Chapter 3

Isolated and Dynamical Horizons -
Generalizations of Stationary Black

Holes

A spacetime that looks Minkowskian at infinity is refered to as asymptotically flat.

An event horizon is a surface beyond which timelike curves cannot escape to infintity.
Recall that the causal past J~(S) of some region S is the set of all points one can reach
from that region by moving along past-directed timelike or null curves. The causal past
of future null inifinity J~(¢") lie outside of the event horizon of the black hole, see Fig
3.18. The event horizon is formed by the set of points on the verge of lying in J~(¢")
but not quite ie. they are the boundary separating J~(¢") from the inside of the black
hole, J~(¢*). This definition has draw-back in that one needs to know the entire future
history of the spacetime to identify the event horizon.

Event horizon 3—@™*

future
=@ null irlfi nity

4

Figure 3.1: eventhorizon.

the gravitational field at its surface is so strong that the light cones will be bent inward.
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Standard BH thermodynamics is based on globally stationary space-times with event
horizons.

Standard treatments of BH mechanics are elegent from the space-time geometry point of
view but are not well suited for quantization. They do not lead to a well defined action
principle and Hamiltonian framework.

In the usual formulation of the black hole thermodynamics the energy and anular mo-
mentum are defined by ADM at infinity. ?7?To define a temperature of a black hole one
must make refference to a Killing vector field at infinity??

The presentation will become progressively more involved.

777Surface area of a black hole - is it invariant under active diffeomorphisms? A surface
defined as a loci of points of a coordinate system is not invariant under active diffeo-
morphisms, just as the proper-time between two spacetime points is not invariant under
active diffeomorphisms. The horizon is defined in such a way that under an active diffeo-
morphism, the horizon is dragged across together with the metric field - just as with the
proper time between particle coincident points are dragged across with the metric.???

3.1 Review of Stationary Black Holes

3.1.1 Mass and Angular Momentum of Bodies in Newtonian
Gravity and Special Realtivity

Mass of Body

Angular Momentum

J=Pxr (3.3)
J, = —me 00w’ = —me,,, 0 2" p° (3.4)
p* = Ev* + P* (3.5)
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J; = —me 0 2" P° (3.6)

Mass and angular momentum in GR

phase space of GR for the case when no internal boundary are present configuration space
is the space of all metrics g,, which satisfy the fall-off conditions at infinity

Iy = (1 " w) fi+ O (%) . (3.7)

The momentum conjugate to g, is given by

P = Vi (K — KQ™). (3.8)
Mass of Body
1 a,a j3
E=ke, = —8m V(Tab — §Tgab)§ v dx. (3.9)
1 a,b 33 3
E = (T, — =Tg,)v"d°z = [ d’zp. (3.10)
v o2 1%
Angular Momentum
Xy = €gpegVz’e’ (3.11)
XU =x,e" =0 (3.12)
1
J=ke, = —87Tk'/ (T, — §Tgab)xavb av. (3.13)
1%
1 a, b
J = o Svaxbv n’dsS. (3.14)

The net flow through the faces

8T01
ox

Pe(T(z) — Tz +1)] = —1Pc (3.15)
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(3.16)

oT™ or"t o1 or%
I’ = —I’c ( + + )
ot ox y 0z
Notion of energy and angular momentum have played a key role in analyzing behaviour
of physical theories. For theories of fields on a fixed, background spacetime, a locally
conserved stress-energy tensor, 7 ,, normally can be defined. If the background spaceime
has a Killing field, k%, then J* =T “bkb is a locally conserved current. If ¥ is a Cauchy
surface, then ¢ = fz Jed, defines a conserved quantity associated with k¢; if X is a
timelike or null surface, then fz J*dY,, has the interpretation of the flux of this quantity
through .

However, in diffeomorphism covariant theories such as general relativity, there is no notion
of the local stress-energy tensor of the gravitational field, so conserved quantities () cannot
and their fluxes cannot be defined by the above procedures, even when Killing fields are
present. Nevertheless, in general relativity, for asymptotic symmetries have been defined
at spacial infinity.

A definition of mass-energy are radiated energy at null infinity, Z, was first given by Traut-
man and Bondi et al. This definition was arrived at via a detailed study of asymptotic
behaviour of the metric, and the main justification advanced for this definition has been
in agreement with other notions of mass in some simply cases as well as the fact that the
radiated energy is always positive

Ashtekar illustrates this “Thus for example, while an event horizon may well be developing
in the room in which you are now sitting in anticipation of a future gravitational collapse.”

3.2 The Schwarzschild Metric

The most general spherically symmetric metric is

dr* = A(t,r)dt* — B(t,r)dr* — 2C(t,r)dtdr — D(t,r)(d* + sin® 0d¢?) (3.17)
We introduce a new radial coordinate
' = DY2(t,r)
The line element then becomes
dr® = A'(t,r")dt* — B'(t,r")dr'® — 2C"(t, ") dtdr — r*(d6* + sin® 6d¢?) (3.18)
Consider the differential
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A'(t,r")dt — B'(t,r")dr’

The theory of ordinary differential equations tells us that there exists a function (so called
integration factor) f(¢,r’) such that

ot’ / / / ot’ o / / /
a—A(t,T)f(t,T), W—-B(t,?“)f(t,?")

for some t' = t'(t,r"), making ¢’ a perfect differential:

ot ot
dt! = —dt+ —dr’
T
= (A'(¢,7)dt — B'(t,r")dr") f(t,7") (3.19)

We need to know something of integrating factors and perfect differentials.
Proof:
Consider the ordinary differential equation of first order in two variables:

dy Y(z,y)

(dx X(x,y)

) = g(,y). (3.20)

Observe that

i <ye‘ I” Y(ggl’y)/X(gﬂ,’y)dﬂ) = @6_ JoY (@@ )/ X (@ y)da' Me_ JEY @)/ X (2 )da!
o du X(z,y)

Thus we multiply a given differential equation by the factor
o= [T Y (@ y)/X (@ y)da!
which turns the LHS of the equation into a perfect differential

d

. (ye* I Y(Iﬁy)/X(w’,y)dw/) = gz, y)e” [Y (2 y)/X (¢ y)dz'

or
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d <y(x7 y)ef fz Y(I/,y)/X(I/,y)dCE,> _ (dy . de)ef fz Y (2')/X (a')da’

X(z,y)
= (X(2,y)dy = Y (2, y)da) (e IV EDXEDE X (0 y))
(3.21)
Put
Y (@) = ylz,y)e Y @D
and
flay) = e IR (g, )
then we have
dy' = (X(z,y)dy — Y (z,y)dz) f(z,y)
[]
We use this result to define a new time coordinate ¢’ for which
dt' = (A'(t,r")dt — B'(t,r")dr') f(t,7") (3.22)
Squaring, we obtain
dt’? = (A%de* — 2A'Bdtdr’ + B?dr) f2(t, ')
or
A'dt* — 2B'dtdr’ = A7 242 — A B2dr”?
the line element then becomes
Dropping the primes, the line element then becomes
dr® = A(t,r)dt* — B(t,r)dr* — r*(d6* + sin® 0dp?) (3.23)
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Dropping the primes, the line element then becomes
dr? = e’dt* — erdr? — r?(d6* + sin” 0d¢?) (3.24)
where

v=ult,r), A= At,r) (3.25)

The metric components are

Joo=A, gy, =—B, Gy=—1" gs3=—1"sin’0 (3.26)

9o =€y G = —e, Goy = —r?, Gy3 = —r?gin? 0 (3.27)

The metric is diagonal so that ¢°° = 1/g,,. The coordinates are labelled

By definition

ad(

1
. = 59 Ivde T Geap — gbc,d)'

There are 43/2 = 32 independent Iy s. However many will be zero. For example, it is
obvious that if all components are distinct the connection vanishes.

Let us do some examples.

1
0 0d
Ly = 59 (god,l + Y140 — 901,d)
L oo
= 39 (900,1 + 9100 — 901,0)
V/
= 3.28
' (3.28)

where we have used that the metric is diagonal and the prime denotes differentiation with
respect to r.

Consider I'j,
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1
1 11
Loy = 59 (901,0 t 90,0 — 900,1)

ISt
= _59 00,1
67}‘ ! v
= —7e
2
v—A\
€ /
— 3.29
v (3.20)

Consider T'j,

1

1 11
Loy = 59 (911,1 t 9111 — 911,1)

1

11
= 59 9111

— _)\/6)\
2

- 4 (3.30)

Consider T'},

1
1 11
Ly = 59 (921,2 t 901 — 922,1)

1

11
= _59 9921

- )

= —re? (3.31)

Consider '},

1

2 22
Iy, = 59 (912,2 t Y9901 — 912,2)

1

22
= 59 9921

= ﬁZT

= 1/r (3.32)
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Consider I'%,

1
3 33
Iy = 59 (913,3 t 9331 — 913,3)

_ Llog3
= 59 Y331

= 1/r. (3.33)

Consider T'3,

1
1 1d
Iy = 59 (93d,3 t Ysq3 — 933,d)

L 1
= 59 (931,3 + 9313 — 933,1)
11
= 79 U331

= —rsin®6/B. (3.34)

Consider I',

1

3 33
Iy, = 59 (933,2 t o33 — 932,3)

1
= 5933933,2
19 .
= “agan oY)
0
= 7 _ ot (3.35)

sin 0

Consider T3,

1
F§3 _ 5933(
1

= 5933%3,3 =0 (3.36)

9333 1 Y333 — 933,3)

As none of the metric components depend on ¢. There are many other examples that
turn out to be zero.
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Consider I,

1
0 00
Lo = 59 (900,0 + 9000 — 900,0)

1

00
= 59 900,0

_ v (3.37)

Consider TV,

1

0 00
Loy = 59 (900,1 + 9100 — 901,0)

1

00
= 59 00,1

= (3.38)

Consider T'Y,

= = A (3.39)

Consider I'},

1
1 11
Loy = 59 (901,0 + 90,0 — 900,1)

1

11
= _59 00,1

- - (3.40)
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Consider T},

We find altogether:

All others being zero.

01

1

2

1

11
59 9110

—re *sin? 6,

11
59 (901,1 + 9110 —

901,1)

(3.41)

F§1 = F?:& = F§1 =1/r

—sinf cos 6,
Fgg = cot 0

We can calculate the Riemann tensor using

Rabcd = acF Zd - adF Zc + dergc

a _ __pa
Rbcd_ Rbdc
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-1, (3.43)

(3.44)



The non-vanishing components of the Riemann tensor are

AN ) VN U 2
0 _ A—v - - -
R = e <2+4 4)+(4 2 4)

R, = —re™)/2

RO I N 20 /
s03 = —re “sin®6v'/2

R, = —re7’)\/2

R, = —re Vsin?0)\/2

RY,, = re*\N/2
R';, = retsin’0N/2
R*,, = (1—e?)sin’f (3.45)
We use these to calculate the components of the Ricci tensor.
Rab = abFZc o acFZb + Fgcrlcld o ngrtcic (346)

The non-vanishing components of the Ricci tensor are

oy v v
Ry, = <%+/\Z—VZ/\)+6)‘” (%+VI—V4 +;1/) (3.47)
N VE RN U I A )N SR/
- (e _vA 1 Sl BANTIANRE e 3.48
B (2+4 1 TA)H <2+4 1 (3.48)
1.
R, = e (g(x V) - 1) +1 (3.50)
Ry, = R,,sin’0 (3.51)

(3.49) vanishing implies

A= A(r).

From R, and R,; vanishing independently

1
0=e"Ry+ R, = ;(X + /) (3.52)
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implying

A+v=h(t)

(3.53)

where h(t) is an arbitrary function of integration. As A is purely a function of r, (3.50) is

an ordinary differential equation, which we write

e —re N =1,

or

Integrating, we get

re ™ =r+ Const.

SO
e* = (1+ Const./r)™*. (3.54)
Note
eV = 6h(t)f)\
The line element becomes
Const. dr?
ds? =" (1 dt? — ————— — 12(d6? + sin® Od¢p? 3.55
e * r 1+ Const./r r(d6” + sin”6dg) (8:55)
Write
t
t = / W2y (3.56)
then

dt'? = e qe?
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Dropping primes the most general spherically symmetric solution of the vacuum field
equations is

r2(d6* + sin? 0d¢?) (3.57)

r

2
Js? — (1 N Const.) e dr

1+ Const./r

All of the metric components are independent of a time coordinate. We have therefore
proven that any spherically symmetric vacuum metric is stationary.

Now consider the Newtonian limit. A point mass M situated at the origin in Newtonian
theory gives rise to a potential

¢o=—-GM]/r

Using this in the weak field limit gives

Goo = 1 +2¢/* =1—2GM/cr.

We see that the constant turns out to be —2GM/c?

2GM dr?
2_ (1_ 2 020002 1 2 742 '
ds ( 2 ) dt TG r*(df” + sin® 6d¢p”) (3.58)

3.3 Schwarzschild Black Hole

3.3.1 Eddington-Finkelstein Coordinates

In the Eddington-Finkelstein coordinates radial null geodesics become straight lines

t=t+2mln(r — 2m) (3.59)

dt = dt —

dr (3.60)

r—2m

Squaring gives
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2
oM oM 2 om\ *
(1__)dt2 _ (1__) [dt__m(l__m) dr]
T T T T

OM\ o 2m _ . 4m? om\ !
- (1——) i — 2= dldr + — (1——m) dr® (3.61)
T

r 72 r

Now we substitute it into the Schwarzschild line element.

2 om\ "
ds? = (1 - —) dt? — (1 - —m) dr? — r2(d6? + sin? 0d¢?)

T r
2 -1
- <1 - %) i — 2 gy (1 - 4%) (1 - Q—m) dr?
T r T r
—r2(d6? + sin® §d¢?)
OMY\ o dm oM
- (1 - —) d — gy — (1 - —) dr? — 1r2(d6? + sin? 0d¢?) (3.62)
T T T

and obtain the line element

OMY\ o 4m _ oM
ds® = (1 - 7) dF — detdr - (1 - 7) dr? — r2(d6? +sin? 0d6?)  (3.63)

Notice that in this new coordinate system we no longer have a coordinate signularity at
R =2M. In fact it is regular for the whole range 0 < r < 2m.

Advanced time parameter

As an external observer we cannot chart the course of a particle upon entering the event
horizon. However, a particle entering would pass through the event horizon unaware of
anything strange. The singularity at R = 2M of the Schwarzschild metric is unphysical,
it is simply a coordinate singularity.

To show it isn’t a physical singularity, let us make a change of coordinates and derive a
new metric. We will keep r, 8 but replace ¢t with

T
f—y—r—2M 1 )——1) 3.64
v—r n|5rr (3.64)

Let us find dt and substitute it back into the Schwarzschild line element. We begin by
taking the derivative of t,
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gt — do—dr— &

r/2M — 1
r/2M —1+1
= dv— | ——— |d
’ ( r/2M — 1 ) "
rdr
= dv- r—2M
oM\ !
= dv— (1 — —) dr (3.65)
r
Squaring this we get
oM\ oM\
dt* = dv* — 2 (1 — —) dvdr + (1 - —) dr?. (3.66)
r r

Now we substitute it into the Schwarzschild line element.

2M dr?

2M oM\ ! oM\

oM\
— (1 — —) dr® — r?(d6* + sin® 0d¢?)
T
2M
= (1 — —) dv? — 2dvdr — r*(d6* + sin® 0dp*) (3.67)

r

We have the line element in the Eddington-Finkelstein coordinates

oM
ds? = (1 — 7) dv? — 2dvdr — r*(d6* + sin® 0d¢?). (3.68)

Notice that in this new coordinate system we no longer have a coordinate signularity at
R =2M. We are now able to explore what happens inside the Schwarzschild black hole.
Notice however we still have a singularity at » = 0. This is a real physical singularity,
and not due to the coordinates used.
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3.4 Internal Schwarzschild Solution

Perfect Fluid Schwarzschild Solution

The metric has the form

ds® = e’ dt*> — A dr? — r2(dh? + sin® 0d¢?)

We need to solve the full Einstein equation,

1
Gy = Ry = 3Ry, = 87GT,,

a

The Ricci scalar is giveb by

1 1 2 2 2
R=e? (1/' + =12 — 51/)\’ + = = N) + —) - =

2 T 72

The nonvanishing components of the Einstein tensor G, are given by

Gy = %e”)‘ (7")\’ -1+ e’\)
G, = % (TV' +1-— e)‘)

" 2 '\ 1
Gy, = 717 (V— + 22y (v — /\'))

Gy = sin? 0G,,
The star is modelled by a perfect fluid

T,= (p+ p)Uan — PGy

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

where p and p are the energy density and uniform pressure as measured in the rest frame

of the fluid, and U is the fluid four velocity - assumed to be

U, = ("/%,0,0,0)

UU, =1
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e’p 0 0 0
0 e'p 0 0
Tw=1 0 0 2 o0 (3.75)
0 0 0 7r2sin?dp
Einstein’s equations read
1 -\ ! A
3¢ (rN —1+¢*) =8rGp, (3.76)
1 -\ / A
3¢ (r/ +1—¢€") =8nGp, (3.77)
1" 2 ry/
[V v V' 1, ,
—+— - — W =X) | =8rG 3.78
‘ (2 e s )) P (3.78)

Note that the first of these equations involves only A(r) and the density p(r). Write

LA
m(r) = QG(T re ") (3.79)
then the first equation becomes
d
d—T = 4712 (3.80)
which that can be integrated
m(r) = 47r/ p(r')rdr’. (3.81)
0

Here, p is the density and so we interpret m(r) as the total mass of the star enclosed by a
sphere of radius r. Say or star extends to a radius R, after which spacetime is described
by the Schwarzschild solution. We must have

M =m(R) = 47?/0 p(r)rdr. (3.82)

where M is the Schwarzschild mass.

229



r

e = (1 - QGm(r))l (3.83)

so that the line element becomes

-1
- M) dr? — r*(d6* + sin® 0d¢?) (3.84)

r

ds® = "M at? — (1

Equation (3.77) becomes

1 2Gm(r , 1

r
or
(r —2Gm(r)) (rv/ + 1) = r + 87Gpr?,
or
, r+ 8nGpr?
1) = — "OTEPT
(/41 = S 5Gma)
and so

dv  2Gm(r) + 8xGpr?

o 3.85
dr r(r—2Gm(r)) (3:85)
From the energy-momentun V7" = 0, the component b = 1 gives
dv dp
- __r 3.86
(pt+p)o=—— (3.86)
we use this to eliminate v from (3.85):
d 2G 8rGpr?
dp _ (p+p)[2Gm(r) 4+ 8xGpr-] (3.87)

dr r(r—2Gm(r))

This is the equation of hydrostatic equilibrium, describing the balance between compres-
sion due to gravity and the pressure gradiant force in the opposite direction.
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3.5 Penrose-Carter diagrams

Let M denote physical space-time with metric g ,. The idea is to construct another
“unphysical” manifold M with boundary 7 and metric g, such that M is conformal to
the interior of M with

Iap = VG (3.88)

(where €2 is the conformal factor) and so that the “infinity” of M is represented by the
finite hypersurface Z. We realise the whole physical spacetime M as a subset of the
unphysical spacetime M.

Asymptotic properties of M and of fields in M can be investigated by studying Z, and
the local behaviour of the fields at Z provided the relavent information is conformally
invariant.

We will show that the null geodesics of conformally related metrics are the same, and
hence have the same causal structure.

In chapter 7 we use such diagrams when investigating Hawking radiation.

Geodesics under conformal transformations
We denote the inverse metric to g, by g*°. Obviously,
gab — Q—2gab

Let @a denote the derivative operator associated with g _,.

Vi = 0 (3.80)
implies
RN O ~ ~
Ly = 29 (VyTea + Vedba = Vadue) (3.90)
But since V_g,. = 0, we have
Videa = Vi(20.0) = 2Q9,,V, 02 (3.91)
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. = Q_lgad(gcdvbQ + Gpa V2 — 9,V $2)
= 203,V InQ—g, V,InQ (3.92)

The tangent, v?, to an affinely parameterised geodesic v with respect to V, satifies

'V, =0 (3.93)
Hence
PV = PV + T
= v"(20°V,In Q) — (g,,v"v%)g"V,InQ (3.94)

Thus, ~ fails to be a geodesic with respect to @b unless gbcvbvC = 0, in which case it is
the non-affinely parameterised geodesic equation - the RHS is proportional to v*. Hence
we have proved the result.

3.5.1 Penrose-Carter Diagram for Minkowski Spacetime.

As a first example to illustrate the idea of a Penrose diagram we consider the procedure
for Minkowski spacetime.

We introduce coordinates

v = t+m, (3.95)
w = t-—r, (3.96)
It is obvious that
—00 <V <00, —00<w< oo (3.97)
v > w, (3.98)
the Minkowski spacetime becomes
1
ds* = dvdw — Z(U — w)*(df? + sin® Od¢?). (3.99)
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We define new coordinates p and ¢ by

= tan 'ov, (3.100)
g = tanlw, (3.101)
with coordinate ranges
L <p< ! ! <q< ! (3.102)
5T <P <357, 5T << 5T .
p=q. (3.103)
1
ds* = 2 sec’ p sec” q[4dpdg — sin®(p — q)(d6* + sin® 0dp?)] (3.104)

and the line element of the unphysical metric is

ds* = 4dpdq — sin®(p — q)(d6” + sin® d¢?) (3.105)
1
Q= 1 sec? p sec’ g (3.106)

We introduce coordinates

t = pityq, (3.107)
r = p—yq, (3.108)
The unphysical metric is now

ds? = dt’? — dr'® — sin® ' (d6? + sin® 0d¢?) (3.109)

subject to the coordinate range
—r <t +r <m, (3.110)
—r <t —r'<m, (3.111)
r' > 0. (3.112)
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l

Figure 3.2: Penrose diagram of Minkowski spacetime

The whole of Minkowski spacetime has been shrunk into a finite or compact region. The
process is called conformal compactification.

Z7 is future null infinity,
7~ is past null infinity,

it is future timelike infinity,
1~ is past timelike infinity,

i is past spacelike infinity.

3.5.2 Maximal Extensions

3.5.3 The Kruskal Solution

The coordinate choice most useful for path integral investigation into black hole radiation.

3.6 Charged Balck Holes

We now obtain the Reissener-Nordstrom solution that describes a charged non-rotating
black hole. We look for a static, asymptotically flat, shrerically symmetric solution of the
Einstein-Maxwell field equations. The Einstein-Maxwell equations are
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Figure 3.3: Penrose diagram of the Kruskal solution

Singularity -+

Figure 3.4: Penrose diagram of a black hole.

G, =8rT,

a

where T, is the energy-momentum tensor of electromagnetism

1
T

c ]' cd
ab = E(_g dFachd + ZgachdF )

and where F, is the field strength tensor. Note that 7', has zero trace,

al 1 al Ci 1 al Ci
I'=g bTab = E(_g ’g dFachd + 19 bgachdF d) = 0.
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This implies the vanishing of the Ricci scalar as the trace of the Einstein tensor must
vanish

1
R—§4R:Taa:0 = R=0
We can then instead use

R, = 81T, (3.116)

In source-free regions the tensor F, must satisfy Maxwell’s equations

V,F* = 0, (3.117)
d,Fy = 0. (3.118)

We can assume there are coordinates (¢,7,0, ¢) so thay the metric reduces to the form

ds® = e’dt* — e dr® — r?(d#* + sin® 0d¢?). (3.119)

If we impose the condition that the solution is static, then this requires v and A\ are
functions of r only,

v =u(r), A= A(r). (3.120)

We also assume the solution to be asymptotically flat.

We read off from (3.119) that

e’ 0 0
0 —e* 0 0
Gab = 0 0 2 0 (3.121)
0 0 0 —r2sind
and so
e 0 0
ab 0 —e? 0 0
g = 0 0 —1/r2 0 (3.122)
0 0 0 —1/r’sin*0



and

Vgl = /= det(g,,) = e2¢ V12 sin6. (3.123)

VAR U I
mo= (5T )
R, DG -) =) 41
Ry, = R,,sin’f (3.124)

which follow from (3.47)-(3.51) and the assumption that v = v(r) and A = A(r).

Solving the Maxwell equations and the electric charge

In spherical polar coordinates the Maxwell tensor takes the form

0 -1 00
1 0 00

Fo=BE@ | o o 0 0 (3.125)
0 0 00

To confirm this ansatz we will take the definition of the Maxwell tensor in Minkoski
coordinates (t,z,y, 2):

0 -E, -E, —E,
E, 0 B -B

— x z Yy
F, E B 0 B (3.126)
E, B, -B, 0

and find its components in spherical polar coordinates (¢, 7,6, ¢)

=t

= rsinfcos¢

rsin @ sin ¢

= rcosf (3.127)

N8~
I
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via the tansformation formula

,  Ox7 OxF

w = Qi g o

where we easily find that,

1 0 0 0
@ |0 sinfcos¢ rcosfcos¢ —rsinfsing
dr' |0 sinfsing rcosfsing rsinfcosgo
0

cos 0 —rsinf 0

while inserting the assumption that the elecric field is radial:

E, E(r)sinf cos ¢
E, = E(r)sinfsin¢
E. = FE(r)cosb.

z

We obtain from (3.128)
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1 0 0 0
0 sinfcoso¢ sin # sin ¢ cos 6
0 rcosfcos¢p rcosfsing —rsiné
0 —rsinfsing rsinfcosg 0
0 —E(r)sinfcos¢ —E(r)sinfsing —FE(r)cosf
E(r)sin@ cos ¢ 0 0 0
E(r)sinfsin ¢ 0 0 0
E(r)cos® 0 0 0
1 0 0 0
0 sinfcos¢ rcosfcos¢p —rsinfsing
0 sinfsing rcosfsing 7rsinfcoso
0 cos 6 —7rsinf 0
1 0 0 0
|0  sinfcos¢ sin # sin ¢ cos
|0 rcosfcos¢ rcosfsing —rsind
0 —rsinfsing rsinfcosg 0
0 —E(r) 00
E(r)sin6 cos ¢ 0 00
E(r)sinfsin ¢ 0 00
E(r)cos® 0 00
0 —E(r) 00
| EM) 0 0 0
N 0 0 0 0
0 0 0 0

(3.131)

confirming the ansatz.

Raising the indices using the inverse metric, we obtain
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e’ 0 0 0 0 -1 00
0 —> 0 0 1 0 00
ab
L L I T R 0 00 00
0 0 0 1/r?sin? 0 0 0 00
e’ 0 0 0
0 —e* 0 0
0 0 —1/? 0
0 0 0 —1/r?sin®0
eV 0 0 0 e* 00
0 —> 0 0 e’ 0 00
= By —1/r? 0 0 0 00
0 0 0 —1/r%sin*@ 0 0 00
0 100
o ~100 0
= e E(r) 0 00 0 (3.132)
0 000

We verify that (3.118) is automatically satisfied using (3.125). We can use F, = —F,  to
write

2
G[anC} = g(ﬁanc +0.F,+0,F.,) (3.133)
We need only check for
a=0,b=1,c=2

a=0,b=1,c=3
a=0,b=2,c=3

a=1,b=2¢=3. (3.134)
First
2
a[oFlz} - g(aoFlz + a2F(11 + 81F20)
= 0 (3.135)
then
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2
a[0Fl3} - g(aOFB + 33F01 + 81F30)

= 0 (3.136)
then
2
a[onzs} - 5(80F23 + a3F(12 + 82F30)
= 0 (3.137)
and lastly

2
3!

3 (O Fa3 + Oy Fy + 0, Fyp)
0.

a[OF 23]

(3.138)

To write out (3.117) we will use the following expression that holds for any antisymmetric
rank two tensor X% = — X%

vV XY= Laa(\/m\xab). (3.139)

Vol

To prove this result we need

1
re = ——a,\/lgl (3.140)
VI

Observe for a rank two tensor X

VX?P = 9, XP 4T X+ T0 X

1
= aaXabJr—’ ‘(ac\/@)xcurgcxac
Vg
1
= ——=0,(/|g|X?) + TP X (3.141)

Vdl

Since we require the tensor X% to be antisymmetric the last term vanishes and we have
established the result.
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We now apply it to the tensor F:

vaFab — aa( /’g‘Fab)
= ——0 (e%(”ﬂ‘)r2 sin 0 F°) (3.142)

From the ¢t component of Maxwell’s equation (3.117) and using (3.132) we must have

0 = VvV F?

—5(v+n)
== 6227_680‘(6%(”4—”)7"2 sin 9Fa0)
r? sin
— 5 (vtu)
_ e 2T2 al(e%(eru)rzFlO)
—5(v+n)
- —%81(6_%(”“)7"2]5). (3.143)

Integrating this gives

E = ex"Ve/p? (3.144)

where € is the constant of integration. Assuming the solution is asymptotically flat requires

v,A—0 as r— o0 (3.145)

and so asymptotically

E~¢/r®

We therefore interpret € as the charge of the blackhole.

We confirm the other Maxwell’s eqations. From the r» component

—5(vtu)
VP = g Oalet s 0F )
—5v+p)

= 0 (3.146)
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as there is no time-dependence.
In particular as F'*? = (

VaFaZ

Similarly for V F* = 0.

— 5 (vtu)
= i;smaa(e%(”“)ﬁ sin 0 F*?)
= 0.

Calculation of the energy-momentum tensor

The other two are zero by spherical symmetry assumption.

(3.147)

We employ the ansatz (3.125) together with (3.121) and (3.122) to compute the Maxwell

energy momentum tensor:

ab —

First we compute

ch ch

1 cd 1 cd
E(_g F, B+ ZgachdF ).

— gcegdchdFef

_ goeglfFolFef + gleQOfFIOFef
— 2QOeglfF01Fef

= 299" F Iy

= 2V E2

We find the componets of T,,: First T},

00

Next T3,

1 cd 1 cd
E(_g FoFoq + ZgoochF )

1 1 .
E(_QHFmFm + ZgoochFc )

1 1

E(ef)\EQ . 561/671/7)\‘Ev2)
1 A

e ME?

87re
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11

Then T,

22

It is easy to see that T, = T.

01

1 cd 1 cd
E(_g By + ZglchdF )

1 1 )
E(_gooFmFm + ZgnchF d)
1 1
_E( —l/E2 . §€A6_V_)\E2)
1
—— e VE?
8
1 cd 1 cd
E(_g Fy Fyy + 1922chF )
d
m—ﬂngchc
1
—r2e vV TARR,
8

,sin*#. We compute T

1 d 1 d
E(_gc FoFg + Zg(nchFc )

1
_EgloFmFlo

0.

(3.151)

(3.152)

(3.153)

In acordance with (3.124), (note in the derivation of the Schwarzschild solution that
Ry, = 8nT,, = 0 implied A(¢,7) = A(r) by (3.49)).

The other components of T, are easily seen to be zero, which are in accordance with

(3.124).

Solving the field equations

The equations R, = 871, and R,; = 87T}, can be combined

e)‘_”ROO +R,, = 87?[6’\_”T00 + 7,

By (3.124), (3.150) and (3.151), from the 00 and 11 equations we get
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N4/ =0 (3.155)

which by (3.145) means that

A= (3.156)

The 22 equation

R,, = 87T,, = rle Vv AE?

becomes on using (3.124), (3.144) and (3.156)

e’(—rv — 1) +1=1r’E* = /r? (3.157)
or
(re’) =1—é&/r? (3.158)
integrating
e’ =1+ Const./r + € /r* (3.159)

(note that because Ray = Ry, sin®60 and T,, = T}, sin” 6 the field equation R,y = 87T},
gives the same equation as R,, = 877,,). We obtain the line element

T r T r2

Const. € Const. €\
ds? = <1 TRl 6—2) dt? — (1 TRl 6—) dr? — r2(d6? + sin® 0de?). (3.160)
When e = 0, this reduces to the Schwarzschild line element and so

Const. = —2MG/c>.

We obtain the Reissner-Nordstrom solution

72 c2r 72

oM 2 oM 2\ !
ds> — (1 MG, 6—) i — (1 _2MG 6—) dr? — r2(d6? + sin® 0d¢?).  (3.161)
c°r
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3.6.1 Event Horizons

Recall that at the event horizon was the point after which the coefficients of dr and dt
change signs.

The horizon function H(r) is given by

2

H(r) = (1 _m 6—) (3.162)

r 72

is quadratic with two distinct roots. Write

rPH(r)=r*=2mr+ e = (r—m)* + ¢ — M2 (3.163)

Notice that we must have €2 < m? otherwise the roots would be complex.

The two roots are given by

r = m4+ (m2 . 62)1/2
r_ = m—(m?*—e)/? (3.164)

These two roots correspond to two different event horizons, one at r, and the other at
r_.

The line element has three regular regions

1. r, <r<oo,
11. ro<r<rg,
111. O<r<r_. (3.165)

The outer horizon at r . is much like the event horizon of 2m for a Schwarzschild black
hole.

Space and time change roles.
At the inner horizon, the Cauchy horizon, space and time change roles again.
Inside the Cauchy horizon the sigularity is space-like.

As the more charge is entered into the black hole, the inner event horizon gets larger,
while the outer event horizon starts to shrink. When we reach the maximum possible
charge, i.e. €2 = m?, the two horizons merge and only the regions I and I exist.

246



3.6.2 Analogue of Eddington-Finkelstein Coordinates

e <m
: o~2
t=1-— In(r—r )+ ——In(r—r_) (3.166)
T, =T + T, =T
r,—r_=2(m’ €2)1/2
T, =T 2(m? — €%)Y/?
r,+r_ = 2m (3.167)
ror. o= ¢ (3.168)
_ r? dr r? dr
dt = dt — —= =
r,—T_T—T ry—T_T—1_
_ d r2 r?
S — ( S ) (3.169)
ry—r_\r—r, r—r
2 2 2 2 2 2
di? = dit—2 S e+ B+ T
rT,—T_\T—T, T-— (7"+—7" )2 r—r, T—7_
(3.170)

Notice that the horizon function is

r?H(r) = (r — r)(r—r_)

(r—r)(r—r_) r?

d?_ 2d02 -20d2
(r—rJr)(r—rf)r r*(df” + sin” Od¢*)

r2 r2 r,—T r—r, Tr—r
+(7“ —r)r=r_) SR
r2 (r+—7" )2 r—r, -7
2
- i dr? — r*(d6® + sin® d¢?) (3.171)

(r—r)(r—r_)
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Consider the coefficient of —2dtdr:

1
20, — 1) (=) =rZ(r=r,))
Jr
1
T o2(r, —r) (r(rf =72) = (rr = 12ry))
Jr
Ty T
N T r2
2m €
= 2 (3.172)
Consider the coefficient of —dr?:
(r—r )r—r_) 1 r2 r2 \2 2
B 72 (rp—r_ )2 \r—r 7 +(r—r)(7"—7")
+ - + + -

Introduce the function f by

f=

Then the line element can becomes

(3.173)
om €
L —ggo = 2 (3.174)
ds* = (1 — f)d%2 — 2fdtdr — (14 f)dr* — r*(d6* + sin® §d¢?) (3.175)

Notice we no longer have any coordinate singularities.

248



3.6.3 Penrose Diagram

3.6.4 Double null coordinates

Introduce double null coordinates

v=t+r, w =2t — v,

this implies

where

Obviously

2

2 — —
(1 -y 6—2) dvdw = =TT (g gy
r r r

The coefficient of dt? can seen immediately to be correct. Now

Squaring

(3.176)

(3.177)

(3.178)

(3.179)

(3.180)

249



*2
2 dr
_ [(r — 7"+)(r — r_)dr*Z
2

2
iofi_tm e (2m_EN, (2m_¢€ Jar®
T r2 r r2 T r2
,

= dr® (3.182)
=) =)
Therefore
2 2 2 2 2 2\ !
(1__m+€_2)dvdw: (1__m+€_2)dt2_ (1__%6_2) &
r r r r r r
Thus the line element can be written in double null coordinates as
2m € 2/ 192 . 9 2
1 — — + — ) dvdw — r*(df~ + sin” 0d¢~) (3.183)
r r
3.6.5 Maximal extension
€2 < m?, we define new coordinates
r,—r r,—7r
v =tan"! [ exp ——v ), w” =tan™' [ —exp ——w (3.184)
47"3r 47‘3r

Inverting we see
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472 472
v = * In tanv”, w= — * In tanw”
r,—r r,—T

As

dtanx 1

dlntanx = = — dr = — dx = 2cosec2x dx
tanx sin x cos x sin 2z
we get
472 2
dvdw = —42 x 22 ( + ) cosec2v” cosec2w” dv” dw”
r, —7rT
+ J—

Consider the product tanv” tan w”

tanv” tan w”

) m()
(o)
. )
(o

= —exp

= —exp

(3.185)

2
[ 7"+ ry— T r_
| — | —
X exp ( 27 L+ - n(r 7"+):|) exp ( 27 [r+ _— n(r r_)})

r, —rTr
= —exp ( + T) (’I“ o T+)1/2(T . 7”7)7,2—1/28".

Therefore the line element has the form

2m

2 4t
ds? = —64 (1 Ty 6—2) %cosech”cosecQw” dv" dw”
rooor2) (r,

= —r*(df* + sin? 0dp?)

where 7 is defined implicitly by
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r+2;27l 7”) (r— T+)1/2(7” — ) (3.188)
+

tanv” tanw” = — exp (

This line element is the analogue of the Kruskel solution and represents the maximal
analytic extension of the Reissner-Nordstrm solution for € < m?.

The Penrose diagram for this maximal extension is shown in fig (3.6.5)

Singularity —— — Singularity
r=20 ’)} 7 gt r=20
\\\): <X
x 7
\\ < Iz’l
i >
g X \\\\\;}
» 17
2
SR < 7
SO\ // /,/
r=0——III "~ III r=0

Figure 3.5: Penrose diagram of a black hole.
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3.7 Rotating Black Holes

3.7.1 Field Equations

Degenerate metric

A metric of the form

Gop = Moy — 21, lalbnab =0, m is arbitrary. (3.189)

is called a degenerate metric. The Schwarzschild metric is an example as can be seen from
the Eddington-Finkelstein form (3.63)

OMN\ o dm 20
s> = (1 - 7) dt’* — —=didr - (1 = 7) dr? — 1?(d6? + sin® 0d¢?)

. 2 _
= dF — dr® — (6P + sin? 0d¢?) — “(dE + dr)?
T

_ 2 _xd dy + zdz\*
_ dtQ—(dx2+dy2+dz2)—Tm<dt+xx+yy+zz)

(3.190)

Therefore the Schwarzschild metric can be written in degenerate form with [, given by

I = % (1, ; % ;) (3.191)

It turns out that the solution for a rotating black-hole is also of the form of a degenerate
metric. Let us proceed. Define

1" = n™l,. (3.192)

The inverse matrix of g , is

g® =0 + 2mi11° (3.193)

as is easily seen:

9,,9° = (n, —2mil)(n® +2mil’)
= 0" +2ml 1" — 2ml°l, + 4m?*l 1Pl ]
— 5ab
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It follows from (3.193) that the contravariant four vector corresponding to [, is the same
as nablb:

1" = g*l, = n™l.. (3.194)

Therefore its indices han be raised and lowered by either the true metric or the Lorentz
metric. Since [, is null it has the property

1
0= 5ad(nabzalb) = 19,1, = 1.0,l°. (3.195)

We can consider, g, the determinat of the metric. At any point [, is a flat-space null
vector: lalbnab = 0. We can perform a proper rotation of coordinates in three-space that
leaves 7% invariant and brings [, into the form

a
8 : (3.196)
0
see
1 0 0 0 a
0 -1 0 0 a
(a,a,0,0) 0 0 -1 0 0o | = 0. (3.197)
0 0 0 -1 0
In this system we have
1 —2ma®> —2ma? 0 0
- —2ma®> —1-—2ma®* 0 0
g = 0 0 ~1 0
0 0 0 -1
B 1 —2ma? —2ma’
o —2ma® —1—2ma?
—(1 - 2ma®)(1 + 2ma®) — 4m?*a*
) (3.198)

Since a three-dimensional rotation has a unit Jacobian, the metric transforms as a scalar
under this transformation. Thus, g = —1 for any degenerate metric. It follows that
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" 0
Fca = @111 vV —g = 0 (3199)

This simplifies the field equations R, = 0,

R,=-0I¢+T'I% =0 (3.200)

Now R, involves different powers of m and since m is arbitrary each order must vanish
separately. If we note that the Christoffel symbol of the first kind, I' , ;, is linear in m,
power counting is easy and we isolate terms corresponding to different powers of m,

Rab = _8CFZb + cmrtcib
= _ac(ngFab,d) + ngFea,d gefrcb,f
—0,((n°" + 2mIINT,, o) + (0™ + 2mil) (" +2mIV) T, T, 4
_nCdacFab,d
_2mac (lcldrab,d) + 77Cd,r]EfFea,drcb,f
+2m(lcld77€f + lelfnCd)FeaﬁdFvaf
+Am?IFUUT Ty (3.201)

ea,d

We just rewrite one term by swapping the dummy variables d and f:

FUINIT oy = V0T (T g

ea,d” cb,f

This gives four sets of ten equations:

_nCdacFab,d =0 O(m>
2Tn’ac (lcldrab,d) - nCdnefFea,chb,f =0 O(m2)
lelf??CdFea,chb,f + lclfnedrea,chb,d =0 O(m3)
Am?I1 VT, Ly, = 0 O(m*) (3.202)

Order m* equations:

We need to satisfy

1T, Ty =0

ea,d
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From the form of the degenerate metric (3.189) we have

0,9, = —2ma, (1,1.).

We will use this a number of times in what follows. Consider the part ldleFea d

er, = zdle%ze(aegad +8,9.,— 9,9.,)
= —ml°(9,(1,l,) +9,(L,) — 9,(L.1,))
= —m[l°, (1.1, + (1"L,)I°0.1, +
+ (11 )1%0,1, + (171,)1°0,1,
—1,(1°0,0,) = (F1,)1,1, |
= 0

ea,d

Therefore the m* equations are automatically stisfied by degenerate metrics.

3

Order m° equations:

lelfnCdF Fcb,f + lclf,r]edrea,frcb,d =0

ea,d

First note that

[VUper T, =1n“T, T

ea,f” cb,d eb,d™ ca,f

(3.203)

(3.204)

(3.205)

(3.206)

shows the second term in on the LHS (3.205) is the same as the first term with a and b

exchanged. Thus the field equations are

lelf,r]cdr Fcb,f +a—b=0

ea,d

Consider

1
T - §le(aegad + 0u9ea — Oea)

ea,d
= _mle[ae(lald) + 8a(leld) - acl(lela)]
= —mld, (L),

where again we have used (3.203), and also consider
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1
lfrcb,f - §lf(acgbf +0,90p — 019)
= mlfo(L1,). (3.200)

Combining them we have

11 nelr T, = —m%ezfncdae(zazd)af(zczb)
= A n1,0.0, +1,0.1) [1,0,1, +1.0,1,]

= —mPl 1, (8,1,)(,1,) + 1,1,(8,1,)(9,1,) +1,1,0,1.0,1,].

ea,d

(3.210)
Let us consider the terms separately, first,
—m2l U 1,(0,1,)(0,1,) = ™01,
= .10,
= 0. (3.211)
where we have used (3.195). Next
—m21 1 1,(0,1,)(041,) = —m?®l,1,(1°0,1,) (17 0,17) (3.212)
by a simple rearangement of terms. Next
—m?l 1,000, = ..n,0,1,
= .00,
= 0. (3.213)
where we have used (3.195) again.
Therefore
0T Lo p = =m0, (1°0,1,) (17 0,1%) (3.214)

Using this in (3.207), the m?® equations lead to
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—m?l 1, (vv,) =0 (3.215)

where

v =191 (3.216)

Therefore v is a null vector. It is also orthogonal to the null vector [¢, as easily seen

Wl = (19,101, = 1°(1,8,1") = 0 (3.217)

where we have used (3.195). Notice that

_ b
Yo = Iup?

= (n, — 2ml [,
= 0" (3.218)

so that the indices of v¢ can be lowered and raised with the Lorentz metric, as with [°.
At any chosen point [* and v® may be written

—

= (|I,0, "= (|8, 9) (3.219)

where [ an @ are ordinary three-vectors in Eucldean space. If 8 is the angle between [ an
U then

f —
cos = —— (3.220)
1] 171
Now because {* and v* are orthogonal (from (3.217)),
lbvb = lavbnab =% — .7
= |I]|7](1 = cosB) =0 (3.221)

Thus cosf = 1, and so v is parallel to [ at any given point. We may therefore write

v’ =10 1" = — A(x*)I (3.222)
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where A is a scalar field.

We will next consider the linear order in m equations and return to the order m? equations
later, where we will show that they are identically satisified.

Equation from linear in m equation

Using (3.203) in the linear in m equation

—19,L g =0 (3.223)

gives

_”Cdacrab,d = _nCdac 0,944+ 0y90q — 049
= 2mn*[-9.0,(L,L,) + 0.0,(Ll,) + 0,9,(1,1,)]
= 2m[-0P(L,l) +n"0,0,(1,l,) +1°'0.9,(1,1,)]
=0 (3.224)

where we have introduced the D’Alembertian opertator

ig g, = =02
100 ==

Define

L:=-9,° (3.225)

Expanding 79 (1,1,) gives

no.(Ll) = 0,01, +n“,0.1,
= —((=°0.1,) = (4,9.1%))
= —(L+ A, (3.226)

implying

n°0.0,(L,1,) = 9, (n"8,(1,1,) = —0,[(L + A)L,)]
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Substituting this into equation (3.224) we obtain the equation for [,

—*(1,0,) = O,[(L+ A)l,) + 0,[(L + A)l,] (3.227)

We use this equation in the following to prove the order m? equations are satisfied, proving
the order m? equations are automatically satisfied by any solution to (3.227). The entire
content of the field equations are thus embodied in (3.227). After dealing with the m?
equations we will specialise (3.227) to the stationary case where all 2° derivatives vanish.

2

Order m* equations

Recall the order m? equations

277186 (lcldrab,d) - nCdnefFea,chb,f = 0. (3228)

Consider the first term, again we use (3.203), we have

a

= —2m?0,[I°l'(0,(1,1,) + 8, (1,1,) — 8,(L.L,))] (3.229)

2m
Qmac(lcldrab,d) = 78C[lcld(8 Ipa + 0r90a — 019u))

Looking at the first term in the brackets

ldaa(lbld) = lb(ldaald) + (ldld)aalb =0

and similarly the second

1%0,(1,1,) = 0.

So
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Al
= 2m2,[I°l"1,0,1, + 1°1°1,0,1,)]

= 2m?9,[(1,1,)I°l, + (190,1,)I°l ]
= 2m%0,[(— ALY, + (~ AL,
= —4m9 [(Al)(1,1,)]

= —4m?[l,1,0,(Al°) + Al°0,(1,1,)]

2md, (11T, 4) = 2m?8[I°1 (1,01, + 1,0,1,)]

= —4m?[l,1,0.(Al°) + Al°l,0.1, + Al°l,0.1,]
= —4m?[1, 1,0, (AI) + Al,(19,1,) + AL (1°0,1,)
= —4m?[l,1,0.(Al°) — 2A%L 1]
= —4m?l1,[0.(Al°) — 2A%] (3.230)
So that
2md, (I°1T , ;) = —2m?1,1,[20,(Al°) — 4A%] (3.231)
Now lets us look at the second term in (3.228)
_nCdnefFea,chb,f‘
We have
cdef 2
ed e Ui 4m
-n d77 frea,drcb,f = —%[86(%[(1) + 8a(leld) - ad(lela)] X

x[0,(Ll) + 0,(IL;) — 8,(1.1,)]
= =m0, (1,1)0. () + 0.(1,1)0,(1.1,) — ,(1,1,)9,(1.1,)
0, (1)1 ) + 0,110, (11) — 0, (11D, (1,1,)
_ad(lela)ac(lblf) o aal(lela)ab(lclf) + ad(lela)af(lclb)]‘
(3.232)

Tedious but straightforward calculations give
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L 10, (1,1,)0,(L,l,) = [3A2 +0,1°0,1
2. 18, (1,1,)0,(1 JAy) =
3. —nn0,(1,1,)0,(1.1,) = —zazb(adzcadzc)
& N 0,(1,1,)0.(41;) = 0
5. 1“8, (1,1,)0,(1.1,) =0
6. _nCdnefaa(leld)af(lclb) =0
7. —io e 0,(1,1,)0, (L) = —1,1,(9,1°0L,)
8. =1 0,(1.1,)0,(IL;) = 0
9. 10T 0,(11,)0,(1.1,) = 1,1,[3A% + 8,1°0,1%]
so that
T Ly = —m?[L+4 -+ 9]
= —2m®l,1,[3A% + 8,1°0,1" — 8,1°0"l ]

Putting together (3.231) and (3.234)

2mo, (zczdrabﬁd)

f
e Fea drcb f

= —2m2lalb[28c(ch) - 4A2]
—2m?l 1,[3A% + 9,101 — 0,1°0"1 ]
= —2m?l 1,[20,(I°A) — A* +0,1°0,1" — 9,1°0"1 ]

we see the m? order equations vanish when

11,120, (1°A) — A% + 0,1°

which implies the scalar equation

20, (1°A) — A% + 9,1,

Let us consider the third term, using (?0,1¢ =
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1 — 9,10 ) =

1" —9,1°0%, = 0.

—Al° and L = —,l°

(3.233)

(3.234)

(3.235)

(3.236)

(3.237)



901" = 9.(199,1°) — 10,0,
= O(-Al°)+1%,L
= O[(L—A)]+ L? (3.238)

Similarly we find for the fourth term using [°0%l, =0
oc0M, = 0,(1°0",) — 1°9,0",
—1°0,0", (3.239)
Expanding (3.227) gives
—1,0,0, — 1,0,01, — 2(0",)(9,1,)
= 1,0, (L+A)+1,0,(L+A)+ (L+A)(9,l,+09,0,).  (3.240)
Contracting with [* gives
—1,1°0,0, = 1°,0,(L+A)+ (L+ A)l*9,1,
= [I"0,(L+A) — (L+ A)Al, (3.241)

(where we have used {*l, = 0 as well as [*0,l, = 0 and [°0 [, = —Al,). As [, is a common
factor we get

—1°9,0%, = 1"0,(L+A)—(L+A)A
= O, [(L+A)N]-0JI(L+A)—(L+AA
= O,[(L+ A"+ L* — A? (3.242)

(where we have used the definition L := —0,1%). By using (3.239) the left hand side of
this equation can be replaced by 9,1°0%l.. Thus the fourth term of (3.237) can be written

00, = L* — A* + 0, [(L + A)l). (3.243)

We now sustitute (3.238) and (3.243) into the LHS of the scalar equation (3.237), to
obtain
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20,(I°A) — A* + 9,1°0.1" — 9,1°0"1, =
20,(1°A) — A? + (0,[(L — A)l] + L*) — (8,[(L + A)l*] + L* — A?)
20 (1°A) — 20 (I°A)
0 (3.244)

Thus any solution of (3.227) makes the m? equations vanish identically.

Stationary field equations from the m order equation

We have found that the full content of the field equations is embodied in

—P(1,1,) = O,[(L+ A+ 0,[(L + A)l,). (3.245)

We now consider the stationary, or time-independent, case. We will find a simlpification
to the algebraic manipulations will occur with the introduction of the three-vector )\j via

I, =1,(1, A, A A3) (3.246)
Since [, is a flat-space null vector (lalbnab =0), A ;s a flat-space unit vector,
=1
For a = b =0, in the time-independent case we are now considering, (3.245) reduces to
V(I3 =0 (3.247)
For a =0, b= j # 0 (3.245) reduces to
VE(IeA,) = O,[(L + A)l,] (3.248)
Fora =14 # 0, b= j # 0 (3.245) reduces to
VQ(lgAi)\j) = 8j[(L + A)l ;] + 0, [(L + A)l(])\j] (3.249)

We can take (3.249) and simplify it to a first-order diferential equation by using (3.248)
and (3.247). First expand the RHS of (3.249) and then use (3.248),
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VAN = 0L+ A)lgA] + 8,[(L + A)lgA ]
= NOL+ A)l) + ML+ A)lg] + (L + Al (9,1, + 0,),)
= NVEIEA) + A VAN, + (L4 A0, + 9.)) (3.250)

Rearanging gives

ON +ON, = [V2(I3AN) = AV (I5A) — AV (05N (3.251)

(L + A)],

Let us expand the derivatives in VZ(I5A\.):

VE(IEAA,)

8,€8,€(l§)\i)\j)

O N0, (13) + BN O, + [GA O\ ]

- )‘i)\jVZ(l(Z)) + )‘jak(l(Q))(ak)\i) + ak(l(Q)))‘iak)‘j
ak(l(Q))(ak;)\i))‘j + Z(Z)(akak)‘i))‘j + lg(ak)\i)(ak)\j)
O (I)NOA; + (O A) (O A) + 150, 0,9,A,

= ANV + 20,5 A0 + AN
+ BOSVEN A VEN) + 20500 (9,,)- (3.252)

Let us expand the derivatives in A, V*(Ig\,):

ANVAIGA) = N0 (Igh;)
= N0 (0D, +150,0))
= MAVER) 4 200,(1) (N 0,A,) + 15 A V2L (3.253)

With these results, let us expand the content of the square brackets on the RHS of (3.251)

VE(IeAA) = M V2IEN,) — A V2 (I3N)
= (VQ(lg)))‘i)\j + Qak(lg)()‘jak)\i + )\iak)‘j)
+ BOGVEN A VAN + 215(9,0) (9,,)
— ANVE) = 200, 5)M 0N, — BAVN,
— MAVE) = 200, 10)M 0,0, — [EA VAN,
= _(VQ(ZS)))‘/\J' + 2lg(ak)‘i)(ak/\j)
= 2120 \)(0)) (3.254)
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where we used (3.247) in the last line. We get

I\ + O\, = ino 7(0A)0A))
Define
L+ A
b=
then

1
A+, = ~(OA) )

The gravitational field is now described by (3.247), (3.248), and (3.257).

Let
M, = O\
Then (3.257) becomes
M, + M, = M, (M"),;

or

1
M+ M ==MMT
p

The constant length of A;, implies

SN = A9, =

11 (2

or

MTXx=0.

That is X is in the null space of MT. Moreover, [0 I, = —Al, with b = 0 gives
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(3.255)

(3.256)

(3.257)

(3.258)

(3.259)

(3.260)

(3.261)

(3.262)



A0l = A (3.263)

J73°0
and with b=k # 0
A;0,(Lol,) = AN, (3.264)

where we used the definition of A given in (3.246), but

XA (N) = (AN + AN,

773

= 1, (\DN) + AN, (3.265)

37
where we used (3.263). By comparing (3.264) and (3.265) we see that
AN, =0 (3.266)
or

MM =0. (3.267)

We will now be able to solve (3.260), (3.262), and (3.267) for M as a function of X.

Consider a rotation such that

RA= ) (3.268)
where
1
N=101]. (3.269)
0

If X is in the null space of M and M7*, then X is in the null space of M’ and M'", where

M' =RMR", ~— M7 =RM"R". (3.270)

Now a rotation matrix satisfies RRT = I. Let us write this out in component form,
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O = O
— O O

Writing out some of the terms

R11R11 + R12R12 + R13R13 =1
R21R11 + R22R12 + R23R13 =0

+ : + Co=
Generally:

Rile;l + Ri2Rk2 + Ri3Rk3 = 6ik: (3‘271)

In other words the three rows constitue three orthonormal vectors in 3 spacial dimensions.
Define

R = (R117R127R13)
R, (Ryp, oy, Ryy)
Ry = (Ry, Ry Ryy)
We are considering rotation such that
Ry, Ry, Ry Al 1
R, R,, R, A, | =10 (3.272)
Ry Ry Ry A3 0

Notice that you could exchange the second and third rows of R without changing (3.272).
Let us choose the ordering such that:

R,x R, = R,. (3.273)

We will use this later. From that

O =

N =

268



and that M’XN =0 and M'T) = 0 we see that M’ must have the form

0 a b
M= c Ni, Ny, (3.274)
d Ny Ny

The values a, b, ¢, d can be determined from the property of M’,

1
M +MT ==-MM7T (3.275)
p

We have first

0 at+c b+d

M+MT"=1| a+tc (3.276)
b+d
but then
1 1 0 a b 0 ¢ d
-M'MT = Z| ¢ a
p P\ 4 b
] a’+v?
_ 1 L (3.277)
p -
which implies a? + > = 0 or a = b = 0. Now consider %M '"M'" again:
1 1 000 0 ¢ d
“MMT = Z| ¢ : 0
p p d 0
1 0
= =10 (3.278)
P\ o
implying ¢ = d = 0. So M’ must be of the form
0 O 0
M=[0 N, N, (3.279)
0 Ny, Ny
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The matrix N’ satisfies the same equation, (3.275), as M":

1
N' +N" ==N'N" (3.280)
p
Write
1
U=1-=-N
p

then the relation (3.280) becomes the following relation for U,

uuT = <I— 1N’) (1— 1N’T)
p
; 1

= I (3.281)

Put

U= ( ‘2 Z ) (3.282)

Then UUT = I reads

a b a ¢ B a2+ ac+bd
¢ d b d - ac+bd 2+ d?

= ( (1] (1] ) (3.283)
a4+ = 1
cA+d® =1
ac+bd = 0 (3.284)

Now we consider what the result is of taking product UTU:
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a c a b\ [(a+c& ab+cd
(b d)(c d)_<ab+cd b2+d2) (3:285)

From
det Udet UT =1
we have
det U = F1
or
ad — bc = F1
multiplying this by c
acd — bc? = Fe
and using ac = —bd gives
—bd? — bc® = Fe
or

—b(c® +d*) = Fc

and as ¢ + d?> = 1 we therefore have

b= *c. (3.286)

Using this in (3.285) we have

a+ct = a4+ =1
V+d = c+dP=1
ab+cd = a(£e)+ (£b)d
= Z(ac+bd)=0 (3.287)
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therefore

U'u =1.

Now UUT = UTU = I is the well known condition for unitary matrices. Summarising

1
U=1- 5N/, vt =0 =1 (3.288)

Since N’ is a 2 x 2 real matrix, it is therefore either a proper rotation or a an improper
rotation, that is, a rotation plus inversion. Thus it may be written

U:(COSQ —st) or (cos@ —sm@)‘ (3.28)

sinf cosd —sinf cosf

The first case corresponds to detU = +1 (a proper rotation) and the second detU = —1
(an improper rotation). The first case leads to interesting results. For N” and M’ we have

;L 1 —cos@ sin @
N=p ( —sinf 1—cosf (3.290)

0 0 0
M =p| 0 1—cosf sinb (3.291)

0 —sinf 1—cosf

We now need to rotate back to the originl coordinates to get

M = R"M'R.

The simple form of M’ allows us to write

Mik = RliRjle/j
= R2iR2kMé2 + R3iR3k;M§3
R2iR3kM§3 + R3iR2kM§2

p(L = cosO)(Ry Ry, + Ry Ry ) + psin0(Ry, Ry — Ry Ry ) (3.292)

+

Let us look at properties of the rotation matrix
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. Ry, Ry Ry Ry, Ry, Ry
R*R = Ry Ry Ry Ry Ry R =
Ri3 Ry Ry Ry Rsy Rgg
Writing out some terms
Ry Ry + Ry Ry + Ry Ry 1
RiyRy, + Ry Ry + R32R31 =0
+ : + D=
Or generaly:
Ry R,y + Ry Ry + Ry Ry = 6ik'
Now take (3.273), which can be written in component form
6lmn]%QmZ%ZSn = Rll’
contracting with ¢, gives
EijlelmnRQmR?m = (5zm53n - 5in5jm)R2mR3n

= R2iR3j - R3iR2j

meaning

R,.R R, R

2idtg; — Lig; iy :Eilell

Let us write R,; = R,. Using the above results in (3.292) gives

M, =p(l —cosb)(d, — R.R,)+ psinbe,, R,

Now we had

Rll R12 Rl?) )\1 1
. : . A =10
Ay 0
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o O =
O~ O
_— O O

(3.293)

(3.294)

(3.295)

(3.296)

(3.297)



implying

R A+ R\ + RigA, =1

or

R\ =1

107\
Using the notation R, = R,, this becomes
R-X=1, (3.298)

where B denotes the vector with components R,. As both R and X are unit vectors,

—

R-X=cosp=1. (3.299)
implies ¢ = 0 and hence

R=X (3.300)

or R, = A,. Then we have our end result

M, = p(1 —cos0)(6,, — A\A,) + psinfe, A, (3.301)

(2

We have now replaced the non-linear implicit relation (3.257) by the above simple explicit
expression for O \,.

Laplace and eikonal equations

We rewrite (3.301) in terms of new parameters « and (3

ak/\z = O‘((Szk - )‘z/\k) + ﬂGikl/\l' (3302)

It will turn out that o and  determine the metric. A number of important three-vector
realtion follow directly from (3.302). Set ¢ = k and sum
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oA = ald; —NA) + Bey
= a(3-1)+0
giving
V- A= 2a. (3.303)

Multiplying (3.302) by €;,; and summing over i and k gives

ejk:z'ak:)‘ a(d;, — )‘z‘)‘k;)ejki + ﬂez‘klejki)‘l
56%163’1@)‘1

~26),

7

or

V x A= —2BA. (3.304)

The Laplacian of A\ can be obtaind in two ways. First differentiating by (3.302) with
respect to a2 gives

VEN = 9la(dy, — AN + Bey]

0.0 — N\, (A 0,.a) — aX O\, — AN O A, + €, 0,00 + Be, 1,00\
O = A(Var- A) = A (V - A) + B(V x A), + (VB X A),

= da—\(Va-A) —2(a®+ )\ + (V3 x \),

where we used (3.303), (3.304), and

MOA = a(d = AA - A) + B A,
= 0
(3.305)

(which is just MX = 0). We have obtained our first equation for VZ\:
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VAN =Va - AVa- ) —2(a? + )N+ VS x A (3.306)

To obtain the alternative equation we first derive the vector identity

V x (VxA)=V(V-A) -V

from

[V X (VX A, = €,,0,(€0:N)

€ i €it1 On 0L\,
= (6mk5nl - 6m16nk)anak/\l
= 0d_ (0 )\n) — 0n8n)\m.

m n

We then have

VN = V(V-A) =V x(Vx)\)
= V(2a) =V x (—=206))
= 2Va+2(VB X A)+26V x A
= 2Va +2(VB x \) —45°) (3.307)
where again we used (3.303) and (3.304). We equate the expressions (3.306) and (3.307)
Va— AMVa-A) —2(a®+ A+ VS x A
= 2Va +2(VB x \) —45%\
from which we obtain
Va=-V3x A= AVa-A)—2(a*- ) (3.308)
Dotting this with A gives
Va-A=—(Va-A) —2(a* - 3%
and rearanging we have
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Va- A= 3 —ao (3.309)

and substituting this into (3.308) gives

Va= (> -a®)A - V3 x A (3.310)

Equations (3.309) and (3.310) are very important.

Equations analogous to (3.309) and (3.310) with ( replacing « on the left hand side can
be obtained. The divergence of (3.304) is zero, implying the divergence of B\ is zero,

V- (BA) =BV -A+VB-A=0 (3.311)

using (3.303) in this gives

VB A=—2a8 (3.312)

Now cross (3.310) with A and use (V3 x A) x A = =X - AV3 + A(\ - V3). We obtain

VB =AA\-VB)+ (Vax \) (3.313)

which usong (3.312) becomes
VG =—=2apA+ (Va x A). (3.314)

Introduce the complex function v

Eqations (3.309), (3.310), (3.312), and (3.314) are very important and can be expressed
in a more concise way by the introduction of the complex function v = a 4 13:

Vy-A = Va-A+iVF- A
= [#° = o +i[-2af]
= —(a+iB)?
= —? (3.315)
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Vy = [(8* = a®)A = VB x A +i[-2apA + (Va x \)]
(8% — a®) +i(—2a8)]A +i[Va +iVi] x A
—PA+i(Vy x ). (3.316)

We will obtain a pair of simple differential equations that determine v and show in that
7y in turn determines the metric via [, and A,.

The first differential equation is found by forming the Laplacian for v from (3.316) and
using (3.303), (3.315), and (3.304) we obtain

Vi = V-Vy
= V- [=¥A+i(Vy x \)]
= V- A=29Vy - A +iV - (Vy x \)
= —2a7* + 27" + 10, €1 (0;7)A]
—20y% + 297 — 10;7(€10,M;)
= 207*+27% —iVy- (V x )
= —2a9* + 27 —iVy - (—28))
= 207 + 297 — 2iB7?
= —29%(a+if—9)
=0 (3.317)

Thus v is a complex harmonic function. The second differential equation is obtained by
squaring (3.316) and using (3.315)

(VY)? = [=PA+i(Vy x )P
= 7' = (VyxA)- (Vyx )
= Y +Hi(Vy x A) - (Vy+7°X)
= At (3.318)
we get

Vi =0, (V9)?=+" (3.319)

Let us introduce w = 1/, then
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Vw=V (—) =-—Vy (3.320)
Then the equation (V~)? = v* becomes
g 1 2
(Vw)* = =(Vy)" =1
Y
where we used (3.318). Repeating (3.317), altogether we have

Viy=0, (Vw)?=1, w

2|

(3.321)

These equations determine the function v completely, dependent on consistent boundary
conditions.

As we shall now show, these equations completely replace the field equations since the
metric functions [, and A are determined by .

Expression for A

It is more convenient to express (3.315) and (3.316) in terms of w. For equation (3.315)
we have

v (l) e X NVe 1 (3.322)

w w? w?

where we have used (3.320) and (3.315). For equation (3.316) we have

v (1) = —é/\ +i(V (l) % \) (3.323)

w w

or
1 1 1
Substituting (3.323) into (3.322) gives
A Vw=1.
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Altogether we have

AVw =\ - Vw*" =1, Vw=A+i(Vw x \) (3.324)

Thus

Vwx Vw* = [A+i(Vw x A)] x [A —i(Vw* x \)]
= —iIAX (Vw" X A)+i(Vw x A) x A+ (Vw x A) x (Vw* x \)
= —i[Vw* = A(A - Vw")] —i[Vw = A(A - Vw)] + (Vw x A) x (Vw* x A)
= —i(Vw" =) —i(Vw = A) + (Vw x A) x (Vw* x )
= —i[Vw" + Vw| + 2iA 4+ (Vw x ) x (Vw* x A) (3.325)

where we used the vector identity A x (Vf x A) = A-AVf —AA-V[) and that A- Vw =
A-Vw* = 1.

Consider the last term,

[(Vw x A) x (Vw* x A)], = €,,(Vw x A),(Vw* x A),
= €€ M0,0) (€A, 0,0
= €itClmn € Z]k)\ A Owd, w*)
= (OpmOin — 5pn(5m)( ik A Ow0, W)
= MAOwI w™ — A € Aﬁjwalw

z]k pijk
Ap€iinNi0; 8 wa w*

A A (Vw x Vw™)] (3.326)

So
Vw x Vw* = —i[Vw* + Vw] + 2iA+ A[X - (Vw x Vw")]
= —i[Vw* + Vw] + BA (3.327)

Now as

(Ow)e; , 0.wow™ =0

ijk~j

or
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Vw- (Vw x Vw*) =0
dotting (3.327) with Vw and using (Vw)? =1 and A\ - Vw = 1 we obtain for B
B=i[l+Vw- V| (3.328)
So we get for A

Vw4 Vw* —i(Vw x Vw*)

A 3.329
14+ Vw: Vw* ( )
and we have our expression for A ; n terms of w.
Expression for [,
We prove that the choice
2= Re (7) = a. (3.330)

leads to a solution of the first two field equations (3.247) and (3.248) as we will now show.
We have first from the first equation in (3.321) that

0= V?a= V). (3.331)

which solves (3.247). Next consider

V() = aV2X, + 2(8,0)(9,A,) (3.332)

By using (3.307), (3.302), and (3.309) we get

VQ(a)\j) = aVQ)\j + 2(0, ) (9, A;)
= a[20,a+2(VB x \); — 45°A ]
+ Q(aka)[a(éjk - )‘j/\k) + ﬁﬁjkl)‘z]
= 4dad,a —4af?X; = 2X;a(X - Va) +2a(VE x ), +26(Va x \);
= 4dad;a — 40452)\]. - 2>\ja(ﬁ2 —a?) +2a(Vf3 x A); +28(Va x A
= 4dad;a+ 2a(a® — 38%)\, + 2a(V B x A); +28(Va x A);

J

);
(3.333)
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We simplify further using (3.310) and (3.314),

VQ(a)\j) = 4ad;o+ 2a(a® — 3ﬂ2))\j + 2a(8* - a2))\j — 0;q]
+ 20208, + 0,

= 200,00+ 200,
= 9,(a® + 3. (3.334)
Or
Vi(a)) = V(a? + (7). (3.335)

We calculate the RHS of (3.335). From a = p(1 — cos€) and 3 = psinf we have

o + 3% = 2p*(1 — cosf) = 2ap (3.336)
From the definition of p,
L+ A
= , 3.337
T (3.337)
We then have
l
L+A= ao(oé2 + 5?). (3.338)

Thus with {3 = « the RHS of (3.335) is
(L + A)ly) = 0,(a” + 7). (3.339)

We see that I3 = a is indeed a solution.

3.7.2 The Kerr Solution

A solution to the field equations

Consider the function
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y=[(x —a)*+ (y — b)* + (2 — ¢)?] /2 (3.340)

We will calculate V?y and (Vw)?, (w = 1/7). First

e —af + (g = B+ (= = ] = ~(@ — @)l — @) + (g~ B+ (2~ )

and
=)+ (= b+ (= )
= —[x—a)’+ @y =0+ (=0
+3(z —a)?[(z — a)®> + (y — b)* + (2 — ¢)?]/* (3.341)
so that

Vi = V(@ —a)’+(y—b)>+(z—c)? "
= 3Blx—a)’+(@y—b>+ (2=
+3[(z—a)’+ (=)’ + (z— )z — a)® + (y = b)* + (z — ¢)*]*/*
— 0. (3.342)

Now consider Vw

Vw = V[(a:—a)A?+(y_b)A2+(Z_C)A2]1/2
= [(z —a)i+ (y — b)j + (z — ¢)k]
[(z —a)®>+ (y —b)? + (2 — ¢)?]1/?

(3.343)

so obviously we have

(Vw)? = 1. (3.344)

Therefore (3.340) is a solution of the field equations (3.321).
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The Schwarzschild solution
Consider the choice
v = (:L’2 +y2 + Z2)—1/2

We obviously have

Next as w = 1/v, w =7 and

Vw = V(@4 y*+ 2212
zi + y}’ + 21
(22 1 y2 + 22)1/2

X~ ~ Za
+ gj + -1
T T

—1
,
Obviously

Vw x Vw* = Vw x Vw =0

Next

Vw-Vw'" =Vw- -Vw=1

Recall A is given by

Vw + Vw* — i(Vw x Vw*)

A =
1+ Vw - Vw*
= Vw
T Y~ Za
= 1+ =1+ =1
r roor
Reading off the components of A\ we get
x Y z
A==, A, =2 A =-—
170 M2 T 8T

(3.345)

(3.346)

(3.347)

(3.348)

(3.349)

(3.350)

(3.351)



Combining this with (3.346) gives for [,

1 T Yy 2
L= 1 (1, M A, A :—(1,—,—,—) 3.352
o = lo(L AL A A5) NG L ( )
in agreement with (3.191).
The Kerr solution
Consider the complex valued choice,
v = (2® + y* + (2 —ia)?) /2 (3.353)

Let us calculate the functions [/, and A. We first split w into real and imaginary parts

w=1/y=p+ioc=(2>+1>+ (z —ia))"? = (r? — a® — 2iaz)"/? (3.354)
Squaring and equating real and imaginary parts gives
0t —o?=r?—ad? o= (3.355)
P
substituting for ¢ in the real part gives
2.2
. % —2_ 2
P
resulting in the quadratic equation in p*:
pt = p(r? —a®) —a®22 = 0. (3.356)
Completeing the square we obatain
r2 _ g2 r2 _ g2)2 1/2
P’ = 5 + ( 1 ) +a?2? (3.357)

where we have choosen the plus sign so that for r > a, p ~ r. Now 2 = Re (7). From
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r p 10
pt+ic  p2+o%  p?+ o2

’y _—
we have

p p’

:p2+02 T A a2

2
ly
Now let us move onto the calculation of \. First

o)

= V(r? - 2iaz — a®)'/?

= —(2xi + 2yj + 22k — 2iak)
2w
T —iak
B w
then
Vo 4+ Vo' — P —iak +f—|—ial%
w w
WP —iak) + w(P +iak)
N jwl?
_ (p—io)(# —iak) + (p+ io)(F + iak)
N jw]?
Y ack
jwl?
and
Vi V' — P —iak ‘ P+ iak _ r? 4 a?
w w* |w]|?
and
P —iak 74 idk x k
Vi x V' — r—1a y r+a _ mr
w w* |w]|?
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SO A is

Vw + Vw* — i(Vw x Vw*)
1+ Vw- Vuw*
2o — ack + a(r x k)]

_ Rt (3.361)
We can simplify this by noting
|w‘2 _ [(T2 _a2)2+4&222]1/2
2 2\2
_ 2[(7" 4@ ) +a222]1/2
— 2p2—(7“2—&2)
because then
|w|? + 7?2 +a® = 2(p* + a?).
Substituting this into (3.361) we then have for A
P — aok k
)= [p7 — ack + a(r x k)] (3.362)
p2 +a2
As
r x k= (a:i—l—yj) x k = yi— zj
and as 0 = —az/p, A is
1 a’z . - .
A= ——— |pr+—k+alyi—1j
o {p p (y J)]
1 5 L (PPt a?)z;
= —— |(pxr+ay)i+ —ax)j + ———k| . 3.363
(o i Gy = a4 (3.363)

We can read off the components
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and

Then

) “dx“

Finally, as

we have

ds?

pT + ay pYy — ax z
I, |dx® d —
0[w+&2+p2x a2 + p?
p

0 a
lO |:d$ + 2+ ,02 ([Bdl’ + ydy) + m

ds? = N, datdz” —2ml I, dz"dz”

x
22_ e (xdx + ydy)

2
v (ydr — ady) + %dz (3.364)
p

This is the form obtained by Kerr in 1963.

3.7.3 Independence of Metric on Angular Variable ¢

We now make axially symmetry of this solution manifest. Consider
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= 2"+u
= psinfcosp — apsinfsinp
psin @ cos ¢ + apsin @ sin p
pcosb. (3.365)

Noe 8 <

The middle two transformations can be written as a complex expression

(p+ia)e?sinf = x + iy (3.366)

Now let us find the differential dz?

dz* = (cos Odp — psin §dh)> (3.367)

Now let us find the differential dz? + dy?

dz’ +dy* = |d(z+y)|*
= |d[(p+ ia)e" sin ]|
= |e"sinfdp 4 i(p + ia)e'? sin Ody + (p + ia)e'? cos Odf|*
= |sinfdp +i(p + ia) sin Odip + (p + ia) cos Od6)?
= |sinfdp — asinOdyp + pcosOdf + i[psin Odp + a cos Odb]|?
= (sinfdp — asin Odyp + pcos§d)* + (psinfdy + acos 0dh)* (3.368)

Now let us find the differential zdx + ydy

1
xdr +ydy = §d|x—|—iy\2
1 N i i )2
= §d](p+za)e“"sm6]
1
= §d|(p—|—ia)sin«9\2

= %d[(p2 + a?) sin® 0]

= (p* +a*)sinfcosOdf + psin® Odp (3.369)

Now let us find the differential zdy — ydx
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xdy —ydr = —Im[(x + iy)d(z —iy)]
—Im{[(p +ia)e™ sinBld[(p — ia)e " sin 0]}
= —Im{[(p +ia)e’ sinO][e™"* sin Odp — i(p — ia)e " sin Odp +
+ (p — ia)e™ cos Od0]}
= —Im{(p+ia)sin®Odp — i(p* + a®) sin® Odp + (p* + a®) sin O cos Od0}
= (p* +a*) sin0?dp — asin® fdp (3.370)

Now let us find the differential zdz

2dz = pcos® Odp — p? sin O cos Odb (3.371)

3 2mp

2mp
= 3.372
pt+a2z? - p? +a?cos?l ( )

Substituting these results into (3.364)

ds* = (du—dp)* — (sinfdp — asinOdy + pcos 0dh)? — (psin fdp + a cos 0dh)?
—(cos Odp — psin 0dh)*

2mp
L Y
p2+a200s20[u P

2
22 j_ pe {(p* + a®)sin® Ody — asin® fdp} + cos® Odp — psin b cos Qdﬁ}
(3.373)

P
a? + p?

{(p* + a®) sinf cos 0dd + psin® Odp}

We multiply out the first and second line and get

du® + (1 — sin® @ — cos®)0dp* — [(p* + a®) cos® O + p? sin? 0]dB* — (p* + a®) sin” Odp?
— 2dudp — (2psin f cos 6 — 2psin 6 cos 0)dpdf + 2a sin”® Odpdyp
+ (apsin @ cos @ — pasin O cos 0)dOdy

= du® — (p* + a®cos® 0)df* — (p* + a?) sin® Odp? — 2dudp + 2a sin” Odpdyp (3.374)

The last two lines can be simplified,
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2 , a2
[du—l— (—1+ e sin 9+&2+p2

2mp
p? + a?cos?

sin” @ + cos® 9) dp

2
+ (psinfcosf — psinfcosd) df + (—asin®6) dgo}
2mp PQ a? ) .9 2
= — m[du—l— (&2+p2 + e — 1] sin“fdp — asin Hdgo}

2 2
_ % [du — asin? Hdgo} (3.375)

Putting together (3.374) and (3.375) we get

ds* = du® — (p® + a®cos® 0)df* — (p* + a*) sin® Odp? — 2dudp + 2a sin® Odpdyp

2 2

Simplifying, we finally obtain the line element

2m om .
At = (1 B p2+a—250529) e = 2dudp + = (Qasin’ )dudy

2mp

+ 2asin® fdpdip — (¢ + a* cos? 0)do” — ((”2 S e

(a? sin* 9)) dy®.
(3.377)

There is no dependence of the line element on the angular coordinate ¢, so that the solu-
tion (3.377) is manifestly axially symmetric. This is the advanced Eddington-Finkelstein
form of Kerr’s solution.

3.7.4 Boyer-Lindquist Coordinates

We wish to make a change of coordinates that puts the line element in a form suh that
the only cross-term is dedt.

write the element (3.377) as

ds® = goodu® + Gopdl? + gaadp® + 29 5dudp + 2g,, dudp + 2g,5dpdep (3.378)
We guess the form of the desired transformation
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u— A(p) du=dt+ A'dp
@ =@ — B(p) dp = dp + B'dp (3.379)

(3.378) is then
ds® = gyo(dt + A'dp)® + g,,d0* + gas(d + B'dp)? + 2g,4(dt + A'dp)(dp + B'dp)
+ 2g,, (dt + A'dp)dp + 2g,,dp(dg + B'dp)
= godt® + (gOOA/2 + 9333/2 + 29, A" + 29,3B" + 2g,,A'B')dp?
+ Gopd0? + Gazd@® + 2g,dtdp + 2(gps A’ + 933 B + g,5)d@dp
+ 2(goo A’ + gog B’ + gy )dtdp (3.380)
We now demand that the coefficients of dpdp and dtdp zanish, we must have
9osA' + g33B' + 9,3 =10 (3.381)

and

gOOA/ + gO3B/ + 901 =0 (3382)

respectively. Multiplying (3.381) by g, and (3.382) by g,, and subtracting implies

A — 9332901 - 903913‘ (3.383)
903 — 900903

Multiplying (3.381) by g,, and (3.382) by g,; and subtracting implies

5 — 9005013 ~ 903901 (3.384)
903 — 900903

2mp
p? + a?cos? 6
2mpa sin® 0 .9

~ \p?+a2cos?d asin”0
= (p* +a°)sin’ 0 (3.385)

(a? sin* 9)) (—1)

933901 — Y03913 = ((p2 + a*)sin® 0 +
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2mp . 2mpa sin® 0
oo Soaor (1_ﬁ) ‘)‘<m -

= asin®f (3.386)
= goge = 2mpa sin® 0 2 (1 2mp "
03 700733 p? + a?cos? p? + a?cos? 6

2mp
2 | 2y 2 2.4
X — ((p + a”) sin 6+p2+a200529(& sin 6))

sin? @ 4m?p?a®sin® 0
p? +a?cos? 0" p? + a? cos?

2mpa?® sin® 0

2 2 (na2 2 2
+ (p* + a”cos” 0 — 2mp)[(p +a)+m

]

. 2 9
= mka + a2 C082 6)(p2 + a2) + 2mpa2 Sin2 6 . 2mp(p2 + a2)]
= T aceglP’ T @ oSO +a%) = 2mp(p” + a” cos” )
= (p* +a*—2mp)sin®f (3.387)
Therefore
2., 2
W=l (3.388)
P2+ a? —2mp
and
a
B = 3.389
p* +a? —2mp ( )

The line element is now given by (3.380) with the last two terms vanishing by construction.
The calculation of the coefficient of dp? can be simplified

gooA/2 + 933B,2 + 290, A" + 29,3, B + 29, A'B'
= A'(A'gyy + B'gys + go1) + B'(A'gys + B'gss + 915) + 9 A’ + 9,38’

= gnA + 9,8
2, 2
p-ta -2 a
= (-1 0
( )p2+a2—2mp+asm p? 4+ a? —2mp
2 2. 2
p° + a”cos” 0
= T @ —2mp (3.390)
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The line element is then

ds® = goodt? + (9o A" + 915 B')dp* + 950 d6° + g43dP° + 2g,dtdp (3.391)
2mp p* + a*cos® 0
d2 - l———5—7 t2— d2_ 2 2 20d02
’ ( p2+a200s2«9) 02+ a2 — 2mp p~— (p” +a cos™0)
i 2mp . - 4map sin® 0 _
2 + %) sin? 2 i 4 2

- ((p T a)sin e+m(a s 9>) dp +mdtdw

(3.302)

This is the Kerr solution in Boyer-Lindquist coordinates and is analogous to the Schwarzschild
coordinates for a non-rotating black hole.

3.7.5 Interptetation as Rotating Body

2 2 in?
ds® = (1 - ﬂ) a2 1 2SN 6+ dodt)

P’ P’
0 sin? 6
—Zdﬂ — p*d0® — —— [(r* + a®)? — a®Asin® 0] do® (3.393)
P
where
A(r) =r* = 2mr + a® (3.394)
and
p? = 1%+ a’cos’ 0 (3.395)
a=J/M (3.396)

where J is the Komar anagular momentum.
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3.7.6 Basic Propertire of the Kerr Solution
Boyer-Lindquist cordinates

If we let a — 0 we obtain

L rtdg? (3.397)

i.e. as a — 0 Boyer-Lindquist cordinates reduce to Schwarschild coordinates.

The Boyer-Lindquist form is the most useful one for investigating the properties of the
Kerr solution.

o [f we set a = 0, the regain the Schwarschild solution in Schwarschild coordinates and so
m is identified with the geometric mass;

e The metric coefficients are independent of £ and hence the solution is stationary;

e The metric coefficients are independent of ¢ and hence the solution is axially symmetric,
i.e. there is an axis such that the solution is invariant under rotation about this axis.

e As for discrete symmetries, the solution is invariant under the symultaneous inversion
of t and ¢, that is under the transformation

t——t, ¢ —b (3.398)

This suggests that the Kerr solution may correspond to a spinning source, since running
time backwards with negative spin direction is equivalent to unning time forward with
positive spin directin.

Cartesian Coordinates

= Vr2+a?sinfcos¢
= Vr?24a’sinfsin ¢
z = rcosf (3.399)
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3.7.7 Singularities and Event Horizons
Event horizons are null surfaces beyond which it is impossible to return to a certain region
of space.

The stataionary limit surface is timelike exery where except where it s tangent to the
event horizons at the poles. It represents the place past which it is impossible to remail
stationay.

inner event horizon A . . )
ring singularity

outer event horizon

\/

ergosphere

Figure 3.6: Rotating blackhole

A=7r*—2mr+a*=0, (3.400)

two null event horizons

r, =m=+ (m?—a?)"2 (3.401)
Then in a similarly way in which the Reissner-Nordstrom solution is regular in three
regions:
Lr, <r<oo
II.r <r<r "
. o<r<r_

In the limit ¢ — 0
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3.8 Raychaudhuri equations

3.8.1 Null geodesic congruences

These equations are not very different (in structure as well as consequences thereof) from
the equations for timelike congruences.

3.9 Properties of Null Surfaces

tangent vector is also normal
[ J
e Null surfaces

A
vectorVv
null vector

vectors normal to/

() (b)

Figure 3.7: Normal and tangent vector to a tangent

(a) timelike surface (D) spacelike surface (c) null surface

Figure 3.8: (a) Normal to a timelike surface, (b) Normal to a spacelike surface, (¢) Normal
to a null surface.

n'V u=0 (3.402)
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n® is tangent to the level surfaces of v null generators of w.

1
n'V,n® = (V'u)V,V u = (Vu)V, V,u = 5va(vbuvbu) =0 (3.403)

0,4

Figure 3.9: Coordinatizing a null surface in Minkowsian spacetime - A, 0,,.

Figure 3.10: Each two sphere. Coordinates A\, 6, ¢.

If we follow the null geodesics forward in time, instant by instant, the outward rays take
us along a sequence of shperes increasing in radius and area, while the inward rays take
us along a sequence of spheres whose radius and area decreases.

unlike Killing horizons, isolated horizons do not require there to be a Killing vector field
in their neighbourhood.

Additionary properties of black hole horizons can be infferred from the Raychaudhuri’s
equation.

A trapped surface 9(@) < 0 and H(H) <0

A marginally trapped surface is one where the above requirements are weakened so as to:

Oy 0iny <0

An outer marginally trapped surface 6 ,, < 0. is the boundary of a three-dimension volume
whose expansion of the outgoing family of null geodesics orthogonal to .S is everywhere
non-postive, 9(@ <0.

An apparent horizon is a closed, spacelike, two-surface is an apparent horizon if it is the
outermost marginally traped surface.
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ﬂa; Ta, ;Ma
L%

R
S
by

Figure 3.11: A spacial two-sphere S embedded in the spacial slice ¥ (which in turn is
embedded in spacetime M), with two sets of orthogonal null vector fields. The vector
field n* is the unit timelike normal to ¥, R® is the unit spacial normal to S, and n* and
(* are, respevtively, the outgoing and ingoing null vectors orthogonal to S.

For null congruences the condition n - [ is not sufficient to eliminate the ambiguity in the
choice of 1 because

n-l = (n+al)-l=n-l+al-l
. (3.404)

so that ' - I = 0 whenever n -1 = 0.

(3.405)

)y

Figure 3.12: A spacial two-sphere S .

Since the metric ¢, induced on the hupersurface is degenerate (qabfb =0)
A
Daqbc = aaqbc + Oc(zichd + Oc(zicqbd =0 (3406)
cia 2 Lo ) )

abde = 5( cbap — Gape — bqac)‘ (3407)

This we see that ¢,, does not uniquely determine C?%q, - if C% is a solution of (3.407),
then so is C% + ¢ for any symemtric tensor a,,.
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If [ is tangent to an out going radial null geodesic, then n is tangent to an out going one.
The vector n now span a two-dimensional subspace, T',, of the tangent space, that is

orthogonal to both [ and n, i.e. Pn, where

P = 0% +n'l, +1"n, (3.408)
projects onto T, .
We decompose B as we did for timelike congruences:

. 1 R R

B, = §0Pab + 0, +w, (3.409)

where
0 = é“a expansion
- 1
Ou = By — §Pab9 shear
Gy = By twist (3.410)

Proof:
bf Proposition The tangents [ are normal to a family of null hypersurfaces if and only if
w=0.
Proof:
0 lo@p = 1By
= l[aBbc]

Expansion and Shear
A= eabc‘ilanbngl)nc(f) (3.412)

Since V[’ = 0 and [°V n’ = 0, we have
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0A a a abc
oy = LOA = 1V A= e (V) (00 )

abc > e 2 e
= e, | B yOn + 0B,

a e (1), (2
= € delaanc n[(e)lr]((i])

— 04 (3.413)

i.e. 0 mearsures the rate of increase of the magnitude of the area element. If § > 0
neighboring geodesics are diverging, if 6 < 0 they are converging.

3.9.1 geodesics: Expansion, Rotation, and Shear

weak energy condition

If v non — spacelike T“ﬁvavﬁ > 0. (3.414)
L = kT 4
R, - ig/wR =«&T, (3.415)
we contract with v#v”
R ovfv” — E v R = kT, vH” (3.416)
uv 29;11/ _ uv :
T, v (3.417)
d? A2 5 1
— b ap.B) A1/2 A1
e (lo|]* + 2Raﬁk k”)A (3.418)
T W WP =Ty >0 (3.419)
by continuity
T, kK" >0 K =0. (3.420)
1



implies

R, gk“k’ >0 (3.422)
implies
dAl/Q
—_ <0. 42
T <0 (3.423)

Raycherdhuri’s equation for null geodesic congruences.

These equations are not very different (in structure as well as consequences thereof) from
the equations for timelike congruences.

3.9.2 Frobenius’ Theorem

ty = A4 (3.424)
taabtc = )\f;a)\bf7c +>\2f,af7c (3425)
taOpty =0 (3.426)

because of the symmetry of the lower two indices of the connection, i.e, I}, = I';,, we can
replace the partial derivative in the above expression by the covariant derivative,

Timelike Case

We are assuming that ¢ # 0.

We wish to show that if this condition is met then ¢, = A\f . ¢, =t*f, A =t*. That is,
there is a function f such that f_ =t /t* - this would be equivalent to showing

9, (i—g) — 9, (i—z) , (3.429)



This indeed what we shall do. which would be a problem if we didn’t have > # 0. For
the purposes of comparision we use the quotient diferentiation rule then multiply by (¢2)?
the condition (3.429) becomes

0 t, — t,0,t° = *0,t, — t Ot (3.430)

This proof works if ¢2 # 0; the null case t* = 0 will be considered separately.

vatb - _vbta
t, .Vt +t,V b, +t,V,t, =0, (3.431)
contracting with ¢ we get
t OVt + PV, + YVt =0 (3.432)
using Killing’s equation again,
LVt — Y t, =t t°V t, =0 (3.433)
using t°V t. =1tV t°

3.9.3 Null Case

By, = (9,°+k, N+ Nakc)(gbd + kbNd + kad)Bcd
(gac + kaNC + Nakc) (Bcb + kachd)

= B, +k,N°B, +kN°B, +kkB, NN’ (3.434)
V[akbkc] — 0. (3.435)

implies
Biayke + Biegky + Bigk, = 0 (3.436)
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By = BghyN + Bk, N°
1 c
= é(Bcakb - Backb + Bbcka - Bcbka)N )
= B kyN®+ ky, By N° (3.437)
but from eq (4.3.4)
Bab — B[ab} - BC[akb]NC - k[aBb}ch (3.438)

3.9.4 Killing Horizons

Defintion: A null hypersurface N is a killing horizon of a Killing vector field £ if, on N,
¢ is normal to N.

Formula for surface gravity

£Vl =0 (3.439)

b= (V)T (3.440)

Surface gravity is the acceleration of a static particle near the horizon as a measured
at spacial infinity.

Killing horizon:

surface gravity

Vit (3.441)

Using the Kiling’s equation V t, = =Vt

t,Vyt, +tV t, +1,V t, =0, (3.442)

contracting with vVt
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(V) V)t = —(Vt ) (V" + (V, t,)(V )t
—kV "+ KV bt
= —2r%,. (3.443)

1
K = —§V”tavbta (3.444)

3.10 Laws of (Stationary) Black Hole Mechanics

3.10.1 Zeroth law

3.10.2 First law

Some matter falls into a black hole. The resulting black hole will oscilate, emmitting
gravitational radiation, but it quickly settles down to another Schwarzschild black hole.
Could the energy carried away by gravitational radiation be greater than the matter
that fell in, leaving a lower mass Schwarzschild black hole than the initial one? This
cannot happen because the area of Schwarzschild black holes are related to their mass by
A= 4m(2M)%.

1
My =20y = —¢- aVV“(t“r%b)dSab
1 b
= —— agbq
8 6Vv 5 Sab

1 a¢b
= _E/av §,n,VEdS
_ L k&P, dS

47 oV

1
= —— [ 4s (3.445)

47 v
M = — / Totds,,  §J = / T ¢"ds, (3.446)
dS,, = 26,nydS (3.447)
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oM — Q0] = / T, (" + Q") dSdv

- / dv / T,,£°6%dS. (3.448)

df
<=0 = 87T, £ (3.449)

SM — Q00 = /(Z—z — k6)dS

. 1 dA
= U|foo - H/(%%)ds

— A (3.450)

3.10.3 Second law

The second law of black hole mechanics states that the area of the event horizon cannot
decrease.

Irreversible tendency for geodesics to converge toward each other.

null generators

T~
5
|

caustic

Figure 3.13: In Schwarzschild black hole the horizon is generated by the radial light rays,
which meet at the center.

Glossing over technical details... If there were points on the horizon that can be joined
by a timelike curve, it is then possible to show that there is a small deformation of this
curve that results in a future-directed timelike curve starting inside the black hole and
ending outside the event horizon - contradicting the very defination of an event horizon.
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The chronological future I (S) of a set S is the set of points of the spacetime M can be
reached from p by a future-directed timelike curve.

Open sets - A defining property of open sets is that there is always ‘room for variation’.
An open interval of the real line is the set of points between a and b excluding a and b.
As the end points are removed, any point in the set (a,b) is always a non-zero distance
from the edge of the set, there is always room to move from side to side.

Locally the geometry is Minkowski spacetime (even at the event horizon!) so we know
locally any non-spacelike separated points on the horizon are joined by a null geodesic.
The same is true globally. Suppose that p and ¢ were two points of the event horizon
which are timlike separated. As chronological futures and pasts are open sets, there is
always room for the timelike curve between p and ¢ to be deformed to a nearby timelike
curve between new points p’ and ¢’ with p’ inside the event horizon but ¢’ outside. We
have a contradiction, the timelike curve between p and ¢ cannot exist.

We know that in Minkowsian spacetime that the chronogolical future (past) of a set is
open. The reason why the chronoligical future (past) of a set is open in general follows from
the fact that if a region is sufficiently small, its geometry is indistinguishable from that of
flat spacetime. Such regions are refered to as simple regions or normal neightbourhoods.

There is a future-directed timelike v joing p to ¢q. Consider a point z on 7 in the past of ¢
which is sufficiently close to ¢ so that a normal neighbourhood U(z) exists which contains

q.
I*(p)

p

(a) (b)

Figure 3.14: (a) An open interval of the real line is the set of points between a and b
excluding a and b. (b) .

A neighbourhood of the point ¢ that is sufficiently small lies entirely within the chrono-
logical future of p. Similarly, a neighbourhood of the point p, that is sufficiently small,
lies entirely within the chronological past of the point ¢q. From this it follows that any
point in U(p) can be joined to any point in V(g) by a timelike curve (see fig(3.17)). A
slight deformation of the curve which keeps it timelike will make it link an arbitrary
event p in some sufficiently small neighbourhood U(a) to an arbritary event in some small
neighbourhood V' (a).

As a lies on the event horizon, the neighbourhood U (a) overlaps with both the interior and
exterior of the black hole, and similarly for V' (b). Take any point in the neighbourhood
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Figure 3.15: ¢ lies in the chronological future of z.

U(a), which lies within the event horizon, label it p and any point in the neighbourhood
V' (b) which lies outside the event horizon, label it g. These two points can be joined a
timelike curve, 7" (see (3.17)).

Conjugate points of neighbouring geodesics...

From Raychaudhuri’s equation, if two null geodesics start to converge, they will intersect
within affine parameter time. This is the instability of the atractive influence of gravity.

do

1
o= —592 — 0,0 — R, ("0, (3.451)

where the vorticity is zero because hypersurface orthogonal. We have the inequality

The Raychaudhuir equation implies the following inequality for the expansion 6(\)

df 1

— <=6 3.452

dx — 2 ( )
Integrating this

do I

— < - dA 3.453
gives us

~1 ~1 A
07 (\) > 607°(0) + 1 (3.454)

From this inequality we see that if the congruence is initially converging (6(0) < 0), then
6='(\) — —oo within an affine parameter A < 2/]6(0)].
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Figure 3.16: The chronological future I*(p) of p is an open set; given any point g €
I*(p), there exists a sufficiently small neighbourhood V'(¢) contained in I*(p). Similar
statements hold for the p in the chronological past 1~ (q) of g.

It is obvious in Minkowskian spacetime that if one has path that is partly null and partly
timelike, then there is a timelike curve between the two points (fig(5.12)). To prove the
same is true in general on curved spacetimes, we will again employ the fact that if a region
is sufficiently small, its geometry is indistinguishable from that of flat spacetime.

We are making use of the fact that it is true in Minkowski spacetime fig. (5.12). Cover
the null geodesic with a finite number of normal neighbourhoods.fig. (5.13). Pick a point
between x, and call it z,.

That is, if one of the geodesics encounters a singularity before it has a chance to cross the
other geodesic.

If one of these geodesics in fig.(5.13) encountered a singularity befor it crossed the other
geodesic. We required that the spacetime manifold to be smooth, and also the metric.
The singular point at the centre of the Schwartzchild solution where the curvature di-
verges, must be missing. The radial geodesics thus come to a full stop. Before the second
conjugate point is reached, a singularity by a geodesic comming to a full stop if the null
geodesic in fig (3.18). The geodesic cannot be extended within the manifold, but never-
theless ends at a finite value of the affine parameter. We require that any null generator of
the horizon does not meet a singularity. the cosmic cencership conjecture holds. Hawking
relaxed this condition that is less strict and so emcoposess more spacetimes, called the
weak cosmic censorship condition.

In this last part prove the statements in the Schwartzschild solution.

J~(Z") is generated by null geodesics that never leave the horizon. The generator followed
into the past lies in the surface of the event horizon or is in J~(ZV).
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Figure 3.17: If two points on the event horizon are timelike separated, we can produce
a timelike curve starting inside the black hole which joins to a point outside the event
horizon.

There is a timelike curve, D, from p to b. Because b > p there exists a neighbourhood,
V(b), of b which is entirely contained inside I*(p). As U(a) was an arbritarily small
neighbourhood a cannot be inside the event horizon, rather it is in either J~(Z1) or
J(Z7).

So any that comes to be a null generator must come from outside the black hole.

3.10.4 Third law

The third law of black hole mechanics states that the surface gravity of a black hole cannot
be reduced to zero within a finite advanced time.

3.10.5 Quasi-Local Generalizations

The notion of an isolated horizon is arrived at by extracting from the definition of a
Killing hroizon the minimum conditions necessary for black hole thermodynamics.

3.10.6 Black Hole Thermodynamics

from theomodynamics we se the temperature and entropy arises from underlying statis-
tical mechanics. What microstaes are responsible for black hole thermodynamics?

a classical, stationary black hole is determined completely by its mass, charge, and an-
gular momentum, with no room for additional microscopic states to account for thermal
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Figure 3.18: When neighbouring null geodesics have conjugate points there exists a timlike
curve joining the two conjugate points. The dashed line represents a timelike curve joining
to the null geodesic. The points ¢ and ¢’ are timelike separated - rounding off the corner.
We make this argument more rigouress in the appendix M.

r

timelike __)/'

segment
null Sv

geodesic

- timelike

curve

Figure 3.19: In flat spacetime, when a null geodesic curve joins onto a timlike curve, there
exists a timelike curve between p and q.
behaviour.

If black hole thermodynamics has a statistical mechanical origin then the relavent states
must therefore be non-classical.

3.11 Definitions

A trapped surface 9(15) < 0 and H(H) <0
A marginally trapped surface 9(3), O(H) <0
An outer marginally trapped surface 9(3) < 0. is the boundary of a three-dimension volume

whose expansion of the outgoing family of null geodesics orthogonal to S is everywhere
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- = ~A
[~
- =~

Figure 3.20: There exists a timlike curve joining the two conjugate points. A timelike
curve joining to the null geodesic. (b) Contiuing in this way, we “peel” away a timelike
curve that joins r and p.

non-postive, «9(@ < 0.
An apparent horizon

A closed, spacelike, two-surface is an apparent horizon if it is the outermost marginally
traped surface.

3.12 Non-Expanding Horizons (NEH)

The very acsessible [64], A 3+1 perspective on null hypersurfaces and isolated horizons

Any null normal ‘is expansion free and by defnition. It is also automatically twist free
because it is normal to a smooth surface. Additional properties use the Raychaudhuri
equation

0= L0, = o> + Ry, t0" (3.455)

From the energy condition it follows that R_,¢*¢® 2 8w GT, (0P

Since \a(@|2 is also positive, it follows from (2.3) that

ol =0, R, =0. (3.456)
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be

J(TT)

time-
like

segment

(a)

Figure 3.21: There exists a timlike curve joining the two is way, we a timelike curve that
joins r and p.

J=(T)

Figure 3.22: There exists a timlike curve joining the two is way, we a timelike curve that
joins r and p.

Since { is expansion, shear and twist free, it follows that there must exist a one-form wff)
associated with ¢ such that

V02 O (3.457)
A (3.458)
where £ ) = anff) the surface gravity of A.

Under the rescalings ¢ — ¢’ = f¢, of the null normal ¢, it transforms via:

w,— w0, =w, +Valnf (3.459)

a a
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and the surface gravity transforms as

From (4.3.4) we also get

L, =L, =2V, =0. (3.461)

Thus, every null normal ¢ is a ‘Killing field’ of the degenerate metric on A. Although ¢
is a ‘Killing field’ of the intrinsic horizon geometry, the space-time metric g, need not
admit a Killing field in any neighborhood of A. Robinson-Trautman metrics [?7] provide
explicit examples of this type.

3.13 Weakly Isolated Horizons (WIH) and General-
ization of the Laws of Black Hole Mechanics

Figure 3.24: Conformal spacetime diagram of a WHI.

The lapse function N and shift N* will define the flow of time relative to this surface in
the usual way. That is, Ndt units of proper time pass for every dt units of coordinate
time, and an observer swept along by the flow of time will move with velocity \/N?N_/N.

Keep in mind that depending on the spacetime, such “motion” may or may not correspond
to “real” movement. For example, a particle which is static on the Schwarzchild horizon
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\ e

€y

Ra

Figure 3.25: Construction of a null tetrad for a NEH. Any spatial two surface S determines
uniquely, up to rescaling, two null vectors orthogonal to S.

will have a velocity equal to the speed of light, but doesn’t actually move by any normal
definition of movement.

3.13.1 Zeroth law

black hole mechanics says that the surface gravity of a weakly isolated horizon is constant.
This result hold even when the horizon is highly distorted so long as it is in equilibrium.

K ='W, (3.462)
Lyw,=0. (3.463)
the curl of w, is related to the imaginary part of W.:
Dy wy = (ImW,)e,, (3.464)
or, as is usually written, in terms of the covariant exterior derivative
dw =2(ImV,)e (3.465)

where € is the area 2-form on A (£,e and ¢-¢). Hence we conclude /- dw = 0 which implies
that K (g is constant on the horizon:

0=Lw=d(l w)=dkg, (3.466)
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3.13.2 First law

Hamiltonian theory well defined equivalent to the first law of black hole mechanics.

Two Hamiltonian frameworks are available. The first uses a covariant phase space which
consists of the solutions to field equations which satisfy the required boundary conditions
[26, 15]. Here the calculations are simplest if one uses a first order formalism for gravity,
so that the basic gravitational variables are orthonormal tetrads and Lorentz connections.
The second uses a canonical phase space consisting of initial data on a Cauchy slice M
ofinner boundary

In this report, we use a Hamiltonian framework to calculate conserved quantities such as
angular momentum and mass. We therefore begin by describing the phase space we are
interested in. Let M be the region of spacetime that we are interested in. The boundary
of M consists of four components: the timelike cylinder 1 at spatial infinity, two spacelike
surfaces M which are the future and past boundaries of M and and inner boundary which
is a weakly isolated horizon with a preferred class of null normals [] (see figure ). The
two spheres S are the intersections of M with .

shall use a first order formalism in which the fundamental fields are the gravitational
connection A al J and a tetrad e I a which satisfy appropriate boundary conditions (see ||
for a formulation in terms of metrics and extrinsic curvature). The lowercase latin indices
refer to the spacetime wnd the uppercase letters refer to a fixed internal four dimensional
Lorentzian vector space with internal metric 1, , with signature (—; +;+;+). A Lorentz
connection A ; denes a derivative operator acting on internal indices

Dk, =0k, + Ak, (3.467)

where @ a is an arbitrary at fiducial derivative operator. Fix a preferred internal null
tetrad (‘I;nd;mI;mI) at . The allowed field config- urations (AalJ;ela) are those which
satisfy the appropriate fall-of conditions at infnity

to ensure asymptotic flatness; and at are such that (i) a = ‘Teal is a member of the
preferred equivalence class [¢] fixed at and (ii) (;‘) is a WIH. It turns out (see [3] for
details) that due to the zeroth law, the standard gravitational action is a viable action
even in the presence of the internal boundary A:

1 1
S(e, A) = — e /M SYANF, A+ e / STANAL (3.468)

where
. 1 K A L
= SEIIKLE Ne (3.469)
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and

Fl=dA + AS A AY (3.470)
is the curvature of the derivative operator D a . Our phase space , known as the covariant
phase space, is the set of solutions to the eld equations satisfying the boundary conditions

specied above. The symplectic structure is obtained by second variations of the action
and leads to the following expression

3.13.3 Second law

3.14 Isolated Horizons

Boundary conditions at T' : asymptotic flatness.
Boundary conditions at H : 9, v =n_, n %=1
(i) H is null, I*l, = 0, [* is tangent.

(il) Gauge fixing - o has:

1= 0% JAY n® =09 ,,0%0" (3.471)

(iii) Field equations hold at H.

(iv) Main conditions:

OADaoA =0

"D, = —if(v)o™1,3 f>0 (3.472)

on H.
3.14.1 Boundary Conditions for Isolated Horizons
Boundary conditions that define an isolated horizon:

Consequences of the boundary conditions:

e The 2-spheres (v = const) are marginally trapped (expansion of [ vanishes).
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e The Horizon H is non-rotating (I and n are shear- and twist-free; expansion of n is
spherically).

shear-free:

o =m'm’V I, = 0. (3.473)

twist-free:

(Let us assume that [* is orthogonal to a family of hypersurfaces, the wave fronts, i.e.,
there exist scalar fields v, w such that

[, =vV w. (3.475)

Then it is easy to show that

Oyl = 0. (3.476)

In fact the converse holds: (3.476) implies (3.475) as a consequence of Frobenius’ theorem.)
e H is a future horizon (expansion of n is negative).
e Metric on 2-sphere (v = const) is independent of v area is constant, A

e Gauge-fixing reduces A7 to a (complex) U(1) connection on H; only real U(1) is
dynamical variable.

o If NAB — ;A4 A of then

2
AB AB
FAP = 3l (3.477)

curvature of A pulled back to the sphere (v = const).

3.15 Rotating Isolated Horizons

There are two distinct notions of multipole moments - source multipoles which encode the
distribution of mass (or charge-current), and field multipoles which arise as coefficients in
the asymptotic expansions of fields.
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[H geometries may be distorted because of matter rings, stars, black holes in the exterior
region. As we will see, a diffeomorphism invariant characterization can be provided by a
set of mass and angular momentum multipole moments M, , J,..

3.15.1 Basic Review of Multipoles

Gravitainal (Electrostatic) Multipoles

Earth’s gravitational field comming from the pair shaped deformation of the Earth.

The potential ®(7) of the gravitational fieldb at 7 produced by a mass m at " is

O(F) = (3.478)

as in Fig.(3.15.1).

Figure 3.26: multipole is the position of the mass density source and 7 is the requested
position for the potential ®(7).

First, say we wish to calculate the gravitation field at a point r produced by matter located
at 7, where is 7 a distance d away form the origin in the z—direction, see (Fig.3.15.1).
The mass will be given as the density p(7,) times a small volume element AV

) 1 0\?
1+(_d5)+ﬁ(_di) +...

The terms in this expansion are easily evaluated using the following identity

Q(r—r,) = plry) AV =

=l

o(r) (3.479)

1 1
8__2 0 __mz :_mcose' (3.480)

- — z— —_
Dz rm ar2 (r2)ym/? ym+2 e+l
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where cos = 7- 7, /rr" = z/r. We find for the first few terms

1 2 20 —1
dcosf d_SCOS 0 +) (3.481)

Q(r—r,) = p(r,) AV (; + 2 + 5 3

The first 3 terms are the monopole, dipole and quadrapole respectively. P (cos#). The
first few polynomials are

P =1 (3.482)
55
d1
X
Figure 3.27: dipolemass (a) monpole. (b) dipole (¢) quadrapole
We make the replacement cos @ — 77" /rr’ and get:
1 3! (i r 3 1 (=N
o(r) = . dxp(r)+ﬁ~ >z’ p(r)r +
1 s, (377 —r?)
— - e 4
+ 575 /d ' p(7) 5 + (3.483)
where
L= / >z’ p(7) Monopole Moment
E, = / &' p(7)7  Dipole Moment
3—*. = 02,2
E, = /d‘q’x/p(F’)( T 5 rr) Quadrupole Moment (3.484)

The result of this integration, in the axisymmetric case, will be of the form:
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1 dcosh d?>3cos?l—1
O(r) = L R — V32!
(7) /7“ (r + 2 + 5 3 + )p(r Ydox

[e.o]

1 1
— ;—EZEWM1 (3.485)
n=1

the coeffients £ are defined as the moments

E ::/T"Pn(cosﬁ)pdgx (3.486)

n

Note that these terms only exist because of our choise of coordinates - take care with
your origin (in section ?? we will see that the framework for the type II isolated horizon
automatically places you in the ‘centre of mass frame’). Consider the dipole (Fig. 3.15.1
a). They have the same mass and both are a distance d from the origin.

O(r,0) = p(rs)AV( L, 1 )

’T_Ts’ ’T+rs‘
1 2 20 -1
= 2p(r,)AV (—+d—M+...)

T 2 r3

(3.487)

Generally, if the matter distribution axisymmetric, and if the term P, (cos ) is missing it
is because we are sitting in the centre of mass frame.

The coefficients of the Legendre series match a known solution at a boundary. bounadry
value problem.

00 n+1
@m@:§¥.§_§h4§) R@%# (3.488)

P, is omitted since it would represent a displacement and not deformation. For a spherical
case all the moments zanish apart from the zeroth Fy = 1 and @ is a function of r only.
The scalar curvature of the surface of the Earth is constant over the surface and is just
1/R.

When the mass is concentrated on a sphere S defined as r = R, the expression simplifies
to

n

E:W%Q@mwv (3.489)
S
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Say we have constant mass density over the surface of an elipsoid, defined by

2 2 2
AV LT g (3.490)

a? b2

The mass density p(x,y,z) = C.

We can choose new coordinates to describe where the elipsoid is a sphere, if so the density,
in the new coordinates will vary of the surface of this sphere. We introduce the coordinates

ar’' =z, ay =y, b=z (3.491)
4y + 2% = R (3.492)

and the density is
Py, 7)) = (3.493)

Angular Momentum (Magnetic) Multipoles

Figure 3.28: magmulty is the position of the current density and 7 is the requested position

for the magnetic potential ®_ ()

di x 7
B = 1= (3.494)
T
dl x 7
B:/I > To (3.495)
T
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The vector potential A of a magnetic dipole, dipole moment m, is given by

A(r) = Z—;(m x %) (3.496)

using the identity Vx (Ax B) = (B-V)A—(A-V)B—-B(V-A)+ A(V-B), the magnetic
field is given by

_ 3ry(ry-m) —m

B = (3.497)
where cosf =r,-m
V- (Fx j

P = ‘F(_ 7 ) (3.498)

1 - 7 S .

o (7) = ;/d%/v (7 x )+ 5 [ BT x )+
1 3 ,(377- r— 7“/27"2) - —y -
— . 4

+53 /dx 5 V(" xj)+ (3.499)

where
M, = /d%’ﬁ (7 xj)  Monopole Moment

= /d%’qﬁﬁ (7 % J) Dipole Moment

M,
3—*_ 2.2 5 .
M, = /d?’x’( ol L )V (7" % g) Quadrupole Moment (3.500)
the coeffients M, are defined as the moments

M ::/T”Pn(cose)ﬁ-(qﬁxj)d% (3.501)

n

n

M = —R"t! jf (6D, P, (cos0))j,d*V (3.502)
S
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3.15.2 Spherical Harmonics

For functions that live on the unit sphere there is an expansion by a in spherical harmonics,
analogous to Forurier expansion of functions that live on the real line. The reader probably
have come accross them before as they solve the Schrodinger equation for the Hydrogen
atom. These form a complete orthonormal set on the unit sphere. The orthonormality is
expreesed as

/ V(0. 0)Y,, (0, 0)dY = 6,,6,,,,,. (3.503)

Complete because for any square integrable function A there is a ?7unique?? expansion

A0 =3 3w Yo (0.0) (3.501
1=0 m=-1
where
a,, = /Yl:‘n(@,@A(e, ¢)dS. (3.505)
in solid angle notation
d€) = sin 0dOde. (3.506)

unit normal vector to the sphere vector

N = (sin 6 cos ¢, sin 0 sin ¢, cos h). (3.507)
204+ 1(1—m)! ,
Y — Pm imao )
lm(67 ¢) \/ A (l i m)| l (COS 6)6 ) (3 508)

where P/™ are the associated Legendre functions. For our purposes we all the geometries
under consideration are axisymmetric, we only need the Y, ~with m = 0. The functions
we need are the P/™ with m = 0, these are prescisely the functions that appeared in the
moment expansion in the previous section. These are called the Legendre polynomials.

the generating function for Legendre polynomials:
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glt,z) = (1 =2z + )" =) P (a)t", |t| <1. (3.509)
n=0

3.15.3 Invariant Coordinates on the Horizon

Label points on the submanifold in a way that is invariant under spacetime coordinate
transformations % — z*. They are ‘coordinates’ in that they specify individual points
on the sphere but they transform as scalars under spacetime coordinate transformations.

The thesis [78]
In Euclidean 3-space,

Let S be the unit 2-sphere, equipped with metric ¢,,.

e®” = 9,C (3.510)

€, = € =0, €,y = —€y; = 1. ds? = df? + sin® 6d¢* so that ¢, = (1,sin’f). In polar
coordinates €, = \/glab] = sinf[ab]. The Killing’s vector field is in polar coordinates
P =r¢+ 0r + 06. restricted to the unit sphere ® = sin ¢ + 07 4 00

0,C =€, 9" + 6¢9(I)0 = 0;

0yC = €, 0" + 69¢®¢ = €5, Sin 0
0p¢ = —sind

So that

(=cost+C

The condition §¢ (€ = $;(d*S to eliminate the freedom to add to ¢ a constant.

O=n ¢=2m
7{ (d*S = / (cosf + C)dpsinfdf = 0 + 4nC (3.511)
s 0=0 J¢=0
so we should take C' = 0. On the unit 2-sphere in Euclidean 3-space, this function is

¢ = cosd. (3.512)

vector field (* on S" = (S— poles) via:
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v
<

X

Figure 3.29: polarcoo

qabca¢b =0

fixing the norm of the vector field (* by the condition

Cgﬁ(, cosf =1
1
9 —
<= sin 0
2 $
orbits of
¢ ¢CL — 0
at poles
killing field
gba

Figure 3.30: axicoords. In addaptive coordinates

1
Gy = RS T10.00,C + 10,00,0) and G = 5 (FC°C" + F10%9")

~ab ~

@G, = (fC°C+ [719°0")(fT19,C0.L + [0,60,0)
= (0,06 + f2C 0,000
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Invariant Coordinates

Let S be a manifold with the topology of a 2-sphere, equipped with metric g,,. a the area

of S and by R its radius, defined by a = 47 R2.
we can define on S a function ¢ via

The definition of ¢ (3.510) and (3.511) can be put into a covariant form as

D¢ =¢,¢" and / ¢\/qd*S

(3.518)

Obviously 0 ¢ = 0. This fact can be put into a coordinate invariant form as £ 46 =0

Such metric manifolds carry invariantly defined coordinates.
Consider the orbits of the axial Killing field ¢ of ¢, on S.

introduce a vector field (* on S” = (S— poles) via:
G,C%" =0 and ¢°D,(=1.
Then it follows

R, -
"= 2 "D,¢

where p? = Q'abqﬁaqﬁb is the squared norm of ¢“.
~ -1 A1 a - ~a 1 a -1 4a
Gy = R*(f7'DCDC + fD¢D,¢) and  §* = ﬁ(fé“ ¢+ fo%")
where f = u*/R?.

1

= 17(C).

one can reconstruct the function f from the scalar curvature:

=R { / C @ | C dcgfz(g)} F2(¢+1)

canonical round, 2-sphere metric ¢%, on S:
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@, = R*(f,'D (D¢ + fo,D,6Dyo) (3.524)

where f, = 1 — ¢*>. The availability of ¢°, enables us to perform a natural harmonic
decomposition on S. One uses spherical harmonics defined by ¢7,.

3.15.4 Definition of Geometric Multipoles

We showed that ( is a good coordinate on the manifold of orbits of and all geometrical
fields such as W,. In Euclidean space, smooth functions on the unit 2-sphere which are
Lie dragged by ¢“, can be decomposed uniquely in terms of Legendre polynomials. We
follow the same idea to define multipoles of ¥,. We set

1
I —iJ == —— ¢ ("U 52
—i, 87TG£C J€ (3.525)

Magnetostatics in Flat Space

M, = / P (cosO)V - (T x 7)d’x, (3.526)

Angular Momentum Moments

RE [ .
= — e*’D., P 0
L= g PEDPOEEY

47 RZH 0 0
= —y4/ 1 I ]iYn (O)ImW¥,d*V
[ 4r RiM
- _ L 52
2n+14nG ™ (3.527)

Electrostatics in Flat Space

E = /T”Pn(cose)pd3x, (3.528)
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Moments

M, = 2:: s 74 Y2(¢)ReW,d’V
B 2n4j— 1 ]\j[lﬂgn L, (3:529)
Structure of IHs
However, the connection is now complex:
Ay =Lor, —iw, (3.530)

where '’ is a real U(1) connection and w, is globally defined and real valued on A (which
carries the angular momentum information). The scalar curvature of the 2-metric on
the horizon need not be constant; the horizon may be arbitrarily distored (subject to
axisymmetry).

The curvature is given by:

F, =2dV = —20, % r, (3.531)

Properties of moments:

¢ and ImW¥, are completely determined, in a covariant manner, by the metric g, the
rotation one-form w_, and a rotational killing field ¢®. Therefore, it is immediate that if

(A,q,, D) and (A, ¢.,, D') are related by an active diffeomorphism, we have I = I’ and
Jp = I

ab’

i) I,J are diffeomorphism invariant. That is, (S, ¢%, V) and its image (S, ¢, V') under
any diffeomorphism define exactly the same set of numbers I, J ; and

ii) The multipole moments I, J, of any W, enable one to reconstruct that ¥, up to
diffeomorphism.

3.16 Dynamical Horizons

In this chapter study generalizations of the isolated horizon framework by allowing matter
fields to fall into the black hole. The method is based on the fact that the world tube of
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apparent horizons is a spacelike surface in the dynamical regime and therefore the usual
Hamiltonian and momentum constraints must hold on this surface.

We point out the similarities of this method with the analysis of isolated horizon mechanics
described in the earlier chapters and we also describe some subtleties regarding the ADM
angular momentum.

Figure 3.31: .

Defnition: A smooth three dimensional sub-manifold H of a spacetime (M, g ) will be
said to be a dynamical horizon if

(i) H is topologically S? x Z and spacelike where Z is an interval on the real line.

(ii) There is a preferred foliation of H by two-spheres and each leaf of this foliation is an
outer-marginally-trapped-surface; i.e. the expansion 9(@) of any outgoing null normal ¢*
is identically zero and the expansion Q(H) of any ingoing null normal n a is negative.

(iii) All equations of motion hold at H and all matter fields satisfy the condition that
-T2 X b is future-directed and causal for any future-directed null vector X, .

/ (167Nt T°T")d*x = / N(R+ K? = K, K?)d*x (3.532)
1% \%

where N is an arbitrary ositive function (the lapse) and V' is the region on H bounded
by S, and S,

DA D 1/ a
Gyl R = =5 (R = K? + K k) (3.533)

R =2R,, —G,)R"R'R+ (K)* — K, K + 2D, a". (3.534)

Substituiting this result in (4.3.4)
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/ (167 NT,,T°T")d*r = /
Vv

N (R + (K = K,K% +2D,0%) &'z (3.535)
\%

This equation relates the flux of energy along the normal to H((T*) with quantities
intrinsic to H.

/ (167 NT,, T*T"d*x = / <2NRbDa(lCab - Ianb)) d*x
v v
_ / 2N (D,8" ~ P"D,R,) d’x (3.536)
v
where 3% := K®R, — LR and, as before, P,, = K, — Kq,,.

(“:=W*+ D"InN, =GRV L, (3.537)

FH - | NREV = 162G / T, Tl d°V + / N {lo> +2/¢|}d*V  (3.538)
AH AH AH

3.16.1 Gravitational Energy Flux

With these decompositions, the following results are very easily verifed

a 1 a
2’Cab2]Cb — 5(2K)2+ 20_ab20_b

K = 24+B
1
K, K = 5 °K)? +6,6° + 2W W* + B?
K o= 24 (3.539)

Vanishing in Spherical symmetry: By Birkhoft’s theorem
Vaidya solution

any metric g, (z) soves Einsteins field equations so long as we take the energy momentum-
tensor to be given by T', = R, — % g,, R, where we have calculated R, using g ,(x). What
distinguishes a physical solution from a non-physical solution is whether the corresponding
energy-momentum tensor satisfies physically reasonable conditions, such as the various
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energy conditions. Even it satifies these conditions, one still has to a physical interpreta-
tion of the source of this energy-momentum tensor.

We want m to depend on u, m = m(u)

2
fo1o 2m (3.540)
T
The only non-vanishing component of the Einstein tensor is G,, = —(2/r*)/(dm/du)
(exercise). Then the energy-momentum tensor is of the form
dm/du
Tab - _Wgagb’ (3541)
where /, = —0u is tangent to radial, outgoing null geodesics.

3.16.2 Rotating Dynamical Horizons

3.17 Null Tetrads and Spinor Analysis

3.17.1 Null Tetrads

We start with four linerly independent vector fields ef, where i serves to label the vectors.
Zaie? =0 dmplies a; = 0.
i
At a particular point, we define a matrix of scalars g;;, called the frame metric, by

9i; = JapCic;. (3.542)

Since ef are linearly independent and that g, is non-singular, it follows that the matrix
9,; s non-singular and hence invertible. To see this first consider the eigenvector equation

D90 =M,
j

as g,; is real and symmetric it has eigenvales. To prove g,; is non-singular we assume

A =0. Then
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> 9% = D gueiu] = 0.
j j

As the ef are linearly independent, this implies

> Gus0; = 0.
j

Using that g, is invertible, this implies
b, _
> e =0
J

and again by linearly independence of e;’. we have v; = 0. Hence there is no eigenvector
with eigenvalue zero and so g,; is invertible.

We denote the inverse as g%,
9:;9°F = 6;. (3.543)
we then use the frame metric to raise and lower frame indices. Then we can write
5;- = gikgkj = gikgabeieg = eie?. (3.544)
Using this it is easy to verify the inverse relationship to (3.542) is
oo = el (3545

as

a b __
Iap®i€; = (gkleaeb)eiej

= gm(eﬁe?)(eéeg)

Suppose for a given spacetime we have defined an orthonormal tetrad as follows:
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Ua

-a 3 a
7% k

timelikevector

We can construct a null teterad via

in whcih case [* and n® are null vectors, that is

1“1, =n"n, =0

and satisfy the normalization condition

next we introduce a complez null vector defined by

m® =

(5 + k%)

-

together with its complex conjugate

Including
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(3.546)

(3.547)

(3.548)

(3.549)

(3.550)

(3.551)

(3.552)

(3.553)

(3.554)



ey =m", ey =m", (3.555)

01 0 0
10 0 O
9% =100 0 -1 (3.556)
00 -1 0
and the inverse frame metric is
01 0 0
i 10 0 O
1 —
=100 o0 -1 (3.557)
00 -1 o.
g* = gijefzei
01 0 O 1
— ) 10 0 0 n?
= Vele™dM) 1o 0 0 1] [ mb
00 -1 0 m°
= l,n, +n,l,—mm, —mm,.
The metric g, is decomposed into products the null tetrads according to
G = L, +ln, —m, m, —m,m,. (3.558)
gab — gije 6]
01 0 O &
(" 0, o) 10 0 0 n®
N T 00 0 -1 mb
00 -1 O me
= 1"n° + nl" — m*m’ — m"m°. (3.559)
nl=—1 n-m=0 n-m=0
I-m=01l-m=0 m-m=1. (3.560)



Example

Conbsider the flat Minkowski metric, written in spherical polar coordinates:

ds® = dt? — dr? — r’d6?* — r? sin? 6dp?

l 1(1100) 1(1 1,0,0)
= =LY, ) n,=—,—=Wu =L
V2 V2
1 1
m, = —(0,0,r,1rsinf), m, = —(0,0,7r, —irsin6 3.561
p \/5( ) " \/5( ) ( )
1 0 0 0
0 -1 0 0
po_
g 0 0 —1/ 0 (3.562)
0 0 0  —1/r’sin?0
L1 = g™,
1 0 0 0 1
1 0 -1 0 0 1
= LO0 G g gy 0 0
0 0 0 —1/r%sin?6/ \0
= 0. (3.563)
n-n = g"”nuny
1 0 0 0 1
1 0 -1 0 0 —1
= L mL00 g g gy 0 0
0 0 0 —1/r?sin?6 0
= 0. (3.564)
l-n = g’“’luny
1 0 0 0 1
1 0 -1 0 0 —1
= LO0 G o gy 0 0
0 0 0 —1/r?sin*6 0
= 1 (3.565)
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m-m g“"m“my
1 0 0 0 0
1 L 0 —1 0 0 0
5(0,0,7‘,17‘311&9) 0 0 -1/ 0 -
0 0 0 —1/r?sin*0/) \irsind
0
1 L 0
5(0,0,7", irsin @) 1/
—i/rsind
0. (3.566)
Obviously m - m = 0.
m-m g’“’mumy
1 0 0 0 0
1 o 0 —1 0 0 0
§(0,0,r,zrsm9) 0 0 -1/ 0 -
0 0 0 —1/r?sin?0/) \—irsind
0
1 . 0
5(0,0,7“, irsin ) s
i/rsind
1. (3.567)
Obviously l-m=1l-m=0andn-m=n-m=0
3.17.2 Newman-Penrose Formulism
The Weyl tensor in terms of the curvature tensor is
1
Cabcd Rabcd + 5 (gadRcb + gbcRda - gacRdb - gbdRca)
1
+ = (YacIap — aader) BB (3.568)

Define the scalars

6
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- a, bic __d
= Cpaclm’lm

o a, bic d
= 10, "M °n

a, b—-c d
C gl m’mn

o

Y

—_

N

_ s a d
= 1C pae! n’men

= C’abdcmanbmcnd (3.569)

SIS
I

W~
|

The tetrad components of the Ricci tensor are given by:

D), = %Rabzazb, @01:2'%Rabl“mb,
D, = —%Rabmamb, d,, = leablamb,
®, = iRab(lanbijamb), ®, = z’lR nm’,
D,y = —%Rabm“mb, O, = —i Rabnamb
®,, = %Rabnanb (3.570)
ko= —mPV,l, e = %(m“lbvbma—nazbvbza) ™ = m’V,n
o = —-m*m'V,l B = %(mambvbma—nambvbla) p o= m'm’V,n,
p = —m'mV,l, a= %(m@mbvbma—nam”vbza) A = m'm’Vn,
T o= —mn’V,l, v = %(m“nbvbma—n“nbvbla) v = mn’V,n, (3.571)

3.17.3 Spinor Analysis in GR
Spinors and Vectors

1 0 01 0 —1 1 0
UO:(O 1), 01:(1 0), 02:(7; 0), 03:(0 _1) (3.572)

We form the matrix

, , : t+z x—iy
AA 0 _AAT 1 _AA 2 _AA 3544
ut =woy” fuoy”t Futoy” +uo (x—i—iy t—z) (3.573)
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We demand that this matrix by Hermitian

ul =u (3.574)

as then and only then are the coordinates (t,z,y, z) guareanteed to be real. One can
represent the effect of the Lorenz transformation by matrix multiplication

u' = LuLl (3.575)
Here «' is also Hermitian
(W' = (LuL®)
— (LT)TUTLT
= LulLf

= (3.576)

and the new coordinates (', z’,y’, z’) are guareanteed to be real too. Explicitly

'+ 2+ [a b t+z x4y a ¢
(x/—iy/ t— 2 )_(c d)(x—iy t—z )(5 3) (3.577)

A Lorentx transformation is defined as a linear operation that leaves the interval invariant:

t2—a? -yt == —g? - 2 (3.578)
Note that the determinant of w is
det u =t* — 2° —y* — 22 (3.579)

so that the condition for the preservation of the interval is

det v’ = det u (3.580)

or

(det L)(det u')(det LT) = det u (3.581)
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This requirement is fulfilled by

det L =1. (3.582)

We take the transformation rule for a two component quantitiy £4 to be

€4 =146 (3.583)

This is the definition of a two-component spinor. To recover the formula v’ = LulLT,
namely,

WA = [A TP (3.584)

we introduce another spinor n®" which transforms according to the conjugate of the
Lorentz transformation

—A’ B’

N =T ,m (3.585)
because then the transformation law for a second rank spinor 4n?’,
’ 1 —B’/ ’
EP =LA L7 57, (3.586)

. . !
is the same transformation law for u44’.

We see in a sense a spinor is the “square-root of a vector”.

Dual spinor

In components with respect to this basis we have

€ap = ( _01 (1) ) (3.587)

We define €48 as

B = (AP = ( _01 (1) ) (3.588)

We can use €, lower indices of spinors,
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€ap€n” = (€45 (3.589)

The quantity in the brackets is the dual of (&, and so we have

fB = EABgA = §A€AB = _EBAfA (3.590)
Using the inverse of €, we have
(E_I)BCSB — fAEAB(E_l)BC — €A5AC7 (3591)
where 6, is the spinor Kronecker delta. Note th eposition of the indices
—eBC¢, = €45 ,C = €. (3.592)

These can be used for the raising or lowering of spinor indices, in a way analogous to g*
and g,, for tensors, but here one has to be careful with the up-down rule.

§p = fAGABu 50 = ECBgB‘ (3.593)
For multiple-component spinors, for example we have
¢ ¢ =%, (3.594)

Null vectors.

A space time vector corresponding to a spinor of the form
XA = qAp (3.595)
is null as its determinate is zero,

€apap (@B (P57 = (ata,) (87 8,) = 0. (3.596)

In fact any null vector has this spinorial form. A four-vector is null if and only if
det(X44) = 0. This means rows/columbs must be linearly dependent.

A real null vector satisfies the condition 3 = @ whenever X is.
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Converting spinors into vectors

ut = gt AN (3.597)

BB
Uppgr = U €gp€prp

we define the matrix 0", ,, via

_ p
Uppr = 2,0 400 (3.598)

we have

- u . BB’

Uppgr = X0, €ga€pra

- uv _ BB’

= 1’“(77 0,”" €pa€par)

_ p

= 2,040 (3.599)
implying

BB

o' =00, g epar (3.600)

Let us calculate this from

v (10 av (01 an [0 —i av (10
%" :<01 o=t 0) @ =l 0 ) T =1 o

(3.601)

Firstly

- Op . BB’
O pqar = N0, €atpa

= - (GT)ABUO BBIGB’A/

-0 ) )0
_ <—01 _01) (3.602)
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then

_ 1p
O qar = N0, €gatpa

_ _?1 ‘61 ) (3.603)
then
U2AA’ = 772“0'NBB/€BA€B/A/
= (ET)ABUQBB €prar
B 0 -1 0 —1 0 1
1 0 i 0 -1 0
0 —1
() s08
and

O pqar = N0, €atpa

- (1) 8)(A)
(

Blg). (3.605)

Altogether we have

0 10 ' 0 1 ) 0 —i
Car="\o 1) Tar="\10) 4= o )

aamz_(é_i). (3.606)

We have the following orthogonality and normalisation relations
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0, oty = —20p0p, (3.607)
and

o, o¥ 4= —26" (3.608)

7
Proof:

(i) Proof of (3.607)

We check by direct calculation. There arer 16 possibilities
A=A"and B # B’

3

00" _
E o, 0oy = 0
v=0
3
§ : 00" _p _
v=0
3

11" _p _
E o, 0oy = 0
v=0

3
Y oMoty =0 (3.609)
v=0

B=PB and A# A

3
E : 01" _p _
v=0
3

10" _p _
E 0, 0oy = 0
v=0
3
E : 01’ _p _
v=0
3

10" _p _
E o, 0y =0 (3.610)
v=0

A=A"and B=DB'
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3
00" _p _
E o, 0oy = 2
v=0
3
00" _p _
E o, 0y = 0
v=0

3

117 _p _
E 0, 0oy = 0
v=0

3
> oMoty = =2 (3.611)
v=0
A# A and B# B
3
Z Uumlgﬂoy = =2
v=0

3
E : 01" _p _
v=0
3

10" _p _
E o, 0oy = 0
v=0

3
Y ooty = =2 (3.612)
v=0

confirming (3.607).

(ii) Proof of (3.608).

AA

Calculate o, /a”AA,. First say p # v

o, 0"y =Tr[-0l0,] =0 (3.613)

as what appears in the bracket is the positive or negative of one of the sigma matrices.
Now say pu = v, first u =10

AA" 0 T

0,00y =Tr[—0y0,] = 2.

Now say p =1
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AAT 1 T 1_
oo u=Trl—o,0,] =-2.

Similarly for o,. Now say p = 2

0, 0%, =Trlolo,) = —2.
Now say pu =3
o, o =Trlola,] = —2.
Altogether
AA" v v
0, 0" 44 =20, (3.614)
[]
Now
o g™ = o VAA'(QCNUMAA/)
= 20", 4 UNAAI
9, sV
= —2z"0,
= 21"

therefore the contravariant components of the vector are

1 /
mo_ iz AA
2 = =50t a0t (3.615)
Now
AA! _ AA "
0, Upy = 0, (%U aar)
_ I AA
= 2z

and the covariant components of the vector are
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1
_ AA
T, =730 Uaar

A tensor T can be expressed in spinor language, for example for a mixed tensor

BB'CC’ _ BB _ CC'mve
TAA’ =0 4409, Oy T,u

and the inverting this via
3
voe _ [ AA" v o BB'CC’
T, —( 5) 0,0 50 ol yn

— M v o P
€aaBB'cc'DD’ = Cuvop? AA9 B0 cc'O DD

Spin basis

(3.616)

(3.617)

(3.618)

(3.619)

It is easy to find if two spinors ;1 , and A, are linearly independent ;i , = C'onst. A ;; there

scalar product A AuA = 0. Therefore a nonvanishing scalar product

)\A/LA#O

is a necessary and sufficient condition for the linear independence of two spinors.

A general spinor can be written as a linear combination of two basis spinors:
£ =¢% +¢h.

o =(1,0), ' =(0,1)
The conition that (o,1) is a spin basis are

A B _ A B _ A B _
€E4g0° 0" =€ 51700 =0, €507 = 1.

€aB = Ol — 1404y

since both sides give the same result when applied to o or 24:
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A A A _
€EAR0 = 0,015 — 140 0g = 0p

A _ A A
ergt’ = 0410 — 10 05 =g (3.625)

Jacobi identity

We have the Jacobi identity

€aB¢cp] = 0= e€s5€cp T €actpp T €aptne (3.626)
Lemma 3.17.1 Let 7 ., be a multivalent spinor. Then

T AB.. = T.(aB).. T 56,437...00... (3.627)

Proof:

It is sufficient to consider the case where 7 has valence two. So multiply (3.626) with the
CD indices raised with 7,

(GABECD + 6ACEDB + EADEBC)TCD = 6ABTCC —Tap T 74 =0, (3.628)
or
1 c
Tlap = 5€a87C - (3.629)
So that
TaB = T(aB) T TiaB) = Tap) + §€ABTCC' (3.630)
]

The alternating tensor. The alternating, as defined before, by €, ., = €labed)> with
€123 = 1. We prove that

€abed = Y€Ac€BDEA' D EBICr T Y€ ADEBCEAICIEB DI - (3.631)
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First note this corresponds to a real tensor since complex conjugation interchanges the two
terms with ¢ replaced with —i. We check that it is anti-symmetric under interchanging a
and b:

€abed = YBc€aDB D €arcr T ¥BDCactB e €A D T T Chacd: (3.632)

Similarly it can be shown to be anti-symmetric under the interchange of ¢ and d. Finally
we consider the interchange between b and ¢. We have using the Jacobi identity (3.626),

€abed T €acbhd = €ac€BpCap€rcr ~ € ap€pcCarci€pip
+  leap€cpCap€orp — Y€ap€opCap o
i(EACEDB + EABECD)EA’D’EB’C’ - ieADEBC(EA’C’ED’B’ + EA’B’GC’D’)

i(_EADEBC)EA’D’eB’C’ - ieADEBC(_EA/D’eB’C’)
= 0. (3.633)

From anti-symmetry in the pairs ab, bc and cd, it follows that we have total anti-symmetry:

€abed — 6[abcd}‘ (3634)

An equivalent expression for €, is:
Yeap€epCacép o ~ YactBpCarp €orpr (3.635)

We use the Jacobi identity (3.626) to show they are equivalent:

e p€eptarctpp — Y¥actBptarp o

_Z(GACGDB + GADGBC)EA’C’GB’D’ + ZEAC'EBD('EA/C' €pp t GA’D’GB’C’)

“YactpBCarcéB D T Y aDCBCCarc B D!,

-~

ac€ppac€pp T €actppéapepcr

-~

= €actBpCarpepcr T Y¥€appcCa B D (3.636)

Null tetrads and spinors

We can contract the 0% , ,, with a tetrad e,
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ut = ule, " =ute | e (3.637)
so that
ut =g AR (3.638)
R (3.639)
s¢ = 272 (AT + AR, (3.640)

is a unit spacetime vector orthogonal to k%, and is unique up to an additive multiple of
ke

Another real unit spacelike vector orthogonal to k¢ is

t¢ = 27 V2 (RATY — 'Y (3.641)

A4 = 0" + Y + CoMTY + oo (3.642)

1° = oY, n® =%, m® = oY, m® =%, (3.643)
l,=0404, N, =1,404, M, = 0,04, M, =1,04. (3.644)
I°l, = 0,0 ,,0"5" =0 (3.645)

Theorem: Suppose 7,5  is totally symmetric. Then there exists univalent spinors
ay,Bg, ..., such that

Tap.c = ¥aPp - oy (3.646)

The «, 3, ...~ are called principal spinors of 7. The corresponding null directions of T.
Proof:

First we let £ = (z,y) and define
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T(f) = TAB,,,cfAfB .- -fc- (3.647)

For simplicity, let us consider the simple case of a valent 2 spinor, 7, 5. Now

A¢B
Tap = Tap&"¢

is obviously a polynomial of degree 2 in (complex) = and y:

2 _ . 2 _ 2 _ 9 2
TooL T TY — ToYT + 7Y = Ty 2l vy + 11y

= y°p, (E) . (3.648)

The polynomial in (z/y) can be factorised

Too(@/y — ay)(@/y — a,) (3.649)

where a, and a, are roots of the equation p,(z/y) = 0. So

T(f) = TABfAfB

0
= Z/Q(Oéog - O‘1)(ﬂo§ - 5)
= (ogz — ay)(Byr — By)

= a,fye%" (3.650)
Therefore
7,568 =, BE465 (3.651)
Too” — 212y + T,Y° = Teor” — 27,1y + T

ozoﬁox2 — B2y — o, fyx + alﬁlyQ (3.652)
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Differentiating 9*/9zPdy? for p + q = 2 we get

Too = O‘(oﬂo)
Tor = O‘(oﬁl)
1 = O‘(1ﬁ1)

or

TaB = O‘(AﬂB)

For 7 with valence n

T(f) = TAB,,,cngB . -fc

0
Y

= oy, — )y =B (o =)

= (aox - 0413/)(@):5 - ﬂ1y) ce (70x - P)/ly)

= a,fg.. .8 .¢C

Differentiating as 9?/0xPdy? for p,q =0,1,...,n, such that p + ¢ = n we obtain

Tag 0 = oz(AﬁB ey

[
The spinor equivalent of T, = T, is Tz, 5 = —1Tg4p 4 Define
ba5 = 5Tac”
AB T 5t aBCy
By
Typor = TABA’B/EAIB/ = _TBAB’A/GA/BI = TBAA/B’GA/B/ = Tgact /
we have
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Pap = Ppa-

Typyp = TAB(A/B')+TAB[A'B'}
= Typapyt Paptap (3.657)

where ¢, 5 = %TABC,C/. Aplying this again

TABA’B’ = T(AB)(A/B’) + ¢AB€A’B’ + EABEA’B’ (3658)

Note that

T(AB)(A’B’) = EE(TABA’B’ + Tpapa + Tpanp + Tappar)

2 (3.659)

So that we have

Typarg = PapCarp + GABaA/B/' (3.660)

The dual of T is defined by T7, = 1€ ¢T. . Let us calculate T%; 4 5,

1
2

¢cD,_C'_ D c_ D C’D’)

Tipyp = i(eABE €ar €gr T €4 € Cupc Teperpr

cCD_ C'_ D C_ D C’D’)(

(EAB6 €par € T €4 € Epp€ ¢CD€C’D’+€CD$C’D’)

SN =R DN

= _[EAB(ECD¢CD)(EA’CIEB/D/EC’D’) + EAB(ECDECD)(GA’C/EB’DlaOD’)

C Cc'D'—~

\)

!

- (GA_ 6BD¢CD)€A'EV(€C P 6C'D/) - (EACEBDECD)GA’B’(E C’D/)]
= i(exgPap — Paptap) (3.661)

/ / ! /
(C'D _ (C'D

where we used €“Po,, = G = 0 and €“Pe, €crpy = 2. From this and

(3.660) we have

Ty +1T5, =20 45w (3.662)
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which proves that ¢,, and T, are fully equivalent as

T, = Re (20456 0p)-

We can decompose ¢, as it is symmetric,

a5 = 40 (3.663)

If @ and 3 are proportional then « is called a repeated principal spinor of ¢, and ¢ is
called algebraically special.

3.17.4 Curvature Spinors

Rabcd = RAA/BB/CC’DD/ (3‘664)
FI'OIH Rabcd - _Rbacd
1 Xl X
Ropeq = QRAX'B copp€ap t §RXA/ B'CCc'DD'€AB (3.665)
We have the symmetries
Ry = R v
Ax'B cc'pp’ — YaxB) cc'pp
X . X
Ry s poopp = RX(A/ B')CC'DD’ (3.666)
From R, ., = —R,,. we then have
Rya = Xapep€antop + Papop€anton
+ @ ypeptason T Xapopaston (3.667)
where
X ]_ X/ Yl @ ]_ X/ Y
ABCD — ZRAX'B CcY'D s ABC'D' — ZRAX’B yer D (3.668)

The complex conucates appear to make R, , real. We have the symmetries
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Xy X’ Y’ X/ Y’
Ryx5"cyip - R(A|X’|B) CY'D :R(A|X’|B) (C|Y'|D)
X Y X Y X Y
Rya“pye o = By’ pyve o= Buxs) vier oy (3.669)
or
Xypep = X (AB)CD — X (AB)(CD) — XAB(CD)
Qypop = q)(AB)C/D/ = q)(AB)(C’D’) - CDAB(C’D’) (3.670)

The interchange symmetry

Xapeptaptop T Papop€antop + PLapcopeanton + Xapop€anton

= Xcpapap€op T Popaptantop+ Lopap€anton + Xopap€anton

(3.671)
Contracting both sides with €27 ¢“'P" gives
Xapep = Xcpas (3.672)
Contracting both sides with €25 e“P gives
P yporp = 6c'D'AB (3.673)
Therefore the interchange symmetry is equivalent to
Xapep = Xepap EABC’D’ =P uporpy (3.674)

The second of these equations implies that ® ,; ,, 5, corresponds to a real tensor ® . while

_ _ : : _ c o _ AB,A'B' __
Popap = (I)(AB)(A’B’) = ®papy implies @, = @, and O."" = P ppe e =
P AB A'B'

(AB)(A'B")€ = 0 implies ® * = 0, altogether

®ABA/B’ - @ b - ®b :Eab’ @ ¢ = O (3675)

that is @ , is real, symmetric and trace-free. Note also X , 5. = X(AB)(CD) and X, p0p =
Xopap implies
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AD
XA(BC)D6

that is

—_

§(XABCD + XACBD)EAD

1

i(XBADC + XBDAC)EAD

XB(AD)CEAD

0 (3.676)
wef = 0. (3.677)

The first type of dual of R}, , = %ecdefRabef

—_

* — —
Rigepapop = Z(GCDE

— DN

= (€cp€

N}

EF_ E _ F’
€or €pr

EF_ E _ F’
ecl ED’

E F E'F'
— € €p €op€ )RABEFA/B/E’F’

E_F E'F'
— € ¢p €op€ )

(XABEFEA’B’GE’F’ + P uppr€aptrr

+ P yppreappp X A’B’E/F’GABEEF)

— 2X s pop€apop

Similarly we have

* _ % S
Rabcd - RABCDA’B’C’D’ - ZRABCDB’A’C’D’

Also

* ¥
R abed

Altogether

= “Rypcpappcr

= éi(Q(I)ABC’D’EA’B’ECD +2X yporp€aten

— 2Py poptan EC’D’)

(3.678)
(3.679)
1 e h
= Zeab fecdg Refgh
>k}%:iXBC’DA/B’C"D’
- /L.*RABCDA’B’D’C’
= —Rypcppapc (3.680)
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Clearly all three duals satisfy share the anti-symmetry of R, , (R .. =

addition as

sk
R abed
*

Rabcd

* * _
R abed T

iR ypcpappor
iR ypepp arcipr

_RABCDB’A’D’C’

€ab efecdghRe fgh — €ab echdghRghe = €d efeabghRe fgh
i.e.
>|<]%*abcal = >|<]%*calab
and
* % 1 e h 1 ef h
R afbed] Zea[b Ecd}g Refgh = Zea[b Ec}dg Refgh =0
i.e.
*R*a[bcd] = 0.
R X+0+P+X
Riped = —iX 410 —i®+iX
Ry = —iX —i®+i®+iX
Rppd = —X+0+0-X
Because of X, 5.p = Xopap
C AC AC AC C
Xepp =€ Xupep =€ Xopap = =€ Xupep = —Xep B

and so

c
Xop p =3Tegp.
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We translate the symmetry R[abc} 4 = 0 or equivalently Ra[bc ' 0 into spinors
the calculation we establish an equivalence, first note

1 1
*  bc bece cbe
R ab 56 fRabef = _56 fRa[bef}
therefore R, = 0 implies R* b =0. Next
1
ef
Ra[bcd} = géthfRaefg
2 I .
= T 31 hbedn© R, f9
2 * h
= _thbcdR aee

therefore R* " = 0 implies R, peq = 0- Thus R, = 0 is equivalent to

R, =0,

To obtain the cyclic identity

% b , B B , B B
R, = =X 5 cbap€ o H1Pup" ciap€ o
!

=~ B B’ ~ B B

— 1Py €€ o TIX pp €apE

. B B ~ ' B

= —iX, g c€ap€ o TiX yp €ap€ o

+ (P 0mcr — Pacacr)
=0

implies

B B
Xap c€aor = Xap o€ac

or

Yesc€acr = Tepctac

. . I¥ali .
or on contracting with eACeAC gives
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(3.689)
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Y=T (3.693)

Let us define ¥ , ., by

Vsep = Xapep — Y(€actnp + €5c€an) (3.694)
where
1 4c BD
T = gt € X apop- (3.695)

The symmetries X ,5p = X(AB)(CD)

‘II(AB)(CD) —Wypep = X(AB)(CD) — Xapop + Y(€acepp + €pcean)
(212 (€ac€pp T €pc€ap + €pc€ap T €actsp

t €ap€pe T €pp€ac t €pplac T EADEBC)

= 0. (3.696)

or
Vasep = Yancn) (3.697)

and X, pop = Xopap imply
\IIABCD - \IICDAB = XABCD - XCDAB
— Y(esc€pp t €pc€ap) T T(€cu€pp + €paon)

= 0. (3.698)

or
quBCD = ‘I’CDAB- (3-699)

By construction

359



AC _AC __AC
Vipep = € Xapop —€ T(614061313*”513061413)

= 3Yeg, — YT (2e5p +€5p)
_ (3.700)

Therefore ¥ , 5, is totally symmetric

Vasep = Yiapony (3.701)

We have now found the spinor equivalents of all the symmetries of R, ,. Next we compute
the Ricci tensor R,, = R, ". From (3.667) we get

R = R,"

ac abc

_ B B B
= Xupc €aptcr T Pape €apec

!

— B , —
+ P upc EABGC’B + X yper EABECB
= 6Ye €0 — 2P acucn (3.702)
or
R, =6Ye,p€0p — 2P, 515 (3.703)
which may written
R,=6Yg, —20,. (3.704)

Hence, for the scalar curvature R = R * we find, using ® ¢ =0

R=247. (3.705)
Thus
1 1
q)ab - __(Rab - _Rgab) (3706)
2 4
Ripopapcop = (‘I’ABCD + T(EACEBD + EBCEAD))EA’B’EC’D’ + @ upop€anon

+ P ypep€aptorp T (\IIA’B’C’D’ + T(EA’C’EB’D’ + EB’C/EA’D’>)€AB€CD

= Vpepbaton + Papopeapop T Y(€actnp t €pc€ap)enn o
+ c.c. (3.707)
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Weyl tensor

Define the real tensor

Cuapepascp = Yapeptaneop + Y apcp€astop (3.708)

Rearanging (3.707) gives

Capcpascop = Rapepaponp
—Puporp€aptop — T(GACEBD + EBCGAD)GA/B’GC/D’

—P ypop€aptorp — T(EA’C’EB’D’ + EB’C’EA’D’)EABECD (3.709)

We use the Jacobi identity

EA/BIEC/D/ + 614/D/€B/C"/ - EA/C/GB,D/ - O

on the terms proportional to T,

—Y(€s0€pp + €pc€ap)eapeop + ..
= —T(eactnp + €pcap)€xctpp — €xp€pen) + CC
= —T(eactwcrpnp — €Bo€pcr€aptan

— €actrpEap€pcr T Epo€aptacitpp) t e

= _QT(GACEA’C’GBDEB/D/ - 630613/0/@1136,4/1)/) (3.710)

Substituting this into (3.709)

Capcpapop Rapopapcon — Papop€aneop — Popap€antop

—2T(€scEncr€pperp — €Bc€Bcr€apEap) (3.711)

Comparing

_CDABC’D’GA’B’GCD - (I)CDA/B’GABGC’D/ (3.712)
with
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P scac€pptp — PLapap€rctre — PLoopcr€aptap + PLoppp€aci€ac
(3.713)
for the distinct indices
A=0,B=0,C=0,D =0;
A=1,B=1,0=1,D=1;
A=1,B=1,C=1,D =0;
A=0,B=1,C=1,D=1;
A=0,B=1,C=0,D=1;
A=0,B=0,C=0,D =1,
A=0,B=1,C=0,D =0;
proves they are equivalent. Substituting (3.713) into (3.711) gives
Capcpapcop = Rapepapop + Pacactnpesp — Papaptrotse
= Ppepctapap T Poppotactac
— 2V (€sc€ucreppepp ~ €Bc€BcrCantan) (3.714)
Converting into tensors gives
Capepapen = Raea T (Pucdar = Poathe = Pocdoa + Pradue) = 27 (9acIoa — IpeYaa)
1
= Rypa— §(Racgdb = R,u9 — Bye9uq + Rpabac)
1 R
+ gR(gacgdb - gadgbc - gbcgad + gbdgac) - E(‘gacgbd - gbcgad)
1 1
= Rypq— §(Racgdb = R,19 — Rye9oqg + Biaae) + =(90cIar = GaaIer) B

6
(3.715)

This agrees with the definition of the Weyl tensor

1 1
Cobea = Ropea + §(gadRcb + oLy = GacLlay — Gpallea) + g(gacgdb — Gug9) R (3.716)

so we can identify

CABCDA’B’C’D’ = Oabcd (3‘717)
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Worked exercise:

Use that C, , only differes from R, , by terms involving the Ricci tensor and the Ricci
scalar, that C', , have the same symmetries as R,

Rabcd = _Rabdc = _Rbacd (3'718)

and that

to determine C, .
Solution:

The most general expression for C, , involving R, .. R, I and g, is

Cabcd = Rabcd + [Ol Rabgcd + CZRacgbd + OBRadgbc] + [O4Rbcgad + CSRbdgac] + CﬁRcdgab

+R(C7gabgcd + C8gacgbd + C9gadgbc)' (3.719)
Using
CVabcd = _Cbacd
= Ryea = OR300 + CoRyGoq + Cs 9,0 — [CyR o Gpq + C5RogGhe] — CsRegGup
—R(C:909ca+ Cs9peYaa T Co9paYac) (3.720)

which implies ¢, = 0 and C, = —C, and C; = —C; and Cy; = 0 and C, = 0 and
Cy = —C,. So that

Coped = Bapea + Co(ByeOpq — Byeug) + C5(Roype — Ryao)

+ CsR(90e9ba — YaaToe) (3.721)
Now using
Cabcd = _Oabdc
= Rabcd o CY2(Raalgbc - Rbdgac) - CY3(Racgbcl - Rbcgad)
— C3R(90a9he = YacIsa) (3.722)
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So that C, = —Cj and so

CVabccl = Rabcd + CVZ(Racgbd - Rbcgad - Radgbc + Rbdgac)
+ CSR(gacgbd - gadgbc)‘ (3.723)

Now using C dcd = 0 we obtain

0= Rac + CY2(4]%(1c - Rac - Rac + Rgac) + CV8]%(4gac - gac)

or
0=(1+2C,)R,. +(C,+3C5)Rg,,.
So that
1 1
C’abcd = Rabcd - Q(Racgbd - Rbcgad - Radgbc + Rbdgac) + ER(gacgbd - gadgbc)‘
(3.724)
[]
The dual of the Weyl tensor is
1
* _ ef
¢ abed — ieab C1abef
In spinor notation
# 1. EF _E'_ F E_F E'F'
ABCDA'B'C'D'  — QZ(GCDE €cr €pr T €0 €p Corpi€ )CuErapEF
1 ! / ! ’
= §i(€CD€EF€C’E e —ecep €cpe” )
\IjiBEFGA/B/EE/F’ +V yppr€ap€nr
= (Y upopeapop — \IJABCDEA’B’GC’D’) (3.725)
Therfore
C aped T 1C" e = 2 4pop€arp€onpy (3.726)
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so that C' , , and ¥ , ., are equivalent,

C upea = Be 2V 4popEapop)- (3.727)

As VU, o is totally symetric we can decompose it as

Petrov classification

There are six distict cases which constitute the so-called Petrov classification
Type T or {1,1,1,1}. None of the four pricipal null directions coincide.

Type Il or {2,1,1}. Two directions coincide.

Type D or {2,2}. Two are two different pairs of repeated null directions.
Type III or {3,1}. Three pricipal null directions coincide.

Type N or {4}. All four pricipal null directions coincide.

Type O The Weyl tensor vanishes and spacetime is conformally flat.

Spinor Covariant Derivative

1 0,+0, 0,—10
- z T Y
where the 0, are derivatives with respect to inertial coordinates.
3.17.5 Curvature in spinors
It is easily seen that V[CV d annihiltes all scalar fields:
0.0,0 — 0,00+ (I, —T.)0.¢ = 0. (3.731)
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It follows that

a
u Rabcd

2V Vg (u3e”)
2u8V[CVd]ei’b (since V|,V yu; = 0)
2(uaei)a)v[cvd]€i)b

b
Rabcd = 26Bav[cvd]e b

2V Vg =VeoerVpp = Voo Voo

The spinor equivalent is

We define

RABCDA’B’C’D’

VCC’VDD’ =

Q'EBAEB/A/V[cvd] <€BB€BB’)

= epafpa(V.Vy— vdvc) <€BB€B1;;')

- o B |, Bo B
= BaABa [Vc(e B Vi€ gt €V e B’)

B B B B
- vd(€ B V. pT eV € B)

I - _ B
= epnepn€ 5(V.V,—V,V )5+ ce.

= QGBAGB,A,V[Cvd]eBB + c.c.

C/D/
¢ VieeVppy

]. ! !

560 P (VCC/VDD/ - VDD’VCC/)
1 ! /

§(VCC/VDC + VDD’VCD )

C/
VeV -

1 B
VeoieVoy T 5€epVerY pr

2

1 .
VeV + 5€00 VeV

2
1

1 /
E FEFE
+ §€CDVE(C’VD’) + ZGCDGC/D’VEE’V
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VCC’VDD’

Consider the term

VCC’VDD’ - VDD’VCC’

El
VieneVoypy + 3¢ Ve Vo)
1 g 1 BE
+ §ECDVE(C/VD') - ZGCDEC’D’VEE’V
1 .
- V(D/(DVC‘)C’) - §€D'C/VE/(DVC)
1 g1 EE'
§€DCVE(D'VC') - ZEDCED’C’VEE’V
E E
— Voo Vee 6C/D'VE/(CVD) + 6CDVE(D'VC')

= €eopUop +ecponp-

B
€gadop€

This is obviously symmetric in C'D and from

_ B
0 = DCD(GBAE B)
B B
€galope € gUopépa

o B B
= egalope 5 —€spUope 4

we see it is symmeric in AB. We decompose it into symmetric spinors
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B 1

B B B
€galdope’p = gGBA(DCDG 5t 8ppe ¢+ Upee” p)
B B
+ §€J§A(DCD6 B — Uppe C)
1 B B
+ geéA(DCDE 5 — Ucpe D)
1 F B F B

B
= 6J%AD(CD6 B) — gEBAECBDD € rp— gEBAEDBDc €F

~ N 1 ~
B F_B EF_B
= GBAD(CDE B) gECBGB(ADD) € rp— EEADECBGBED €

_l F _B 1 DEFGB

3€DB€B(ADC) € F— EGACEDBEBE F

B EF _B
= 6J%AD(CD6 B) — (EGBED € p)(€acepp t+ €anton)

_1 FB]

F B
B[ECBGB(ADD) € p+eppepaley €

Using the symmetry in AB and CD,

B B
€paldope s = EB’(AD\(CDNG B)

B EF _B
= 6BAD(CD6 B) — (EEBED € F>2€(A(C€D)B)
= Yypep — ZTG(A(CGD)B)

where

B

Vipep = EBAD(CDG B) — \I’(ABCD)

and

T:

1 EF B
EGBED € g

Also we write

B _
€gAbop € 5 = Paporp

which is symmetric in AB and C'D’. Combining all of this into (3.735)

Rypeparpop = €vpeon |Yapep — QTE(A(CGD)B) +€rpecn®aporp +CC
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3.17.6 Spinor Form of the Ricci Identies

Recall the covariant derivative satisfies the product rule

Va(TASB) = TAVQSB -+ SBVQTA. (3.748)
Then
(Vavb - vbva)(TASB) - Va(TAvbSB + SBvbTA)
=V (T,V,Sp + S5V, T),)
= T,V,V,S;+5S,V,V,T,

~T,V,V,S5 +S,V,V.T,
= 2T,V VySy +25,V,V, T, (3.749)

2v[avb] = expap T eastap

DAB(¢CXD) = d)CDABXD + XDDAB¢C (3750)

We consider the self-dual null bivector
T = AP (3.751)
The Ricci identity says

2V, VyT* = R, T + R, T (3.752)

Using (3.749)

2€C€C'D/v[avb}§D + 2§D€C'D/v[avb}60 — RabEE/CC'é-EgDGE'D' + RabEElDlecfEGC,E/
(3.753)

or

4€c'D/€(CV[avb] fD) _ RabEE/CleEfD E'D + RabEE'DlecfE CE (3.75 4)
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Consider

cc' E'D E c c’ c’
copBanpper € = O (XABE €apep +Papp €xptp

c o v ! c
+Pypp €apte T Xapm €aptr )
c o’ c
= 2X,pp €awp T Pupc €aptn

!
c < c
+ 2P €apt Xapo €aptr

= 2X 155 “ewn + 22,455 €up (3.755)

! ! ! = Cl ! 1<~
where we used @, 5, =€ PP, o0, =0, and Xy per = €“PX ppep = 0. We also

have

DD’ C'E DD' _E'C’

€cpRanpppe € = epoRivpppe €
DC' _E'D’

€cpRanpppe €

= 2X 155 "ap + 2P 0p5 € ap (3.756)

. anl Pl .
where in the first step we made the replacements €., = —€,, “F = —F'Y and in

the second we swapped the dummy variables C’ and D’, then comparison with the LHS
of (3.755) gives the last line. Substitution of these results into the contraction of (3.754)
with €., gives

2§(Dv[avb}60) = f(D(EA/B/XABEC) + EAB®A/B/EC))§E (3757)

If we have

N =0

then either ¢4 = 0 or % =0

We obtain

2v[avb]50 = (eapXapp" +e€apPapp”)E” (3.758)

or

EA’B’DAB€C + EABDA/B'fc = (EA’B’XABEC + EABCDA’B’EC>§E (3.759)

370



. . 1! .
contracting with e'B gives

DABgc = XABCDfD (3‘760)

contracting with e4? gives

DA/B’é'C - CI)A/B/CDfD (3761)

If we substitute X ,50p = Vaugop + Y(€ac€sp + €pc€ap) in (3.760) we obtain

Uapéc = \IIABCDgD + T(e c€pp + 6BCGAD)fD
\IIABCDgD - T(gBEAC + §A€BC) (3.762)

Symmetrising over ABC' gives

D(Ach*) = ‘I’ABCDfD (3.763)

Contracting (3.760) with €€ and using €#“X , ;. = 3Te,,, we obtain

0,587 = —37¢, (3.764)

We collect these formula together:

Uypée = \I’ABCDfD - QTf(AEB)C

D(AB§O) = ‘I]ABCDSD

0,58% = —-371¢,

Uapée = fDq)CDA/B/' (3.765)

These are the spinor forms for the Ricci identities.

3.17.7 Einstein’s equations

The vacuum field equations are

R, =0. (3.766)



or in terms of spinors

6Ye, genn — 2P 505 =0. (3.767)

Symmetrising (3.767) over AB implies

®, =P,y =0 then YT =0. (3.768)

Obviously (3.772) implies (3.767), thus they are equivalent.

If a cosmological constant is included in the field equations are

1
Rab - §gabR - Agab =0. (3769)

Contracting gives R = —4A which upon substitution back into the field equations gives

R, = —Ag, (3.770)
which in spinor form becomes
6Ye penn = 2P apap = —Negpcap (3.771)
and is equivalent to
1
S, =, 505 =0, T = —BA. (3.772)

In the general case, where sources are present, the fielf equations with cosmological term
are

G, — Ag,, = 87GT,, (3.773)

using R = 247, this can be written

1
d, + (3T + §A)gab = —4nGT,, (3.774)

which we rewrite as

372



1 1 1
O+ BT + 5A)g, = —AnG((To — 1T090) + 770 9a)

As @, represents the trace-free part of the RHS we have

1
q)ab = _47TG(Tab - ZT;gab)

and

1
3

T = TGT; — éA

Recall that

B
Xapc=3Tes

(3.775)

(3.776)

(3.777)

thus the vanishing of T which occurs for vacuum field equations implies that X, 5.
is symmetric in BC' and since it is symetric in AB and CD, it is symmetric in all its
indices. The curvature tensor R ,pop 4 mcrp 15 given by the Weyl tensor (in accordance
with ) Cypopagep- I a vacuum the curvature can be fully characterised by a totally

symmetric four-index spinor.

3.17.8 Spinor form of the Bianchi identity

Recall the Bianchi identity

a” “be

Counsider

1
a * - efva
VR by = §€ab \ Refcd

1
= §€abefv[aRef}cd

This proves V[aRbc} ge = 0 implies V¢ *R_, = 0. Now consider
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a

_ f
Rbc}de - g(scelbéqvaghde

= ——€ 3.V "Ry (3.780)

This proves V¢ *R_, , = 0 implies V[aRbc} 4 = 0, therefore the Bianchi identity is equiva-
lent to

a * _
V'R g =0 (3.781)
From (4.3.4) this in spinor form is
a * o T AA’
V" Ruea = —IV [ Xypop€apon + Paporpanon
— Poparp€antorp — XA/B'C'D'EAB'ECD]

— (3.782)

Or

A A Al A~ _
€cpY B Xapep T €opV B Papop — €V Popan —€cpVe Xapeop =0
(3.783)

Contracting with €'P" gives

VAB’XABCD - VBA/q)CDA/B/' (3.784)

Contracting with ¢“P gives its complex conjugate. Thus (3.784) is the spinor form of the
Bianchi identity.

3.17.9 Newman-Penrose Formalism in Spinor Form
Newman-Penrose scalars in terms of spinors

Now
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Note V(0%1,) = 0 implies

Now consider

1
3 (n*VI, —m"Vm,)

Altogether we have

m*Vl, = 0"7"'V(0o,0,)

— OAZAI(OAVEA/ +5A/VOA)
= 0"Vo,. (3.785)
0V, =1"Vo, (3.786)

1 / /

5(2‘47‘4 V(0,0,4) — 10" V(0,7,))
1 / /

5 (147 (0,V0,, + 0, Vo,) —1*5Y (0,Vi,, +7,,Vo0,)]

1 / !
5(#‘ Vo, +1*Vo, — " Vi, +1'Vo,)

1"Vo, = 0"Vi,. (3.787)
—m'Vn, = —'5YV(1,7,)
= "o (1, Vi, +17, V1)
= Vi, (3.788)
m*Vi, = OAVOA

1
§(naVla —-m'Vm,) = 0*Vi, =1"Vo,

Recall D = [*V , A =n*V _, § = m*V

can then be written:

9 Q =
I

~m'Vn, = 1“Vi, (3.789)

o and 0 = m*V . The Newman-Penrose scalars

OADOA € = OADZA T = ZADZA
0A50A 6 = OA&A W= ZA&A
o160 y = o' 4 A= Y A
o'No, v = o0'N, v =1, (3.790)
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Consider Do ,, we can write

Do, =ao, +b1, (3.791)

we can determine a and b by contracting with ¢4 and o? respectively,

a=1"Do,, b= —0"Do,, (3.792)

so that, using (3.790),

Do, =€Vo, — ki,. (3.793)

We can derive the following in a similar manner:

Do, = eo,—r1,, Di,=mo, — e,
Ao, = qo,—Ti,, D,y =v0,—"71y,
do, = oy —01,, 014 =0, — [,
do, = ao,—pry, 01 =No, —ai,. (3.794)

Weyl tensor written in terms of spinors

We move to the Newman-Penrose components of the Weyl tensor. Consider ¥, =
C peglmPlem?

bre, d T A—A' B_B' C_C' D-D'
Copeal MM = (Y ypopeapcon + Y apepeaptep)o’0 0717 0707 071
A B C D _A'-B/ —C'-D A B
U 5op07070707 (€4 507 10 J(€cip@ T ) +...€450707 ...
U\ pepooPooP. (3.795)

Consider ¥, = C, 1*mP°n?

bre, d T A—A' B-B' C—=C' D-D'
C el m’ln (Yupep€an o T Y apoptagtop)o 00 0717 070 171
A B C D _A'_B —C'-D
\IIABCDO 0O 01 (EA/B/O 7 )(EC/D/O 1 )
= W ,pepo’olo””. (3.796)

: _ apy b, d
Consider ¥, = C, ,[*“m’m‘n
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b—c, d N1 A—A" B-B' C=C' D-D’'
Oabcdlam mcn = (\IJABCDEA/B/EC/D/ + \IJA/B/C/DGABECD)O O O 1 1 0 1 1

A B C.D _A'_B’ _C'-D’
= VU, pcp0 07171 (€4,50° 17 )(€cip0 7))
= U, popo’o’id. (3.797)
: _ a, b=, d
Consider ¥, = C_, .I*n"m*n
b—rc. d = A—A' B-B' C—C' D-D'
Coupealn’mn® = (Y, popapeop + VY apoptaptop)o 0" 17171707 11
A BC.D _A'_B’ _¢'-D’ C.D
U pop0 1171 (64,507 17 J(€qp0 77 ) + ... €qpt 0
= U, pepo’thifel. (3.798)
: _ —a, b—=—c,d
Lastly, consider ¥, = C, m*n’m*n
—a b——c. d = A—A' B-B' C—C' D-D'
Copeam n'mn® = (Vypep€apeon + Y aupeptagtop)t 0 11 170 171
A B.C.D _A'_B _c'-p’
= U, pept 1 171" (€450 17 )(€cip0” 7))
= U, peptPi. (3.799)

The Newman-Penrose components of the Weyl tensor written in terms of spinors are given
by:

A B C D
ABcpQ 0 007,
A B C,D
ABcD? 0 0 1,

[e=]

—_

ISR
I

S G}G SIS
o~}
Q
-}
Q
Q

apopt 1B (3.800)

~

Ricci tensor written in terms of spinors

We move to the tetrad components of the Ricci tensor written in terms of spinors. Con-
sider @) = —3 R, 1"

1 1 / /
—éRablalb = —5(6T€AB€A,B/ — 28, 5 )0 0" 070"
= P pp0 00" (3.801)

377



Consider @,

1 Ay b
_§Rabl m

1 ! !
—§Rabl“mb = —5(6T€AB€A/B, — 20, 4 )07 0 0578
4 a0 07T (3.802)
Consider ¢, = —3 R, m*m"
1R a, b 1 6T 20 A-A' B-B’
Tt = _5( ap€ap — 20 g )0t 07
= P00 (3.803)
Consider ®,, = —%Rabl“mb = <I>—01, hence
Dy =D 0501 (3.804)
Consider ®,, = —3 R, m"m’ = ®,, hence
Dy = B, 4 i P07 (3.805)
Consider &, = —1R_,(I"n® + m*m")
1 a, b a—b 1 A—A' B-B' | _A-A' BB
—ZRab(l n’+m'm’) = _Z(6T€AB€A/B/ =20 5 p) (07070717 + 0777170
1 ! ! ’ !
= §<I>ABA,B/(0AZB(_)A 7+ oM PSP
3T ! ! ! !
- 7€ABEA,B,(OA235A 7+ oM PP
= P papot0" . (3.806)
where we used the symmetry in A'B’ of ®,,, 5. Consider ®,, = —%Rabn“mb
1R a, b __ 1 6’I‘ 2@ A-A’" B-B’
Tyttt = _5( €ap€an — 2@ apap )T 07T
CIDABA/B,ZAiA/oBiB/
= D, pup 0" "IN (3.807)
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where we used the symmetry in AB of ® ,,,, 5. Consider ®,, = —%Rabn“m @, hence

Dy =Dy i P07 (3.808)
Consider ®,, = —1R,,n"n’
1 a, b 1 AN BB/
—§Rabn n’ = _5(6T€AB€A/B/ =20 4 p )T
AZA! BB
= Qapapt?
= O, 50T (3.809)

Collecting these results together the tetrad components of the Ricci tensor written in
terms of spinors are given by:

_ A BgA' 5B
Doy = (I)ABA’B’O o )
BSA'7B'
D, Q45 A’B/O o )
ByA'7B’
Doy (I)ABA’B/O 0 ’
A,B5A' 5B
Py, @ parp0Tt ’
A B—A'- B’
Py, Qypap 0t 000
A, BzA'7B'
Py, Qyparp 0Tt ’
A,B5A'5 B’
Dy Qyparp i
A B_A'-B'
®,, Pupapt 0T,
! !
Dy, = P, (3.810)
Lorentz transformations
Class I transformation:
They correspond to
(0,1) = (0,1 + ao) (3.811)
we have
=~ ~ TA/ __ Al
l — OAO — A A
. A=A p ,
m = 04 = o047 +aoA0A
R A=A _ A Al
no= i = + ao ™ + @Y + aaoo? (3.812)
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or

Z:l, m=m+al, n=mn+am+am+ aal.

Class II transformation:

They correspond to

(0,1) = (0 + bn,1)

we have
A~ AARA! _ A
n o= 477 =471
A N XA/ _ A’ _A!
m = 0% = oY + bt
ol ~ TA’ _ A/ - _A! _ A/ - _ Al
I = 6% = 0% + 007" + oY + b
or

A=n, m=m+bn, [=1+bm+ bm + bbl.

Class III transformation:

They correspond to

we have

Transformation of Weyl scalars

The Weyl scalars transform under class I transformations as
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v, = U,

\ill v, +aV¥,,

v, U, + 2aV, 4 a®V,,

\113 v, + 3a¥, + 3&21111 + a3\110,

U, = U, +4aV, + 64V, + 4a>T, +a'T,,. (3.819)

The Weyl scalars transform under class I transformations as

U, = U, +4b0, + 6070, + 45°0, + ',

U, = U, +3b0, + 30°0, 4 b>0,

U, = U, + 200, + 020,

v, U, + b0,

U, = U, (3.820)

The Weyl scalars transform under class III transformations as

4 _4if
= ceV¥,,
2 26
= eV,

v

o

—

[\

29
-2 —2if
c e,

= ¢ ey, (3.821)

K K KR K KR

W~

3.17.10 Petrov Classification

Recall

Vapep = aPpYc0p)- (3.822)

There are six distict cases which constitute the so-called Petrov classification
Type T or {1,1,1,1}. None of the four pricipal null directions coincide.
Type Il or {2,1,1}. Two directions coincide.

Type D or {2,2}. Two are two different pairs of repeated null directions.
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Type III or {3,1}. Three pricipal null directions coincide.
Type N or {4}. All four pricipal null directions coincide.

Type O The Weyl tensor vanishes and spacetime is conformally flat.

Petrov classification via scalars

The condition for ey" to be a principal null vector is
Type I'is when ¥, =W, =0and ¥, ¥, ¥, #0
Condition for double:

Type Il is when ¥y =¥, =¥, =0 and ¥,, ¥, # 0
Condition for a pair of doubles:

Type D is when ¥, =¥, =W, =¥, =0and ¥, #0
Condition for triple:

Type Il is when V) =¥, =V, =¥, =0 and ¥, # 0
Condition for quadruple:

Type N is when ¥y =¥, =¥, =V, =0and ¥, #0
Type O is when ¥, =V, =V, =V, =V, =0.

Proof:

Assume spacetime is not conformally flat and not all Weyl scalars vanish. Let ¥, # 0. If
it happens to be zero in the chosen frame, we can make it non-zero by a rotation of class
I. By a class II transformation, ¥, can be made to vanish if b is a root of the equation

V', + 467U, + 6b°0, + 40V, + ¥ =0

This always has four roots and the correspondingnew directions of [,

[ + bm + bm + bbn,

are the principal null directions of the Weyl tensor.

We can easily derive from (3.820) that
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1d i
Uy(b) = bW, + 3670, + 300, + ¥, = T, (b)

=
s li() = DU 20, 0, = Wy (0)
%%@2(5) = b, + 0, = U, (b)
%@3@) = v, =,0),
and that
W, (b) = W, (b—b)(b—b,)(b—by)(b—b,).
We have
b)) = T
_ %%(b—bl)(b—bg)(b—bg)(b—bﬁ
_ %[(b—%)(b—bg)(b—m)+(b—bl)(b—bg)(b—b4)
+(b = b,)(b = by)(b = by) + (b= by)(b = b3) (b~ b,)]
and
b0) = 500)
_ %[(b —=b)(b=by) + (b—=b,)(b—bs) + (b—0,)(b—1D,)
+(b = by)(b—by) + (b—by)(b—b,) + (b—by)(b—b,)
and
U, (b) = %%@Q(b)
- %(4{;—1)1 — by — by —b,)
and finally
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U,(b) = =, (b) = 0,. (3.830)

a) Petrov type I. All four roots are distinct. Then a rotation of class II with parameter
b="b, (say) we can make

W, = b1, + 4630, + 6670, + 4b, U, + U = 0.

Taking ‘ilo as a fucntion of b, we have

For (3.827) the parameter b = b,

A

v, = ‘ijl(b =b) = %(bl = by)(by = by)(b, —b,) # 0. (3.831)

For (3.828)

\I’2(b) = %[(b - b1)(3b —by = by — b4) + (b - b2)(25 — b3 — b4) +(b— bg)(b - b4)]
(3.832)

A

\112 - \@2(1) = bl) = %[(lﬁ - b2)(b1 - b3) + (b1 - b2)(b1 - b4) + (bl - bg)(b1 - b4)]- (3‘833)

As we have already seen

A

v
Wy(b) = —H(4b— by — b, — by — b)) (3.834)

so that

A

- v
Uy =Vy(b=1b,) = f[(bl —by) + (by = by) + (b, — by)]. (3.835)
We have that W, is guaranteed to be non-zero. If we have Re(b,) > Re(b,), Re(b,), Re(b,)
or Im(b,) > Im(b,), Im(by), Im(b,) then ¥,, ¥, > 0.

A rotation of class I (which does not effect ¥,) we can make W, vanish with appropriate
value of parameter a
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U, =V, +4aV, + 6a*V, + 40>V, = 0. (3.836)

We also have that \i/l is invariant under this rotation and so

~
~

U, =", #0. (3.837)

Only if the above polynomial (3.836) has three distinct roots can @2 and @3 be non-zero.

b) Petrov type II. Two roots coincide b, = b, the other two different and distinct
b, # by # b, and by # b,. We have

A

By (6) = 0, (b— )b —b,)(b—b,) (3.539)
and under a transformation of class II we have (using (3.827) with b, = b,)

A

‘Ijl(b> = \114(17 - b1)[2(b - b3)(b - b4) + (b - b1)(b - b3) + (b - b1)(b - b4)] (3‘839)

Setting b = b, we make ¥, and ¥, vanish simultaneously.

- 1d . 2
V2= 5%@1(6) by §\D4(bl — bg) (b, — b,) # 0. (3.840)
and from (3.829)
~ ~ \114
Uy =Ws(b=1b,) = -7(2b, —bs —b,) (3.841)

Under a transformation of class I with parameter a we uneffect the vanishing of ¥, and
V., while make ¥, vanish if we chose a to be a root of

U, =V, +4a¥, + 6a*V, = 0. (3.842)

Under such a transformation we have

U, =", #£0 (3.843)

and
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We have

d » ~ 2
%\114(@ =V, +3aV, =V,

A~ =

So \113 will vanish if (3.842) has repeated roots. The condition for the qudratic equation
(3.842) to have repeated roots reduces to

207 — 30,0, = 0.

From (3.841) we have

v

2‘@3 = 1_6[(b1 - b3) + (bl - b4)]2
B %[(61 - b3)2 + 2(61 - 63)(b1 - b4) + (bl o b4)2]’

and from (3.840) we have

3@2\1’4 = 2Wi(b, — by)(by — by).
We write

. . 1
207 — 30,0, = g[(b1 —by)? — 14(b; — by) (b, — b,) + (b, — b,)?]

Put p = b, — b, then look for roots for the quadratic equation in ~,

v = 1dyp+p° = 0.

Say « is a root, if it happens that b, = b; — « then 21113 — 3\@21114 = 0 and (3.842) has
repeated roots.

c) Petrov type D. We have two distinct double roots b, and b,. And so putting b, = b,
and b, = b, we have

A

Wy (b) = W, (b — b1)2(b - b2)2 (3.844)
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A

\Dl(b) = %\1’4(6 - 61)(6 - 62)(26 - b1 - b2)-

- 1 1

\112(17) = 5\1/4[([) - b2)(b - b2) + 5(2[) - b1 - b2)2]-

v, =y,
With the choice, b = b,
~ ~ ~ 1 9
Vo=V, =0 v, = 6\114(171 - b2)
. 1 .
v, = 5\114(61 —b,), and V,=1V,

(3.845)

(3.846)

(3.847)

(3.848)

(3.849)

We now subject the frame to a class I transformation with parameter a. First we also

have

0 1
which follows from
b, = ¥, =0
b, = W+ al, =0
Then
\112 = \112—1-2&\1114-\110
_
1 2
= 6‘114(51 62) # 0
Counsider
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U, = U, +3al,

1 1
= Wb —by) + 3az W, (b — b,)?
1
= 5‘114([71 — by)[1 +a(b; —by)] (3.853)

and

U, = U, +4al, +6a>7,
1 1
= U, +4ag 0, (b —b,) + 6a26\114(b1 —b,)?

= U,[1+a(b, —b,)]* (3.854)
With the choice
a=—(b, —by)"" (3.855)
we have
b, =0, =0. (3.856)

Thus ¥, ¥, ¥
scalar.

4, and W, have all been reduced to zero with W, the only nonvanishing

d) Petrov type III. Three roots coincide b, = b, = b, # b,. With a class II transforma-
tion with parameter b, then we can make W,, ¥, , and ¥, vanish. We have

- 1
v, (b) = 1\114(4[) — b, —3b))

U, (b)) = ¥, (3.857)
Putting b = b,
- 1
\Ijg - Z(bl - b4) 7£ 0
v, = U, (3.858)
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Then by a subsequent transformation of class I with parameter a we have

U, = U, #0
b, = b, dab,
= ¥, +Vab, -0,
= U,(1+a(b,—b,)) (3.859)
With the choice a = —(b;, — b,)~! we can make ¥, vanish. And ¥, is the only non-zero

scalar.

e) Petrov type N. All four roots coincide with on distinct root b,. Then a transformation
of class II with parameter b, we can make ¥, ¥,, ¥,, and ¥, vanish simultaneously and
U, will be the only non-vanishing scalar, as is easily seen from:

L]

i%\@o(b) = @42%(6 = b)) =T, (b-b,)°

L () = W (b,

S, (0) = 0,0 b))

45 0)-9, (3.860)

3.17.11 Equivalence of Petrov Classification Schemes

We are interested in the roots of W,(b) = 0 which is quartic in b and so can be written,

Wy (b) = W, (b= b)) (b — by)(b— by)(b—1b,).

Case (a) First we consider the case where the four roots b,, b,, b;, b, are distinct. Write

pit = ot + bt
,0‘24 = o + bQiA
,0:‘34 = a? + bgiA

pi = at + bt (3.861)
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Then \ilo = 0 implies the 4 equations for «, 3,7, d:

aBpcopy PrPv PP = 0

¥4BEYc0p) papypspy = 0

¥4BEYc0p) P? :?chpg],) =0

auBerclp PLoLr Y = 0 (3.862)

which reduce to the 4 equations:

(O‘Apf)(ﬁBpjlg)('chf)(éDp?) =0 (3.863)
(403 (BpPY) (1§ ) (6 pp) = 0 (3.864)
(@408) (Bops) (V) (pp5 ) = 0 (3.865)
(O‘Apf)(ﬁBpf)(chf>(5DPf) =0 (3.866)

Now we use that for spinors, a,p* = 0 if and only if « is proportional to p (we write
Q= Apy).

We are considering the case where all the roots b,, by, b, b, are all different and as such
that the spinors p,, p,, p5, p, are not proportional to each other. Then (3.863) is zero if
and only if one of at least one of the brackets vanish. Say the first bracket is one that
vanishes, so we can say o, = A p; 4 = A, (0, +0,7,). The first bracket in (3.864) cant then
vanish because p, is not proportional to p,, and so one of the other brackets must vanish.
Say the second bracket is one that vanishes, and so 5, = A\,p,, = A\, (0, +byi,). The first
two brackets of (3.865) cant vanish, so at least one of the other two vanish, say it is the
3rd bracket then v, = A;p;, = Ay(0, +b37,). The first 3 brackets of (3.866) can’t vanish
and so it must be the last bracket that vanishes, and so 0, = A\;p, 4 = A\, (04 + byiy).
And So ¥, 5 = O‘(ABBVC(SD) where the spinors o, 8,,7,4,0, are all distinct and each
representing a principal null direction.

Case (b) We consider the case where just two roots coincide, say b, = b,. As p, = p, we
have three independent equations from ¥, = 0:

(OéA,Of)(ﬁBpf))(’ycp?)((stlD) =0 (3.867)
(a,405) (Bpe5) (YeP§) (0 p05) = 0 (3.868)
(40 (Bpry) (reps)(0ppy) = 0 (3.869)

Then (3.867) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say o, = A\;p, 4 = A, (0, + i ). The first
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bracket in (3.868) cant then vanish because p; is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
Bu = A3p34 = A3(04 +bgi,). The first two brackets of (3.869) cant vanish, so at least one
of the other two vanish, say it is the 3rd bracket then v, = A\ ;jp,, = X\, (04 + byi4).

It can easily be shown that with parameter b = b (= b,) ‘ilo and \i/l will vanish. So we
also have the equation

auBercdp oL pyi? =0

or

A B C-:D
P1(AP3pPacOpy PL PP =0

which reduce to

(P1AiA) (prp?) (940910) (5Dp1D) =0

implying 0, = p;4 = A\ (04 + by3,). So now we have that ¥, ., = 4B5Vc0p) where
the spinors o, 3,,74,0, each represent a principal null direction with two directions
coinciding.

Case (c) Two distinct double roots b, and b,. As p, = p, and p, = p, we have two
independent equations from ¥, = 0:

(3.870)
(3.871)

(10 Bert) (v ) (0 pp7)

0
(a103) (Bup) (veps ) (6 pp) =0

Then (3.870) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say o, = A\;p, 4 = A, (04 + bi,). The first
bracket in (3.871) cant then vanish because p; is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so

Ba = AgPag = Ay(0,4 + byiy).

It is easily shown that with parameter b = b, we have \ill =0

auBp1c0p) Prorpy i =0

or
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A B C:D
P1(aPapVcOpy PLP P T =0

which reduces to

(P141™) (PP (VT ) (Oppt) =0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
Va = AMPra = A(04 + 011 y).

It is easily shown that with parameter b = b, we have ¥, =0

auBercdp iy pyi =0

or

A B C:D
pl(ApZBplc(SD) Py Pyt =0

which reduces to

(plApéq) (sziB) (Plcl)g) (6D102D) =0

So that at least one of the last two brackets vanish. Say the third bracket vanishes, then
04 = AgPya = Ay(04+Dyiy). Sonow we have that W 50, = v 4857005, where the spinors
oy, BasY 4 0, €ach represent a principal null direction with two different pairs repeated.

Case (d) Three roots coincide and b = b,(= b, = b;). As p; = p, = p; we have two
independent equations from \ilo =0:

(10 Bert) (v ) (0 pp7)
(a100) Bpt) (v ) (0 ppy)

0 (3.872)
0 (3.873)

Then (3.872) is zero if and only if one of at least one of the brackets vanish. Say the
first bracket is one that vanishes, so we can say o, = A\;p, 4 = A, (0, + i ). The first
bracket in (3.873) cant then vanish because p; is not proportional to p,, and so one of
the other brackets must vanish. Say the second bracket is one that vanishes, and so
Ba = Apaa = A0+ byiy).

~ A

It is easily shown that with parameter b = b,(= b, = b;) ¥, ¥, and \112 will vanish
simultaneously. So we also have the equations
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B0y PrPL AT =0 (3.874)
B 1cpy PLPT 0T =0 (3.875)

(3.874) is

A B C:D
PraPasVcOpy PLPY PTE =0

which reduces to

(P14i") (PaP?) (1) (6 o) = 0

This implies that v, = A\ p;, = A (0, + byi,). (3.875) then reads

Pr(aPasPrcOp) P1PYICTT =0

which reduces to

(P17 (PapP? ) (p1ci) (Sppt)) = 0

which means that 6, = p,, = A, (0, +b;i,). So now we have that ¥, 5, = 48570,
where the spinors a4, 8,74, 0,4 each represent a principal null direction with three direc-
tions coinciding.

Case (e) All roots coincide and we have for b = b, that \ilo = ‘ill = @2 = ‘ilg =0. We
have the equations:

auBVc0py PrPY PP =0 (3.876)
auB1c0p) prpY i’ =0 (3.877)
4B PPy i1 =0 (3.878)
¥ aPpYc0p) ptifi%iP =0 (3.879)

(3.876) reduces to
(@4p)(Bpr?) (vert ) (Epp7) =0
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At least one of the brackets vanish, say the first. So that o, = A p,, = A\ (0,4 + b7 ,).
(3.877) reduces to

(011 Bep?) (vep ) (G pp7) = 0.

At least one the last three brackets vanish, say the second bracket vanishes. Then 3, =
Apia = A (o, +byi,). (3.878) reduces to

(p141™) (01517) (V) (pp7) = 0.

At least one the last two brackets vanish, say the third bracket vanishes. Then v, =
Mpia = A (o, +byi,). (3.879) reduces to

(PlAiA) (plBiB) (Plcic) (51):0?) = 0.

The last bracket must vanish, therefore 6, = A\;p,, = (0, + b;i,). So now we have
that ¥, p0p = a(ABBvcéD) where the spinors o, 8,,7,4,0, each represent a principal
null direction with all four directions coinciding.

Proof of the converse:
We now prove the converse.

Case (a) Assume

Vipep = O‘(AﬂBVC‘;D)

where

a0, + ozliA,
B0, + Biiy,
= %04+ Vila;
= 5,0, 40y, (3.880)

o 2 @ R
|

are disinct (not proportional to each other). We then wish to show that all roots of

U, — U, + 40V, + 66V, + 4b°V, + b* ¥, =0
are distinct.
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U, — U, u0p0" + i) (0 + bi%) (0 + bi*) (0 + bi?)
= aBprcd D)(oA + bi) (0™ + bi) (0 + bit) (0 + i)
= B0, (0" + bit) (0" + bit) (0™ + bit) (0 + bit)
= (0" +bayi®)(B50" + b Bi") (1007 + b 6i9) (0,07 + b6 ,i7)
= (=a; +bay) (=6, + b8,) (=7 + b¥,) (=0, + b3, )
=0 (3.881)

We see that it has 4 distinct roots.

Case (b) Assume

Ve = O‘(AO‘B”YC(SD)

where «, (3,7 are distinct, then

U, — U, 000+ b)) (0 + bi?) (0 + bit) (0 + bi?)
= 7.0, (0% + bi%) (0 + bit) (0 + bit) (0 + bit)
= (0™ +bayi®) (00" +bagi®)(7p0” + b yei€) (050" + b ")
= (—ay + bay)* (=, + by, (=0, + bd,)
= 0. (3.882)

We see that two roots coincide.

The other cases work through the same way.

3.17.12 Petrov classification via Eigenbivectors of the Weyl Ten-
sor

Eigenbivectors of the Weyl Spinor

1
Given any spin-frame (0%,i“) we can construct a corresponding orthonormal basis § AB
AB
3 a

2 B
75,437 and 6AB (51436 - 60&,3) for C(AB)

1 i . 2 1 . 3 . .
0aB= —ﬁ(voB —iaip), Oap= E(OAOB tigip), 0ap=1V20ip).  (3.883)
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We have

a aCD

5AB(5 =

SRR

(0,405 —i,4ig) - ——=(0%" —i%")

<

+—=(0,40p5 +1i,ig) - %(o%D +i%P)
+—= (0405 +0pi,) - %(OCiD + 0”i%)
= %( —0,050°0" +0,05i%" +1i i g0%0" — i ,igi%")
+% (04050°0" 4 0,04ii" +i i zo“ o + i i yi%i")
+%( — oAiBOCiD — oAz'BoDic — oBiAOCiD — oBiAoDic)
= %(voBiCiD — OAZ'BZ'COD — iAoBOCiD + iAiBOCOD
+oBoAiCiD — oBiAicoD — iBoAOCiD + iBiAOCOD)
— %(oAz'C —i,09) (041" —izo") + %(oBz'C —i509)(0,4i” — i ,0")
_ %(5555 +695D) (3.884)

The components of ¢, with respect to the basis (3.883) are

1 2

— 1 3
o= 7;(%0 - ¢11)> = ﬁ(%a + ¢11)> ¢= Z'\/§¢01' (3.885)

The components of ¥ ,,“P with respect to the basis (3.883) are

%(_\I{o +20, ‘114) _Ti(\llo — ‘114) (\111 B ‘113)
= 5 (=0, LWy +20, +0,) i(V, +0,) (3.886)
(1111 o \1’3) 7;(\111 + \I’3) —2V,
From (3.884)
o aABa

o= ‘I’ABCDé dep
1
= WABCD§(5353+5?)5£)
\IIABAB

_ CA DB
= VU, pcpe €

_— (3.887)
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From (3.884) we have that the eigen-equation

af
U ¢y = A9, (3.888)

can be written:

ag op aABB g ¥
v ¢ﬁ = q]AB 0 dep ¢EF 0

_ g, 0§ Lisrsr | sEsry
AB 9 C”D DYC EF

oD o AB
= Vg "bcp o
oAB
= Apupd - (3.889)
Therefore the expressing the eigen-equation
V5 P0op = Aap (3.890)

in components according to the basis (3.883), we see that A is also an eigenvalue in the
normal sense of the matrix W. If A, \,, \; are the three eigenvalues of ¥ we have

AMtA A = \IIABAB =
N+ +A = 0, P, A=
N4+ = v, P, PR, AP = (3.891)

From

0 = (A FX+A)2 =30 X+ X)) AT+ 22+ A))
= A XD AS 3NN, AN+ A+ AN+ AN+ AN, BA AN,
— 3O H XS NS+ (A M)A+ (A + M)A+ (A + AN
= =2(A7 A+ AY) + 6 AN,
we have

J = 3\ A, (3.892)
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Note that the eigenvalues A, A,, A; are roots of

6)\3 —3IN—2J =0

as is easily seen from

(A = A)A = A) A =X3) =627 — (A, + Ay + X)A% = 3(AT + A5+ A2)A — 6A, M),

Using

Vigep = Yolalgicip — 4\II1O(AiBiCiD) + 6\1120(AOBiCiD)
— 4V,0,050¢ 1) + V,0,05000p (3.893)

which follows as it gives (3.800) upon contraction with appropriate combination of o’s
and ¢’s. For example

A B:C:D __ L .. .o
U popo ot it = (Vyigigiciy — 4V 0 4igicip) + 650 ,0p100p,
— 4W,0,05040p) + U,0,05040,,)0 051"
o .. A B-C-D
= 6V,040p00tp) 070711
1 . o .
= 6\D2E('”+OCOD7’A7’B+0DOCZAZB+OCOD7’B7’A
+ 0p0pigi, + - )otoPi%P
~ (3.894)

A+ A A1 _ s A
where we used 0,0" =1,i" =0 and 0,1" =1 = —i,0".

We obtain

I =200, — 80 U, + 6V (3.895)

0
1
2

1

[\

J = 6det (3.896)

2
3

SRS
SRS
S E

From (3.892) we have that the determinant of ¥ is 1 .J

398



We have
IP—6J% = (A, — A2\, — Ay)*(A3 — A))? subject to A, + X, + Ay, =0 (3.897)

which can be shown by verifying:

()‘f + )‘3 + (_/\1 o )‘2)2)3 - 6()‘? + )‘g + (_)‘1 o )‘2)3)2
= ()‘1 - )‘2)2()‘2 - (_)‘1 - )‘2))2((_)‘1 - )‘2) - )‘1)2- (3-898)

Equation (3.897) establishes that two or more of the \’s are equal is equivalent to I3 = 6.J2.

Eigenbivectors of the Weyl Tensor

CX = uX,, (3.899)
where X, = —X_,. In terms of spinors:
Xop = Gapan T €aplap (3.900)

where ¢, 5 and §,, 5 are both symmetric. Defing X7,

1
* cd
Xab 2€ab Xcd
and using
€aved = NEAc€BDEA D EBrcr — €ADEBCEACrERiDr)
we obtain
* L. c b p_ D.c,.C_ D
Xapap = §Z(€A €p €ar € — €4 €5 €a € ) Xopoip
1
_ .. ¢ _D_D_ ¢ D C_C_ D
= 571( A €p €ar €p T €4 Ep €y Cp )(¢CDEC'D/ +€CD§C/D/)
1.
= §Z(¢AB€B/A’ +eanépa — Ppa€an — €palan)
= il€ap€ap — Paptan)- (3.901)
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As such we have

Xop T1Xo = 2045w > Xop =1 X5 = 26,4584 -
The Weyl tensor in terms of spinors is

Covea = Yapeptaneop + €apeop¥ apcp

Defining
oy = sy I X
abed 2€ab efed
We obtain
1 / ! ! !
% _ . E_F_F _E F_E_FE _F
Capcparpcop = 52(6,4 €p €4 € T €y € €y Epy )
(‘I’EFCDEE/F/GC/D/ + 6EFGCD‘I’E/F'O/D/)
1. —
= QZ(WABCDGB'A'EC'D/ + €apecp¥Ypacp
—Vpacp€anop — EBAGCD\I’A’B’C’D’)
= Z(\DA’B’C’D’EABECD - q]ABCDEA’B’EC’D’>
Then
. * _ — N * —_ T
Cuvea T Coea = 2¥Y 4pcp€arp€orps Cuved = Chea = 2Y g pr€ap€on

From (3.899) we obtain

1 1
(Cor™ i T Cof )Xoy = (X g6y X, )

which in terms of spinors is

cD c'D’
22U, 5 Teapi€ (¢CD€C’D’ + ECD§C’D’) = (120 s5€ a1y

or
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1
Va5 Pop = hPap (3.907)

’ ! / !
where we have used ¢ ?'e.,,, = 2 and €“P'¢, ,, = 0.

From (3.899) we obtain

1

C ; € C 1 €
v i o X g = (X — ey, X, ) (3.908)

(C

a

which in terms of spinors is

T °V cD
2 g €xp€ (¢CD60'D/ + eCDSC'D') = p2€,58 yr

or

- oD 1
qu’B’ fC/D/ - i,qu/B/ (3909)

cD _ cD _
where we have used €““¢., =2 and € "¢, = 0.

3.17.13 Focussing and Shearing of Null Curves

Figure 3.32: visualflownull.

[, =1"V,n® —n’V,1* =

e

(3.910)

Do® = Dt = 0. (3.911)
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This means that o and ¢ are parallelly propergated along v and so remain a spin basis at

each point of .
recalling that D = [*V
1
D(*n,) = "D, = 1"V, = 10"V, 1* = 51"V, (%) = 0
We now construct the NP tetrad (I, n, m,m)

n* = wul®+zZm"* + zm*

A—A' A=A’

= uo" 0" + 2071 +25A

’
ZA.

Now, since I"V,n® = n*V,1* we have
D’f]a — lbvbna — nbvbl“,
so that,
Dn® = uDI* + Z61" + 201°.

In terms of spinors this reads

_ / _ / _ / _ —_ ! _ ! —_ ! _ 11—
00 Du + 07" + 149" = 20400 + z02 50” + 20007 + 204 b0

Multipling by 0,7, gives

= A %A
—Dz = Zo 00 20,4007,

ie.,

Dz = —pz—o0Z.

(3.912)

(3.913)

(3.914)

(3.915)

(3.916)

(3.917)

(3.918)

The interpretation of z is as follows. Consider the projection of n* onto the spacelike
surface 2-dimensional subspace 7', as introduced in subsection?? Recall that this surface

was spanned by m®,m®, or equivalently e;*, e;*. Write the projection as

402



V2(we; —yey) = x(m+m)/i+y(m—mm)/i
= Zm+ Zm, (3.919)

where z = x + iy, which is consistent with (3.913).

Suppose first that ¢ = 0 while p is real, i.e. Dz = —pz, or

Dz =—pzx, Dy=—py. (3.920)
This is isotrpic magnificatoin at a rate of —p. Next suppose that ¢ = 0 while p = —iw,
so that Dz = 1wz, or

Dx = —wy, Dy=wz. (3.921)

This corresponds to a rotation with angular velocity w. Next consider the case where
p =0 and o is real. Then

Dx = —ox, Dy=oy, (3.922)

which represents a volume-preserving shear at a rate with principle axes along the x and
Y axes.

3.17.14 Goldberg Sachs Theorem

Equivalence relations for geodesic shearfree null congruences

Lemma 3.17.2 The following three conditions are equivalent
a)l* = 044" corresponds to geodesic shearfree null congruences;
b) k=0=0;

A B _
c) 070"V 05 =0

Proof:
b) implies c¢) and c¢) implies b):

_ A _B=B _ A _B-=B :
Recall that k = 0%0%0” V55,0, and 0 = 00”17 V 550,. We write

403



A B o _
070"V g0, = cop + dig,

then
A B_B _ _B'— —B'-
k=0"0"0"Vgpo,=c0"0g +do" 15 = —d.
and
— A, BB _ =B'> B~ _
0c=0"0"1 Vggo,=0c’ og +di” 15 =c.
so that

OAOBVBB,OA = 00p — Kig
This establishes the equivalence of b) and c).
b) implies a)
K= oADoA = voBEB,VBB/oA =0.
and

A _ A B-B _
o=0"00,=0"0"1"Vggo, =0.

We write

I’V,l, = D(0,0,)
= o,Do, +0,Do,

a0 40 4 + 0047 4, + D140, + C147

Contracting the second and third line on the RHS with 0%9*" implies ¢

contracting the second and third line on the RHS with 244" implies

0,0 Do) =r=0=—b=—b.

Next, contracting the second and third line on the RHS with 2474 implies
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(3.927)

0. Next,



_l [ —
ZADOA/+ZADOA:€+€:CL

We find

I’V,l, =al,.
which the non-affinely parameterised geodesic equation.
a) implies b):
lebla = al, says
D(o,0,)=0,D0, +0,Do, =a0,0,

Contracting with o implies

6, (0" Do) =0,
or

o Do 4, =k=0.

L]

Integrability conditions

AV, o=Ff, BV, 0=y,

where A%, B* are locally tranverse vector fields which are surface forming,

A"V B’ — BV, A" = a A’ + BB".

(3.928)

(3.929)

(3.930)

(3.931)

(3.932)

Theorem 3.17.3 A necessary and sufficient condition for solutions of the system (3.931)

to exist 1s

AN g — BV, f=af + By.
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Proof:

Suppose ¢ is a solution of (3.931) then (3.932) implies

A"V (B"V,¢) — B°V (AV,¢)
= (A°V, B’ — BV, A"V, + (A*B" — B*A")V V¢
= (aA"+ BBV, ¢
= af + 0y (3.934)

No suppose conversely that (3.940) holds. We choose a special coordinate system such
that

0
AN = —
a ayl
Then we may solve A*V ¢ = f via
1 v
oy, y”) :/ f(s,y*)ds (3.935)
)

where a = 2,...,n. Let B*V _¢ — g = h. We may choose § = §(y*) to set h = 0 on an
intial surface y' = const. Now

AN h = A"V, (B'V,p) — A"V g
= B°V,(A'V,¢) + (A"V B’ — B°V A"V, ¢ — A°V g
= BV, f+ (aA"+ BB*)V ¢ — AV g
= (0A"+ BBV ¢ — (A°V g — B*V f)
= af+ BBV, 0—af - fyg
= ph. (3.936)
Since h = 0 intially we see that h = 0 and so B*V ¢ = g, i.e. ¢ solves (3.931).

L]

Theorem 3.17.4 (Sommers 1976) The integrable condition for the equation

AV o7 =y, (3.937)
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in complex x for €4 analytic shearfree null geodesics is
4PV May = a, g0V, P (3.938)

Proof: We write the equation to be solved in component form relative to some basis
(0%,24)

)

§A(_)A,VAA/x = (_)A,ozA/, fAZA/VAA,x = zAlozA, (3.939)

putting it into the form (3.931) where we identify ¢ = x, A* = ¢464, B* = ¢4,
f=0%a oy and g = o - The integrability condition is then

49NV (0% ay) — €YY (05 ap) = avVay, + BTV, (3.940)
where o and (3 are given by

40NV (€875 — eV (6567 = adPe” 4 pefi (3.941)

Transvecting (3.941) with ap, and equating to (3.940), we find

!

PNV 40 (0P o) =7V 4 (0% ap)} = ap €MoY'V, (6577) — MY 1, (€707))

(3.942)
or
EMP{(0M77 =1V e} = ap (@7 ")V 7)) (3.943)
Using 0477 — 7465 = ¢4’ (3.943) becomes
fAfBVAA,OCA/ - OCA/fAvAA,é'B (3944)
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Some relations

If ¢ is geodesic shearfree it satifies

gAvaAA/gs =0 (3.945)

We define 77, as the proportinality factor in the equation

gAVAAlfB = §BﬁA/ (3946)

Consider

eV MY = GV LT TV 0,
—EMV M ()
V0 (E9V )
= (VY €p)eMV 4067 + 64OV VY e
= (chfB)gcﬁA/ + ngcVAA’vCAlfB
= 0+¢&%¢°0,.85
= U, p0pEiecer. (3.947)

where we used (3.762). Therefore we have the first relation

EREV T = W 4 pop€leCe”, (3.948)

Now taking the derivative of £4¢6PV AA/f p = 0 gives

0 = VBA/(fAfDVAA/fD)
EXEPV o VAN + (VpaufHEPV e + (V0 P)ENV Y,
= APV VN + 2V RNV (3.949)

The first term of the last line

/ 1 / / 1 /
5A§DVBA/VAA §p = §€A§D(VBA’VAA §p + VDA’VAA £p) + §fA§D€BDV0A/VAA 3
]. ! ]. / /
= §5A5DVBA/VAA §p + 5[5A5DVDA/VAA §p — 5AvaDA/vAA 34
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which implies

SASDVBA’VAAlgD = SASDVDA’vAA/gB o SASBVDA’VAA/fD

Using (3.762) and (3.764)

(3.950)

1OV Ve = OV V0 6 — €52V 4 VA EY = V0 VM ED)

= 5A5DDAD§B - 25AfBDAD5D + 5A§BVAA/VDA/§D
= ‘IIABCDSAgch + gAvaAA’VDA/gD

We introduce, analogously to (3.946), the proportinality factor ¢ ,

5AZA/ = gBVAA’fB
1
= §€B(VAA’€B + Vpaks+ EDA’VDA’gD)
1 - _
= §§A(CA/ + Ny _VDA/fD)

Hence
ZA’ =T — VDA’SD‘

The second term in (3.949) becomes

Q(VBAffD)fAV(AAlfD) = (Vpa&”)p@" + ZA/)
= _fBZA/ (ﬁA, + ZA,)

_ A
= anA/C
= gBﬁA/(ﬁA/ - VDAlgD)
= —§BﬁA,VDA SD

The sum of the RHS of (3.951) and (3.954) is equal to zero by (3.949) hence

foAVAA/vDAlfD - fBﬁA’VDA/fD = _\I’ABCDSAfch-
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Goldberg Sachs Theorem

Theorem 3.17.5 In a spacetime which satifies the vacuum field equations RW =0 any
two of the following conditions imply the third:

a) The Weyl tensor V , 5., is algebraically special with n—fold repeated principal spinor
0, (n=2,3,4);

b) either spacetime is flat or o generates a geodesic shearfree congruence;

¢) VAYY .. contracted with (5 —n) o’s vanishes.

Proof:
a) and b) imply c): n = 2.

Assume a), then ¥, ., = §a€pacPp). Obviously

fAfocquBCD = 07

and so

gAfochDIKIJABCD + 3\I,ABCD§A§BvDD/§C —=0. (3956)

Now we use b). If spacetime is flat then condition ¢) obviously holds. If instead ¢ is
geodesic and shearfree

a) and c) imply b): n =2.

Condition a) implies (3.956). If ¢) holds then (3.956) imjplies

\IJABCDgAvaDD,gC =0,

which on substitution of ¥, 5., = f(AfB@CﬁD) implies

0 = 5(A£BO‘05D)5ASBVDD/§C
= 21_4[ ot aAﬁB(gch + fpfc) + OtBﬂA(fch + SDSC) + .. ‘]é‘AngDD/é-C

= (0l ), VPP E (3.957)

and so
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£c€pVPPEC =0
which proves b).
b) and c) imply a): n = 2.
Consider the relation
EAEPETT ypop = T

We wish to show that x = 0. Taking derivatives we have

gAfochDl\I]ABCD + 3\I,ABCD§A§BvDD/§C — SDVDD/-T + vaD/gD' (3958)

Assuming ¢ (n = 2), the first term on the LHS vanishes. Assume ¥,/ = £ 1058:7p),
then we have for the second term on the LHS

/ 3
Sf(AaBﬁcVD)gAvaDD 50 = ZKAO‘(BBCVD) + fBO‘(Aﬁo'VD)
+ £c0uBrYp) + EpaBpio) P VPP EC
3 /
= Z[SCO‘(AﬂBPYD) + fDa(AﬁBPYc)]fAfBVDD fc

which on using (3.946) and (3.952) becomes

3 ! !
151453 [a(AﬁByD)fchD 50 + Oé(AﬁBVc)vaDD 50]
3 - ! !
= —E%°€C” 0By + €T auBicy)

= 32" +7") (3.959)

where we used

4o = 4¢P, By (3.960)

which follows from

$§D = fAfoC\I/ABCD = fAfBgcg(AO‘Bﬁc’YD) = igAngcfpa(A@g’Yc)'
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(3.958) now reads
—3x(ZD' +77) = ¢, VPP r +aVPPe,
= VPP 42 -7 (3.961)
This becomes

€AV o (Inz) = 27, + 48, = 67, — 4V, EP. (3.962)

To check if a solution [nz of this equation exists we substitute its RHS for oy, = 677, —
4V, £P into the integrability theorem (3.17.4). This yields

_fAfBVAAf((jﬁA,—‘lvDA/fD) = aA’fAvAAlfB

fBO‘A'ﬁA,
- _5BﬁA/(6ﬁA - 4VDA gD)
= 4E5m, VN EP (3.963)
Rearanging this gives
—6ELEMV T = —A(ELENY VN ED — €., VN ED) (3.964)

Substitution of the identities (3.948) and (3.955) gives

—6 4 popE EPEY = —4(— 45 p€ERER)

or

‘I’ABCDSASBSD =0
which says x = 0, contary to our assumption.

L]
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3.17.15 Tetrad Formulism and the Cartan Structure Equations

Th =%, - TP (3.965)

Th = ¢t et To (3.966)

The directional derivative along a tetrad vector is denoted by a comma or by 0,

d .

T = 9T0 =e——T! 3.967
a...,¢ ¢ aG... €e Hrxe” 4 ( )
The tetrad components of the covariant derivative are denoted by a semicolon
Th =l el e ST (3.968)
They are given by
b.. _ rrb... d mb... b nd...
Lo =Ta o= Vel — o+ 10 T5 4 (3.969)
where the F&i)a are the Ricci rotation coefficients
re, = —e e, (3.970)

and take the place of the Christoffel symbols in the tetradad formulism. The rotation
coefficients also appear in the commutator of two directional derivatives along tetrad
vectors

lab) T Tlab cosbl

= 2T I° (3.971)
The tetrad vector determine linear differential forms
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et da = e, (3.972)

in terms of which the metric form is given by

ds* = e e’ = e, e dx*dz’ = g ,dx"dz (3.973)

The exterior product of two linear differential forms A = A dz® and B = B dx® is the
anti-symmetric multiplication

ANB = —BAA
= AaBbdx“/\dxb

= A, Byda® Ada® (3.974)

The exterior derivative of a linear differential form is
dA = A, ,dz® A\ da® = Ay, da® A da” (3.975)

Cartan Structure Equations

We define

e = T9 ¢° (3.976)

b bé

a a ¢ d

The Cartan structure equations are

de® = €A F&B = F&Béez’ A et (3.978)
a a a f
—RY = dFI;—i—F f/\FB (3.979)
Proof:

First equation
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Second equation:

Consider dFdB

The term e‘ic@aabei)cdx“ A dz® vanishes. Now

e, AT

de® d(e dz®)
= 9,e",da’ A dx*
= —(0,", — T} et Yda" A dx®
= -V, dr" Adx®
= —(V,e",)0%0% da® A dx®
= —(Vbeda)ei)“eébegceéddxc A dz*
= —(Vbe&a)ei)“eébez’ A ef
= F&Béez’ A el
a e p d a b
R e“Ne :eeERbdeedx/\dx
= e aeb "Re pea T N dz?
= 2" e b(0.1%, 4+ T, 1% Ydz® A dz*
dre, = d(Fa e®,dx?)
d[(e“ e,V e )eébdxb]
d(e’ V,e; Cdm )
d([e® 86 + et Lt Yda®)
- [(aae c)(abei) ) +e caaabei) (aae&c)rlc)delgd
—l—e&cf‘id(@aei)d) + edc(aafid)egd]dxa A da®.
= (" Ve, dx") A (e édvbegddxb)
= [e" 0. —l—eCFZeC]A[aeBd—i- bfb]dx A da®
= [ ( )+€CFZ€C] [aeiy bfb]
= (0,65 + e T N0, + e, 1da A da”

= —(0, el )(8beg ) —
+e4 T rdf

c ad

(aae c) bd
ei)f]dx“ A da®
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613 +ec ad(@e )

(3.980)

(3.981)

(3.982)

(3.983)



Combining (3.982) and (3.983)

dre, + 0% AT = [e*.I'yy(0, eAd) T (0,e,%)
¢’ (0,T5,)e;" + e Crgdrd Nda® A da®
= [e"(0,T,)e;," + ¢ Te T e, lda® A da®

= 6,00, + 0T )da’ A da?

= —Ra e Aed (3.984)

L]

Equations (3.978) determine the anti-symmetric part of F&[i)@] of the rotation coefficients.
Define

Lape = gadrdi,é- (3.985)

The vanishing of the covariant derivatives of the metric tensor

0 = V.94 = abe — Fgégdb Fd 2Yad
= Yabe — Diae — Daie

implies the symmetric part I ;. of the rotation coefficients

1
Uaiye = 58@%5' (3.986)

The expressions for ['*; and T (ahye determine all rotation coefficients, and (3.979) then

[be]
determine all the components of the curvature tensor.

Specialisation to rigid tetrads

When we limit ourselves to the case of rigid tetrads where the g,; are constants. The
rotation coefficients are the anti-symmetric in the first two indicies

abe — Tt baer

and are determined by (3.978)
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1 1 1
F&Ea = é(raiya + Fa&i;) + §(F13@a + Faée) - §(Faai) + FE@&)
1 1 1
= Q(Fai)é - Faéi)) + §(Fi)éa - Féaé) - Q(Féai) - Féi)a)
= Tagg + Dica) — Teai (3.987)
The curvature one forms I';; satisfy
r,;=-I}, (3.988)

and therefore has six independent components. They are obtained from the first Cartan
structure equation (3.978),

de® = ng A ei’.

Once we have calculated the curvature one forms, we obtain the Ricci rotation coefficients
using

e =1 e (3.989)

b be

We calculate the curvature two forms R&g using the second Cartan structure equation
(3.979),

1 . ) ) .

Zpa a a f

2R 5 dl’ T r 7 AT ;
which are related to the Riemann tensor as

RO = RO ¢f Aed (3.990)

b bed

After calculating the Riemann tensor we obtain the Ricci tensor by

R&i) = Ri)& - Réé@é = gédAR@@i,j‘ (3991)

There are 10 independent components. We then calculate the Rici scalar by

R=g¢"R,;. (3.992)
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3.17.16 Specialisation to Null Tetrads

eg=1 e=n, e=m, e;3=Tm, (3.993)
01 O 0
_ b 10 0 O
00 -1 0
e = g‘iz’eij (3.995)
el = e; =, el = eg =1, e? = —ey = —Tn, ed = —e; = —m, (3.996)

Independent curvature one forms

There are six independent curvature one forms I';; as it is anti-symmetric. The non-zero
curvature one forms are

Lois Doz Doz Uiz, Tig, Tag (3.997)

However

Toi =T, Top=Tosr Ti3=Ti I

23 = T3
The collection (3.997) is equivalent to the collection
Tig + s Tozs Tog Tias Tig Tig — T'ag (3.998)
This collection is made up of the one forms
Fas: Tss+Ti5 Ty (3.999)

and their complex cojugates. The colection (3.999) are taken as our six independent
curvature one forms.
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Independent rotation coefficients

Recall the Ricci rotation coefficients are given by

_ a_ b
= ap% €

T.:

abé

1

ko= Tyo €= 50+ Ta0) ™= Ligg
1

o = Tsp 0= 5[+ Ta) n = Tig
1

po= Tog a= T +Ta) A= Ty

1
T = Ty 7 = 5T + i) v = Tigg (3.1000)

Independent curvature two forms

Before we write down the first Cartan structure equations for these independent one forms
we need the following:

é éd
Loa AT = g T AT
= ¢"'To5 AT+ 9"Tg3 ATgs + g% Tgs A Tgg + g% T3 A Tag
T AT, Ty AT, (3.1001)

Dse AT = g*Ts AT g
= "Ts ATi5+ 9" Ts; ATgs + g% Tsy ATg5+ g% Ts3 ATsg
T AT, - Ty, AT, (3.1002)

P AT = g T ATy
= ¢"' Ty ATi5+9"'Ti3 ATgs + 9% T3 AT35 + 9%Ti5 ATy
= _F()ﬁ N Fiﬁ — F()ﬁ N Fiﬁ (31003)
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Fije A Fé@ = T AT
= ¢"' Ty ATi5+9"'Ti3 AT + g% T3 ATs5 + ¢%Ti5 ATss
Ty ATy, Ty ATy, (3.1004)

The first Cartan structure equations are then

1 R N

dUss + T3 A (=T33 +Ti) = 5 Rogape” N e’ (3.1005)
1 L

(T3 +Tip) =203 ATig = S (Ragap + Rigas)e” A e’ (3.1006)
1 . .

dlyy + (T3 + L) ATis = 5 Risae” A ¢’ (3.1007)

Independent components of the Ricci tensor

Ry =Ry, =R = géJRé&i,g (3.1008)

ed
Ryy = g g3
oi io 53 3
= g Ry +9 Rigge + 97 Ragzy + 97 HRagg
= 2Ry (3.1009)

ed
Ryy = 9" Rg0q
i i 23 3
= g Rogoi T 9 Rizgo + 9 Fagos + 97 Hazpa
—Riga3 — Rosio- (3.1010)

ed
Roy = 9" Rapoa
= 9" Rysoi + 9" Rigoo + 97 Raoos + 97 Ragos
2Ry (3.1011)

420



od
= 9" R
oi io %3 3
= g Rz +9 Rigge + 97 Ragsy + 97 Ragg
= Ragsp + Rigge + Hossi
= Rszss + Rissy — (Rgsis + Riiss)
= Iasp + Ripas — 2Rgs05-

where we used the cyclic identity Ryssi + Ryzi5 + Rgiss = 0.

Rig

where we used the same

Ry;

Altogether

= 9" Rijpg
= 9" Ryioi + 9" Risoo + 97 Raiog + 97 Rajos
= HRipig — Rosia T Rogsi
= +Rigi0 — Rogis — (Ragis + Razor)
Ragpi + Ripio — 2Rz

cyclic identity again.

éd

= 9" g
oi i 23 3

= 9 Ruii +9 Rijio + 97 stz + 97 Raiis
2Ri5q3-

ed

= 9" R4
oi i 23 3

= 9 Rogii + 9 Rigio + 97 Hagig + 97 Hagia
—Rasis + Ripis-

0391
Ryy = —Ryzas — Rosios
RGO = 2Roszov

Rys = Ragss + Rigss — 2Rgs15,
Rig = Ragoq + Rigio — 2 R0,
Ry = 2R1213’
Rsp = —Rssqs + Rigis
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where Ry, Rs3, Ry, Rij are real and Rss, Rsy, Rsq are complex conjugates of Rys, Ry,
Rs;, respectively:

Rs; = Ry (3.1024)
We have 10 independent terms altogether.
The Ricci scalar is given by
R = Q&BR&{,
= 9" Ryi + 9" Rig + g% Ry + g Ray
= 2(Rj5 — Rs3). (3.1025)

The Weyl tensor and Petrov classification
0o = C’abcdlamblcmd
1

R. —Z=
[ abed 9
_ a, b, c

- Rabcdeﬁ 6@ 60 6@

Rosos. (3.1026)

R C
(Roeap — Rogpe — Roclaa + Rbdgac) + E(gacgdb - gadgcb)]lambl m?

d

U, = C,l*miin?
1 R a, bic _d
= [Rypea — §(Rac9db — R0 — Roe9og + Bia9ue) + = (GacIap — Gaadep) 1m0

6
1
= Rabcdlamblcnd — 5(—Rbcmblc)

1
_ a. b _c_ d - bie
- Rabcalef) 6@ e@ 61 + 2Rbcm l

1
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C e dlambmcnd

1

[Roped — §(Rac9db — R0 — Rye9og + Rpaba) + g(gacgdb - gadgcb)]lamblcnd

R el m"ln — %(_Rbcmblc)

Ropeats’ €2b6 ey + Rbc% €3

Ripsi + 5Rﬁg. (3.1028)

Cabcdl“nbmcnd
1 a, b——c
[Roped — §(Racgdb — R,u9e — Ry9od + Bia9ae) + = (GacIap — Yaader)l! n’men?

6
Rabcdl nbm nd - 5( Rbcnb_c>

b
Rdeeee+Rbcl

abc 1

Respi + 51%13. (3.1029)

—a, b—c, d
Cpeam m’men

1 R —a, b—c
[Roped — §(Racgdb — R,19 — Rye9ug + Rpaac) + E(gacgdb — Goq9cb)m n’mn?

a, b—c_ d
R, .m'n’mn

b d
R opeats’eq €3¢

Ry, (3.1030)

3.18 Summary

3.19 Biblioliographical notes

In this chapter I have relied on the following refferences: The review article by Abhay
Ashtekar and Badri Krishnan, Isolated and Dynamical Horizons and Their Applications;
the thesis of Badri Krishnan, Isolated Horizons in Numerical Relativity; the book A Rel-
ativist’s Toolkit by Eric Poisson.
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3.20 Worked Exercises and Detalils

Event Horizons

‘Propositionz If n € T initially, it remains in this subspace.

Proof:
1°Van® = 19V, (P°.n°)
= PYIAV,n¢  (since 1°Von® = 0 and 1°V,41° = 0)
= Pchcdnd
= PYB" Py’
= BY’. (3.1031)
or

1
4 _592 (3.1032)

Raycherdhuri’s equation for null geodesic congruences.

In the following we will use:

IV P =1V (6% +nly +1"n) =0 (3.1033)
°V.n® =0 and [°V, I* = 0.
As well as
PR, = (3.1034)
df a b c
o= 1Vl(B'PY)

= P%I°V,B°. (since 1"V n® = 0 and 1"V I’ = 0)
- (3.1035)
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db
D BY Pb

= P'WV,B%,
= Pb 19V, Ve
= PPV, V4l + Pb 19V 4, V,]I®

= P | Vp(1%V41%) — (V) (Val®) | + PP, Ry %1
=0

We'll take a breather for second . B%; = V,4I*
do u
o = —P® B4 BY — 19R4,1°
= —P® B%5% B —19°Ry, (inserting a) d
= —P°,B%(P% —1'nc —n1.) BS, — 171° Ry,
= —P® B%PLB¢ + P° B"l%,.B¢ + P°, B*nl.) B¢, — 191°R4. B,
= B%B% — 1Ry,
1
V.0 = % = —502 — 6y + D™ — 1%1° Ry
dA
Bl
d\ A
> AL? _ 4 dA'/? _ 4 lA—1/2d;4 _1ld (A1/20)
d\2  dx | dx Todd\2 dx ) 24\
o1 edf 1o
= 2A "\ + 40 A
A1/2 1 2 ~ a~ab A ~ab arb 92
= [(—59 — 0ap0Y + Oup0™ — I°I’Ryp) + 5]
1 2 2, L 1/2
= ——(Jo]* = |wf* + =I%°Ry) A
2 2
d? A2 1 2 2, L 1/2
o ——§(|0| — |w| + 51 Ra) A

(3.1036)

(3.1037)

(3.1038)

(3.1039)

(3.1040)

(3.1041)
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‘ Surface gravity of event horizons.

(1) Obtain

K2 = —%(V“Xb)(VaXb). (3.1042)

(2) Show that « is constant along the null generators of the event horizon.

(3) Show that x is constant transversal to the horizon, i.e. that x does not change from one null
generator to another.

Proof:

(1)

1
X[avac] = g(Xavac + X6VeXa + XeVaXo

— XaVeXs — XoVaXe — XeVbXa)- (3.1043)
Using Killing’s equation V(,xp) = 0
X[aVoXd = %(Xavac — X6 VaXe + XeVaXs) (3.1044)
Setting X[ Vexg =0

XcVaXb = —2X[a Vi Xe (3.1045)

contract (3.1045) with Vy®

(VO (Vaxy) = —Q(Vaxb)X[aVb]Xc as V2’ = —V’x® we can omit the anticommutator
= _Q(Vaxb)(Xavac)
= —2rxp(VX")  using xa VX" = —kx°
= —2kXe (3.1046)
(2)
ViVeba = Rapedé® (3.1047)

We differentiate (3.1042)
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260k = —VUPV Vb, = —VEE? (3.1048)

260k = —VE Rogapt® (3.1049)

26E%0uk = —VEI R gap €22 = 0 (3.1050)

‘ Examples of normed spaces.

3.20.1 Non-Expanding Horizons

‘ Non-Expanding Horizons.

2)

The second equation in (4.3.4) implies that the vector —R% /¢, is tangential to A. The energy
condition and the field equations imply this vector must also be future causal. Use these facts
to prove that in the Newman-Penrose formalism we have:

(1900 é 0 and (1301 = 610 é 0 (31051)
Why do these equations not depend upon the specific choice of null normal ¢ and m?
b)
Tr20 and ¥; 20 (3.1052)
c)
We derive the important relation between the one-form w, the imaginary part o
A
Diqwy) = 2(Im[W¥sa])eqn (3.1053)

To show this, contract (4.3.4) with n and use {*n, = —1

Answers:

a)
This means that R% must be proportional to /* and hence, R(ibﬁb

b)
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It follows from R% ¢y, 2 0 and the conformal tensor (C.605)

[DDy — DyDaJE = —2R, 042 20, 4 (3.1054)

«—

Thus, if v is any 1-form on A satisfying v¢ = 0 A‘ | 0, contracting the previous equation with
Ve we get

C. Co bt 20 (3.1055)
c)
A c, d
QD[awb] = Capedln (3.1056)
2D[awb} 2 4(%[‘112])?1[(1&,] + 2\1135[amb] + 2@35[(1%@ + 4i(3[@2])m[amb} (3.1057)

. AL c _
0.8 Dawyy = 2i(Im[¥a])q, g, "mmy
A ¢ _
= i(Im[¥2)) (g, ) (a " —)2m g
A ¢ ‘ .
= i(Im[Wa]) (g, =) (a0 =) (e1 + ie2) o (e1 — iea)y
2 2i(Im|Ws))ew (3.1058)
we obtain???
A
dw = 2(Im[¥s])e (3.1059)
‘ Examples of normed spaces.
‘ Non-Expanding Horizons.
Wy — Wy 4 2c0 + AU, (3.1060)

Examples of normed spaces.
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3.20.2 Weakley Isolated Horizons

‘ Non-Expanding Horizons.

‘ Examples of normed spaces.

3.20.3 Isolated Horizons

‘ Dynamical Horizons.

De-Sitter cosmological horizon is an isolated horizon.

‘ Examples of normed spaces.

‘ De-Sitter cosmological horizon as an isolated horizon.

De-Sitter cosmological horizon is an isolated horizon.

‘ Examples of normed spaces.

‘ Details: Consequences of the boundary conditions:

(a) The condition 0 D,04 = 0 implies

Valy = — 204y, (3.1061)
where, as in the main text, U, = Ray,
Proof:
Dyos = —0q04 — Bata (3.1062)
contarcting with o? this is
04 Dgos = —aa(voA) - ﬂa(oAzA) = —0, (3.1063)
Therefore 02 Dgo4 = 0 implies,
Dyos = — ag04. (3.1064)
Using Il = iopaa/ 0404 and compatibility condition of o i.e. Vgaopaa =0,
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Valp inAA/Va(OA5A,)

. A7 A
LOpAA [OAVaOA + o4 VaOA]

>

. _ A/
—iopaa [oAaZ +o4 ozaoA]

= —(iopanoa™) (e} + aq)
= =2U4lp. (3.1065)
Equation (4.3.4) implies that [ is a geodesic vector field,
1Valy = —2(1%U)lp (3.1066)
and that the Lie derviative with respect to [ of the metric induced on A vanishes
L(gac(g® +1°n° + n®1P)) = 2V, = 0. (3.1067)
It is twist free as,
l[avblc} = — QZ[QUblC} =0, =w=0. (31068)

so that the congruence with tangent vector [* is both shear-free and geodesic, (although it

need not be affinely parametrized). Furthermore, since T%l,l, > 0 by condition, and Einstein’s
equation holds at A, we can use Raychaudhuri’s equation

1
L0y = —59(2” — 0ap0™ + wapw™® — Rgpl®l°

(3.1069)
to conclude that the shear must vanish if the expansion ;) vanishes.
Finally, note that the Raychaudhuri equation also implies that
Rapl®1® = 81 GT 19 = 0 (3.1070)
i.e., that there is no flux of matter energy-momentum across the horizon
Dara = Yara +if(v)Mg04 (3.1071)
Dy(1401) = Dy(1) =0, = 14D,04 = —0"Dyis (3.1072)
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! ! !
Vanp = Va(zAiA ) = AV +74V A

= A —if(0)meo?) + 7Y (aa? +if (V)Tg0?)

= (of + ag)t i i f (V)Mo T — marte?]

= 2U,np, — Qf(v)m(amb) (3.1073)
Vany = 2Uanp — 2 (v) (g my) (3.1074)

ng is twist-free
n, shear-free

has spherically symetric expansion, 2f, and vanishing Newman-Penrose coefficient 7 = m*°V 4n,.

AAB= —20,i40P) — B,040P) (3.1075)
and

Ba=if(v)Mq (3.1076)
F, A8 = —4(8[(10%}2(1403) —2(91a B — 2a[aﬁb})voB (3.1077)
Finally, let us establish (4.3.4) . We assume that the slice M intersects A in S such that on §

the unit normal 7, to M is given by 7, = (iq + n4)/v/2. Therefore, using D04 = — q04
K 4B = M mazAzB —i—mavoA 3.1078
a 5 ( ) ( )

Since the connection A on M is given by: 4,48 =T, A48 — ﬁK . B using the definition of V/
we have the required result:

V, = —il' AP 05. (3.1079)
RaaBeccrppr = VYapcpeasecp +YapcpeaBECD
+®apcopeapecp + Papecpeapec
R
+E(6ACEBD€A/C'€B'D/ — €EADEBCEA'D'EBIC) (3.1080)

Let us consider the Ricci tensor. Since T,,I*1’ > 0 the Raychaudhuri equation for (¢ implies
T,1%1° = 0, whence by Einstein’s equation which holds on A,
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1 .
R,I" — 5B gt =RTy 1 (3.1081)
—~— ~—~
=0 =0
, we conclude
1 ajb ~
oo = 5 Rapl1? 2 0. (3.1082)
Papap = APnyaopyraop + P2040p040p + P11141B0(A0p))
+PogratBTA T — 2@12Z(AOB)5A’EB’ — 2(1921014037(1453) (31083)
(We will show later that ®99 and ®py also vanish.)
(b) Let us now turn to the Weyl tensor. Using (4.3.4) one gets:
Rapeal® = 2V [, Viyle = —2(V [, Uy)le (3.1084)

Transvecting this equation with appropriate vectors and using the fact that the trace of the
Weyl tensor vanishes, we conclude that

VUp=0 and ¥; = 0. (3.1085)
Proof:
we have that R_,I® = 0, so that
Rabcdld = Cabcdld = _Q(V[an])lc (31086)
g := Cupeal®mPlem? = (3.1087)
(c)
Vany = 2Unp — Qfm(amb). (3.1088)
(3.1088)
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Va(Vpne) = Va(2Upne —2fmgmy,))

= 20,Vane —2(0uf)mpmey  (as Vamy = Veme = 0 and V,Up = 0)
2U0p(2Uqnc — 2fm(gMey) — 2(0af)mpm
= 4UUyne = 2f (M Uyme + mqUymie) — (0o f) (myme + mipme)

(3.1089)

Hence it follows that

Rapean® = 2V [, Vyne = —4f (MpaUyme + mgUyme) = (9o f)myme — (O f)myme  (3.1090)

we conclude:

R 2U -1
ImPy =0, Vg+ —=—— and U3 — Py =0. (31091)
12 TA

Consequently, the Weyl spinor has the form:

Papcp = 6(1922(AZBOCOD) — 4@3Z(AOBOCOD) + @40(AOBOCOD)7 (3.1092)
where ®9 and ®3 are subject to (3.1092).

(d)
Recall the expression for F' in terms of the self-dual part of the Riemann curvature:
1
F4P = —ZRabcdzabAB : (3.1093)
Using the decomposition (4.3.4) of the Riemann tensor, we obtain:

=A'B R

. 1—
Fucp = — i\IJABCDEabA = 5®apopTw — 5y Sacn: (3.1094)

Finally, using the identity:

Y A8 = 42(A03)m[amb] + 4i0Aan[amb], (3.1095)

whecih follows from the definition the of null tetrad, and equations (4.3.4) and (4.3.4), we can
express the pull-back F CgD of F'to V as:

FGP = (W) — @y — %)2 O — 2i(3T3 — 2011)0% 0P ny iy, (3.1096)
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where we have used W3 — @91 = 0. Other Weyl and Ricci components do not appear because F
is the pull-back to V). This equation can be rewritten in the following simpler form:

R
24

30
23 o) oPicp | B, 0. (3.1097)

FGP = [(Ug — @y — 5

)66:85 — (

(e) Next, we will use the Bianchi identity (D A F = = 0):

VaFpe + Valpe + VaFpe =0 (3.1098)
and the equation of motion (DA X = =0)
Va2ive + VaXpe + Ve (3.1099)

to extract further information about Ws, ®1; and R which appear in the above relation between
F and ¥. Using (4.3.4) and (4.3.4), we obtain:

R (3.1100)
o=k =0. From

Do® = eo® — (3.1101)

we have Do = eo?. It follows that
DI® = D(0"5") = (e + &)o"5" = (e + &)I°, (3.1102)

Gauge freedom on horizon

v & = F(v) with F'(v) > 0 (3.1103)
Ng — i = F'(v)ng, (3.1104)
(1%, n") — (1", 7%) = ((F'(v))" 1", F'(v)n®) (3.1105)

la — ,LAiA,
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AN iA:(F’(v))fl/QzA

ot - 6A:(F'(v))1/20’4 (3.1106)

If we also include the freedom to perform a phase rotation e, then we see we can have in
general,

(i4,64) = ((exp 0)i, (exp —@)OA) (3.1107)

where

exp Re(20) = F'(v), 6:=1Im®O. (3.1108)

A complexification of U(1)

3.20.4 Rotating Isolated Horizons

‘ Details: Axisymmetric spacetimes

eabcdnafbvdgc =0= 6abcd§anbvdnc (31109)

§amV ey = 0 = §amVeng) (3.1110)

Stationary axisymmetric fields admit 2-spaces orthogonal to the group orbits if and only if the
conditions

" Ryaline = 0 = 1 Rapa&yrig (3.1111)

are satisfied.

V(¥wa) (3.1112)

that ¢ and £ commute is the same as saying that £, = 0, as Lyga, = 0

Lywa = 0. (3.1113)
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and we are left with proving

YV pwa) = 0. (3.1114)
6abcdvcwd — GadeEdefg vc(gevfgg)
= 6V, (clevaeth (3.1115)
where we used the identity (4.3.4)
1
govegh = o€V + Vo + V) (3.1116)

V(EVUY) = (V£9)VU 4 €°V,.veeb
— _§CRade£d
= 0. (3.1117)

Ve(PVEr +£7VEY) = (Ve€)(VUEY) + (Vb)) (V) + PV, Vg + €9V, V¢E°

= 2[pV.Vidled
= —2¢lbRalee (3.1118)
hence it becomes
ds? = =V 1e® (dr? 4 d2*) — V™ 1r2d¢? 4+ V(edt — Ndo)? (3.1119)
V=ev, 7 =¢ (3.1120)
|
‘ Rotating Isolated Horizons
Questions
= 2r pm oo —y
o(r,0,0) = /dV f(rl - / / / dr'dedo’ siné/f(irl (3.1121)
|7 — 7| 0 0o Jo |7 — 77|

where (7', ¢',0") are the angular coorinates of i of the matter.
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JaVip(i)
Jdvp(i)

=

(3.1122)

In the axisymmetric case, the centre of mass lies along the axis of symmetry a distance dcof

from the origin, which is given by:

[ dr'dd’ sin @' (1’ cos 0")p(r',6")

d =92 3.1123
CofM =27 Tavp(r) ( )
This easily seen, for if 6 part of the integral:
, cos 6 , (T . . cosf
dVp(r')—5 =2m [ dr df sin— =0 (3.1124)
r! 0 r!
5. Prove
R _ L= Ly 3.1125
(€.9) = =758"(0) = —Z5¢"Do(C"Daf (€)). (3.1125)
Answers
5.
Gab = R*(f "' DaC Dy + fDa¢ Dyd) (3.1126)
G =detGu = (3.1127)
o _ 0 -
=55 Vi (3.1128)
|
‘ Rotating isolated horizons.
Questions
1. Prove (Eq. 4.3.4)
/T”Pn(cos OV - (Z x J)d*x — —R"! f(EQbDan(cos 0))jadV (3.1129)

S
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~ 1

Do = ﬁamsob (3.1130)
Gab = R*(f "' DalDeC + fDaDy) (3.1131)
Iy = B o) tmf]d?V 3.1132
R bt el R GLLA (3.1132)
- _ Am  MaRR 0(F\ 72
My ==\ 5= 5 éyn (¢)Rd*V. (3.1133)
Answers
2. Integrating by parts on the ( integration
1 1
/_ ACFO¢ = [F(¢)¢1Es - /_ PO =100~ Oty (3.1134)

and using the boundary conditions ??(f’|c=—1) = 0 and (f’|¢c=1) = 177, the integral zanishes.

3.20.5 Dynamical Horizons

‘ Dynamical Horizons.

~ 1 1
K = §®D,f, = §cjabva(£b —m) = =56 > 0. (3.1135)

‘ Examples of normed spaces.

‘ Dynamical Horizons.

Gauss-Codacci equation relating the space-time curvature to the intrinsic curavature of H leads
to

26 ROR" = —R + K? — K, K (3.1136)
proof
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and the defintion of the Riemann tensor gives

RapRR = —2R*D|, Dy R* = Dya® + K* — K K™ (3.1137)
where we have defined
a® := R*D,R* — RDy R’ (3.1138)
RapROR® = —RY(D,Dy — DyDy) R
= D4(R"DyR* — R*DyR®) + (D,R")? — (Do R®)(DyR®) (3.1139)
- 1 -
KpK® = §(K)2 + a0, (3.1140)
K = 2A+B, (3.1141)
1 -~
KpK® = 5(K)2 + 2W, W + B, (3.1142)
K = —2A. (3.1143)
(b)
(Valy = K — KRRV + K (3.1144)
|
Vaidya spacetime.
Prove the only non-vanishing component of the Einstein tensor is Gy, = —(2/r2)/(dm/du)
Answers
VT =0 (3.1145)
Vi[pl®?] =0 (3.1146)
OOV (pl®) + pl® (V) = 0 (3.1147)

0,0* = 0 implies that £,(Vy¢®) = 0. Contracting (3.1147) with ¢* we conclude
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Vi (pl®) =0 (3.1148)

and hence

OVt = 0. (3.1149)

i.e. is a geodesic of the timelike curves.

‘ Poor man derivation of Schwarzschild solution.

We assume the spacetime to be static. This means the all the metric components are independent
of the time coordinate and the geometry the spacetime is unchanged under time reversal. As
the line element is invariant under ¢ — —t there cannot be a cross term drdt.

On the hypersurface of constant time and constant r, it is required that the metric be that of a
2-sphere

dI* = ro(d6* + sin® 0d¢?).

The metric can be put in the form

dr? = A(r)dt*> — B(r)dr® — r(d#* + sin® 0dep?). (3.1150)

The metric components are

goo=A, gi1=-B, go=-r% g=—r’sin?f (3.1151)

The metric is diagonal so that ¢°° = 1/ggo. The coordinates are labelled

By definition

1
be = igad(gbd,c + Ged,p — Gbe,d)-

As none of the metric components depend on ¢. There are many other examples that turn out
to be zero. We find altogether:
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All others being zero. We use these to calculate the components of the Ricci tensor.

From (3.1153) and (3.1154)

The vacuum field equations imply

or

whence

Iyy=A/2B, Ti,=DB/2B
Iy, = —r/B, I, = —rsin®6/B

F%Q = F%l = 1{1))3 = Fgl =1/r

I'2, = —siné cos, I3, =T3; =cotf

Roo

Roo

A// A/ A/ B/ A/
ﬁ‘ﬂﬁi*ﬁ)ﬁﬁ

Al/ A/ A/ Bl B/
oA 1A <Z * E) B

(A By 1
2B\ A B B

RQQ sin2 0

+@ B (A’/A+ B'/B)
B rB

A B
S+ =0

AB = Const.

(3.1152)

(3.1153)
(3.1154)

(3.1155)

(3.1156)

(3.1157)

(3.1158)

(3.1159)

At points remote from the source both A and B tend to unity, so that the constant is unit.

Therefore

B =1/A.
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LT A B r ) Ar (A n A 4
2B\ A B B 2 \ A A2/A
1-A'r— A (3.1160)
1-Ar—-A=0.
Integration with respect to r gives

rA —r = Const.

and

A—14 Const.
T
Const. dr?
dr? = (1 dt? — ————— — 12(d6? + sin? 0d? 3.1161
T < * r ) 1+ Const./r r(d9” + sin” 0dg”) ( )

Consider the Newtonian limit. A point mass M situated at the origin in Newtonian theory gives
rise to a potential

¢o=—-GM/r

Using this in the weak field limit gives

goo >~ 1+2¢/c* =1—2GM/c*r.

We see that the constant turns out to be —2GM/c?

2GM 2
ds?® = (1 - cG%« ) dt? — #ZW/CQT — r2(df? + sin” Od¢?) (3.1162)

Derivation of the Kerr-Newman solution: a rotating charged blackhole

We consider spacetimes where coordinates exist in which the metric takes the form

Juv = Nuv + 2hlulm (3.1163)
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where 7, is the metric of Minkowski space.

It is easy to see that g = —1, and

gt =t — 2hIHTY

We have
g, =", = 0.

Vo2u=1z2—t V2u=z+t,, \/igza:—i—iy,

Then the metric () gives the line element
ds* = 2d¢dC + 2dudv + 2h(e®)?
Null tetrad

el = du+YdC +Yde — YYdv,

A null tetrad, with scalar products given by

N}

)

=

|
cor o
co o~
o oo
oR oo

is completed as follows:

Proof:

L]

We know e&adaza, dz° = dv, dz! = du, dz?® = d¢, dz® = ¢, so we can read off e&a

1-hYY h hY hRY

a -YY 1 Y Y
©a™ Y 0 1 0
-Y 0 0 1
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(3.1164)

(3.1165)

(3.1166)

(3.1167)

(3.1168)

(3.1169)

(3.1170)

(3.1171)



Directional derivatives

The inverse of the above matrix is

1 —h 0 0
-YY 14+AhYY -Y -Y
Y —hY 1 0
Y —hY 0 1

(3.1172)

The transpose gives the dual tetrad, e;*,

1 —Y?_ Y Y
e, — _oh 1*_’;” _’;Y _gy (3.1173)
0 Yy 0 1

Then the directional derivatives 9; = e,%d, can now be calculated to be

Oo=08~Y0u  O3=0;— Y0,
O1 = 0 — hd,

O =0y + YO +Y0 =YY, (3.1174)

Equations for gravity coupled to the electromagnetic field

The gravitational equations for interacting gravitational and electromagnetic fields are

1
59&13R =81y,

Ry, —
1 s 1
Ty, = 1= (Fack; “ + 29

F ol 11
= ) (3.1175)

ab™ ¢
These are supplemented by Maxwell’s equations

Vi F® =0 faFy =0. (3.1176)

Since T' = 0, it follows that
R =2(Rj; — Rs3) = 0. (3.1177)
The field equations can then be written as
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L1 s
Ryjy = 2(Faeky © + 792F% i (3.1178)

Restrictions placed on the solutions

We find solutions of the Einstein-Maxwell equations for spaceties with a degenerate metric. We
assume that ey are the tangents of a congruence of null geodesics, implying

K=0=—Tg; (3.1179)

Assume the complex expansion Z

Z=0+1iw= —F()gg (3.1180)

is non-zero.

Calculation of the rotation coeficients

We need to express the differentials dv, d(, d¢ in terms of the basis one forms:

dv = e() — hei
d¢ = e +Ydv=e*+Y(e’ — hel)
Al = &+YVdv=e +7( — hel). (3.1181)

de? = Y odz® A dv
= —Yael dz® A dv

= —K&e& A dv
= —Vae" A (e — hel) (3.1182)
Similarly
ded = ~Y ae® A (66 - hei). (3.1183)
de! = Yae' NdC+Y ze* NdC — Y (Ya)e® Adv— Y (Y 4)e Adv
= Yae® A (e3 +Ydv) +Y s A (eﬁ +Ydv) -~ Y(Ya)e Adv—Y (Y z)e? Adv
= Yael Ae+ Y 46t A e (3.1184)
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de® = hY 46 A €3 + hY e A e + hae A el (3.1185)

Now we shall read off the rotation coeficients. Starting with ded

de® = (hYﬁe& Ae? — h?,&eé A e&)

(3.1186)

/7~
=
=
a
<}
>
a
o
|
> >
s
a
o
>
aQ
(<233
~— N

ded = % (hﬁeo Ael — hﬁeiL A 60) + % (h?ﬁea Ae?— h?ﬁeé A ea>
—i—% (hY:@eﬁ Aed— hYﬁe?’ A 66) + % ((h?i - h72)€i Ae? — (h?i - h72)62 A ei)
—i—% ((hY’i — h’f.))ei Aed— (hY 3 — hg)@f)’ A ei>
+% ((hyj — Y 3)e? NP — (hY 5 — BY 5)é A eﬁ) (3.1187)

Comparing this to

de® = TY e el
ab

_ 10 0 i 0 1 0
= Fme Ne +F166 ANe’+ ...

Fﬁ[m](eﬁ Ael —el A 66) +... (3.1188)
we can read off
1 5 1 — § 1
0 _ 1y 0 _ v 0  _ Zpy.
Doy =350 ey =50 Ty =5
0 i 0
r [i9] Q(hy,i —hp), T [i3] — (hY,i —h3)
. 1 _
FO[%} = i(hYé — hY 3). (3.1189)
or
1 1 1

1 _
Tipy = 5(hY5 —hY 5). (3.1190)



Using

or

deé

(3.1191)

i 1 /= 1
det = 5 (Y’Oeo nNe2—Y 062 A eo> + 5 <Y7060 Aed — Y063 A eo>
1 /— 5 1
+§ (Ylel/\e2 Yle2/\€1) + = (Ylel/\e?’—Y 63/\61)
1 _
—1—5 ((YQ ~Y et ne’ — (Y5 —Y 3)e’ A 62>
clei = Fi&i)e& A ez’
_oopl 0 0 1,0
= T g€ Ne + T ipe Ne + ...
Fl[m](eo Nel —et Ael)+ ... (3.1192)
7 1— 1
1 _ 1 _ . 1 — V.
I [0i] — 0, T [02] — §Y,0’ r [03] QY,O
5 1— 7 1
i i
I [ig) — §Y,1= I [13] §Y,1
a 1 _
rl[ﬁg] =5V =Y5). (3.1193)
1— 1
Topi =0 Lopz =35Y 0 Lopg =350
1
Loz = 5Y 10 Lojig = 33
1 _

K&eo Ael — hK&ei A el
1 - R P s
3 <(Y1 + hYﬁ)eO Ael — Y+ hYﬁ)el A eo)) + 5(}/:@60 Ae? — Yée2 A e?)

1 5 3 s o 1 . 5 i
—(Y’geo Aed — Y’ge?’ Ae®) + 5(—hY’§el Ae? + hY’Qe2 Ael)

\)

+
1
2
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de? = FQAAe&/\eb
ab
_ 12 0 i 0 1 0
= Féie Ne +F10€ ANe + ...

Fé[(ﬁ](eﬁ Ael —el A 66) +... (3.1196)

1 1

s _ 1. o 1o 1o
Doy =5 +hYs), Tas =35Ys ey =573

; 1 ; 1

2 _ 2 _
r [12] = o hY,év r [13] — 9o hY,:%

5
%55 = 0. (3.1197)

or
1 1 1
Paoi) = 5 (Vi +0Y). Ty =5Ys Tyog =5V
1 1

Paig = —50Ys  Tyag = —5hY3
[gp55 = 0. (3.1198)

The equation for de3 is the same as that for de? but with Y replaced by Y. Therefore, we
immediately have

R 1 3 1o 3 L
oy =5V a+MYa), gy =35V 5 Ty =55
A 1 — l <
3 . 3 —
Plig = —3hYa Fag =—3M;
gy 0 (3.1199)

or

1 ,— — 1— 1—
Dapiy = 5V i +hY 5), Tapon =5V 5 Tyog =57 3
1. — 1.
Pag = —5hY 5 Doz = —5hY 3
FQ[QS] =0. (3.1200)
The independent curvature one-foms are written interms of the Ricci rotation coefficients
1.0 A 2 P
Loz = Taage” +Tgape + Tgaae” + Tgage (3.1201)
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a3+ Tig = (Tago + Tigo)e” + (Tagi + Tigi)e’ + (Tags + Tigs)e” + (Taga + Tigg)e®  (3.1202)

Tis = Disne” + Dispel + Tigze” + Digge® (3.1203)

We calculate the relavent Ricci rotation coeflicients

Toss = Logo) + a0 — Lojogy
= 23
= Y, (3.1204)
Tosi = Lo + sy — iy
1 1 1
= —5Yi— 5 (Vi +hYp) = 5hY,
= —Y;—hYp (3.1205)
Toss = Loz + Lapo) — ooy
1 -1 1
= (Vs =Y3) - oY, -5Y;
= Y, (3.1206)
Toss = Tops +Tapo — Dapg
= 20334
= Y3 (3.1207)
Tsso = Dsag + Dapg — Topy
1= 1 1 —
= Y3+ 5Ys -5 —Y5)
= 0 (3.1208)
Uigs = Tipe + Topi) — Tifio
= 2l
= 0. (3.1209)
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Tasi = Tapy +Taay — iy

R 1 1 —
= GhY 3= 5h¥s — 5 (Y5 —hY 5)

= hY 53— hY,. (3.1210)
Tioi = Dipy) + Tojg — Ligig)
= 2Dy
= hy (3.1211)
Tazs = Dy + T3 — Iapay
= 2D
= 0. (3.1212)
Figs = Tipgy +Topi) — Daig)
1o 1 1
= hY (3.1213)
Dass = Taag +Taay — Dypay
= 2033y
= 0. (3.1214)
Tios = Tipg + Loy — Usjig)
1 1 1
= Yo=Y+ (Vi +hYp)
= hY. (3.1215)
Tisg = Dipg + Tapq — Lopig

1— 1 _ 1—

)

_— (3.1216)
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Ts3 +Tig

Let us summarise

123

03

Fisi = Tipy + a1 — iy
= 204

= hy—Y;

)

Fiss = Tipay +Tapi) — apigy
= 2Dy
— WY,

)

Dipg + Taai) — yjigy

1 — 1. 1
= §(hY7§ — hYﬁ)) + ihy’g + §hy’i
= hY,.

)

0 i 2 3
Fagpe” + Lggie” + ggae” + Tggse
—Yﬁeo — (Y:i + hKO)GI + 62 — }/:262 — }/7363
—K@ed — hY@ei
—dY — hY el

(3.1217)

(3.1218)

(3.1219)

(3.1220)

(T35 + Tigo)e” + (Tazq + Tigide' + (Tags + Diga)e” + (Tazz + Tigs)e’

(0+0)e® + (Y 5 — hY 5+ hg)e! + (0 + AY g)e + (0 + hY )

12

03

Ty +Tig

0 i 5 3
Figpe” + Tigze + Digse” + Disge

0e" + (hs— 771)61 + (h?’é)eé + (hYé)eg

= —Yaet —hYgel
— —dY —hYgel.
= WY g+ hY e + [hg+ h(Y 5 - Ys)le!

= h?’éeg + hY:Q(Bé + (h’é — h?’i)ei

451

(3.1221)

(3.1222)

(3.1223)



Geodesic assumption

The 2 A 0 term in Cartan structure equation for I'gs

dTgg+ Doy A (Tog +Tg) = d(=dY —hYpe!)
H(=Yae® — hY gel) A (WY ge? + hY ge® + [hg + h(Y 5 — Y5)lel)
= = hYgdel + (=Y e0) A (WY ge?) + ...
= ---+2hY767’OeQ/\eO+...

1 5 5 1 A 5
= -+ §R()3§()62 Aed + §RO§’OQ€0 ANe2+ ...

= -+ R@gg()ei A 60 + ... (3.1224)
We have
1 —
5 Roo = Roazp = 2hYpY - (3.1225)

In a vacuum Ry = 0, and it follows that

Yo=-To0=F=0 (3.1226)
The expressions () simplify to
Iy = —K&e& — —dvel.
Tos + i = [hg+h(Y3-Yy)e'
Ty = WY 562+ hYye® + (hy— hY ;)el (3.1227)
From (3.1206)
Z=-Tgs="Y; (3.1228)

Note that Z =Y ;. We substitute these into (3.1227) and obtain

Fog = —Y@e& = —dY.
Tos+ Ty = [hg+ (Z—Z)hle!
[y = hY 3¢* +hZe’ + (hy —hY j)e! (3.1229)
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From (3.1207) the shear is given by

Lozg = —Y3

)

Calculation of components of the Riemann tensor

Recall

L i b
dlo3 + Loy A (Tg +Tig) = 5 Ragepe” A€

Since dF63 = —ddY = 0

) B L
(~Yae") A (lhg+(Z = Z)hle!) = 5 Roggie® N e

__ R N 1 . R
~Yalh+ (Z = Z)hle" ne' = S Ryggpe” Ne”

~Ylhg+ (Z - Z)h]e® Al
~Yslhg+ (Z — Z)h)e* Ael
~Ylhg+ (Z - Z)h]e* Al

_ 0 i 02 0.3
= Ryspie Ne + Rgggae Ne” + Ryggae Ne

+R631261 Ae? + R()gigel Aed + R()gﬁgeZ Aed.

From which we read off

Razoz = Razos = Razio = Fozas =0
Rygis = Yslho +(Z = Z)H]
Rgis = Ylhg + (2 — Z)h]

For a moment we turn to Maxwell’s equations.
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Independent components of Maxwell’s equations

The field equations for Rg; are

1 o
Ry = Fooby "+ 7900Feat™
— ¢“F,,Fy; (3.1236)

We represent the electromagnetic field by the complex tensor

1
Fab = —Fba = Fap + §i6abchCd (3.1237)

where €gpeq is completely anti-symmetric and equal to (—g)'/? when abed = 0123. The corre-
sponding null tetrad components are

1, od
Far = —Tpa = Fap + 5“&8@ch (3.1238)
where €; .5 is completely anti-symmetric and €5755 = —.

1. od
Fog = Fog+ Sieageit™
. 01
= Ih3 +ieggpi
0i
= FQS + F
= Fyy+9"9""F,
= Fﬁg + Fif)' (3.1239)

1. ad
Fio = Fio+ gieioeit”

= Fif) + FQS (3.1240)
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Altogether we have

Thus the electromagnetic field is described by only two complex components,

Fa3

1. od
Fig + giejport™

. 03
Fis +iejans
Fig+ F%

0c 3d
Fis+9°97"Fy

2Fiﬁ

Fai + Siegieql “
Fyj + iegy55F
Fyy + F

Fyi + 9"g*
Fyi + Fj3 = 0.

1. ed
Fyo + 5ieapeit™

, i3
Fiyg +ieapigl’

i3

FQO + F
Fﬁf) + 91693dF@Cz
FQ() + F@Q =0.

Fap + %iegoaczF “
Fyy + iegpia P2
Fy + F12

Fy5 + 9'9"'F,;
Fyy + Fyg = 0.

= Fip = I3 + Fips

Fis = 2193,

F31 =T = F3=0,
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or

Maxwell’s equations

Maxwell’s equations are

Now note for }*QZ’.E

)

N e

and also

Faz (= Fip) and  Fis.

FR (=7 and FO3.

Fab — gab | pa gth | pb gac _
;b ,b éb éb

;3

5 8
Fry ="

)

5 e _ 2 01, 2 10
2, F0 = T2 FO T2 FlO+

The term I' B@i)}— 2 becomes

_ 2 5 ol
= (% -T2 7" + ...
= 2r2[0ﬂf01+2r2 FO? 4 or?

F13 4 or?

03
53
37

703

[02] [03]

3 12 2
+20% 5 12+ 202 4y
— 2 2 32 2
= (Yi+hY ) F2+Y 7%

= Y F2 4y,

borde 0 21l 20, 0 292, 2 290
v % = 10 F Tl PO 10 F R T

_ 0 1 p) 32
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(3.1247)

(3.1248)

(3.1249)
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0
s =Tiss = Ty + a1 — Dopig
1 1 1
= —5h¥Ye+ 5 +hYs) =Y
— 0 (3.1253)

i
g =T = =Y — hYg.

2, =1

32 a3 = — 1

33 = 0.

So that I‘Z’égf 2 — Y F 32 The Maxwell equation

FP o4 F T F¥ =0
s ¢b ¢cb

becomes
F2 =2V PP v F® =, (3.1254)
or
Fags—2Y 1 Fa3 — VT35 =0. (3.1255)
L]
Note
3b _ 30 31 35 _ 03 35
a ;B_]: ;f)+j: ;i+‘7: ;Q__‘FO;G'i_f ) (3.1256)
and also
3 03 35
Fry=—F g T, (3.1257)

The term I' 3&;.7: e becomes

F32 L ord 03

3 b _ 3
r @g}_ = 2(T 03]

3
o1 r [23])
= (Yi+hYg)F?+Y 375

= YV F24Y 5%
= YV F247ZF% (3.1258)
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The term I' B@i)}— 3¢ becomes

borBe o0 B, i 80, 0 82, 2 280
v % = 10 Al 00 S T2
0 783, 3 80 i 82, 2 i
+Flgjf33 + F313f31 + 1123@}-33 + F3Q3f32

_ (70 i 8 \32 o 03
= ([%; + Ty + %) F? =%, FO (3.1259)
0
[55 =Tz = 0.
i
s =Toar = Topi + Taig) — Ty
—  1—  — 1
- V.Y, (3.1260)

3

2. =r

65 =Ts05 =T Y, = Z.

032 = 15
We have
b 3¢ _ x5 32 03
T 613.7-" = —Y71.7-" ZF

The Maxwell’s equations

8% _ g8 3 geb , pb B _
F = FP 4T FO4T  FE =0, (3.1261)

)

F—FS LY PR ZFS Y FR - 258 =0

that is
32 03 03 _
FPy—F¥ - Z2F% =0 (3.1262)

or
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[]

Now note for ‘7:18-8

T35~ Fiso — £F15 =0

N Ny

and also

The term Fiéi)}" e becomes

i reb
r ai)j:

The term I' I;@i)}— e becomes

b rle
r égf

_ i i 32 1 03
= 2T o — T [QS])J-' + 2T o F
= (Y3-Yy)F24+Y 7%

= (V;-2)F»

0 £il i gi0 0 £i2 2 g0
0 F 4t FO 410, F12 4 12 F
A0 F1B 4 T3 FO 4+ T P2 4 T2 P+
N N R N RS R

rip2 s 0
(M1 + 105 +153)

a2 s g8
— (g1 + g5 + Tgg)

i
o1 =Ta1 = 0.

5
o =Tsn=Tap=Yy=2

3
a3 = Tags = Taas + Lapa — Dapg)

03

1— 1 -1
= Y- 5(Ya =Y )+ Y,

- Y.

)
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(3.1263)

(3.1264)

(3.1265)

(3.1266)

(3.1267)

(3.1268)



The Maxwell’s equations

16
F 5
01
_F0 6
that is
or
L]

Now note for ‘7-—68.5

and also

The term I' 665.7: e becomes

0 b
T @137:

The term Fi’éi)}" 0¢ becomes

b e T\ 3
IS F = —(Z+Y 3)F

=Flb Tl Fh T Fle =,
s ¢cb ¢b

+ (V3 2)F2 —(Z+Y 5)F? =0

)

F2 40772 —0

Fazpt24F53 =0

0b _ 732 03
FO,=F2 + F2,

= 210y — T 7 + 217

03
| o
= (hg—hYs+hY 3)F* + hy 7%
= (hy—hZ+hY 5)F*?

[0i]
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(3.1269)

(3.1270)

(3.1271)

(3.1272)

(3.1273)

(3.1274)



re ¢ = 10 FO il 00 02y 2 00
EE N R N L N S L
AT T 4 TP FO 4 T2 FO 4 9, 7
g0 0 g p2 g0l
+D 9 T FO 2
= ([ + 1% + 1% 7%
+(T%, + Tgy +T755) 7 (3.1275)
I =Tz = 0.
I, =Tys = Dypig+Tipy — Doy
= Yyt (Y — Y ) KV

)

— hY, (3.1276)

3
Mg =Taig = —Tigg = —hYy = —hZ

)

[ =T = Tigg +Lapi — Loy
1 1 1
= —h¥e+ (Vi +hYs) =Y
— 0 (3.1277)

i
[ =T =Y — 1Y,

5
%55 =T33 = 0.

P F% = (Y 5+ 2)F2 - v 7%

The Maxwell’s equations

0b _ p0b . p0 peb b p0e _
FO,=F0 + T F+T° 7% = 0. (3.1278)

)
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FRL4FO t(hy—hZ + Y )F? — WY 4+ 2)F2 v 7P =0

That is

F2 4 70— 2hzF? - ¥ 7% =0 (3.1279)
or

Fazi+ Fisg —2hZFss =Y Fi5 =0 (3.1280)
L]

Altogether, Maxwell’s equations are

Fazs —2ViFos = Y3Fis = 0 (3.1281)

Fags —Fisg—ZFis = 0 (3.1282)
Fago+22Fy3 = 0 (3.1283)

Fogit Figg —2ZhFy3 —Y;iF = 0. (3.1284)

Calculation of components of the Riemann tensor

We calculate Rsss3 + Rigas and Rasjq + Rigip which contribute to Rss and Rj respectively.
Recall

1 ) R
5 (Ryzay + Riggy)e” A e’

d(Ts5 +Tp) + 203 ATy = 5

d([h g+ (Z — Z)hle') + 2(~Yae®) A (hY 5¢* + hZe® + (hy — hY j)el)

d([hg + (Z — Z)hle") + 2(~Yae®) A (hY 3¢* + hZe® + (hs — hY )e')
=lhog+(Z 2 Nel 4+ [hg+ (Z— Z)R(Ys Y 5)e e
2V (hy — Y 1)e® Ael + - — 20V Y sed A 4o —2hZY 5t Ae® (3.1285)

5

comparing this to
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we read off

—_

a5 b
5 (Bagap + Rigap)e” Ae
= -+ (Ragyg + Rigpg)e’ N e +

+(Ryze3 + Ripsg)e’ A’ ...

Rsgas + Riggs = lhg + (Z = Z)h[(Z = Z) + 2hY 5Y 5 — 2hZ°

Rﬁéiﬁ + Ri@i@ = _[h,ﬁ + (7 — Z)h]ﬁ + 2Y70(h7§ — h?i)

Using (3.1234) we find

Ryz = Tagps+ R 3 _ B
= [hy+(Z—=2)h[(Z = Z) +2hY3Y 5 —2hZ% —2Z[h s+ (Z — Z)h]

1023 — QRGSiQ

= —(Z+2)hy+(Z - Z)h) —22°h +2Y3Y 5h

Rig = Ragip + inio — 2Ho313

= —[h’() + (7 — Z)h]f) + 2Y70(h’§ — h?,i) — 2Z[h’() + (7 — Z)h]

= —lhg+(Z—2)hy—2Zhy+(Z — Z)h)

The gravitational field equations are

—(Z+ 2)hg+ (Z = Z)h] = 2Z°h +2Y 3Y 5 = —F33Fs4

and

—[h’ﬁ +(Z - Z)h]’() — 2Z[h,6 +(Z - 2)h] = fﬁg?%

Let us now assume Y3 #0
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(3.1286)

(3.1287)

(3.1288)

(3.1289)

(3.1290)

(3.1291)

(3.1292)



Solving the field equations for h

Consider
Yoo = Yel g

First the LHS is

then the RHS is

: _ 0 i 5 3
Yelo0 = Yol po +Yil pa T Yol g + Vsl pg
1 1 1
= Yi(=5Y5) +¥s(=5Ys) + V3(=5Y 5)
= _122
2
Therefore we have
Zy=-2°
Adding the field equations (3.1291) and (3.1292), we obtain
0 = —(Z+2hg+(Z—2)h) —22°h— [hg+ (Z = Z)h y — 2Z[h g+ (Z — Z)}]
= —(Z+32)hy+ (2% - 7Y — 2220 — 22(Z — Z)h — [h o+ (Z = Z)h g+ WZ —
= 2Z+2Z)hy+(Z—-2)h—hg+hZ - 2Z),
—hoo—2Z+ Z)hy+ (Z - Z)*h — (Z* - Z%)h
= —hg—2(Z+ Z)hg—2ZZh

Thus

h,()f) + 2(Z + 7)h7() +277Zh =0.

We check, using (3.1295), that ZZ and Z + Z are particular solutins: first Z
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(3.1293)

(3.1294)

(3.1295)

Z) ]

(3.1296)

(3.1297)



(ZZ) o0 +2Z+Z)(22) s +22Z(Z27)
= (~2°Z ~ Z2°) + 22 + 2)(~2*Z — Z7°) + 2 ZZ)?
= (2237 +22°7° +222°) - 2257 — 42°7" — 227" + 2(27)?
_— (3.1298)

Now Z + Z:
(Z+2) g0 +2Z+Z)Z+2)y+22Z(Z + Z)
= (~22 7)o +2AZ + 2)(~ 2~ 7" + 222(Z + Z)
= 2B+ T AP+ 22T+ 27+ 7 + 2227 + 227"
— 0 (3.1299)

therefore, the general solution is

1 _ _
h=35M(Z+7)+BZZ,  Mg=B;=0, (3.1300)
where M and B are real.
Maxwell’s equation () can be solved for Fs4 and gives
Fay = AZ?,  Ay=0. (3.1301)
Substitution of these results into (),
~AAZ*Z" = —(Z+Z)hy+(Z - Z)h) - 22°h

= —Z+2)hy— (Z+ ZHh

= Z+2)=M(Z*+7°)+ B(Z2°Z + 22°)]
~(7 + PGM(Z +7) + BZ]
= BZ+2)(2*Z+2Z2°)-BZ + 227
= 2B7°7’ (3.1302)

we find that

B=--AA (3.1303)
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So that

h = %M(Z +Z) - %AZZ? (3.1304)

Some commutation relations

(AZ) 55 —

(AZ) 53 —

Note

so that

Note

(AZ) 45

(AZ) 35

(23]

i
(AZ) [ o 2(A211F o+ 2(AZ) 5T [ o 2(AZ) 5T [20]
(AZ) hY +(AZ) 1Y 5 — (AZ) Y5 + (AZ)’:;)
—(AZ) 5V 5+ (AZ) 5Y 5
—Z(AZ)Q (3.1305)
0 3
(AZ) (Y =Y 3) + (AZ),i(Y,Q —Y, ) (AZ) »0+ (AZ) 50
(Z = 2Z)(AZ) 1 + WZ - Z)(AZ) 4 (3.1306)
1 1
12,3] 2[(Y2)3 - (Y3)2] = _Z,3
- K@FC[Q:%]
_ 0 i 5 3
= Yl 23 T Yil 23 T Yl 23 T Yl 23]
1
= Q(Y Y )-l—KgO-i—KgO
1
= 5(Z - Z)Yi (3.1307)
Zy=(Z2-2)Y; (3.1308)
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1 1 1
Yy =35l(¥s)i—-Vi)sl =521 -5V
Yipi = Yl
_ 0 i 5 5
= Yol sq + Yl ) + Vol sy + Vil ™5y

1— 1 1 —
= Yi(=5¥5) +Y5(5hY5) + Y3(5hY 5)

1

1
= —hZ®-—
2 2

so that

YiY 4

) —
Zi=Yis+hZ”-Y;Y ;.

Maxwell’s equations again

(3.1282)

(AZ%) 5 — Fiap— ZFi5 =0

The Kerr-Newman solution

ds?> = dt? —da? — dy?® — d2?

3 2.2

2mr® — e°r

rd 4+ a222

dt + Zdz + ———s
r e+

a
" (zdzx + ydy) — m(azdy — ydz)

(3.1309)

(3.1310)

(3.1311)

2

(3.1312)
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