Appendix C

Algebraic Quantum Gravity

C.1 Introduction

The natural Hilbert space representaion aquires the structure of an infinite tensor product
(ITP) whose separable strong equivalence class Hilbert subspaces (sectors) are left invraint
by the quantum dynamics.

M preserves all the strong equivalence class Hilbert spaces. This follows from the fact
that M is a countable sum of operators each of which changes only a finite number of
entries in a vector of the form ® I hence we get a countable sum of vectors in the same
equivalence class (see lemma ), which remains normalizable if ® s is in the domain of M.

e 2 2 . . .
and t_:= (] /a2 is the classicallity parameter.

C.2 The Infinite Tensor Product

We first consider the tensor product of a finite number of Hilbrt spaces. Say f,,g, € H,
with inner product (-,-), on H,. If an element of ®, H, is f, the inner product of the
tensor product is defined as

II j%agk
k=1

and the norm

1Al = [ TIC £ = | TTIANE = TT Il
k=1 k=1 k=1
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We are lead to the consideration of the mathematics of products of arbitrary complex
numbers.

Now when one forms the infinite tensor product of a collection of Hilbert spaces, a physical
requirement is that this product must not depened on the order of the individual Hilbert
spaces (whether the collection is countably or uncountably infinite).

Hence we are interested in the convergence properties of a countable or uncountable prod-
uct of complex numbers which are independent of the ordering of the product. This was
developed in the paper by von Neumann (availble at http://www.numdam.org/item?id=1939
0).

As we will see, convergence of products is related to convergence of corresponding sum-
mations. Now, it is a remarkable fact that whether an infinite series converges or not can
depend on the ordering of the terms of that series. From which it follows that whether or
not the coresponding product of complex numbers converges depends on the ordering of
the terms of that product.

Absolutely and conditionally convergent series have completely different behaviours under
rearrangement

Theorem C.2.1 (Riemann’s Rearrangement Theorem) Suppose that >~ " a, is a
conditionally convergent real series. For each real number s, there is a rearrangement of
> a, that converges and has sum s.

Proof:

The nonnegative series > -, p, and Y (—g,) diverge. In fact, if both were to converge,
it would follow that >~ , |a, | converges, that is, >, a, would be absolutely convergent.
On the other hand, if one of these series converged and the other diverged, it would follow
that the partial sums of >~ a diverge to either +oco or to —oco. The convergence of
>, a, itself implies that both {p } and {q } have limit zero.

Now we construct the rearrangement. Choose terms p,,p,,... up to the first index &,
such that

p1+p2+"+pk1>$

This will occur , because Y~ . Note

|p1 +p2+...+pkl _8‘ <pk1.

Next, we choose ¢, ¢,,... up to the first index I,
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such that

(py +py+ - +pp) + (@ + ¢+ +q,) <s.

Note

(o + P+ ) (@ + @+ + ) — s| <max{p, . |q, |}

We then add just enough new p’s to make the left hand side greater than s, followed by
just enough ¢’s to make it less than s, and continue. At each phase of the 2n—th step,
the difference between s and the partial sum of the new series has absolute value smaller
than max{p, ,[q [}, and at each phase of the 2n + 1—th step, the difference between s
and the partial sum of the new series has absolute value smaller than max{p, .[q, [}
As these have the limit 0, the rearranged series has sum s.

L]

Corollary C.2.2 Suppose that Y >°  a_ is a conditionally convergent real series. It has
a rearrangement that diverges to +o0.

Proof:

L]

Theorem C.2.3 Suppose that ) a, is absolutely convergent and that > > b is a

rearrangement. Then Y~ b~ converges and has the same sum as Y~ a, .

Proof: Let {s, } be the sequence of partial sums of > ;7 a,, i.e,

n
S, = E a,
k=1

and let s be the limit. Let {¢, } be the sequence of partial sums of y ;~, b,. Given € > 0,
choose M so large that

Z |a,| < €/2. (C.1)

k=M+1

It follows from this that |[s — s,,| < €/2,
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[e.o] o0

s — syl = | Z a,| < Z |ay,| < /2.

k=M+1 k=M+1

Choose N so large that every one of the first M terms of {a,} occurs among the first N
terms of {b, }. So that for any n > N

M [e'e)
It, — syl =1t, — Zak‘ < Z |ay|.
k=1 k=M-+1
Therefore
[t —s| <|t, —syl+ls, —sl<e/2+¢€/2=¢
[]

Theorem C.2.4 Ifb > 0 for all n, then Y "' b_ converges if and only if the sequence
of partial sums is a bounded sequence.it is bounded

Proof:

L]

C.2.1 Infinite Products of Complex Numbers

A sequence of numbers ay, a,, a, ... the infinite product
[ee]
Han:al a2 ag...
n=1

is defined to be the limit of the partial products a,a, ...a, as n — co. That is, let P be
the partial product

n
Pn:H“k
k=1

then
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[e.o]

Han = le P

n=1

The product is said to converge when the limit exists. If the product converges, then the
limit of the sequence a, as n — oo must be 1. Proof is easy. Assume that an infinite
product []a, is convergent.

of this infinite product. Then for each a, of the series we have a, = P /P, ;. Since
the product is convergent, there exists a such that as n — oo, P, = a and P, | = a.
Therefore

lim a, = lim P /P, |, =a/a=1.

n—~o0 n—~o0

The contrary to this is in general not true. Therefore, the logarithm a,, will be defined
for all but a finite number of n, and for those we have (a,, # 0)

o0 [o¢]
lnH@n = E lnan
n=1 n=1

with the product on the left converging if and only if the sum on the right converges. This
allows the translation of convergence criteria for infinite sums into convergence criteria
for infinite products.

Lemma C.2.5 By the defintion of convergence , if [["a,, [ a converge to a, o
respectively then [[° a, a! converges to aa'.

Proof: Note that if {P } and {P} are converge sequences, converging to P, P’ respec-
tively, then

lim (P, +P)) = lim P + lim P’

as

(P, +P,) = (P+P) = |(P,=P)+(F, - PF)

n

(P, = P)| + (P, = P)I.

IN

Therefore, with P, = > 'Ina,, P’ =" Ina), we have
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lnﬁ(ana’n) = ilm(ana;)
= i(lnanjtln@;)

oo s
= ZlnanjLZlnoz;Z
= lna+Ind

= In(ab).

L]

A criterion for a product to converge.
Theorem C.2.6 For p, >0, if [ |p, — 1| converges then [[°~, p, converges.

Proof: Set

Then

If P, —1 <0 then, expanding the product, we see

—(P,—1)< P, —1

and if P —1 >0 then

therefore



Hence if the product

converges, then so does

If > la,| < oo then

oo

H(l—i—an)

n=1

converges. Putting p, = 1+a, (p, > 0) we have Y~ |p, — 1| converges then [[7 p,
converges.

L]

In fact the implication can be reversed. To prove this we need to first establish a couple
of lemmas.

Lemma C.2.7 Forr, >0, Y > r converges if and only if [~ (1 +r,) converges.

Proof:

L]

Lemma C.2.8 If 0 < r, < 1, then Y~ r
converges.

converges if and only if [~ (1 —r,))

n

Proof: Note the product obviously is finite, it only diverges if it equals zero. First say
the product [[°r, converges. As 0 < z < then

n(l-2)=-r—2%/2—-- < —x,

SO

r < —In(1 —x).
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This implies

Zrn < —Zln(l —7r,)=In (1/1_[(1 —rn)> < 0,

i.e., the summation converges.

Now say the summation ) - r, converges. Then there exists finite N such that r, <
for all n > N. Since In(1 — z) is convex, it follows that for z < §

In(l —2z) > —kz

where k = —(In(1—4))/6. To see this more clearly draw the function In(1 —x). Replacing
x by r,, summing over n and then exponentiating gives

o o
H (1—r,) > exp(—k Z )
n=N n=N
i.e., the product is non-zero, and so by definition convergent.

L]

Theorem C.2.9 Forp, >0, > |p, — 1| converges if and only if [ [, p,, converges.

Proof: Consider the product
H Py = H +(p, = 1)
n=0

for p, > 1. It follows from lemma (C.2.7) that > 7 |p, — 1| converges if and only if

[12o(1 4 |p, — 1|) converges. This proves the theorem for the case of p, > 1 for all n.

Consider the product

Hpn H (1—(1-p,)]

for 0 < p < 1. It follows from lemma (C.2.8), by replacing 7, by 1 — p,, the theorem is
proved for the case of p, <1 for all n.
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Now we consider the general case. We factor the partial product

into the product of terms for which 0 < p < 1 and into the product of terms for which
p > 1, which we denote respectively as @), and R, (obviously we can ignore terms for
which p, = 1). Then

We then use the fact that if [["p , [[ o/, converge to p, p’ respectively then [[* p. ol
converges to pp’ to complete the proof of the theorem.

L]

Now we consider products of complex numbers.

Definition The infinite product of complex numbers

11z (C.2)

is said to converge to the number z provided that for each positive number 6 > 0 there
exists N < oo such that for alln > N

n
|z — sz] < 0.
k=0

L]

Lemma C.2.10 If z, are arbitrary complex numbers, then Yz converges if and only

if Y07 |z, | converges.

Proof: Convegrence of Y °z is equivalent to the convegrence of both > °Rez and
> °Imz . Similarly, as

|Rez,|, [Imz, | <|z,| < |Rez, |+ |Imz,|.
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the convergence of » |z | is equivalent to the convegrence of both ) °|Rez, | and
2 [mz,|.

Sufficiency. As we have for real series

n

Zak

k

n
S Z‘akL
k

" a, | will be bounded as >, |a,| is bounded by hypothesis, this proves sufficiency.
k @k k1

Now we prove necessity. Suppose )z, converges, and let a be its value.

in general it is not guatanteed we can write
n n n
lim (H |2,| €*) = lim H |z, lim l_Ie’“"’c

However we have: if {¢,} and {(,} are two complex convergent sequences with limits a
and b, then

Tim (€,6,) = £
Proof:
1€,C, — &¢I = 1(&,¢, — €C,) + (8¢, — €0)

< (6.6, — €)1+ 166, — Q)
1€, — L IC I+ 181G, — ¢

For n > to some N, |C, |

=[¢+ (¢, = Ol < K[+ (G, = Ol < [¢]+ 1. Given € > 0 we can
choose N so large that n > N i

mplies | | < |¢]+ 1 and also

€

G =Sl < 577

€
20+ 2

It follows that n > N implies |§,(, — &C| < e.
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Theorem C.2.11 Let z, = p e € C where p, = |z,|, ¢, € [—m, 7). Then [], 2,
converges if and only if

i) either [ [, p,, converges to zero in which case [],, 2, =0, prod ii) or [], p, converges to
p>0and) |p,| converges in which case

Hzn = peizn“"”.

Proof: the partial product can be written
n n
P~ Tlo = QLo e
k=1 k=1

lim e k=1 ¢*
n—oo

|z — et k=19 | < 5.

We require

lim P /P |, =1

n—~o0

that is

v, — 0

We show that when [ |z | > 0, then it implies the convergence of Y™ |, | also.

As [[° 2, II7 |z,| converge, with the latter > 0

converges also.

L]

Corollary C.2.12 Quasi-convergence of [ [,, 2, to a non-vanishing value # 0 is equivalent
with convergence with such a value (this is by definition of quasi-convergence). It holds if

and only if all z, # 0, and Y|z, — 1
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Proof: As it is quasi-convergent we have that >~ | |z, | — 1|

©,,]

n

Figure C.1: Proof of the inequalities ||z,| — 1| < |z, — 1| < ||z,| — 1| + |¢,|- (a) Case
where |z, | > 1. (b) Case where |z | < 1.

1
|12, = 1], —leal <z, =11 < Iz, = 1] + ||

Hence the convergence of the sum )|z, — 1| is equivalent to the convergence of both
> |z = 1] and 3% [, |

Lemma C.2.13 By the defintion of convergence, if

1) L7 2, I 2., converge to z, 2" respectively then [, 2,z converges to z%',

. oo O x *
2) if 1.7 2, converges to z, then [ 2 converges to z*.

Proof: 1)
Inﬁ(znz;) = i(lnanrlnp;erner;)
= i(lnpnﬂs@n) +§:(1np;+%)
= lnﬁszrlnﬁZ;
= ln(,:z’) '
[]
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Lemma C.2.14 For any complex numbers, the convergence of one of >~ | |2,] — 1|,
> ol 12,17 = 1] @mplies the convergence of the other.

Proof: If one or other of the series converges, then lim__ |z, | =1. So

2
-1
i 2P =1

LT Tim | [z, | +1]

= 2>0.

Hence there exists finite N such that

2
-1
1<M<3 for all n > N.
[z, = 1]
Equivalently
| z,] =1 <|lz,]> = 1| <3| |z,| — 1] for all n > N.

If the series >~ | |z,|* — 1| converges then »_° | |z,| — 1| also converges as

00 00
Dzl =1 <> 1z, =11
n=N n=N

If the series > 2 | |z,| — 1| converges then Y >° | |z, |*> — 1] also converges as

o9 0
Dozl =1 <Y 3z -1l
n=N n=N

The result also follows by applying theorem C.2.9: Y°>° | |z, | — 1| converges if and only
if [1°7,1%,| converges, which converges if and only if [[>7 |z, |* converges, which in turn

converges if and only if Y ]|z |* — 1| converges.

L]

It is understood that the sum is meaniful only if at most a countable number of terms are
different from zero.

Recall that for a series ) z, to converge absolutely it is necessary that z, = 0 for all
but countably infinitely many o € 7.
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be a collection of complex numbers. The infinite product

11z (C.3)

o€l

Definition Let {z_}

o€l

is said to converge to the number z provided that for each positive number § > 0 there
exists a finite set

I,cT

such that for any other finite 7 with
I,(6))cTgcT
it holds that

|Z—Hza|<5.

acd

L]

In contrast to the case of an infinite series, absolute converge of an infinite product does
not imply converge, the phases of the factors could fluctuate wildly. This motivates the
following definition.

Definition We say that [] .z, is quasi-convergent if [[ _;|z,| converges. If J]
is quasi-convergent but not convergent we define | 0.

o€l Za
a€cl Zoz =

L]

This definition assigns a value to the infinite product of numbers which converge absolutely
but not necessarily non-absolutely.

Theorem C.2.15 1) Let p,, > 0.
i) If for every oy € T it holds that p, = 0 then [], p, = 0.

i) If for p, >0 for all a then [, p,, converges if and only if

Z max(p, — 1,0)
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CONVETGES.

i) If for p, >0 for all a then [],, p,, converges if and only if

> o — 1

CONVETGES.

2) Let z, = p e~ € C where p, = |z,|, ¢, € [-m,7|. Then ], z, converges if and only

if
i) either [ [, p,, converges to zero in which case [[, z, =0,

i) or [, p,, convergesto p>0 and ) |¢,| converges in which case

Hza = peiZa%.

[e%

Proof:

L]

Corollary C.2.16 Quasi-convergence

Proof:

L]

After having introduced convergence for infinite products of complex numbers we can now
turn to ITP Hilbert spaces.

C.2.2 (C—vectors of the ITP

Definition Let H_, o € Z be an arbitrary collection of Hilbert spaces. For a sequence
[ =Af}aers [ € H,, the object

®f = ®afa (C4)

is called a C—vector provided that []_ || f,||, converges, where || - ||, denotes the Hilbert
norm of H . The set of vectors will be denoted V..
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L]

Lemma C.2.17 For two C'—vectors Q= ® Lo ®, = ®,9, the inner product
<®p, 9, > =[] < f1 90 >a (C.5)

is a quasi-convergent product of the individual inner products < f,,g, > onH.

Proof: We prove that if f, ,g, € H, for all o € Z, and if []_ |/, |l., IL, |lg.ll, are

convergent, then so is [[, [(f,,9,).|, that is, [1.(f,. g,), is quasi-convergent.

Since [, = 0 or llg,]l, = 0 implics (/,.g,), =0

by theorem C.2.15 we need only show that ) max(|(f,,9,),] — 1,0) converges as a
consequence of the convergence of Y~ max(||f, |2 —1,0), > max(||g, | —1,0).

Now as |(f,: 9o)al < 5Ifalla + 51194115

1
|(far9a)al =1 < S(Ifalla = 1) + 5(llgalle = 1)

N | —

and hence

1 1
max(|(fy, go)al = 1,0) < 5 max(|f,llz = 1,0) + 5 max([lg, ]l —1,0).

L]

There are C—vectors ®, such that [, [|f,[l, = 0 although || f ||, > 0 for all « € Z. Thus,
it is conceivable that it happens that < R ®, >=£ () for some C'—vector ®,- If that were
the case, the Schwarz inequality is violated for the inner product (C.5) for C'—vectors.

Definition We say that for f, € H, the ITP ®, :=®,_ [, is a C;—vector (and f = {f,}
a C sequence) if || ®; || := [[ ez I/, ]l converges to a non-vanishing number. The set of
C,—vectors will be denoted V.

L]

To distinguish trivial C'—vectors from non-trivial ones we define
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Definition A sequence {f,} defines a Cj—vector ® ;= ®,f, if and only if

S N, =1 (C.6)

converges. The set of Cj—vectors will be denoted V.

L]

Lemma C.2.18 For any complex numbers, Y | |z,|—1| converges if and only if 3, | |z, |*—
1.

Proof:

[
For a Cy—vector ||f,Il, # 0.

The norm of a Cj,—vector does not zanish. By the previous lemma C,—vector can be
defined equivalently as a ® , = ®,, f,, such that

NFA R

converges. By theorem C.2.15 this implies that

[TIfM2 = (®p @) =lle; |

converges to a non-zero number, i.e. || ®; | > 0.

C.2.3 Strong Equivalence Classes

Definition We will call two Cj—sequences f = {f },g = {g,} strongly equivalent,
denoted f =~ g, provided that

D 1(f 9a)a — 1 (C.7)

converges.
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L]

Lemma C.2.19 Strong equivalence of C,—sequences is an equivalence relation, i.e., a
relation such that

1) (Reflezivity) for any @, € V;, we have @ ; = @ .
2) (Symmetry) for all ®,®, €V, if @, = ®, then @, ~ @,
8) (Transitivity) for all @, ®,,®, €V, if @, = ®, and @, = ®, then @, = ®,.

Proof: Condition 1) follows from the fact that a C,—vector is defined by the condition
that >~ | [|f,II2 — 1| converges.

[(far9a)a = U = (far 9a)a = U = 1(far 9a)a = 1 = [(9a> fo)o — 1I-

Condition 3) We prove that, apart from a possible finite number of exceptions, the fol-
lowing

‘(fonha)a - 1‘ <D (}HfaHa - 1} + ’HgaHa - 1’ + ’(fa’ga)a - 1‘ + ‘(goﬂh’a)a - 1’)

holds for some constant D.

We put

||fa||a: 1+Af’ Hga“oz: 1+)\g’ ||ha||a: ]‘+Ah7
(far8a) =1+ A0 (arho) =1+ A,

So ALy AL ALl Al (Al < € and except for a finite number of a’s, [A | < 5 (or
—1/2< g, = 1ll, < 1/2).

We express g, f,, h, € H, as:

ga - allxa’

_ /
fo = ayz, +ayr,,

. " "
hy = G317, + a3, + a337,,

where
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1Zalle = lle6lle = lloglle =1 (24, 25) = (2, 25) = (5, 75) = 0.

Then
||ga||i = |a11\2,
Hfa”i = ’%1‘2 + ‘@22|2’
||ha||i = |a31\2+\a32|2+\a33\2,
(for9a)a = ay0y
(ga’ha)a - CL116L_31
(fa’ha)a = a?la—31+ a22a_32
Now
((far90)a — U = laylg; + agts, — 1

}(@21@_11 : &11&—31‘&11’_2 - 1)+ @22@_32’

- _92 _
}a21a11a11a31\a11| - 1‘ + | gy gy |-

IN

a21a_11a11a_31‘a11‘72 - 1} < (1+ ‘)\fg‘) (1+ ‘)\gh‘) (1- |Ag‘)72 -1
< (LA [yl 1AL Al A D (T +2[A ) =1
C
< (gl + gl + S AL+ 1A D) (L4202,) =1
<

Dy (1Al =+ gl +1AgD)

where in the second line we used that 1/(1 — z)? is convex.

L 2
2 2 2 |a21a11|2 2 (1- |/\f9|)
anl? = (la.. |2 + la — = < (1+]A BT
|yl (Jag | + [ag,|) EME < ( | f’) (1+\)\g|)2
lay,ag, |2 , (1= |)\gh‘>2
Jagol® = (lag [* + [ag|* + lagy|*) = =220 < (L + (M) = =105
32 31 32 33 EME h 1+ ’)\g’)z
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, (1= A
CERIWE

2 1 _2’)‘fg| ‘)‘fg‘2
R N SR W A R W
2+ O] — (1—2A, D1 — 2A ]
2+ C)])\f] + Q\Afg\ + 2\Ag| — 4])\fg| \)\g|
2+ O) A+ 207, + 27,
2+ CY(I + A+ g )

(T4 [Af)

(VAN VAN VAR VAN

(
(
(
(

where in the second line we used 1/(1 + z)*> > 1 — 2z for z > 0. Obviously we also have

lagl® < (24 C) (A + Al + [Ags)

Thus

|Ggyt,| < DQ(‘)‘f‘ + ‘)\g| + Al + |)\fg| + |)\gh|)‘

Combining all the inequalities, we obtain

[(farha) = 1 < DA AL+ A+ A [ 4 1A D-
with a finite number of exceptions.

L]

An equivalence relation will split the set V} into disjoint subsets, the equivalence classes.

Definition The strong equivalence class of a C;—sequence f is denoted by [f]. The set
of strong equivalence classes of C,—sequences will be called S.

L]

Theorem C.2.20 If two C,—sequences f,, g, belong to two different equivalence classes,
then

([ £-T]9.) =0

If they belong to the same equivalnce class, then (I], f,.11,9,) = 0 if and only if some
(fa7 ga) = 0
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Proof: Clearly

JI7 119 =11 s 92)

in the sence of quasi-convergence,

L]

C,—vectors from different strong equivalence classes are always orthogonal and those from
the same strong equivalence class are orthogonal if and only if they are orthogonal in at
least one tensor product factor.

Theorem C.2.21 [f] = [g] if and only if both Y |0 — ¢°|I2 and >, [Im(f2,q°),|
converge

Proof: In othere words, the combined convergence is equivalent to that of >~ [(f2, ¢°) —
1]. Note that if |z, | + [z, |+ + |z, | is bounded then so is [(, |+ |C,, [+ -+ |, | if
Gy = 2oy | TG0, = 20|+ +1C,, — 24, ] s bounded.

Now as > ||| f,Il — 1| converges if and only if 3~ ||| f,[* — 1|, we can prove the theorem
by demonstrating the convergence of

1 012 1 0112
D12 g8) = I + SRl

Now

1 1 1
Re((for90) = SIFaIF +5l9all) = =5 (IQI° + llgall® = 2Re(£3; 9))

1
o L

and

Tm((f3 9a) = —HfOH2 —HggHQ) = Im(f;, g,)

Recall that the convergence of ) | z_ is equivalent to the combined convergence of ) |Rez_|,
>, [Imz_|. This completes the proof.

L]

299



Lemma C.2.22 for each [f] € S there exists [ ~ f such that ||f°|, =1 for all a € T.

Proof: Choose f € S. As > ||| f2]l, — 1| converges, apart from a finite number of o’s,
we have

1 1
}Hfa”oz_ll Sia HfaHaz 5

Recall that f ~ f"if f # f for a finite number of a’s. So we replace f by any f/ such
that 1/2 < ||f!]|,, < 3/2 for the exceptional o’s.

As 1/x is convex, for 1/2 < x <1 we have (1/2) —1 < 2(1 —z) and for 1 < x < 3/2 we
have 1 — (1/z) < 2(x — 1), that is,

1
'——1’ <20z — 1
T

for 1/2 < x < 3/2. So we have

1
<2~ 1
'HféHa 'S el =11

therefore

1
2 ' AN 1’

converges. By theorem C.2.15 ii), replace |z, | by 1/||f.|,, as f is a C;—sequence so is

1

O: _—
Ja =0

fo

By theorem C.2.15 iv), replace z_ by 1/ ||, the Cy—sequences f’ and f? are equivalent.
1f9]],, = 1 is obvious, therefore the proof is complete.

]
By ®,f, we denote the functional on X defined by

ENACERIE | (FAESN

67
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We need to prove

DS 0 & [l #0
But ®, f, # 0 implies [T, ||f,Il, # 0.

C.2.4 1ITP Hilbert Space

1) All the H(ﬁc] are isomorphic and mutually orthogonal.

2) Every H((X}) is the closed direct sum of all the Hﬁc,} with [f'] € SN (f).
3) The ITP H® is the closed direct sum of all the H((g}) with (f) € W.

4) Every H% has an explicitly known orthonormal von Neumann basis.

5) If s, 5" are two different strong equivalence classes in the same weak equivalence class
then there exists a unitary operator on H® that maps H? to HZ, otherwise such an
operator does not exist, the two Hilbert spaces are unitarily inequivalent subspaces of

H®.

Notice that two isomorphic Hilbert spaces can always be mapped into each other such that
scalar products are preserved (just map some orthonormal bases) but here the question is
whether this map can be extended unitarily to all of H®. Intuitively then, strong classes
within the same weak classes describe the same physics, those in different weak classes
describe different physics such as an infinite difference in energy, magnetization, volume
etc.

Definition By H_ we denote the completion of the complex vector space of finite linear
combinations of elements from V,, equipped with the sesquilinear form < -,- > obtained
by extending (C.5) from V,, to H, by sesquilinearity,

<+ 0y, (> = a<&(>+3<x. (>
<&ax+pB(> = a<&x>+08<E(C>

for all £, x,¢ € H, and o, 8 € C.

[]
We can now give the defintion of the I'TP.
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Definition We denote by

H® =, H, (C.8)
the Cauchy completion of the pre-Hilbert space H,. It is called the I'TP of the H_.

L]

The strong equivalence classes provide the basic tool to analyze the structure of H®.

Definition For a strong equivalence class [f] € S we define the closed subspace Hy of

H® by the closure of the finite linear combinations of ® p’s with f" € [f], i.e., the closure
of

N
{sz@)fk 12, €C, fFelf], N<oo}. (C.9)

k=1

It is called the [f]—adic incomplete ITP of the H ’s.

L]

Theorem C.2.23 The complete ITP decomposes as the direct sum over strong equiva-
lence classes [f] of [f]—adic ITP’s,

Proof:

L]

C.2.5 Non-Associativity of ITPs

The associative law of tensor products is false. By this we mean the following: Let us
subdivide the index set Z into mutually disjoint index sets

7= UﬁIﬁ

where (3 runs over some other index set £. One can now form the different ITP
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& __ ® ® _
HY =@,H5, HY =@, H

-
Unless the index set £ is finite, a generic Cj—vector of H'® is orthogonal to all of H®.

Scalar multiplication is not multi-linear. That is, if f and =z-f are Cjj—sequences where

(2 fla = Zafa

for some complex numbers z, then ®, , = ([], 2,)®;-

Lemma C.2.24 Let [, 2, be quasi-convergent. Then
i) If f is a C—sequence, so is z - f with (2 - f),, = z,f,
i) If moreover - ||z,| — 1| converges and f is a C,—sequence, so is z - f.

iii) The product formula

=[[z)e, (C.11)

fails to hold only if

1) 11, 2, is (quasi-convergent but) not convergent and

2) (®,- ) # 0 considered as a linear functional over C'—vectors.

In this case, {2}, [ satisfy the assumptions of i), and all z, # 0.

iv) If {2}, f satisfy the assumptions of ii), then [z - f] = [f] if and only if }_ |z, — 1

converges. If all z, # 0, then this is equivalent to the convergence of [, z, (beyond mere
quasi-convergence).

Proof: i): As both [], |2,l, I, If.ll, converge, so does

I 0zfalle =TT 12l - TT 1Al

ii) |z,| < C

Nzafolla =1 = |zl Ifulla = 1]
= (2ol = 1) + Iz |1 full, — )]
< Uzl =D+ CUI LI, = 1)
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and thus > |[z,f.ll, — 1| converges.

ol

L]

C.2.6 Von-Neumann Algebras on ITPs

A von Neumann algebra over a Hilbert space is weakly (equivalently strongly) closed
sub—"* algebra of the algebra of bounded operators on that Hilbert space.

Given a bounded operator a,, on H_, (notice that closed unbounded operators have a polar
decomposition into a unitary and self-adjoint piece and that the self-adjoint operator is
completely determined by its bounded spectral projections so that restriction to bounded
operators is no loss of generality) we can extend it in the natural way to H® by defining
a, densely on Cj—vectors through

A

a ®f:®f/

«

with

fl,=1f, for o #a

and

fo=aqls

As we will see, it turns out that the algebra of these extended operators for a given label
is automatically a von Neumann algebra for H® and we call the weak closure of all these
algebras the von Neumann algebra R® of local operators.

Definition We denote by B(H_) the set of bounded operators on H_ and by B® :=
B(H®) the set of bounded operators on the ITP H®.

L]

Definition We denote by B, the extension of B(H,) to the ITP, that is,

B,={A,: A, €B(H,)} (C.12)
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Lemma C.2.25 For all a € Z, the algebra B, is a von Neumann algebra over H®.

Proof: To prove the theorem one uses the von Neumann density theorem, proved in the
next chapter. This states that a set U of the space of bounded operators of a Hilbert
space H is a von Neuman algrba if it is equal to its double commutant, the commutant
of a set U C B(H) being

U ={BeB(H):[A, B]=0forall AelU},

Let us write

B® = B(H, ® H.)

where @ =7 — «.

BL={BecB®:[A B =0foral AcB_},
the commutant of B_.

L]

Definition Two Cj—sequences f,g are said to be weakly equivalent, denoted f ~ g
provided that there are complex numbers z_ such that z- f and g are strongly equivalent,
that is, z- f =~ g.

L]

Lemma C.2.26 The definition of weak equivalenceis unchanged if we restrict to complex
numbers with |z,| = 1.

Proof: We prove that if f and z - f are C;—sequences we can find 2/ with |2/ | =1 such

that (z- f) =~ (2 - f).

As ), ‘||zafa||a — 1} converges, z, f, = 0 can occur only for a finite number of a’s. For
these we may replace z, by 1 and f, by non-zero f2. As this so constructed C,—sequence
differes from f by only a finite number of terms, it is srtongly equivalent to it (this follows
from theorem C.2.21). So we may assume that z_f, # 0 for all a.

As 32, (1l = 1], 320 1z full, — 1] converge, and all | f, |l llz,/,]l, # 0, by theorem
C.2.15, TI, Il T, 112, £, ], converge and have non-zero values. Thus
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I
o 17l
converges too, and has a non-zero value, as

I folly 1

lzafalle 120l

Therefore

converges by theorem C.2.15. Now it follows from lemma, (ii), (iv), that (z- f) and (é -f)
are equivalent. Thus

Lemma C.2.27 Weak equivalence is an equivalence relation.

Proof: Reflextivity: f ~ fas (1-f) =~ f.

Symmetry: If |z | = 1 we have

(for (1/2)90)0 = 2a(for 90)a = (20 fur 9a)a

and ||(1/2,)g,ll, = llg,|l,- These together with the symmetry property of strong equiv-
alence implies that if (2 - f) =~ ¢ with |2,| = 1 then (1/2) - g ~ f with (1/z,)g, a
C,—sequence, that is, g ~ f.

Transitivity: If z- f " gand 2'-g = h, |2, |,|2,| =1, then z- f = (1/2/)-hand 2’ -2- f = h.
So f ~g.

L]

Lemma C.2.28 f and g are weakly equivalent if and only if

ST g2)al = 1]

CONVETGES.

306



Proof: By definition, f ~ g if we can find complex numbers z_ with |z | = 1 such that

Z ’(Zafa7ga)a o 1}

converges. If

ST 92l — 1

converges, then f ~ g with z = (fa,ga)z/](fa,ga)a\.

Now, from fig (), it is easy to see that the minimum value of (2, f,,9,) =1 = |2, ([, 9.)0—
18 ||(f1r 92)al — 1|- Thus 3, [(24fr 9a)e — 1| converges for some complex numbers z,,
when f ~ g, only if

D (s ga)al = 1]

converges.

L]

Lemma C.2.29 Assume that a z, with |z,| = 1 is given for each o« € Z. Then there
exists one and only one closed, linear operator U, such that

URp=®,,;
for every Cy—vector f. The operator U is unitary.

Proof:

Proof of uniqueness. If U’ is another closed, linear operator meeting the requirements,
then

L]
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C.3 Outline of Semiclassical Analysis

The U(1)? coherent states are given by

a,(Ao,Eo) H H ge (AO Ey)?

e€E(a) j=1,2,3

where

\IIZZ(AO -~ Z e—tenQ/Q (geh_l)n

neL
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(C.13)

(C.14)



