ3̂2̂ + g3̂2̂Γ1̂3̂ ∧ Γ2̂2̂

= Γ1̂0̂ ∧ Γ1̂2̂ − Γ2̂3̂ ∧ Γ1̂2̂ (3.1004)

The first Cartan structure equations are then

dΓ0̂3̂ + Γ0̂3̂ ∧ (−Γ2̂3̂ + Γ1̂0̂) =
1

2
R0̂3̂âb̂e

â ∧ eb̂ (3.1005)

d(Γ2̂3̂ + Γ1̂0̂) − 2Γ0̂2̂ ∧ Γ1̂3̂ =
1

2
(R2̂3̂âb̂ + R1̂0̂âb̂)e

â ∧ eb̂ (3.1006)

dΓ1̂2̂ + (−Γ2̂3̂ + Γ1̂0̂) ∧ Γ1̂2̂ =
1

2
R1̂2̂âb̂e

â ∧ eb̂ (3.1007)

Independent components of the Ricci tensor

Râb̂ = Rb̂â = Rĉ
âb̂ĉ

= gĉd̂Rĉâb̂d̂ (3.1008)

R3̂3̂ = gĉd̂Rĉ3̂3̂d̂

= g0̂1̂R0̂3̂3̂1̂ + g1̂0̂R1̂3̂3̂0̂ + g2̂3̂R2̂3̂3̂3̂ + g3̂2̂R3̂3̂3̂2̂

= 2R0̂3̂3̂1̂. (3.1009)

R3̂0̂ = gĉd̂Rĉ3̂0̂d̂

= g0̂1̂R0̂3̂0̂1̂ + g1̂0̂R1̂3̂0̂0̂ + g2̂3̂R2̂3̂0̂3̂ + g3̂2̂R3̂3̂0̂2̂

= −R0̂3̂2̂3̂ − R0̂3̂1̂0̂. (3.1010)

R0̂0̂ = gĉd̂Rĉ0̂0̂d̂

= g0̂1̂R0̂0̂0̂1̂ + g1̂0̂R1̂0̂0̂0̂ + g2̂3̂R2̂0̂0̂3̂ + g3̂2̂R3̂0̂0̂2̂

= −2R0̂3̂2̂0̂. (3.1011)
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R2̂3̂ = gĉd̂Rĉ2̂3̂d̂

= g0̂1̂R0̂2̂3̂1̂ + g1̂0̂R1̂2̂3̂0̂ + g2̂3̂R2̂2̂3̂3̂ + g3̂2̂R3̂2̂3̂2̂

= R2̂3̂3̂2̂ + R1̂2̂3̂0̂ + R0̂2̂3̂1̂

= R2̂3̂3̂2̂ + R1̂2̂3̂0̂ − (R0̂3̂1̂2̂ + R0̂1̂2̂3̂)

= R2̂3̂3̂2̂ + R1̂0̂2̂3̂ − 2R0̂3̂1̂2̂. (3.1012)

where we used the cyclic identity R0̂2̂3̂1̂ + R0̂3̂1̂2̂ + R0̂1̂2̂3̂ = 0.

R1̂0̂ = gĉd̂Rĉ1̂0̂d̂

= g0̂1̂R0̂1̂0̂1̂ + g1̂0̂R1̂1̂0̂0̂ + g2̂3̂R2̂1̂0̂3̂ + g3̂2̂R3̂1̂0̂2̂

= +R1̂0̂1̂0̂ − R0̂3̂1̂2̂ + R0̂2̂3̂1̂

= +R1̂0̂1̂0̂ − R0̂3̂1̂2̂ − (R0̂3̂1̂2̂ + R2̂3̂0̂1̂)

= R2̂3̂0̂1̂ + R1̂0̂1̂0̂ − 2R0̂3̂1̂2̂ (3.1013)

where we used the same cyclic identity again.

R1̂1̂ = gĉd̂Rĉ1̂1̂d̂

= g0̂1̂R0̂1̂1̂1̂ + g1̂0̂R1̂1̂1̂0̂ + g2̂3̂R2̂1̂1̂3̂ + g3̂2̂R3̂1̂1̂2̂

= 2R1̂2̂1̂3̂. (3.1014)

R3̂1̂ = gĉd̂Rĉ3̂1̂d̂

= g0̂1̂R0̂3̂1̂1̂ + g1̂0̂R1̂3̂1̂0̂ + g2̂3̂R2̂3̂1̂3̂ + g3̂2̂R3̂3̂1̂2̂

= −R2̂3̂1̂3̂ + R1̂0̂1̂3̂. (3.1015)

Altogether

R2̂2̂ = 2R0̂2̂2̂1̂, (3.1016)

R3̂0̂ = −R0̂3̂2̂3̂ − R0̂3̂1̂0̂, (3.1017)

R0̂0̂ = −2R0̂3̂2̂0̂, (3.1018)

(3.1019)

R2̂3̂ = R2̂3̂3̂2̂ + R1̂0̂2̂3̂ − 2R0̂3̂1̂2̂, (3.1020)

R1̂0̂ = R2̂3̂0̂1̂ + R1̂0̂1̂0̂ − 2R0̂3̂1̂2̂, (3.1021)

R1̂1̂ = 2R1̂2̂1̂3̂, (3.1022)

R3̂1̂ = −R2̂3̂1̂3̂ + R1̂0̂1̂3̂ (3.1023)
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where R0̂0̂, R2̂3̂, R1̂0̂, R1̂1̂ are real and R2̂2̂, R2̂0̂, R2̂1̂ are complex conjugates of R3̂3̂, R3̂0̂,
R3̂1̂, respectively:

R3̂3̂ = R2̂2̂

R2̂0̂ = R3̂0̂

R2̂1̂ = R3̂1̂ (3.1024)

We have 10 independent terms altogether.

The Ricci scalar is given by

R = gâb̂Râb̂

= g0̂1̂R0̂1̂ + g1̂0̂R1̂0̂ + g2̂3̂R2̂3̂ + g3̂2̂R3̂2̂

= 2(R1̂0̂ − R2̂3̂). (3.1025)

The Weyl tensor and Petrov classification

Ψ0 = Cabcdl
amblcmd

= [Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

R

6
(gacgdb − gadgcb)]lamblcmd

= Rabcde
a

0̂
e b
2̂

e c
0̂

e d
2̂

= R0̂2̂0̂2̂. (3.1026)

Ψ1 = Cabcdl
amblcnd

= [Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

R

6
(gacgdb − gadgcb)]l

amblcnd

= Rabcdl
amblcnd − 1

2
(−Rbcm

blc)

= Rabcde
a

0̂
e b
2̂

e c
0̂

e d
1̂

+
1

2
Rbcm

blc

= R0̂2̂0̂1̂ +
1

2
R2̂0̂. (3.1027)
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Ψ2 = Cabcdl
ambmcnd

= [Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

R

6
(gacgdb − gadgcb)]l

amblcnd

= Rabcdl
amblcnd − 1

2
(−Rbcm

blc)

= Rabcde
a

0̂
e b
2̂

e c
3̂

e d
1̂

+
1

2
Rbce

b
2̂

e c
3̂

= R0̂2̂3̂1̂ +
1

2
R2̂3̂. (3.1028)

Ψ3 = Cabcdl
anbmcnd

= [Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

R

6
(gacgdb − gadgcb)]l

anbmcnd

= Rabcdl
anbmcnd − 1

2
(−Rbcn

bmc)

= Rabcde
a

0̂
e b
1̂

e c
3̂

e d
1̂

+
1

2
Rbce

b
1̂

e c
3̂

= R0̂2̂0̂1̂ +
1

2
R1̂3̂. (3.1029)

Ψ4 = Cabcdm
anbmcnd

= [Rabcd −
1

2
(Racgdb − Radgbc − Rbcgad + Rbdgac) +

R

6
(gacgdb − gadgcb)]manbmcnd

= Rabcdm
anbmcnd

= Rabcde
a

3̂
e b
1̂

e c
3̂

e d
1̂

= R3̂1̂3̂1̂. (3.1030)

3.18 Summary

3.19 Biblioliographical notes

In this chapter I have relied on the following refferences: The review article by Abhay
Ashtekar and Badri Krishnan, Isolated and Dynamical Horizons and Their Applications;
the thesis of Badri Krishnan, Isolated Horizons in Numerical Relativity; the book A Rel-
ativist’s Toolkit by Eric Poisson.
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3.20 Worked Exercises and Details

Event Horizons

Proposition: If η ∈ T⊥ initially, it remains in this subspace.

Proof:

la∇aη
b = la∇a(P

b
cη
c)

= P bcl
a∇aη

c (since la∇an
b = 0 and la∇al

b = 0)

= P bcB
c
dη
d

= P abB
b
cP

c
dη
d

= B̂a
bη
b. (3.1031)

or

dθ

dλ
≤ −1

2
θ2 (3.1032)

Raycherdhuri’s equation for null geodesic congruences.

In the following we will use:

lc∇cP
a
b = lc∇c(δ

a
b + nalb + lanb) = 0 (3.1033)

lc∇cn
a = 0 and lc∇cl

a = 0.

As well as

P bcR
c

ab d = (3.1034)

dθ

dλ
= la∇a(B

b
cP

c
b)

= P cbl
a∇aB

b
c (since la∇an

b = 0 and la∇al
b = 0)

= (3.1035)
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dθ

dλ
= ∇l(B

a
bP

b
a)

= P ba∇lB
a
b

= P bal
d∇d∇bl

a

= P bal
d∇b∇dl

a + P bal
d[∇d,∇b]l

a

= P ba



∇b(l
d∇dl

a

︸ ︷︷ ︸

=0

) − (∇bl
d)(∇dl

a)



+ P baR
a

db el
e

(3.1036)

We’ll take a breather for second . Ba
d = ∇dl

a

dθ

dλ
= −P baBa

dB
d
b − ldRdel

e

= −P baBa
dδ
d
eB

e
b − ldleRde (inserting a) δ

= −P baBa
d(P

d
e − ldne − ndle)B

e
b − ldleRde

= −P baBa
dP

d
eB

e
b + P baB

a
dl
dneB

e
b + P baB

a
dn

dle)B
e
b − ldleRdeB

e
b

= B̂a
dB̂

d
b − ldleRde (3.1037)

ξc∇cθ =
dθ

dτ
= −1

2
θ2 − σ̂abσ̂

ab + ω̂abω̂
ab − lalbRab (3.1038)

dA
dλ

= θA (3.1039)

d2A1/2

dλ2
=

d

dλ

(

dA1/2

dλ

)

=
d

dλ

(
1

2
A−1/2 dA

dλ

)

=
1

2

d

dλ

(

A1/2θ
)

=
1

2
A1/2 dθ

dλ
+

1

4
θ2A1/2

=
A1/2

2

[

(−1

2
θ2 − σ̂abσ̂

ab + ω̂abω̂
ab − lalbRab) +

θ2

2

]

= −1

2
(|σ|2 − |ω|2 +

1

2
lalbRab)A1/2 (3.1040)

d2A1/2

dλ2
= −1

2
(|σ|2 − |ω|2 +

1

2
lalbRab)A1/2 (3.1041)
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Surface gravity of event horizons.

(1) Obtain

κ2 = −1

2
(∇aχb)(∇aχb). (3.1042)

(2) Show that κ is constant along the null generators of the event horizon.

(3) Show that κ is constant transversal to the horizon, i.e. that κ does not change from one null
generator to another.

Proof:

(1)

χ[a∇bχc] =
1

3!
(χa∇bχc + χb∇cχa + χc∇aχb

− χa∇cχb − χb∇aχc − χc∇bχa). (3.1043)

Using Killing’s equation ∇(aχb) = 0

χ[a∇bχc] =
2

3!
(χa∇bχc − χb∇aχc + χc∇aχb) (3.1044)

Setting χ[a∇bχc] = 0

χc∇aχb = −2χ[a∇b]χc (3.1045)

contract (3.1045) with ∇aχb

χc(∇aχb)(∇aχb) = −2(∇aχb)χ[a∇b]χc as ∇aχb = −∇bχa we can omit the anticommutator

= −2(∇aχb)(χa∇bχc)

= −2κχb(∇aχb) using χa∇aχb = −κχb
= −2κ2χc. (3.1046)

(2)

∇b∇cξa = Rabcdξ
d (3.1047)

We differentiate (3.1042)
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2κ∂cκ = −∇aξb∇c∇dξa = −∇cξa (3.1048)

2κ∂aκ = −∇cξdRcdabξ
b (3.1049)

2κξa∂aκ = −∇cξdRcdabξ
aξb = 0 (3.1050)

Examples of normed spaces.

3.20.1 Non-Expanding Horizons

Non-Expanding Horizons.

a)

The second equation in (4.3.4) implies that the vector −Rabℓb is tangential to ∆. The energy
condition and the field equations imply this vector must also be future causal. Use these facts
to prove that in the Newman-Penrose formalism we have:

Φ00
△
= 0 and Φ01 = Φ10

△
= 0 (3.1051)

Why do these equations not depend upon the specific choice of null normal ℓ and m?

b)

Ψ0
△
= 0 and Ψ1

△
= 0 (3.1052)

c)

We derive the important relation between the one-form ωa the imaginary part Ψ2

D[aωb]
△
= 2(Im[Ψ2])ǫab (3.1053)

To show this, contract (4.3.4) with n and use ℓana = −1

Answers:

a)

This means that Rab must be proportional to ℓa and hence, R a←bℓ
b

b)
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It follows from Rabℓb
△
= 0 and the conformal tensor (C.605)

[DaDb −DbDa]ℓ
c △= −2R c

abd←
ℓd
△
= −2C c

abd←
ℓd (3.1054)

Thus, if v is any 1-form on ∆ satisfying vℓ̇
△
= 0 ∆‘ , 0, contracting the previous equation with

vc we get

C c
abd←
vcℓ

d △= 0 (3.1055)

c)

2D[aωb]
△
= Cabcdℓ

cnd (3.1056)

2D[aωb]
△
= 4(ℜ[Ψ2])n[aℓb] + 2Ψ3ℓ[amb] + 2Ψ3ℓ[amb] + 4i(ℑ[Ψ2])m[amb] (3.1057)

q c
a q

d
b D[aωb]

△
= 2i(Im[Ψ2])q

c
a q

d
b m[cmd]

△
= i(Im[Ψ2])(q

c
a −)(q d

b −)2m[cmd]

△
= i(Im[Ψ2])(q

c
a −)(q d

b −)(e1 + ie2)[a(e1 − ie2)b]
△
= 2i(Im[Ψ2])ǫab (3.1058)

we obtain???

dω
△
= 2(Im[Ψ2])ǫ (3.1059)

Examples of normed spaces.

Non-Expanding Horizons.

Ψ2 → Ψ2 + 2cΨ1 + c2Ψ0. (3.1060)

Examples of normed spaces.
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3.20.2 Weakley Isolated Horizons

Non-Expanding Horizons.

Examples of normed spaces.

3.20.3 Isolated Horizons

Dynamical Horizons.

De-Sitter cosmological horizon is an isolated horizon.

Examples of normed spaces.

De-Sitter cosmological horizon as an isolated horizon.

De-Sitter cosmological horizon is an isolated horizon.

Examples of normed spaces.

Details: Consequences of the boundary conditions:

(a) The condition oADaoA =̂ 0 implies

∇alb =̂ − 2Ualb, (3.1061)

where, as in the main text, Ua =̂ ℜαa

Proof:

DaoA = −αaoA − βaıA (3.1062)

contarcting with oA this is

oADaoA = −αa(oAoA) − βa(o
AıA) = −βa (3.1063)

Therefore oADaoA =̂ 0 implies,

DaoA =̂ − αaoA. (3.1064)

Using lb = iσbAA′oAoA
′

and compatibility condition of σ i.e. ∇aσbAA′ = 0,
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∇alb = iσbAA′∇a(o
AoA

′

)

= iσbAA′ [oA∇ao
A′

+ oA
′∇ao

A]

=̂ −iσbAA′ [oAα∗a + oA
′

αao
A]

=̂ −(iσbAA′oAoA
′

)(α∗a + αa)

=̂ −2Ualb. (3.1065)

Equation (4.3.4) implies that l is a geodesic vector field,

la∇alb =̂ − 2(laUa)lb (3.1066)

and that the Lie derviative with respect to l of the metric induced on ∆ vanishes:

L(gac(g
cb + lanb + nalb)) =̂ 2∇(alb) = 0. (3.1067)

It is twist free as,

l[a∇blc] =̂ − 2l[aUblc] = 0, ⇒ ω̂ = 0. (3.1068)

so that the congruence with tangent vector la is both shear-free and geodesic, (although it
need not be affinely parametrized). Furthermore, since T ablalb ≥ 0 by condition, and Einstein’s
equation holds at ∆, we can use Raychaudhuri’s equation

Ltθ(l) = −1

2
θ2
(l) − σabσ

ab + ωabω
ab −Rabl

alb (3.1069)

to conclude that the shear must vanish if the expansion θ(l) vanishes.

Finally, note that the Raychaudhuri equation also implies that

Rabl
alb =̂ 8πGTabl

alg =̂ 0 (3.1070)

i.e., that there is no flux of matter energy-momentum across the horizon.

DaıA =̂ γaıA + if(v)maoA (3.1071)

Da(ıAo
A) = Da(1) = 0, ⇒ ıADaoA = −oADaıA (3.1072)
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∇anb = ∇a(ı
AıA

′

) = ıA∇aı
A′

+ ıA
′∇aı

A

=̂ ıA(α∗aı
A′ − if(v)mao

A′

) + ıA
′

(αaı
A + if(v)mao

A)

=̂ (α∗a + αa)ı
A′

ıA + if(v)[mao
AıA

′ −maı
AoA

′

]

=̂ 2Uanb − 2f(v)m(amb) (3.1073)

∇anb =̂ 2Uanb − 2f(v)m(amb) (3.1074)

na is twist-free

na shear-free

has spherically symetric expansion, 2f , and vanishing Newman-Penrose coefficient π =̂ malb∇anb.

A AB
a =̂ − 2αai

(AoB) − βao
(AoB) (3.1075)

and

βa=̂if(v)ma (3.1076)

F AB
ab = −4(∂[aαb]ı

(AoB) − 2(∂[aβb] − 2α[aβb])o
AoB (3.1077)

Finally, let us establish (4.3.4) . We assume that the slice M intersects ∆ in S such that on S
the unit normal τa to M is given by τa = (ia + na)/

√
2. Therefore, using DaoA =̂ − αaoA

K AB
a =

f(v)√
2

(maı
AıB +mao

AoA) (3.1078)

Since the connection A on M is given by: A AB
a = Γ AB

a − i√
2
K AB
a , using the definition of V

we have the required result:

Va = −iΓ AB
a ıAoB . (3.1079)

RAA′BB′CC′DD′ = ΨABCDǫA′B′ǫC′D′ + ΨA′B′C′D′ǫABǫCD

+ΦABC′D′ǫA′B′ǫCD + ΦA′B′CDǫABǫC′D′

+
R

12
(ǫACǫBDǫA′C′ǫB′D′ − ǫADǫBCǫA′D′ǫB′C′) (3.1080)

Let us consider the Ricci tensor. Since Tabl
alb ≥ 0 the Raychaudhuri equation for la implies

Tabl
alb =̂ 0, whence by Einstein’s equation which holds on ∆,
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Rabl
b − 1

2
Rg

ab
lb

︸︷︷︸

=0

=̂ κ T ab
︸︷︷︸

=0

lb (3.1081)

, we conclude

Φ00 =
1

2
Rabl

alb =̂ 0. (3.1082)

ΦABA′B′ =̂ 4Φ11ı(AoB)ıA′oB′ + Φ22oAoBoA′oB′ + Φ11ıAıBo(A′oB′)

+Φ20ıAıBıA′ıB′ − 2Φ12ı(AoB)oA′oB′ − 2Φ21oAoBı(AoB) (3.1083)

(We will show later that Φ20 and Φ02 also vanish.)

(b) Let us now turn to the Weyl tensor. Using (4.3.4) one gets:

Rabcdl
d = 2∇[a∇b]lc = −2(∇[aUb])lc (3.1084)

Transvecting this equation with appropriate vectors and using the fact that the trace of the
Weyl tensor vanishes, we conclude that

Ψ0 =̂ 0 and Ψ1 =̂ 0. (3.1085)

Proof:

we have that Rabl
b = 0, so that

Rabcdl
d = Cabcdl

d = −2(∇[aUb])lc (3.1086)

Ψ0 := Cabcdl
amblcmd = (3.1087)

(c)

∇anb = 2Uanb − 2fm(amb). (3.1088)

(3.1088)
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∇a(∇bnc) = ∇a(2Ubnc − 2fm(bmc))

= 2Ub∇anc − 2(∂af)m(bmc) (as ∇amb = ∇amc = 0 and ∇aUb = 0)

= 2Ub(2Uanc − 2fm(amc)) − 2(∂af)m(bmc)

= 4UaUbnc − 2f(maUbmc +maUbmc) − (∂af)(mbmc +mbmc)

(3.1089)

Hence it follows that

Rabcdn
d = 2∇[a∇b]nc = −4f(m[aUb]mc +m[aUb]mc) − (∂[af)mb]mc − (∂[af)mb]mc (3.1090)

we conclude:

ImΨ2 =̂ 0, Ψ2 +
R

12
=̂

2U · l
r△

, and Ψ3 − Φ21 =̂ 0. (3.1091)

Consequently, the Weyl spinor has the form:

ΦABCD =̂ 6Φ2ı(AıBoCoD) − 4Φ3ı(AoBoCoD) + Φ4o(AoBoCoD), (3.1092)

where Φ2 and Φ3 are subject to (3.1092).

(d)

Recall the expression for F in terms of the self-dual part of the Riemann curvature:

FABab = −1

4
R cd
ab Σ AB

ab . (3.1093)

Using the decomposition (4.3.4) of the Riemann tensor, we obtain:

FabCD =̂ − 1

2
ΨABCDΣ AB

ab − 1

2
ΦABCDΣ

A′B′

ab − R

24
ΣabCD. (3.1094)

Finally, using the identity:

Σ AB
ab =̂ 4ı(AoB)m[amb] + 4ioAoBn[amb], (3.1095)

whcih follows from the definition the of null tetrad, and equations (4.3.4) and (4.3.4), we can
express the pull-back FCDab of F to ∇ as:

FCDab =̂ (Ψ2 − Φ11 −
R

24
)Σ CD

ab − 2i(3Ψ3 − 2Φ11)o
CoDn[amb], (3.1096)
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where we have used Ψ3 −Φ21 = 0. Other Weyl and Ricci components do not appear because F
is the pull-back to ∇). This equation can be rewritten in the following simpler form:

FCDab =̂

[

(Ψ2 − Φ11 −
R

24
)δACδ

B
D − (

3Ψ3

2
− Φ11)o

AoBıCıD

]

Σ CD
ab . (3.1097)

(e) Next, we will use the Bianchi identity (D ∧ F =̂ = 0):

∇aFbc + ∇aFbc + ∇aFbc = 0 (3.1098)

and the equation of motion (D ∧ Σ =̂ = 0)

∇aΣbc + ∇aΣbc + ∇aΣbc (3.1099)

to extract further information about Ψ2,Φ11 and R which appear in the above relation between
F and Σ. Using (4.3.4) and (4.3.4), we obtain:

0 =̂ ∇[aF
AB

bc] = (3.1100)

σ = κ = 0. From

DoA = ǫoA − κıA (3.1101)

we have DoA = ǫoA. It follows that

Dla = D(oAoA
′

) = (ǫ + ǭ)oAoA
′

= (ǫ + ǭ)la, (3.1102)

Gauge freedom on horizon

v 7→ ṽ = F (v) with F ′(v) > 0 (3.1103)

na 7→ ñ = F ′(v)na, (3.1104)

(la, na) 7→ (l̃a, ña) =
(
(F ′(v))−1la, F ′(v)na

)
(3.1105)

la = ıAıA
′

434



ıA 7→ ı̃A =
(
F ′(v)

)−1/2
ıA

oA 7→ õA =
(
F ′(v)

)1/2
oA (3.1106)

If we also include the freedom to perform a phase rotation eiθ, then we see we can have in
general,

(̃ıA, õA) =
(
(exp Θ)ıA, (exp−Θ)oA

)
(3.1107)

where

expRe(2Θ) = F ′(v), θ := ImΘ. (3.1108)

A complexification of U(1)

3.20.4 Rotating Isolated Horizons

Details: Axisymmetric spacetimes

ǫabcdη
aξb∇dξc = 0 = ǫabcdξ

aηb∇dηc (3.1109)

ξ[aηb∇cξd] = 0 = ξ[aηb∇cηd] (3.1110)

Stationary axisymmetric fields admit 2-spaces orthogonal to the group orbits if and only if the
conditions

ξdRd[aξbηc] = 0 = ηdRd[aξbηc] (3.1111)

are satisfied.

∇(ψaωa) (3.1112)

that ψ and ξ commute is the same as saying that Lψξ = 0, as Lψgab = 0

Lψωa = 0. (3.1113)
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and we are left with proving

ψa∇[bωa] = 0. (3.1114)

ǫabcd∇cωd = ǫabcdǫdefg∇c(ξ
e∇fξg)

= 6∇c(ξ
[c∇aξb]) (3.1115)

where we used the identity (4.3.4)

ξ[c∇aξb] =
1

3
(ξc∇aξb + ξb∇cξa + ξa∇bξc) (3.1116)

∇c(ξ
c∇aξb) = (∇cξ

c)∇aξb + ξc∇c∇aξb

= −ξcRab cdξd
= 0. (3.1117)

∇c(ξ
b∇cξa + ξa∇bξc) = (∇cξ

c)(∇cξa) + (∇cξ
a)(∇bξc) + ξb∇c∇cξa + ξa∇c∇bξc

= 2ξ[b∇c∇|c|ξa]
= −2ξ[bRa]cξ

c, (3.1118)

hence it becomes

ds2 = −V −1e2γ(dr2 + dz2) − V −1r2dφ2 + V (cdt−Ndφ)2 (3.1119)

V = ew, e2γ = ev (3.1120)

Rotating Isolated Horizons

Questions

Φ(r, θ, φ) =

∫

dV
ρ(~r′)
|~r − ~r′| =

∫ 2π

0

∫ π

0

∫ ∞

0
dr′dφ′dθ′ sin θ′

ρ(~r′)
|~r − ~r′| (3.1121)

where (r′, φ′, θ′) are the angular coorinates of ~r′ of the matter.
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~r =

∫
dV ~r′ρ(~r′)
∫
dV ρ(~r′)

(3.1122)

In the axisymmetric case, the centre of mass lies along the axis of symmetry a distance dCofM
from the origin, which is given by:

dCofM = 2π

∫
dr′dθ′ sin θ′(r′ cos θ′)ρ(r′, θ′)

∫
dV ρ(r′)

(3.1123)

This easily seen, for if θ part of the integral:

∫

dV ρ(r′)
cos θ

r′2
= 2π

∫

dr′
∫ π

0
dθ sin θ

cos θ

r′2
= 0 (3.1124)

5. Prove

R̃(ζ, φ) = − 1

R2
f ′′(ζ) = − 1

R2
ζbD̃b(ζ

aD̃af(ζ)). (3.1125)

Answers

5.

q̃ab = R2(f−1D̃aζD̃bζ + fD̃aφD̃bφ) (3.1126)

q̃ = det q̃ab = (3.1127)

Γaab =
∂

∂xb
ln
√

q̃ (3.1128)

Rotating isolated horizons.

Questions

1. Prove (Eq. 4.3.4)

∫

rnPn(cos θ)~∇ · (~x×~j)d3x −→ −Rn+1

∮

S
(ǫ̃abD̃bPn(cos θ))j̃adṼ (3.1129)

2.
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3.

D̃aζ =
1

R2
ǫ̃baϕ

b (3.1130)

q̃ab = R2(f−1D̃aζD̃bζ + fD̃aφD̃bφ) (3.1131)

Jn = −
√

4π

2n + 1

Rn+1
∆

4πG

∮

S
Y 0
n (ζ)Im[Φ2]d

2V. (3.1132)

Mn = −
√

4π

2n + 1

M∆R
n
∆

8π

∮

S
Y 0
n (ζ)R̃d2V. (3.1133)

Answers

2. Integrating by parts on the ζ integration

∫ 1

−1
dζf ′′(ζ)ζ = [f ′(ζ)ζ]1−1 −

∫ 1

−1
dζf ′(ζ) = [f ′(ζ)(1 − ζ)]1−1 (3.1134)

and using the boundary conditions ??(f ′|ζ=−1) = 0 and (f ′|ζ=1) = 1??, the integral zanishes.

3.20.5 Dynamical Horizons

Dynamical Horizons.

K̃ = q̃abDar̂b =
1

2
q̃ab∇a(ℓb − nb) = −1

2
Θ(n) > 0. (3.1135)

Examples of normed spaces.

Dynamical Horizons.

Gauss-Codacci equation relating the space-time curvature to the intrinsic curavature of H leads
to

2GabRaRb = −R̃ + K̃2 − K̃abK̃ab (3.1136)

proof
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and the defintion of the Riemann tensor gives

RabR
aRb = −2RaD[aDb]R

b = Daα
a + K̃2 − K̃abK̃ab (3.1137)

where we have defined

αa := R̃bDbR̃
a − R̃aDbR̃

b (3.1138)

RabR̃
aR̃b = −R̃a(DaDb −DbDa)R̃

b

= Da(R̃
bDbR̃

a − R̃aDbR̃
b) + (DaR̃

a)2 − (DaR̃
b)(DbR̃

a) (3.1139)

K̃abK̃
ab =

1

2
(K̃)2 + σ̃abσ̃

ab, (3.1140)

K̃ = 2A+B, (3.1141)

KabK
ab =

1

2
(K̃)2 + 2WaW

a +B2, (3.1142)

K̃ = −2A. (3.1143)

(b)

q̃ab∇aℓb = K̃ −KabR
aRb +K (3.1144)

Vaidya spacetime.

Prove the only non-vanishing component of the Einstein tensor is Guu = −(2/r2)/(dm/du)

Answers

∇bT
ab = 0 (3.1145)

∇b[ρℓ
aℓb] = 0 (3.1146)

ℓb∇b(ρℓ
a) + ρℓb(∇bℓ

a) = 0 (3.1147)

ℓaℓ
a = 0 implies that ℓa(∇bℓ

a) = 0. Contracting (3.1147) with ℓa we conclude
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∇b(ρℓ
b) = 0 (3.1148)

and hence

ℓb∇bℓ
a = 0. (3.1149)

i.e. is a geodesic of the timelike curves.

Poor man derivation of Schwarzschild solution.

We assume the spacetime to be static. This means the all the metric components are independent
of the time coordinate and the geometry the spacetime is unchanged under time reversal. As
the line element is invariant under t→ −t there cannot be a cross term drdt.

On the hypersurface of constant time and constant r, it is required that the metric be that of a
2-sphere

dl2 = r0(dθ
2 + sin2 θdφ2).

The metric can be put in the form

dτ2 = A(r)dt2 −B(r)dr2 − r2(dθ2 + sin2 θdφ2). (3.1150)

The metric components are

g00 = A, g11 = −B, g22 = −r2, g33 = −r2 sin2 θ (3.1151)

The metric is diagonal so that g00 = 1/g00. The coordinates are labelled

x0 = t, x1 = r, x2 = θ, x3 = φ.

By definition

Γabc =
1

2
gad(gbd,c + gcd,b − gbc,d).

As none of the metric components depend on φ. There are many other examples that turn out
to be zero. We find altogether:
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Γ0
01 = Γ0

10 = A′/2A

Γ1
00 = A′/2B, Γ1

11 = B′/2B

Γ1
22 = −r/B, Γ1

33 = −r sin2 θ/B

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 = 1/r

Γ2
33 = − sin θ cos θ, Γ3

32 = Γ3
23 = cot θ (3.1152)

All others being zero. We use these to calculate the components of the Ricci tensor.

R00 =
A′′

2B
− A′

4B

(
A′

A
+
B′

B

)

+
A′

rB
(3.1153)

R11 = −A
′′

2A
+
A′

4A

(
A′

A
+
B′

B

)

+
B′

rB
(3.1154)

R22 = 1 − r

2B

(
A′

A
− B′

B

)

− 1

B
(3.1155)

R33 = R22 sin2 θ (3.1156)

From (3.1153) and (3.1154)

R00

A
+
R11

B
=

(A′/A+B′/B)

rB
(3.1157)

The vacuum field equations imply

A′

A
+
B′

B
= 0 (3.1158)

or

−AB
(

1

AB

)′
= 0 (3.1159)

whence

AB = Const.

At points remote from the source both A and B tend to unity, so that the constant is unit.
Therefore

B = 1/A.
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1 − r

2B

(
A′

A
− B′

B

)

− 1

B
= 1 − Ar

2

(
A′

A
+

A′

A2/A

)

−A

1 −A′r −A (3.1160)

1 −A′r −A = 0.

Integration with respect to r gives

rA− r = Const.

and

A = 1 +
Const.

r

dτ2 =

(

1 +
Const.

r

)

dt2 − dr2

1 + Const./r
− r2(dθ2 + sin2 θdφ2) (3.1161)

Consider the Newtonian limit. A point mass M situated at the origin in Newtonian theory gives
rise to a potential

φ = −GM/r

Using this in the weak field limit gives

g00 ≃ 1 + 2φ/c2 = 1 − 2GM/c2r.

We see that the constant turns out to be −2GM/c2

ds2 =

(

1 − 2GM

c2r

)

dt2 − dr2

1 − 2GM/c2r
− r2(dθ2 + sin2 θdφ2) (3.1162)

Derivation of the Kerr-Newman solution: a rotating charged blackhole

We consider spacetimes where coordinates exist in which the metric takes the form

gµν = ηµν + 2hlµlν , (3.1163)
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where ηµν is the metric of Minkowski space.

It is easy to see that g = −1, and

gµν = ηµν − 2hlµlν (3.1164)

We have

gµν lµlν = ηµν lµlν = 0. (3.1165)

√
2v = z − t,

√
2u = z + t, ,

√
2ζ = x+ iy,

√
2ζ = x− iy. (3.1166)

Then the metric () gives the line element

ds2 = 2dζdζ + 2dudv + 2h(e3)2 (3.1167)

Null tetrad

e1̂ = du+ Y dζ + Y dζ − Y Y dv, (3.1168)

A null tetrad, with scalar products given by

gâb̂ =







0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0






, (3.1169)

is completed as follows:

e2̂ = dζ − Y dv, e3̂ = dζ − Y dv

e0̂ = dv + he1̂ (3.1170)

Proof:

We know eâadx
a, dx0 = dv, dx1 = du, dx2 = dζ, dx3 = ζ, so we can read off eâa

eâa =







1 − hY Y h hY hY

−Y Y 1 Y Y
−Y 0 1 0

−Y 0 0 1







(3.1171)
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Directional derivatives

The inverse of the above matrix is







1 −h 0 0

−Y Y 1 + hY Y −Y −Y
Y −hY 1 0

Y −hY 0 1.







(3.1172)

The transpose gives the dual tetrad, e a
â ,

e a
â =







1 −Y Y Y Y

−h 1 + hY Y −hY −hY
0 −Y 1 0
0 −Y 0 1







(3.1173)

Then the directional derivatives ∂â = e a
â ∂a can now be calculated to be

∂2 = ∂ζ − Y ∂u, ∂3 = ∂ζ − Y ∂u,

∂1 = ∂u − h∂0,

∂0 = ∂v + Y ∂ζ + Y ∂ζ − Y Y ∂u. (3.1174)

Equations for gravity coupled to the electromagnetic field

The gravitational equations for interacting gravitational and electromagnetic fields are

Râb̂ −
1

2
gâb̂R = 8πTâb̂

Tâb̂ =
1

4π
(FâĉF

ĉ
b̂

+
1

4
gâb̂Fĉd̂F

ĉd̂) (3.1175)

These are supplemented by Maxwell’s equations

∇b̂F
âb̂ = jâ, ∂[âFb̂ĉ] = 0. (3.1176)

Since T = 0, it follows that

R = 2(R1̂0̂ −R2̂3̂) = 0. (3.1177)

The field equations can then be written as
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Râb̂ = 2(FâĉF
ĉ

b̂
+

1

4
gâb̂Fĉd̂F

ĉd̂) (3.1178)

Restrictions placed on the solutions

We find solutions of the Einstein-Maxwell equations for spaceties with a degenerate metric. We
assume that e0̂ are the tangents of a congruence of null geodesics, implying

κ = 0 = −Γ0̂2̂0̂. (3.1179)

Assume the complex expansion Z

Z = θ + iω = −Γ0̂3̂2̂ (3.1180)

is non-zero.

Calculation of the rotation coeficients

We need to express the differentials dv, dζ, dζ in terms of the basis one forms:

dv = e0̂ − he1̂

dζ = e2̂ + Y dv = e2̂ + Y (e0̂ − he1̂)

dζ = e3̂ + Y dv = e3̂ + Y (e0̂ − he1̂). (3.1181)

de2̂ = Y,adx
a ∧ dv

= −Y,âeâadxa ∧ dv
= −Y,âeâ ∧ dv
= −Y,âeâ ∧ (e0̂ − he1̂) (3.1182)

Similarly

de3̂ = −Y ,âe
â ∧ (e0̂ − he1̂). (3.1183)

de1̂ = Y,âe
â ∧ dζ + Y ,âe

â ∧ dζ − Y (Y,â)e
â ∧ dv − Y (Y ,â)e

â ∧ dv
= Y,âe

â ∧ (e3̂ + Y dv) + Y ,âe
â ∧ (e2̂ + Y dv) − Y (Y,â)e

â ∧ dv − Y (Y ,â)e
â ∧ dv

= Y,âe
â ∧ e3̂ + Y ,âe

â ∧ e2̂ (3.1184)
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de0 = hY,âe
â ∧ e3̂ + hY ,âe

â ∧ e2̂ + h,âe
â ∧ e1̂ (3.1185)

Now we shall read off the rotation coeficients. Starting with de0̂

de0̂ =
1

2

(

h,âe
â ∧ e1̂ − h,b̂e

1̂ ∧ eb̂
)

+
1

2

(

hY ,âe
â ∧ e2̂ − hY ,âe

2̂ ∧ eâ
)

+
1

2

(

hY,âe
â ∧ e3̂ − hY,b̂e

3̂ ∧ eb̂
)

(3.1186)

which expanded out gives

de0̂ =
1

2

(

h,0̂e
0̂ ∧ e1̂ − h,0̂e

1̂ ∧ e0̂
)

+
1

2

(

hY ,0̂e
0̂ ∧ e2̂ − hY ,0̂e

2̂ ∧ e0̂
)

+
1

2

(

hY,0̂e
0̂ ∧ e3̂ − hY,0̂e

3̂ ∧ e0̂
)

+
1

2

(

(hY ,1̂ − h,2)e
1̂ ∧ e2̂ − (hY ,1̂ − h,2)e

2̂ ∧ e1̂
)

+
1

2

(

(hY,1̂ − h,3̂)e
1̂ ∧ e3̂ − (hY,1̂ − h,3̂)e

3̂ ∧ e1̂
)

+
1

2

(

(hY,2̂ − hY ,3̂)e
2̂ ∧ e3̂ − (hY,2̂ − hY ,3̂)e

3̂ ∧ e2̂
)

(3.1187)

Comparing this to

de0̂ = Γ0̂
âb̂
eâ ∧ eb̂

= Γ0̂
0̂1̂
e0̂ ∧ e1̂ + Γ0̂

1̂0̂
e1̂ ∧ e0̂ + . . .

= Γ0̂
[0̂1̂]

(e0̂ ∧ e1̂ − e1̂ ∧ e0̂) + . . . (3.1188)

we can read off

Γ0̂
[0̂1̂]

=
1

2
h,0̂, Γ0̂

[0̂2̂]
=

1

2
hY ,0̂, Γ0̂

[0̂3̂]
=

1

2
hY,0̂

Γ0̂
[1̂2̂]

=
1

2
(hY ,1̂ − h,2), Γ0̂

[1̂3̂]
=

1

2
(hY,1̂ − h,3̂)

Γ0̂
[2̂3̂]

=
1

2
(hY,2̂ − hY ,3̂). (3.1189)

or

Γ1̂[0̂1̂] =
1

2
h,0̂, Γ1̂[0̂2̂] =

1

2
hY ,0̂, Γ1̂[0̂3̂] =

1

2
hY,0̂

Γ1̂[1̂2̂] =
1

2
(hY ,1̂ − h,2), Γ1̂[1̂3̂] =

1

2
(hY,1̂ − h,3̂)

Γ1̂[2̂3̂] =
1

2
(hY,2̂ − hY ,3̂). (3.1190)
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Using

de1̂ =
1

2

(

Y ,0̂e
0̂ ∧ e2̂ − Y ,0̂e

2̂ ∧ e0̂
)

+
1

2

(

Y,0̂e
0̂ ∧ e3̂ − Y,0̂e

3̂ ∧ e0̂
)

+
1

2

(

Y ,1̂e
1̂ ∧ e2̂ − Y ,1̂e

2̂ ∧ e1̂
)

+
1

2

(

Y,1̂e
1̂ ∧ e3̂ − Y,1̂e

3̂ ∧ e1̂
)

+
1

2

(

(Y,2̂ − Y ,3̂)e
2̂ ∧ e3̂ − (Y,2̂ − Y ,3̂)e

3̂ ∧ e2̂
)

(3.1191)

de1̂ = Γ1̂
âb̂
eâ ∧ eb̂

= Γ1̂
0̂1̂
e0̂ ∧ e1̂ + Γ0̂

1̂0̂
e1̂ ∧ e0̂ + . . .

= Γ1̂
[0̂1̂]

(e0̂ ∧ e1̂ − e1̂ ∧ e0̂) + . . . (3.1192)

Γ1̂
[0̂1̂]

= 0, Γ1̂
[0̂2̂]

=
1

2
Y ,0̂, Γ1̂

[0̂3̂]
=

1

2
Y,0̂

Γ1̂
[1̂2̂]

=
1

2
Y ,1̂, Γ1̂

[1̂3̂]
=

1

2
Y,1̂

Γ1̂
[2̂3̂]

=
1

2
(Y,2̂ − Y ,3̂). (3.1193)

or

Γ0̂[0̂1̂] = 0, Γ0̂[0̂2̂] =
1

2
Y ,0̂, Γ0̂[0̂3̂] =

1

2
Y,0̂

Γ0̂[1̂2̂] =
1

2
Y ,1̂, Γ0̂[1̂3̂] =

1

2
Y,1̂

Γ0̂[2̂3̂] =
1

2
(Y,2̂ − Y ,3̂). (3.1194)

de2̂ = Y,âe
0̂ ∧ eâ − hY,âe

1̂ ∧ eâ

=
1

2

(

(Y,1̂ + hY,0̂)e
0̂ ∧ e1̂ − (Y,1̂ + hY,0̂)e

1̂ ∧ e0̂)
)

+
1

2
(Y,2̂e

0̂ ∧ e2̂ − Y,2̂e
2̂ ∧ e0̂)

+
1

2
(Y,3̂e

0̂ ∧ e3̂ − Y,3̂e
3̂ ∧ e0̂) +

1

2
(−hY,2̂e1̂ ∧ e2̂ + hY,2̂e

2̂ ∧ e1̂)
1

2
(−hY,3̂e1̂ ∧ e3̂ + hY,3̂e

3̂ ∧ e1̂) (3.1195)
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de2̂ = Γ2̂
âb̂
eâ ∧ eb̂

= Γ2̂
0̂1̂
e0̂ ∧ e1̂ + Γ0̂

1̂0̂
e1̂ ∧ e0̂ + . . .

= Γ2̂
[0̂1̂]

(e0̂ ∧ e1̂ − e1̂ ∧ e0̂) + . . . (3.1196)

Γ2̂
[0̂1̂]

=
1

2
(Y,1̂ + hY,0̂), Γ2̂

[0̂2̂]
=

1

2
Y,2̂, Γ2̂

[0̂3̂]
=

1

2
Y,3̂

Γ2̂
[1̂2̂]

=
1

2
− hY,2̂, Γ2̂

[1̂3̂]
=

1

2
− hY,3̂

Γ2̂
[2̂3̂]

= 0. (3.1197)

or

Γ3̂[0̂1̂] =
1

2
(Y,1̂ + hY,0̂), Γ3̂[0̂2̂] =

1

2
Y,2̂, Γ3̂[0̂3̂] =

1

2
Y,3̂

Γ3̂[1̂2̂] = −1

2
hY,2̂, Γ3̂[1̂3̂] = −1

2
hY,3̂

Γ3̂[2̂3̂] = 0. (3.1198)

The equation for de3̂ is the same as that for de2̂ but with Y replaced by Y . Therefore, we
immediately have

Γ3̂
[0̂1̂]

=
1

2
(Y ,1̂ + hY,0̂), Γ3̂

[0̂2̂]
=

1

2
Y ,2̂, Γ3̂

[0̂3̂]
=

1

2
Y ,3̂

Γ3̂
[1̂2̂]

= −1

2
hY ,2̂, Γ3̂

[1̂3̂]
= −1

2
hY ,3̂

Γ3̂
[2̂3̂]

= 0. (3.1199)

or

Γ2̂[0̂1̂] =
1

2
(Y ,1̂ + hY ,0̂), Γ2̂[0̂2̂] =

1

2
Y ,2̂, Γ2̂[0̂3̂] =

1

2
Y ,3̂

Γ2̂[1̂2̂] = −1

2
hY ,2̂, Γ2̂[1̂3̂] = −1

2
hY ,3̂

Γ2̂[2̂3̂] = 0. (3.1200)

The independent curvature one-foms are written interms of the Ricci rotation coefficients

Γ0̂3̂ = Γ0̂3̂0̂e
0̂ + Γ0̂3̂1̂e

1̂ + Γ0̂3̂2̂e
2̂ + Γ0̂3̂3̂e

3̂ (3.1201)
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Γ2̂3̂ + Γ1̂0̂ = (Γ2̂3̂0̂ + Γ1̂0̂0̂)e
0̂ + (Γ2̂3̂1̂ + Γ1̂0̂1̂)e

1̂ + (Γ2̂3̂2̂ + Γ1̂0̂2̂)e
2̂ + (Γ2̂3̂3̂ + Γ1̂0̂3̂)e

3̂ (3.1202)

Γ1̂2̂ = Γ1̂2̂0̂e
0̂ + Γ1̂2̂1̂e

1̂ + Γ1̂2̂2̂e
2̂ + Γ1̂2̂3̂e

3̂ (3.1203)

We calculate the relavent Ricci rotation coefficients

Γ0̂3̂0̂ = Γ0̂[3̂0̂] + Γ3̂[0̂0̂] − Γ0̂[0̂3̂]

= 2Γ0̂[3̂0̂]

= −Y,0̂ (3.1204)

Γ0̂3̂1̂ = Γ0̂[3̂1̂] + Γ3̂[1̂0̂] − Γ1̂[0̂3̂]

= −1

2
Y,1̂ −

1

2
(Y,1̂ + hY,0̂) −

1

2
hY,0̂

= −Y,1̂ − hY,0̂ (3.1205)

Γ0̂3̂2̂ = Γ0̂[3̂2̂] + Γ3̂[2̂0̂] − Γ2̂[0̂3̂]

= −1

2
(Y,2̂ − Y ,3̂) −

1

2
Y,2̂ −

1

2
Y ,3̂

= −Y,2̂ (3.1206)

Γ0̂3̂3̂ = Γ0̂[3̂3̂] + Γ3̂[3̂0̂] − Γ3̂[0̂3̂]

= 2Γ3̂[3̂0̂]

= −Y,3̂. (3.1207)

Γ2̂3̂0̂ = Γ2̂[3̂0̂] + Γ3̂[0̂2̂] − Γ0̂[2̂3̂]

= −1

2
Y ,3̂ +

1

2
Y,2̂ −

1

2
(Y,2̂ − Y ,3̂)

= 0. (3.1208)

Γ1̂0̂0̂ = Γ1̂[0̂0̂] + Γ0̂[0̂1̂] − Γ1̂[1̂0̂]

= 2Γ0̂[0̂1̂]

= 0. (3.1209)
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Γ2̂3̂1̂ = Γ2̂[3̂1̂] + Γ3̂[1̂2̂] − Γ1̂[2̂3̂]

=
1

2
hY ,3̂ −

1

2
hY,2̂ −

1

2
(hY,2̂ − hY ,3̂)

= hY ,3̂ − hY,2̂. (3.1210)

Γ1̂0̂1̂ = Γ1̂[0̂1̂] + Γ0̂[1̂1̂] − Γ1̂[1̂0̂]

= 2Γ1̂[0̂1̂]

= h,0̂. (3.1211)

Γ2̂3̂2̂ = Γ2̂[3̂2̂] + Γ3̂[2̂2̂] − Γ2̂[2̂3̂]

= 2Γ2̂[3̂2̂]

= 0. (3.1212)

Γ1̂0̂2̂ = Γ1̂[0̂2̂] + Γ0̂[2̂1̂] − Γ2̂[1̂0̂]

=
1

2
hY ,0̂ −

1

2
Y ,1̂ +

1

2
(Y ,1̂ + hY ,0̂)

= hY ,0̂. (3.1213)

Γ2̂3̂3̂ = Γ2̂[3̂3̂] + Γ3̂[3̂2̂] − Γ3̂[2̂3̂]

= 2Γ3̂[3̂2̂]

= 0. (3.1214)

Γ1̂0̂3̂ = Γ1̂[0̂3̂] + Γ0̂[3̂1̂] − Γ3̂[1̂0̂]

=
1

2
hY,0̂ −

1

2
Y,1̂ +

1

2
(Y,1̂ + hY,0̂)

= hY,0̂. (3.1215)

Γ1̂2̂0̂ = Γ1̂[2̂0̂] + Γ2̂[0̂1̂] − Γ0̂[1̂2̂]

= −1

2
hY ,0̂ +

1

2
(Y ,1̂ + hY ,0̂) −

1

2
Y ,1̂

= 0. (3.1216)
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Γ1̂2̂1̂ = Γ1̂[2̂1̂] + Γ2̂[1̂1̂] − Γ1̂[1̂2̂]

= 2Γ1̂[2̂1̂]

= h,2̂ − Y ,1̂ (3.1217)

Γ1̂2̂2̂ = Γ1̂[2̂2̂] + Γ2̂[2̂1̂] − Γ2̂[1̂2̂]

= 2Γ2̂[2̂1̂]

= hY ,2̂ (3.1218)

Γ1̂2̂3̂ = Γ1̂[2̂3̂] + Γ2̂[3̂1̂] − Γ3̂[1̂2̂]

=
1

2
(hY,2̂ − hY ,3̂) +

1

2
hY ,3̂ +

1

2
hY,2̂

= hY,2̂. (3.1219)

Γ0̂3̂ = Γ0̂3̂0̂e
0̂ + Γ0̂3̂1̂e

1̂ + Γ0̂3̂2̂e
2̂ + Γ0̂3̂3̂e

3̂

= −Y,0̂e0̂ − (Y,1̂ + hY,0̂)e
1̂ + e2̂ − Y,2̂e

2̂ − Y,3̂e
3̂

= −Y,âeâ − hY,0̂e
1̂

= −dY − hY,0̂e
1̂. (3.1220)

Γ2̂3̂ + Γ1̂0̂ = (Γ2̂3̂0̂ + Γ1̂0̂0̂)e
0̂ + (Γ2̂3̂1̂ + Γ1̂0̂1̂)e

1̂ + (Γ2̂3̂2̂ + Γ1̂0̂2̂)e
2̂ + (Γ2̂3̂3̂ + Γ1̂0̂3̂)e

3̂

= (0 + 0)e0̂ + (hY ,3̂ − hY,2̂ + h,0̂)e
1̂ + (0 + hY ,0̂)e

2̂ + (0 + hY,0̂)e
3̂

(3.1221)

Γ1̂2̂ = Γ1̂2̂0̂e
0̂ + Γ1̂2̂1̂e

1̂ + Γ1̂2̂2̂e
2̂ + Γ1̂2̂3̂e

3̂

= 0e0̂ + (h,2̂ − Y ,1̂)e
1̂ + (hY ,2̂)e

2̂ + (hY,2̂)e
3̂ (3.1222)

Let us summarise

Γ0̂3̂ = −Y,âeâ − hY,0̂e
1̂

= −dY − hY,0̂e
1̂.

Γ2̂3̂ + Γ1̂0̂ = hY ,0̂e
2̂ + hY,0̂e

3̂ + [h,0̂ + h(Y ,3̂ − Y,2̂)]e
1̂

Γ1̂2̂ = hY ,2̂e
2̂ + hY,2̂e

3̂ + (h,2̂ − hY ,1̂)e
1̂ (3.1223)
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Geodesic assumption

The e2̂ ∧ e0̂ term in Cartan structure equation for Γ0̂3̂

dΓ0̂3̂ + Γ0̂3̂ ∧ (Γ2̂3̂ + Γ1̂0̂) = d(−dY − hY,0̂e
1̂)

+(−Y,âeâ − hY,0̂e
1̂) ∧ (hY ,0̂e

2̂ + hY,0̂e
3̂ + [h,0̂ + h(Y ,3̂ − Y,2̂)]e

1̂)

= · · · − hY,0̂de
1̂ + (−Y,0̂e0̂) ∧ (hY ,0̂e

2̂) + . . .

= · · · + 2hY,0̂Y ,0̂e
2̂ ∧ e0̂ + . . .

= · · · + 1

2
R0̂3̂2̂0̂e

2̂ ∧ e0̂ +
1

2
R0̂3̂0̂2̂e

0̂ ∧ e2̂ + . . .

= · · · +R0̂3̂2̂0̂e
2̂ ∧ e0̂ + . . . (3.1224)

We have

1

2
R0̂0̂ = R0̂3̂2̂0̂ = 2hY,0̂Y ,0̂. (3.1225)

In a vacuum R0̂0̂ = 0, and it follows that

Y,0̂ = −Γ0̂3̂0̂ = κ = 0 (3.1226)

The expressions () simplify to

Γ0̂3̂ = −Y,âeâ = −dY e1̂.
Γ2̂3̂ + Γ1̂0̂ = [h,0̂ + h(Y ,3̂ − Y,2̂)]e

1̂

Γ1̂2̂ = hY ,2̂e
2̂ + hY,2̂e

3̂ + (h,2̂ − hY ,1̂)e
1̂ (3.1227)

From (3.1206)

Z = −Γ0̂3̂2̂ = Y,2̂ (3.1228)

Note that Z = Y ,3̂. We substitute these into (3.1227) and obtain

Γ0̂3̂ = −Y,âeâ = −dY.
Γ2̂3̂ + Γ1̂0̂ = [h,0̂ + (Z − Z)h]e1̂

Γ1̂2̂ = hY ,2̂e
2̂ + hZe3̂ + (h,2̂ − hY ,1̂)e

1̂ (3.1229)
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From (3.1207) the shear is given by

Γ0̂3̂3̂ = −Y,3̂. (3.1230)

Calculation of components of the Riemann tensor

Recall

dΓ0̂3̂ + Γ0̂3̂ ∧ (Γ2̂3̂ + Γ1̂0̂) =
1

2
R0̂3̂âb̂e

â ∧ eb̂

Since dΓ0̂3̂ = −ddY = 0

(−Y,âeâ) ∧ ([h,0̂ + (Z − Z)h]e1̂) =
1

2
R0̂3̂âb̂e

â ∧ eb̂

−Y,â[h,0̂ + (Z − Z)h]eâ ∧ e1̂ =
1

2
R0̂3̂âb̂e

â ∧ eb̂ (3.1231)

−Y,0̂[h,0̂ + (Z − Z)h]e0̂ ∧ e1̂

−Y,2̂[h,0̂ + (Z − Z)h]e2̂ ∧ e1̂

−Y,3̂[h,0̂ + (Z − Z)h]e3̂ ∧ e1̂

= R0̂3̂0̂1̂e
0̂ ∧ e1̂ +R0̂3̂0̂2̂e

0̂ ∧ e2̂ +R0̂3̂0̂3̂e
0̂ ∧ e3̂

+R0̂3̂1̂2̂e
1̂ ∧ e2̂ +R0̂3̂1̂3̂e

1̂ ∧ e3̂ +R0̂3̂2̂3̂e
2̂ ∧ e3̂. (3.1232)

From which we read off

R0̂3̂0̂2̂ = R0̂3̂0̂3̂ = R0̂3̂1̂0̂ = R0̂3̂2̂3̂ = 0 (3.1233)

R0̂3̂1̂2̂ = Y,2̂[h,0̂ + (Z − Z)h] (3.1234)

R0̂3̂1̂3̂ = Y,3̂[h,0̂ + (Z − Z)h] (3.1235)

For a moment we turn to Maxwell’s equations.
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Independent components of Maxwell’s equations

The field equations for R0̂0̂ are

R0̂0̂ = F0̂ĉF
ĉ

0̂
+

1

4
g0̂0̂Fĉd̂F

ĉd̂

= gĉd̂F0̂ĉF0̂d̂ (3.1236)

We represent the electromagnetic field by the complex tensor

Fab = −Fba = Fab +
1

2
iǫabcdF

cd (3.1237)

where ǫabcd is completely anti-symmetric and equal to (−g)1/2 when abcd = 0123. The corre-
sponding null tetrad components are

Fâb̂ = −Fb̂â = Fâb̂ +
1

2
iǫâb̂ĉd̂F

ĉd̂ (3.1238)

where ǫâb̂ĉd̂ is completely anti-symmetric and ǫ0̂1̂2̂3̂ = −i.

F2̂3̂ = F2̂3̂ +
1

2
iǫ2̂3̂ĉd̂F

ĉd̂

= F2̂3̂ + iǫ2̂3̂0̂1̂F
0̂1̂

= F2̂3̂ + F 0̂1̂

= F2̂3̂ + g0̂ĉg1̂d̂Fĉd̂
= F2̂3̂ + F1̂0̂. (3.1239)

F1̂0̂ = F1̂0̂ +
1

2
iǫ1̂0̂ĉd̂F

ĉd̂

= F1̂0̂ + iǫ1̂0̂2̂3̂F
2̂3̂

= F1̂0̂ − F 2̂3̂

= F1̂0̂ − g2̂ĉg3̂d̂Fĉd̂
= F1̂0̂ + F2̂3̂ (3.1240)
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F1̂2̂ = F1̂2̂ +
1

2
iǫ1̂2̂ĉd̂F

ĉd̂

= F1̂2̂ + iǫ1̂2̂0̂3̂F
0̂3̂

= F1̂2̂ + F 0̂3̂

= F1̂2̂ + g0̂ĉg3̂d̂Fĉd̂
= 2F1̂2̂ (3.1241)

F3̂1̂ = F3̂1̂ +
1

2
iǫ3̂1̂ĉd̂F

ĉd̂

= F3̂1̂ + iǫ3̂1̂0̂2̂F
0̂2̂

= F3̂1̂ + F 0̂2̂

= F3̂1̂ + g0̂ĉg2̂d̂Fĉd̂
= F3̂1̂ + F1̂3̂ = 0. (3.1242)

F2̂0̂ = F2̂0̂ +
1

2
iǫ2̂0̂ĉd̂F

ĉd̂

= F2̂0̂ + iǫ2̂0̂1̂3̂F
1̂3̂

= F2̂0̂ + F 1̂3̂

= F2̂0̂ + g1̂ĉg3̂d̂Fĉd̂
= F2̂0̂ + F0̂2̂ = 0. (3.1243)

F3̂0̂ = F3̂0̂ +
1

2
iǫ3̂0̂ĉd̂F

ĉd̂

= F3̂0̂ + iǫ3̂0̂1̂2̂F
1̂2̂

= F3̂0̂ + F 1̂2̂

= F3̂0̂ + g1̂ĉg2̂d̂Fĉd̂
= F3̂0̂ + F0̂3̂ = 0. (3.1244)

Altogether we have

F2̂3̂ = F1̂0̂ = F2̂3̂ + F1̂0̂, F1̂2̂ = 2F1̂2̂,

F3̂1̂ = F2̂0̂ = F3̂0̂ = 0, (3.1245)

Thus the electromagnetic field is described by only two complex components,
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F2̂3̂ (= F1̂0̂) and F1̂2̂. (3.1246)

or

F 3̂2̂ (= F 0̂1̂) and F 0̂3̂. (3.1247)

Maxwell’s equations

Maxwell’s equations are

F âb̂
;b̂

= F âb̂
,b̂

+ Γâ
ĉb̂
F ĉb̂ + Γb̂

ĉb̂
F âĉ = 0. (3.1248)

Now note for F 2̂b̂
;b̂

F 2̂b̂
;b̂

= F 2̂0̂
;0̂

+ F 2̂1̂
;1̂

+ F 2̂2̂
;2̂

+ F 2̂3̂
;3̂

= −F 3̂2̂
;3̂

(3.1249)

and also

F 2̂b̂
,b̂

= −F 3̂2̂
,3̂

(3.1250)

Γ2̂
ĉb̂
F ĉb̂ = Γ2̂

0̂1̂
F 0̂1̂ + Γ2̂

1̂0̂
F 1̂0̂ + . . .

= (Γ2̂
0̂1̂

− Γ2̂
1̂0̂

)F 0̂1̂ + . . .

= 2Γ2̂
[0̂1̂]

F 0̂1̂ + 2Γ2̂
[0̂2̂]

F 0̂2̂ + 2Γ2̂
[0̂3̂]

F 0̂3̂

+2Γ3̂
[1̂2̂]

F 1̂2̂ + 2Γ2̂
[1̂3̂]

F 1̂3̂ + 2Γ2̂
[2̂3̂]

F 2̂3̂

= 2(Γ2̂
[0̂1̂]

− Γ2̂
[2̂3̂]

)F 3̂2̂ + 2Γ2̂
[0̂3̂]

F 0̂3̂

= (Y,1̂ + hY,0̂)F 3̂2̂ + Y,3̂F 0̂3̂

= Y,1̂F 3̂2̂ + Y,3̂F 0̂3̂ (3.1251)

The term Γb̂
ĉb̂
F 2̂ĉ becomes

Γb̂
ĉb̂
F 2̂ĉ = Γ0̂

1̂0̂
F 2̂1̂ + Γ1̂

0̂1̂
F 2̂0̂ + Γ0̂

2̂0̂
F 2̂2̂ + Γ2̂

0̂2̂
F 2̂0̂

+Γ0̂
3̂0̂
F 2̂3̂ + Γ3̂

0̂3̂
F 2̂0̂ + Γ1̂

2̂1̂
F 2̂2̂ + Γ2̂

1̂2̂
F 2̂1̂ +

+Γ1̂
3̂1̂
F 2̂3̂ + Γ3̂

1̂3̂
F 2̂1̂ + Γ2̂

3̂2̂
F 2̂3̂ + Γ3̂

2̂3̂
F 2̂2̂

= −(Γ0̂
3̂0̂

+ Γ1̂
3̂1̂

+ Γ2̂
3̂2̂

)F 3̂2̂ (3.1252)
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Γ0̂
3̂0̂

= Γ1̂3̂0̂ = Γ1̂[3̂0̂] + Γ3̂[0̂1̂] − Γ0̂[1̂3̂]

= −1

2
hY,0̂ +

1

2
(Y,1̂ + hY,0̂) −

1

2
Y,1̂

= 0 (3.1253)

Γ1̂
3̂1̂

= Γ0̂3̂1̂ = −Y,1̂ − hY,0̂.

Γ2̂
3̂2̂

= Γ3̂3̂2̂ = −Γ3̂3̂2̂ = 0.

So that Γb̂
ĉb̂
F 2̂ĉ = Y,1̂F 3̂2̂. The Maxwell equation

F 2̂b̂
,b̂

+ Γ2̂
ĉb̂
F ĉb̂ + Γb̂

ĉb̂
F 2̂ĉ = 0

becomes

F 3̂2̂
,3̂
− 2Y,1̂F 3̂2̂ − Y,3̂F 0̂3̂ = 0. (3.1254)

or

F2̂3̂,3̂ − 2Y,1̂F2̂3̂ − Y,3̂F1̂2̂ = 0. (3.1255)

Note

F 3̂b̂
;b̂

= F 3̂0̂
;0̂

+ F 3̂1̂
;1̂

+ F 3̂2̂
;2̂

= −F 0̂3̂
;0̂

+ F 3̂2̂
;2̂

(3.1256)

and also

F 3̂b̂
,b̂

= −F 0̂3̂
,0̂

+ F 3̂2̂
,2̂

(3.1257)

The term Γ3̂
ĉb̂
F ĉb̂ becomes

Γ3̂
ĉb̂
F ĉb̂ = 2(Γ3̂

[0̂1̂]
− Γ3̂

[2̂3̂]
)F 3̂2̂ + 2Γ3̂

[0̂3̂]
F 0̂3̂

= (Y ,1̂ + hY,0̂)F 3̂2̂ + Y ,3̂F 0̂3̂

= Y ,1̂F 3̂2̂ + Y ,3̂F 0̂3̂

= Y ,1̂F 3̂2̂ + ZF 0̂3̂ (3.1258)
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The term Γb̂
ĉb̂
F 3̂ĉ becomes

Γb̂
ĉb̂
F 3̂ĉ = Γ0̂

1̂0̂
F 3̂1̂ + Γ1̂

0̂1̂
F 3̂0̂ + Γ0̂

2̂0̂
F 3̂2̂ + Γ2̂

0̂2̂
F 3̂0̂

+Γ0̂
3̂0̂
F 3̂3̂ + Γ3̂

0̂3̂
F 3̂0̂ + Γ1̂

2̂1̂
F 3̂2̂ + Γ2̂

1̂2̂
F 3̂1̂ +

+Γ1̂
3̂1̂
F 3̂3̂ + Γ3̂

1̂3̂
F 3̂1̂ + Γ2̂

3̂2̂
F 3̂3̂ + Γ3̂

2̂3̂
F 3̂2̂

= (Γ0̂
2̂0̂

+ Γ1̂
2̂1̂

+ Γ3̂
2̂3̂

)F 3̂2̂ − Γ2̂
0̂2̂
F 0̂3̂ (3.1259)

Γ0̂
2̂0̂

= Γ1̂2̂0̂ = 0.

Γ1̂
2̂1̂

= Γ0̂2̂1̂ = Γ0̂[2̂1̂] + Γ2̂[1̂0̂] − Γ1̂[0̂2̂]

= −1

2
Y ,1̂ −

1

2
(Y ,1̂ + hY ,0̂) −

1

2
hY ,0̂

= −Y ,1̂ − hY ,0̂. (3.1260)

Γ3̂
2̂3̂

= Γ2̂2̂3̂ = 0.

Γ2̂
0̂2̂

= Γ3̂0̂2̂ = −Γ0̂3̂2̂ = Y,2̂ = Z.

We have

Γb̂
ĉb̂
F 3̂ĉ = −Y ,1̂F 3̂2̂ − ZF 0̂3̂

The Maxwell’s equations

F 3̂b̂
;b̂

= F 3̂b̂
,b̂

+ Γ3̂
ĉb̂
F ĉb̂ + Γb̂

ĉb̂
F 3̂ĉ = 0. (3.1261)

F 3̂2̂
,2̂
−F 0̂3̂

,0̂
+ Y ,1̂F 3̂2̂ + ZF 0̂3̂ − Y ,1̂F 3̂2̂ − ZF 0̂3̂ = 0

that is

F 3̂2̂
,2̂
−F 0̂3̂

,0̂
− ZF 0̂3̂ = 0 (3.1262)

or
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F2̂3̂,2̂ −F1̂2̂,0̂ − ZF1̂2̂ = 0 (3.1263)

Now note for F 1̂b̂
;b̂

F 1̂b̂
;b̂

= F 1̂0̂
;0̂

+ F 1̂1̂
;1̂

+ F 1̂2̂
;2̂

+ F 1̂3̂
;3̂

= −F 0̂1̂
;0̂

(3.1264)

and also

F 1̂b̂
,b̂

= −F 0̂1̂
,0̂

= −F 3̂2̂
,0̂

(3.1265)

The term Γ1̂
ĉb̂
F ĉb̂ becomes

Γ1̂
ĉb̂
F ĉb̂ = 2(Γ1̂

[0̂1̂]
− Γ1̂

[2̂3̂]
)F 3̂2̂ + 2Γ1̂

[0̂3̂]
F 0̂3̂

= (Y ,3̂ − Y,2̂)F 3̂2̂ + Y,0̂F 0̂3̂

= (Y ,3̂ − Z)F 3̂2̂ (3.1266)

The term Γb̂
ĉb̂
F 1̂ĉ becomes

Γb̂
ĉb̂
F 1̂ĉ = Γ0̂

1̂0̂
F 1̂1̂ + Γ1̂

0̂1̂
F 1̂0̂ + Γ0̂

2̂0̂
F 1̂2̂ + Γ2̂

0̂2̂
F 1̂0̂

+Γ0̂
3̂0̂
F 1̂3̂ + Γ3̂

0̂3̂
F 1̂0̂ + Γ1̂

2̂1̂
F 1̂2̂ + Γ2̂

1̂2̂
F 1̂1̂ +

+Γ1̂
3̂1̂
F 1̂3̂ + Γ3̂

1̂3̂
F 1̂1̂ + Γ2̂

3̂2̂
F 1̂3̂ + Γ3̂

2̂3̂
F 1̂2̂

= (Γ1̂
0̂1̂

+ Γ2̂
0̂2̂

+ Γ3̂
0̂3̂

)F 1̂0̂

= −(Γ1̂
0̂1̂

+ Γ2̂
0̂2̂

+ Γ3̂
0̂3̂

)F 3̂2̂ (3.1267)

Γ1̂
0̂1̂

= Γ0̂0̂1̂ = 0.

Γ2̂
0̂2̂

= Γ3̂0̂2̂ = −Γ0̂3̂2̂ = Y,2̂ = Z

Γ3̂
0̂3̂

= Γ2̂0̂3̂ = Γ2̂[0̂3̂] + Γ0̂[3̂2̂] − Γ3̂[2̂0̂]

=
1

2
Y ,3̂ −

1

2
(Y,2̂ − Y ,3̂) +

1

2
Y,2̂

= Y ,3̂. (3.1268)
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Γb̂
ĉb̂
F 1̂ĉ = −(Z + Y ,3̂)F 3̂2̂

The Maxwell’s equations

F 1̂b̂
;b̂

= F 1̂b̂
,b̂

+ Γ1̂
ĉb̂
F ĉb̂ + Γb̂

ĉb̂
F 1̂ĉ = 0. (3.1269)

−F 0̂1̂
,0̂

+ (Y ,3̂ − Z)F 3̂2̂ − (Z + Y ,3̂)F 3̂2̂ = 0

that is

F 3̂2̂
,0̂

+ 2ZF 3̂2̂ = 0 (3.1270)

or

F2̂3̂,0̂ + 2ZF2̂3̂ = 0 (3.1271)

Now note for F 0̂b̂
;b̂

F 0̂b̂
;b̂

= F 0̂0̂
;0̂

+ F 0̂1̂
;1̂

+ F 0̂2̂
;2̂

+ F 0̂3̂
;3̂

= F 3̂2̂
;1̂

+ F 0̂3̂
;3̂

(3.1272)

and also

F 0̂b̂
,b̂

= F 3̂2̂
,1̂

+ F 0̂3̂
,3̂

(3.1273)

The term Γ0̂
ĉb̂
F ĉb̂ becomes

Γ0̂
ĉb̂
F ĉb̂ = 2(Γ0̂

[0̂1̂]
− Γ0̂

[2̂3̂]
)F 3̂2̂ + 2Γ0̂

[0̂3̂]
F 0̂3̂

= (h,0̂ − hY,2̂ + hY ,3̂)F 3̂2̂ + hY,0̂F 0̂3̂

= (h,0̂ − hZ + hY ,3̂)F 3̂2̂ (3.1274)

The term Γb̂
ĉb̂
F 0̂ĉ becomes
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Γb̂
ĉb̂
F 0̂ĉ = Γ0̂

1̂0̂
F 0̂1̂ + Γ1̂

0̂1̂
F 0̂0̂ + Γ0̂

2̂0̂
F 0̂2̂ + Γ2̂

0̂2̂
F 0̂0̂

+Γ0̂
3̂0̂
F 0̂3̂ + Γ3̂

0̂3̂
F 0̂0̂ + Γ1̂

2̂1̂
F 0̂2̂ + Γ2̂

1̂2̂
F 0̂1̂ +

+Γ1̂
3̂1̂
F 0̂3̂ + Γ3̂

1̂3̂
F 0̂1̂ + Γ2̂

3̂2̂
F 0̂3̂ + Γ3̂

2̂3̂
F 0̂2̂

= Γ0̂
1̂0̂
F 0̂1̂ + Γ0̂

3̂0̂
F 0̂3̂ + Γ2̂

1̂2̂
F 0̂1̂ +

+Γ1̂
3̂1̂
F 0̂3̂ + Γ3̂

1̂3̂
F 0̂1̂ + Γ2̂

3̂2̂
F 0̂3̂

= (Γ0̂
1̂0̂

+ Γ2̂
1̂2̂

+ Γ3̂
1̂3̂

)F 3̂2̂

+(Γ0̂
3̂0̂

+ Γ1̂
3̂1̂

+ Γ2̂
3̂2̂

)F 0̂3̂ (3.1275)

Γ0̂
1̂0̂

= Γ1̂1̂0̂ = 0.

Γ2̂
1̂2̂

= Γ3̂1̂2̂ = Γ3̂[1̂2̂] + Γ1̂[2̂3̂] − Γ2̂[3̂1̂]

= −1

2
hY,2̂ +

1

2
(hY,2̂ − hY ,3̂) −

1

2
hY ,3̂

= −hY ,3̂ (3.1276)

Γ3̂
1̂3̂

= Γ2̂1̂3̂ = −Γ1̂2̂3̂ = −hY,2̂ = −hZ

Γ0̂
3̂0̂

= Γ1̂3̂0̂ = Γ1̂[3̂0̂] + Γ3̂[0̂1̂] − Γ0̂[1̂3̂]

= −1

2
hY,0̂ +

1

2
(Y,1̂ + hY,0̂) −

1

2
Y,1̂

= 0. (3.1277)

Γ1̂
3̂1̂

= Γ0̂3̂1̂ = −Y,1̂ − hY,0̂

Γ2̂
3̂2̂

= Γ3̂3̂2̂ = 0.

Γb̂
ĉb̂
F 0̂ĉ = −h(Y ,3̂ + Z)F 3̂2̂ − Y,1̂F 0̂3̂

The Maxwell’s equations

F 0̂b̂
;b̂

= F 0̂b̂
,b̂

+ Γ0̂
ĉb̂
F ĉb̂ + Γb̂

ĉb̂
F 0̂ĉ = 0. (3.1278)

461



F 3̂2̂
,1̂

+ F 0̂3̂
,3̂

+ (h,0̂ − hZ + hY ,3̂)F 3̂2̂ − h(Y ,3̂ + Z)F 3̂2̂ − Y,1̂F 0̂3̂ = 0

That is

F 3̂2̂
,1̂

+ F 0̂3̂
,3̂
− 2hZF 3̂2̂ − Y,1̂F 0̂3̂ = 0 (3.1279)

or

F2̂3̂,1̂ + F1̂2̂,3̂ − 2hZF2̂3̂ − Y,1̂F1̂2̂ = 0 (3.1280)

Altogether, Maxwell’s equations are

F2̂3̂,3̂ − 2Y,1̂F2̂3̂ − Y,3̂F1̂2̂ = 0 (3.1281)

F2̂3̂,2̂ −F1̂2̂,0̂ − ZF1̂2̂ = 0 (3.1282)

F2̂3̂,0̂ + 2ZF2̂3̂ = 0 (3.1283)

F2̂3̂,1̂ + F1̂2̂,3̂ − 2ZhF2̂3̂ − Y,1̂F1̂2̂ = 0. (3.1284)

Calculation of components of the Riemann tensor

We calculate R2̂3̂2̂3̂ + R1̂0̂2̂3̂ and R2̂3̂1̂0̂ + R1̂0̂1̂0̂ which contribute to R2̂3̂ and R1̂0̂ respectively.
Recall

d(Γ2̂3̂ + Γ1̂0̂) + 2Γ0̂3̂ ∧ Γ1̂2̂ =
1

2
(R2̂3̂âb̂ +R1̂0̂âb̂)e

â ∧ eb̂

d([h,0̂ + (Z − Z)h]e1̂) + 2(−Yâeâ) ∧ (hY ,2̂e
2̂ + hZe3̂ + (h,2̂ − hY ,1̂)e

1̂)

d([h,0̂ + (Z − Z)h]e1̂) + 2(−Yâeâ) ∧ (hY ,2̂e
2̂ + hZe3̂ + (h,2̂ − hY ,1̂)e

1̂)

= [h,0̂ + (Z − Z)h],0̂e
0̂ ∧ e1̂ + · · · + [h,0̂ + (Z − Z)h](Y,2̂ − Y ,3̂)e

2̂ ∧ e3̂

−2Y,0̂(h,2̂ − hY ,1̂)e
0̂ ∧ e1̂ + · · · − 2hY,3̂Y ,2̂e

3̂ ∧ e2̂ + · · · − 2hZY,2̂e
2̂ ∧ e3̂ (3.1285)

comparing this to
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1

2
(R2̂3̂âb̂ +R1̂0̂âb̂)e

â ∧ eb̂

= · · · + (R2̂3̂1̂0̂ +R1̂0̂1̂0̂)e
1̂ ∧ e0̂ +

+(R2̂3̂2̂3̂ +R1̂0̂2̂3̂)e
2̂ ∧ e3̂ . . . (3.1286)

we read off

R2̂3̂2̂3̂ +R1̂0̂2̂3̂ = [h,0̂ + (Z − Z)h](Z − Z) + 2hY,3̂Y ,2̂ − 2hZ2 (3.1287)

R2̂3̂1̂0̂ +R1̂0̂1̂0̂ = −[h,0̂ + (Z − Z)h],0̂ + 2Y,0̂(h,2̂ − hY ,1̂) (3.1288)

Using (3.1234) we find

R2̂3̂ = R2̂3̂2̂3̂ +R1̂0̂2̂3̂ − 2R0̂3̂1̂2̂

= [h,0̂ + (Z − Z)h](Z − Z) + 2hY,3̂Y ,2̂ − 2hZ2 − 2Z[h,0̂ + (Z − Z)h]

= −(Z + Z)[h,0̂ + (Z − Z)h] − 2Z2h+ 2Y,3̂Y ,2̂h (3.1289)

R1̂0̂ = R2̂3̂1̂0̂ +R1̂0̂1̂0̂ − 2R0̂3̂1̂2̂

= −[h,0̂ + (Z − Z)h],0̂ + 2Y,0̂(h,2̂ − hY ,1̂) − 2Z[h,0̂ + (Z − Z)h]

= −[h,0̂ + (Z − Z)h],0̂ − 2Z[h,0̂ + (Z − Z)h] (3.1290)

The gravitational field equations are

−(Z + Z)[h,0̂ + (Z − Z)h] − 2Z2h+ 2Y,3̂Y ,2̂ = −F2̂3̂F 2̂3̂ (3.1291)

and

−[h,0̂ + (Z − Z)h],0̂ − 2Z[h,0̂ + (Z − Z)h] = F2̂3̂F 2̂3̂ (3.1292)

Let us now assume Y,3̂ 6= 0
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Solving the field equations for h

Consider

Y,[2̂,0̂] = Y,ĉΓ
ĉ
[2̂,0̂]

First the LHS is

Y,[2̂,0̂] =
1

2
[(Y,2̂),0̂ − (Y,0̂),2̂] =

1

2
Z,0̂ (3.1293)

then the RHS is

Y,ĉΓ
ĉ
[2̂,0̂]

= Y,0̂Γ
0̂
[2̂,0̂]

+ Y,1̂Γ
1̂
[2̂,0̂]

+ Y,2̂Γ
2̂
[2̂,0̂]

+ Y,3̂Γ
3̂
[2̂,0̂]

= Y,1̂(−
1

2
Y ,0̂) + Y,2̂(−

1

2
Y,2̂) + Y,3̂(−

1

2
Y ,2̂)

= −1

2
Z2 (3.1294)

Therefore we have

Z,0̂ = −Z2. (3.1295)

Adding the field equations (3.1291) and (3.1292), we obtain

0 = −(Z + Z)[h,0̂ + (Z − Z)h] − 2Z2h− [h,0̂ + (Z − Z)h],0̂ − 2Z[h,0̂ + (Z − Z)h]

= −(Z + 3Z)h,0̂ + (Z2 − Z
2
)h− 2Z2h− 2Z(Z − Z)h− [h,0̂0̂ + (Z − Z)h,0̂ + h(Z − Z),0̂]

= −2(Z + Z)h,0̂ + (Z − Z)2h− h,0̂0̂ + h(Z − Z),0̂

= −h,0̂0̂ − 2(Z + Z)h,0̂ + (Z − Z)2h− (Z
2 − Z2)h

= −h,0̂0̂ − 2(Z + Z)h,0̂ − 2ZZh (3.1296)

Thus

h,0̂0̂ + 2(Z + Z)h,0̂ + 2ZZh = 0. (3.1297)

We check, using (3.1295), that ZZ and Z + Z are particular solutins: first Z

464



(ZZ),0̂0̂ + 2(Z + Z)(ZZ),0̂ + 2ZZ(ZZ)

= (−Z2Z − ZZ
2
),0̂ + 2(Z + Z)(−Z2Z − ZZ

2
) + 2(ZZ)2

= (2Z3Z + 2Z2Z
2
+ 2ZZ

3
) − 2Z3Z − 4Z2Z

2 − 2ZZ
3
+ 2(ZZ)2

= 0. (3.1298)

Now Z + Z:

(Z + Z),0̂0̂ + 2(Z + Z)(Z + Z),0̂ + 2ZZ(Z + Z)

= (−Z2 − Z
2
),0̂ + 2(Z + Z)(−Z2 − Z

2
) + 2ZZ(Z + Z)

= 2(Z3 + Z
3
) − 2(Z3 + Z2Z + ZZ

2
+ Z

3
) + 2Z2Z + 2ZZ

2

= 0 (3.1299)

therefore, the general solution is

h =
1

2
M(Z + Z) +BZZ, M,0̂ = B,0̂ = 0, (3.1300)

where M and B are real.

Maxwell’s equation () can be solved for F2̂3̂ and gives

F2̂3̂ = AZ2, A,0̂ = 0. (3.1301)

Substitution of these results into (),

−AAZ2Z
2

= −(Z + Z)[h,0̂ + (Z − Z)h] − 2Z2h

= −(Z + Z)h,0̂ − (Z
2
+ Z2)h

= (Z + Z)[
1

2
M(Z2 + Z

2
) +B(Z2Z + ZZ

2
)]

−(Z
2
+ Z2)[

1

2
M(Z + Z) +BZZ]

= B(Z + Z)(Z2Z + ZZ
2
) −B(Z

2
+ Z2)ZZ

= 2BZ2Z
2

(3.1302)

we find that

B = −1

2
AA (3.1303)
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So that

h =
1

2
M(Z + Z) − 1

2
AAZZ (3.1304)

Some commutation relations

(AZ),2̂0̂ − (AZ),0̂2̂ = 2(AZ),ĉΓ
ĉ
[2̂0̂]

= 2(AZ),0̂Γ
0̂
[2̂0̂]

+ 2(AZ),1̂Γ
1̂
[2̂0̂]

+ 2(AZ),2̂Γ
2̂
[2̂0̂]

+ 2(AZ),3̂Γ
3̂
[2̂0̂]

= (AZ),0̂hY ,0̂ + (AZ),1̂Y ,0̂ − (AZ),2̂Y,2̂ + (AZ),3̂Y ,2̂

= −(AZ),2̂Y,2̂ + (AZ),3̂Y ,2̂

= −Z(AZ),2̂ (3.1305)

(AZ),2̂3̂ − (AZ),3̂2̂ = 2(AZ),ĉΓ
ĉ
[2̂3̂]

= 2(AZ),0̂Γ
0̂
[2̂3̂]

+ 2(AZ),1̂Γ
1̂
[2̂3̂]

+ 2(AZ),2̂Γ
2̂
[2̂3̂]

+ 2(AZ),3̂Γ
3̂
[2̂3̂]

= (AZ),0̂h(Y,2̂ − Y ,3̂) + (AZ),1̂(Y,2̂ − Y ,3̂) + (AZ),2̂0 + (AZ),3̂0

= (Z − Z)(AZ),1̂ + h(Z − Z)(AZ),0̂ (3.1306)

Note

Y,[2̂,3̂] =
1

2
[(Y,2̂),3̂ − (Y,3̂),2̂] =

1

2
Z,3̂

Y,[2̂,3̂] = Y,ĉΓ
ĉ
[2̂3̂]

= Y,0̂Γ
0̂
[2̂3̂]

+ Y,1̂Γ
1̂
[2̂3̂]

+ Y,2̂Γ
2̂
[2̂3̂]

+ Y,3̂Γ
3̂
[2̂3̂]

= Y,1̂
1

2
(Y,2̂ − Y ,3̂) + Y,2̂0 + Y,3̂0

=
1

2
(Z − Z)Y,1̂ (3.1307)

so that

Z,3̂ = (Z − Z)Y,1̂ (3.1308)

Note
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Y,[2̂,1̂] =
1

2
[(Y,2̂),1̂ − (Y,1̂),2̂] =

1

2
Z,1̂ −

1

2
Y,1̂2̂

Y,[2̂,1̂] = Y,ĉΓ
ĉ
[2̂1̂]

= Y,0̂Γ
0̂
[2̂1̂]

+ Y,1̂Γ
1̂
[2̂1̂]

+ Y,2̂Γ
2̂
[2̂1̂]

+ Y,3̂Γ
3̂
[2̂1̂]

= Y,1̂(−
1

2
Y ,1̂) + Y,2̂(

1

2
hY,2̂) + Y,3̂(

1

2
hY ,2̂)

=
1

2
hZ2 − 1

2
Y,1̂Y ,1̂ (3.1309)

so that

Z,1̂ = Y,1̂2̂ + hZ2 − Y,1̂Y ,1̂. (3.1310)

Maxwell’s equations again

(3.1282)

(AZ2),2̂ −F1̂2̂,0̂ − ZF1̂2̂ = 0 (3.1311)

The Kerr-Newman solution

ds2 = dt2 − dx2 − dy2 − dz2

+
2mr3 − e2r2

r4 + a2z2

[

dt +
z

r
dz +

r

r2 + a2
(xdx+ ydy) − a

r2 + a2
(xdy − ydx)

]2

(3.1312)

467



BLACK HOLES
Horizons

Horizons
Horizons

Horizons

Horizons

HorizonsHorizons

Horizons

Event

Laws of

uniqueness
theorems

Stationary

Stationary

MADM
JADM

Global in
spacetime

Isolated

TypeI
TypeII
TypeIII

Cosmological
equilibrium

quantize phase
space of IH

Black hole

Black hole

Black hole

Black hole
Entropy

Weakly Isolated

mass M∆

horizon

horizon

ang’ mom’
J∆

makes sense
for NEH

‘time-indep’‘time-indep’
‘Extrinsic
curvature’

intrinsic
connection

Generalization

mechanics

mechanics

of the Laws
of Black hole

a la Hayward

FOTH

a la Hawking

trapped

marginarly-

marginarly-

outer-

outermost
definition

Apparent

numerical
simulations in space

Global

Local
in time

World
tube

candidate

surface

late time
behavior

Non-expanding

∆

Pertubation
of NEH

‘time independent’
intrinsic metric

Dynamical

evolving

overlap
a lot of

Quantum
Black holes

?

?

Figure 3.33: Horizons.
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