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Chapter 1

Introduction

An open problem in quantum gravity is to compute particle scattering amplitudes from
the background-independent theory and recover the low energy physics.

Calculations should agree with low energy conventional field theory. Here we introduce
conventional scattering theory.

Feynman derived his rules in a non-rigorous fashion but it still incorporated all QED
processes. These rules were shown to follow from a systematic treatment within the
framework of quantum field theory. In this appendix we follow the route taken by Feyn-
mann.

1.1 The Electromagnetic Field and the Photon

Light behaves as a wave as it demonstrates interference and diffraction. Maxwell’s theory
seemed to confirm the wave theory of light.

But then the development following the discovery of the photoelectric effect led to the
realisation that sometimes light behaves like particles.

1.2 Review of Special Relativistic Notation

)
=
AN
I
o O O
]
|
—_
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1 0 0 O
0 -1 0 0
J7 7 -1 _
n (77 ),uy 0O 0 =1 0 (1'2)
0 0 0 -1
The world four vector
ot = {20 2t 2 2} = {t, 2,9, 2} (1.3)
describes the spacetime coordinates. The covariant four vector is
T, = nlwa:” ={t,—x, —y, —2} = {x,, v,, 2,5, 75} (1.4)
We have
r-x = bz, (1.5)
= tP -2 —y* - 22 (1.6)
The definition of four-momentum vector is analogous,
P ={E,p,p, .}, (1.7)
and the scalar product p, - p, is
Dy Py = przp =L B, —py - Py (1.8)
and the scalar product x - p is
r-p=uatp, =z p=Et—x-p. (1.9)
We use the general notions for four vectors
a={ay a,a, a;}. (1.10)

We denote three-vectors by bold type as in

11



a={a,ay a5} (1.11)

The components

a* ={a°,a*,d? a®}

1.3 Maxwell’s Equations

(Classical electromagnetism is described by Maxwell’s equations. In the presence of a
charge density p(x,t) and current density j(x,t), the electric and magnetic fields E and
B satify the equations

V-E = p (1.12)
OE

B = j+— 1.1

V X J+8t (1.13)

V-B = 0 (1.14)
0B

VxE = = (1.15)

From the second pair of Maxwell’s equations follows the existence of scalar and vector
¢(x,t) and A(x,t) potentials defined by

B=VxA, E:—v.(p—%—‘i‘ (1.16)

These equations do not determine the potential uniquely, since for an aribtrary function
A(x,t) the transformation

¢—>¢’=¢+%—/§, A—A'=A-VA (1.17)

Expressed in terms of potentials the first Maxwell equation becomes

) o (0
—-V? —a(V-A):qu—a(a—f—l—V-A):p (1.18)

For the second we need V x (V x A)

12



[V (VXA = €;0;(6p0,A)

eijkeki,j,ﬁjai/Aj,

= (0,8, — 6,,6,,)0.0, A,

_ 2

= 9.0,A, — V4, (1.19)
DA+V(%+V-A)ZJ (1.20)

In four-vector notation the gauge transformations (1.17) read

At — AF 4 0" A(x).

The first (1.18) and second (1.20) Maxwell equations can be combined into one equation

CA" — 9(3, AY) = j* (1.21)

1.4 Transverse Gauge field

It is always possible to find a function A(z) such that the transformed potential satisfies
the Lorentz gauge

9, A" =0. (1.22)

Only in this gauge does the wave equation have the simple form

A" = 0. (1.23)
For
K'k,=0 (1.24)
its solutions are plane waves
Az, k) = "N, (e "% 4 ™) (1.25)

13



In the Lorentz gauge, we can make futher gauge transformations A* — A* + 0"A(x)
provided A satisfies

OA(x) = 0.

Such regauging does obviously does not change the Lorentz condition. The radiation
gauge

A"=0, V-A=0. (1.26)

can be chosen. To see this consider aribtrary A’(z), and postulate A(z) such that

V-A(x)=V-A(r) - V*A(z) =0 (1.27)
We obviously need to solve the equation
~V?A(z) =V - Al(z) (1.28)
Notice this is just the equation

~V2A(z) = f(x) (1.29)
which we know has the solution
A _ 3,/ f(T/) 1.
(@) = [ o T e (1.30)

Therefore this gauge can always be choosen. In this gauge the timelike component of e*
vanishes. e satisfies

e-k=0 (1.31)
and normalised such that
e-e=1 (1.32)
e“ku =0
e, = —1 (1.33)



1.5 Blackbody Radiation, the Photoelectric Effect and
the Compton Effect

E = hf (1.34)

where f is the frequency and h is Plank’s constant.

1.5.1 Blackbody Radiation

Boltzmann statistics for a gas of free particles is

p(¥) = Ne #/MT

(Classical physics can be used to derive an equation which describes the intensity of the
blackbody radiation as a function of frequency for a fixed temperature - the result is known
as the Rayleigh-Jeans law. Although the Rayleigh-Jeans law works for low frequencies, it
diverges as f?; this divergence for high frequencies is called the ultraviolet catastrophe.

Planck’s law states that

onfE 1
I(f,T) = c—;f W (1.35)

err — 1

We analyse using Bose-Einstein statistics: a “gas” of photons. There is no constrainton
the number of photons. We find that for a system of photons, that the number of photons
n(e)de in a (small) energy range € to € + de is given by

Consider an energy level €, with degeneracy g;, containing n, bosons. This can be repre-
sented by g, — 1 lines, and the bosons by n, circles. The number of distinct orderings of
lines and circles is

(n, +g,—1)!

n(g; 1! (130

The total number of microstates for a given distribution is

I1 (;+g,— 1! (1.37)

n;!(g; — 1)!

For g, >> 1 this can be replaced by

15



t(in ) = [ 22, (1.39)

%

If we assume that both g, and n, are large enough for Stirling’s approximation to hold for
Ing,! and Inn,!, we find that Int is given by

Int~ Z[(nz + gi) ln(ni + gi) — g; In g; —n, In ni]dni (1'39)
We want to maximise In¢ subject to the constraint
> emn,=U. (1.40)

If Int were maximal the change in In¢ resulting from changes dn; in each of the n,’s would
zanish:

dlnt ~ Z[ln(ni +g,) —Inn,dn, = 0. (1.41)

If all the dn,’s were independent from each other, each coefficient in (1.41) would have
to zanish. However because of the constraint (1.40) it no longer follows that all the dn,’s
are independent from each other as they have to satisfy

dU = " e;dn, = 0. (1.42)

7

Adding this multiplied by the Lagrange multiplier 5 to (1.41) we obtain

> [n(n, +g;) — Inn, + Be;Jdn, = 0 (1.43)

2

which is a condition for a maximal value for Int subject to the constraint (1.40). For
appropriate value of 3 we can consider all dn, independent from each other. Therefore,
each coefficient must zanish separately:

In (M) + Be, = 0. (1.44)
n.

2

We then find that the most probable distribution is

16



g;
= 1.45
n, pc— ( )

This is the Bose-Einstein distribution. 3 is related to the temperature, so the Bose-
Einstein distribution takes the form.

n; = ——+—. (1.46)
exrr — 1
We consider a “gas” of photons.
d
n(e)de = 956) ‘ (1.47)
err — 1

where g(€) are the density of states. We first derive the density of states as a function of
the wavevector k.

In order to determine the available wavevectors, we ask what standing waves can propagate
within the box subject to boundary condition that the amplitude is zero at the boundaries.
Using a cube with a side of length L, we see that there must be an integer number of
half wavelengths in L for each of the directions. Hence if the vector is /;, with Cartesian

components (k,, k,, k_), we must have

po= e T T 1.48
- i (149

where n_, n, and n_ are from the set of positive non-zero integers - these define “elementary

cells”. The total number of states with wavwenumber, ]E\, less than some value £ is found
by counting the number of triples (n,, n,, n,) such that

7r
—\/ne+nl+n2 <k (1.49)

We can find this by considering the octant of a sphere of radius % in /;—space. The volume
of the sphere in k—space is

h

4
§7T]€3

and the volume of an elementary cell is



therefore the number of states satisfying (1.49) is 1/8 the volume of the sphere divided
by the volume of an elementary cell,

where V' is the volume of the container. We must multiply this by a factor of 2 from
the fact that there are two polarisations for the photons. Using g(k) = 2 x dN(k)/dk we
obtain for waves in a box

14
(27)?

Now we use the quantum relationship between photon energy and wave number:

g(k)dk = 2 x 47 k*dk. (1.50)

ezhf:% :hc%:hck. (1.51)
Vo€
= 1.52
g(€)de = 8w o)’ (hc)?’de (1.52)
Thus, the number of photons n(¢€)de in the energy range from € to € + de is
87V €2de
The energy u(e) in the range € and € + de is given by:
87V de
u(e)de = n(e)ede = P er —1 (1.54)
Since the energyand frequency are related by the quantum formula,
e=nhf,
we find that the density is:
8tVh f3d
u(ydf = TS (1.55)

A err — 1
The total energy, U. This the area under the graph of the energy spectrum

18



o 8tV [ (hf)3d
U=/ u(fldf = +3 3/ (L{) I (1.56)
0 € Jo err —1
Define
_ s
YTkT
in terms of which, the expression for the total energy becomes
o 8rV < 93dy
= df = kT)! 1.
U= [ i = gy [ 22 (1.57)
The integral is 7*/15, hence
u__sm (KT)* (1.58)
vV 15(hc)3 ‘ ‘

1.5.2 The Photoelectric Effect

The photoelectric effect is the ejection of electrons from a metal surface exposed to elec-
tromagnetic radiation. The energy of the emitted electrons is given by the frequency of
the irradiating light.

An increase in the intensity of the radiation leads to the emision of more electrons, but
does not change their energy. This clearly contradict the view of Maxwell’s wave theory
where the energy of a wave is given by its intensity.

There is no smaller quantity of energy in radiation of a certain frequency f than the
energy of a single photon. The radiation is regarded as a stream of photons, each having
an energ hf.

1.5.3 The Compton Effect

The successes of blackbody radiation and the photoelectric effect were not sufficient to
convince all scientists of the idea that radiation is quanatised. Further evidence for the
photon concept came from the so-called Compton effect.

In 1923 Compton was studying the the scattering of x-rays off graphite. Classically, the
charges should oscillate at the same frequency as of the incoming radiation and then give
off radiation of the same frequency. However he found that radiation was being emmitted

19



at a longer wavelength. This is called the Compton effect. Specifically, if the incoming
radiation is scattered by an angle # and if A and X are wavelengths of the incident and
scattered radiation, respectively, we find that

N =)= L(l—COSQ). (1.59)
myc

where m,, is the rest mass of the electron. Thomson scattering, the classical theory
of an electromagnetic wave scattered by charged particles, cannot explain the results
of the experiment and demonstrates that light cannot be explained purely as a wave
phenomenon.

The photon idea provides a clear explanation and provides additional direct confirmation
of the quantum nature of radiation. The results can be analyzed in terms of a collision
between a photon and an electron (in the experiment the energy of the photon was very
much larger than the binding energy of the electron and could therefore be considered as
a free electron). The incident photon collides with an at rest electron, which then recoils
as a result of the impact, the scattered photon has less energy, smaller frwquency, and
longer wavelength than the incident photon.

In fact we can derive (1.59) by a simple calculation. Classically we know from the equation
E? — ®p* = mZc* that for a photon implies p = E//c. Since the energy of a photon is hf,
its momentum is

hf  h
p=
C

Part of the energy of the radiation is transferred to the recoiling electron, we have

_:_+E

by pY kin (1'60)

where X is the wavelength after scattering and E,;, = (y — 1)myc? is the relativistic

kinematic energy of the recoiling electron. We consider the collision in the x — y plane,
where the incoming photon is scattered by an angle # and the electron, initially at rest, is
deflected by an angle ¢. Conservation of momentum in the z and y directions respectively
gives

% = %cos@—i—pecosgf)
0 = %sin@—pesind) (1.61)

where p, = mv = ymyv. By noting from (1.61) that

20



2
p?sin? ¢? = —h2 sin? p? cos® ¢ = h? 11 cosf
€ N ’ € AN

and adding these together we can eliminate ¢ and after some manipulation obtain

, h* h?  2h?
. = ﬁﬂLF —Wcose.

We can obtain another expression for p? by using E? = p*c* + mic* = (E

+ myc?)? and
(1.60)

kin

Lo h\° h h
— X—y +2 X—y moc.

Equating these two expressions for p? we obtain after cancellation of terms

2h? 2h? h h 9
— cosf = — + 2 SURBY m,c

which after simplifying gives the final result

N =)= L(l — cosf).
mye

the quantity h/myc = 2.43 x 107 "*m is called the Compton wavelength. The wavelength
shift A — X is at most twice the Compton wavelength (for § = 180°).

1.6 Photons

The formula

21



means that the energy E carried by a photon and the frequency of the photon’s elec-
tromagnetic vibration are directly proportional, the constant of proportionality being
Planck’s constant, h.

We find the energy of the electromagnetic field of a plane wave

N, () (1.62)
by using
L (e mamom L [PraB> (1.63)
photon — 87 Z - A7 T :
and substituiting in
B=VxA=iNkxe(e® —e")=2N, kx e sin(k-z) (1.64)

and using

(kxe)-(kxe) = e-ek-k—(k-e)?
(e —e-e)k* — (kyey — k - €)
= 63k2+k2—k§63

= kK =uw” (1.65)
We find the energy to be
4w? _ 92
E oton = ENI? /dgx < sin*(wt —k - x) >= ENI?V (1.66)

where V' the volume of the box. The condition £, , = hw (where w = 27f is the

angular frequency and i = h/27) leads to the normalisation constant

4
N, = \ 57— .
k 2wV (1 67)

We write

Am —ik-x ik-x
A, (v, k) =/ oV e, (k,A)(e + ™). (1.68)
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Chapter 2

Dirac Spinors

As a precursor to the Dirac equation, we introduce the Klein-Gordon equation which

describes relativistic scalar particles.

2.1 Klein-Gordon Equation

From quantum mechanics we know about the correspodance between Schrodinger’s equa-

tion

Lo [ R,

and the non-relativistic energy relation,

2

E=Y v,

2m,

The former can be obtained from the latter via the substitutions

. 0

FE EF = th—

- o
p—p = —ihV.

Now consider the classical relativistic equation

2 2 2
E =p +m07
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Make the same substitutions as before (that is 2.4 and 2.4). In terms of these operators
the Einstein relation between energy, momentum, and mass can be written as

%o
—712@ = —h*V?p +mi¢ (2.6)

2.1.1 Current density

Multiply Schrodinger’s equation from the left by * and its conjugate by the left ¢ then
substract. One obtains

d||? h?
ol _

o0 o V06 V2 (x, 1) — (%, 1) V24" (x, )] (2.7)

This is the continuity equation in the form

dp
— -j=0 2.8
5 TVi=0, (2.8)
where
p= vl (2.9)
is the probability density and
. Zh * 2 2 )k
§= =5 [0 VP — U, V] (210)
my
is the current density.
dp 0
—d3x:—/,0d3a::— V~jd3x:/j~dS: : (2.11)
/v ot ot Jy v g
Hence,
/V%dgx = Const. (2.12)

By similar reasoning (see section ) obtain for the Klein-Gordon equation the four-current
density
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ih
J, = 5—(¢"V'o — oV"¢") (2.13)
o 2m,
The probability density is

¢ dp*
2m0 (¢ ot

P=Jo= ) (2.14)

At a given time both ¢ and 0¢/0t may have arbitrary values and so p could be negative!

2.2 Dirac’s Equation

Dirac wanted to construct a Hamiltonian that is linear in spatial derivatives, not just in
time derivatives so that time and space are put of the same footing. He postulated an
equation of the form

o o .9 0 A
ih— 5 =[- zh(ala Pt st %8953) + Bmg|Y (2.15)

where &  are N x N matrices and v is a column vector

(UM (x,1)
)

%(?(’t (2.16)

Yy (x,1)
To find the concrete form of this equation we follow the natural requirements:
e Energy-momentum relation for relativistic free particle
E? =p®+m?, (2.17)

e continuity equation for the density

e [orentz covariance
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2.2.1 Energy-momentum relation for relativistic free particle

Every component v of the spinor must satify the Klein-gordon equation

Y, _

- o2 (—R*V2 +mg) ¥, (2.18)
Y 0. 0 o .
2T — Gh=(ih= — ih— _ 952
g~ g lihgy ) = ihy e =Y
0
= {—Zﬁéxia—x + ﬂmo] {—zﬁa]— + ﬁmo} 0
3 a.a. +a.& 82,¢ 3 . . a¢ A
— _ 2 (2] 7 B “ R oY 9 9
= —h Z; 5 R ihm, ;(azﬁ + ﬂai)&yi + B°map
(2.19)
Comparison with (2.18) implies the following requirements
@i@j—i_ Aj@z‘ - 26ij17
@Zﬁ—i_ﬁAz = 07
o =5 = 1. (2.20)

For the Hamiltonian to be Hermitian, the matrices o?i,ﬂA have to be Hermitian

~

al =a, BH=4 (2.21)

Therefore the eigenvalues are real. Since &7 = 1 and 32 = 1, it follows that the eigenvalues
can only take the values £1. The eigenvalues are independent of the representation.
Consider the diagonal representation of &, for example, we have

A, 00 0
0 A, 0 0
a, =\ 0 0 A 0 (2.22)
Do : 0
0 0 0-- 0 Ay
with eigenvalues A, ,..., Ay, and &7 = 1 yields
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1 0 0 0 A% 0 0 0
01 0 0 0 A% 0 0
a2=I1=|00 1 0l=| 0 o0 A2 0 (2.23)
: 0 : .0
000 0 1 0 0 0 0 A?V
from which
Al =1, e A ==l (2.24)
Now from the anticommutation relations we have
di = _BOA‘ZB
and the identity
TrAB = TrBA
we conclude
Tra, = —Trfa,3 = —Tra,(? = —Tra, = 0. (2.25)

We see that the matrices &, 3 must even dimensional.

The smallest even dimension for which the (2.20) can be fulfilled is N = 4. In fact it is
easily shown that the following is a representation

000 1 0 0 0 —i
4|00 1o |00 io
1 0100 0 —i 0 0 |-
1000 i 0 0 0
0 0 1 0 10 0 0
A 0 0 0 —1 X 01 0 0
*3 1 o000 | f=loo 21 o (2.26)
0 -1 0 0 00 0 —1

To see this note that
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o

) (2.27)

. (0
o, = N

(A
g;

where ¢, are Pauli’s 2 x 2 matrices which satify the relation

6,6, + 6,6, =201, (2.28)
as this means
bt Bl — 0 o o&j+0&j 0 o
G TY% = s 0 5 0 5, 0 g, 0
_ ( &Z&j AOA ) n ( c}jc}Z AOA )
0 i0; 0 0;0;
B (6—16—j+6—j6—i 0 )
0 6Z6j+6j61
1 0
- 2(5Z,j ( 01 ) , (2.29)

and also

0 —o, 0 6\
() ) o0

2.2.2 Continuity equation for the density

We need to construct the four-current density and the equation of continuity. Let us
multiply (2.15) from the left by ¢t = (¢7, ¢35, ¥%, %)

L0 _ 23 ) .
Zthaw - k=1 wTak 8ka T mowTﬂw (2.31)
Take the Hermitian conjugate of (2.15)
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and multiply from the right by ¢, taking into account the Hermiticty of &, B, we get

oyt = out .
—ih— ) = zh; St + myb!t B (2.33)

Then, subtraction of (2.33) from (2.31) yields

3

8
iho: Z -(Vla) (2.34)
k=
which can be seen as
dp .
LLiv.i=0 2.35
5 TV i=0. (2.35)
where
p =l (2.36)

is the positive definite density and

j*=ylaky (2.37)

We still have to show that p(z) is the temporal component of a four-vector so that the
spatial integral [ pd®z becomes constant in time. Only the the probability interpretation
of p(z) ensured.

2.2.3 Lorentz covariance

2.3 Free Motion of a Dirac Particle

9 .
ma—f — Hyp = <a P+ moﬂ) " (2.38)

Stationary states can be found by substituting

$(x,1) = (x) exp|—(i/R)et] (2.30)
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into the Dirac equation. We get

ev(x) = Hi(x)

Split the four-component spinor into two two-component spinors ¢ and Yy, i.e.

or

€ = ax-p+myp
X = ap-Pp—myX

The states

(2)= (2 ) exlimp

This results in

(e—my)lp,—d-px, = O,
—G Pyt (e+my)lx, =

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

This linear homogeneous system of equations for ¢, and x, has notrivial solutions only

in the case of a vanishing determinant of the coefficients, that is

(e=mg)l —6-Pp

6p  (etm) |2

Using the relation

(6-A)(6-B)=A Bl +i5- (A xB)
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(2.46) becomes

(€ —mg)[ —p-pl —i6 - (p xp)
(€ —=mg)l—p-pl =0

(@ —md)I — (56 -

hop

or

2 2 2
€ =my+Pp

from which it follows

e=+E, E =4/p*+mj

2.4 Positive and Negative Energy Eigenvectors

with solutions

@ represents a particle, while x represents an antiparticle.

N :(6'13)90
O my+e "

Let us denote the two-spinor ¢, in the form

with the normalisation

Ut = UU, +USU, = 1,
where U,, U, are complex numbers.
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(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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2.5 Helicity

There is another quantum number, the helicity, can be used to classify the free one-particle
states. Its operator should commute with the operators whose eigenvalues have already

been introduced to label our free solutions.

. he &
5_52_(0

The helicity commutes with the Hamiltonian

S )
N~

Hence

7.5-p| =0
and obviously we have
558 o
the helicity operator
Ry — he P _g P
2 |pl p|

Helicity is the projection of the spin onto the direction of momentum.

If the electron wave propagates into th edirection of the z—axis, we have

p ={0,0,p}
and because of (2.58),
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1 0 0 0

. 4 he B[O -10 0

As=5=3%=510 0 1 0 (2.59)
0 0 0 —1

with eigenvalues +h/2. Clearly, the eigenvectors of ]\s are

() (i) () () 2

with

ulz(é) and u_lz((l)). (2.61)

If in any particular direction a quantum state take one of two values it is likely to do with
spin half particles. In fact Lorentz-covariance of Dirac’s equation will imply that these
two-state systmes transform under rotations as two-spinors.

2.6 Coupling of Dirac spinors to the Electromagnetic
Field

Under a gauge transformation the wavefunction ¢ (x) transforms as

b(z) — ey () (2.62)

and
AP(z) = AP(z) — éﬁ“A(x) (2.63)

thus
(ma%u - eA”) (2.64)

is gauge covariant. The minimal coupling prescription
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0 0

results in the equation

, 0
(Zh”y“% — eAu’y“ — mo)w = U. (266)

2.7 Lorentz Transformations for Dirac Spinors

How do we construct the wave function ¢'(z’) in one inertial frame if we know the wave
function v () in another frame, where the two frames are related by the Lorentz transfor-
mation a;;? Here we construct the Lorentz transformation law between ¢ (z) and ¢'(z').

We start from the principle of special relativity which states that the laws of physics
should take the same form in all inertial systems, ¢'(2’) must be a solution of a Dirac
equation which has the form

/ a
(ih”y“ Bn mo) (") =0 (2.67)

in the primed system, where 4" satisfy the same anti-commutation relations as *:

7#/71/ + ")/V/’y“/ _ 277#1/[ (268)

and
N0t =40 (2.69)
it =4 §=1,23. (2.70)

It can be shown that v that satify the above relations are identical to 4* up to a unitary
transformation U, i.e.

W =Tt Ut =071 (2.71)

Since unitary transformations do not change the physics, we may use the same v matrices
in both Lorentz systems. From now on we just take v = v*'.
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. 0 . 0 I,
(Zﬁ’}/u@ — mO) ﬂ)([p) =0 and (Zhryu ox' 1 - mO) 77Z) (‘I) =0

Let a denote the matrix of the Lorentz transformation a’;. We write

Y (x') = ¢ (aa') = S(a)y(x) = S(a'a')

Start with Dirac equation

0
(ih’y“% — mo) P(x) =0

A

expressing ¥ (z) by S~ (a)y/(z') yields

So that () becomes

<ih(§(&)7“51(&)a”“)w - mo) Y'(x') = 0.

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)



or equivalently

S(a)y’S~a) = a, 4" (2.77)

2.8 Infintesimal Generating Technique for Lorentz Trans-
formations

We first give the idea of the infintesimal generating technique with a couple of simple
examples.

Example 2: Lorentz transformation in x, —direction for 2d-spacetime

We derive the Lorentz transformation formula for boosts in the x, —direction. Consider
two inertia frames, the ‘primed’ frame one moving away from the ‘unprimed’ frame at
an infintesimal velocity dv along the z,direction. For an infintesimal relative velocity the
spacetime transformation is Galilean:

rh =z, — dut. (2.78)
How is special relativity brought into the calculation? This is done by requiring that
22—t =22 -t (2.79)
From this we see that ¢’ 2 ¢, and so t should transform some way as well. Let us write

t' =t + advr,. (2.80)

Using this in (2.79) we find a = —1. The two transformation equations can be combined
in the matrix equation

() = 1) (5 )0
- <1+avf2><§) 2.:81)

where fx = —1. Now we repeat the transformation N times to generate a finite transfor-
mation with velocity pararmeter § = Név. Then
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In the limit N — oo,

0 -\" X
]\}iinm (1 + N x) = exp(01,).

Noting IZ = 1, we expand the expontential

R 272 373
exp(fl,)) = 1401 + 21‘” + T‘B +

1
— 1[1+§02+...]+I[0——+...

B coshf —sinhf
- —sinh# cosh@

(2.82)

(2.83)

(2.84)

cosh @ and sinh 6 can be identified by considering the origin of the primed coordinate

system, ' = 0, or x = vt. Substituiting this into () we have

0 = xcosh@ — tsinh 6.

So

tanf = v
Using 1 — tanh®@ = (cosh® )71,

cosh @ = ; sinh 0 = Y

(1 —v2)1/2’ (1 —v2)1/2

We finally obtain the known Lorentz transformations

t —vx ; T — vt

r_ v _
t= (1 _ 02)1/27 x (1 _ 02)1/2

L]

(2.85)

(2.86)

(2.87)

This result can easily be generalised to 4-minkowski space time. We just use the generator
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0 -1 0 0
-1 0 00
I, = 0 0 00 (2.88)
0 0 00
We end up with the answer
; t—vx ; x — vt ; ;
t' = 7(1 )i = 7(1 — )i Yy =y, 7=z (2.89)
If we had wanted to do boost in the direction given by the unit vector
i = (cos a, cos [3, cos ) (2.90)
we would use the generator
0 —cosa —cosfl —cos7y
—Cos o 0 0 0
L= —cos 0 0 0 ’ (291)
— Cos Y 0 0 0

Note that, to first order, t —i2 = (#')2 — 72 is satified for an infintesimal relative velocity.

The reader is invited to do the full calculation and derive the Lorentz transformation
formula.

Example 2: Rotations about the z—direction for 3d-spacetime

It is easily seen, drawing a diagram, that under an infintesimal rotation d¢ around the
z—axis results in

¥ =x+ydo, Yy =y —xd¢ (2.92)

The two transformation equations can be combined in the matrix equation

() = 16 )50l
= (1+86id,) ( j) (2.93)
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where 6, is a Pauli matrix. Let us now do the expontentiation using 63 = 1:

2 3
exp(¢i6,) = 1+ ¢io, — %&g _ i%&;’
2 P
— 1(1—§+...)+z’&2(¢—§+...)
= 1lcos¢ +10,sin¢
. cos¢ sing@
B (-Sincb COqu) (2.94)
So that
'\ cos¢ sin¢ x
(y/)_(—Sind) cos¢) (y) (2.95)
L]

In 4d-minkowski space time we use the generator

0O 0 00
0 0 10
I, = 0 -1 0 0 (2.96)
0 0 00
We end up with the answer
t=t, ' = xcos ¢+ ysin @, Yy = —xsin ¢ + y cos o, 7 =z (2.97)
Proper Lorentz Transformations
a’, =0, + Aw”, (2.98)

We denote the inverse Lorentz Transformation as a,”. Then, neglecting terms quadtratic
in Aw,

a',a = 07 =08+ Aw")(6) +Aw,”)
O AN AL
07 +Aw,” + Aw’, (2.99)

Q
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Hence,
Aw 7+ Aw’, =0
or

" (Aw,” + Aw?)) = 0 = Awh? + Aw".

so we must have

Awh = —Aw™* (2.100)

Consequently, there are six independent non-vanishing parameters Aw*.

2.9 The S Operator for Infintesimal Lorentz Trans-
formations

We aim to determine the operator S by assertaining its infintesimal form by finding its
expansion to linear order in the generators Aw*”. We write

~.

~

S(Aw™) = 1-— 1 AN (2.101)
where 0,5 = —05,. The inverse operator being
g—1 vy 2 A v
STHAW) = 1+ 4UWAw“ (2.102)

By finding 0,5 we can find S. By substituting (2.101) and (2.102) into the defing equation
for S-

v v & v a—1 v
(6, + Aw, )" = S(AW* )y ST (Aw™”)

we can find an equation that determines Oop-
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v v /I/ o Q, v /I/ o Q,
(6, + Aw )" = <1 — ZaaﬁAw ﬁ) v <1 + ZaaﬁAw ﬁ)
or omitting the quadratic terms in Aw“”,
v Un afia v owa
Aw, ' = =7 Aw (6057 — 7 6,5) (2.103)
Using the antisymmetry of Awu”, the LHS becomes
Awul’v“ = n”UAwu"v“
= Aws (" 1"

= —Aw (77Va7g)

1 « 14 14
= =500 = 0y (2.104)

Comparing this with (2.103), we end up with the relation

=2i(1,%v5 = 1,775) = [643:7"] (2.105)

It is shown in section A.6 that this is solved by

?

&a,ﬁ = 2[7(1’7,@]'
The operator S(Aw™) is now
S(A W)—1+1[ | AwH 2.106)
(Aw™) =1+ 2l 7,]Aw (2.

The problem of finding S for finite proper Lorentz transformations has now been essen-
tially solved! To construct S we now sucessively apply the infintesimal operators (2.106).
In order to do this we write

Aw’, = Aw(l,)", (2.107)

Here Aw is an inintesimal parameter of the Lorentz group around an axis in the n direc-
tion.
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2.10 The S Operator for Proper Lorentz Transfor-
mations

(&) = S(@)p(z) = lim (1—3% @)W)Nwm

N—oo 4N H

_ ef(i/4)w&uu(fn)““¢(x) (2.108)

2.10.1 Example: Lorentz boost along z-axis

So (2.108) becomes

V@) = e { =g lon (L) + (1] b o)

= exp {—iw&m} ¥(x) (2.109)
[]

2.10.2 Example: Rotation around z-axis

Recall that

Aw”, = 0¢(1,)" . (2.110)

where I, is given by (). Thus only the elements (I,)'?> = —(I,)?' are non-zero, and we get
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V@) = e {100, (L ot
= e {10 (60l + o (1)) v
= e { {0001 + o (+1)] f 0(2)
= exp{%¢012}¢( )_exp{%¢012}¢(x)

L]

2.10.3 Spinor for spatial rotations

2.11 The Four-Current Density

J*(x)

= (@) " (2).

This current density transforms under the Lorentz transformation as

i) =

/(56’)7 V“l/)( ’)
Pl (2)ST909" S ()
(fﬂ)’y( 051401 Sy ()
Pi(2)y° Sy Sy ()
o (x)y

)7 (a”, 7" ) (x)

= a",j"(x)

and as such is identified as a four-vector.

2.12 Plane Waves in Arbitrary Directions

Free solutions have the form

ﬂ)r — wr(o)e—er(mo/ﬁ)t
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We have

1 0 0 0
Jo=| o] o=, wo=]]] o=, (2.115)
0 0 0 1
W' (p) = S(=v)w"(0) = eV (0) (2.116)
G (L) = 2(Gy (1) + (1) + (1)) (2.117)
Vv
— = (cos a, cos 3, cos ) (2.118)
v
Also
. i
Oy = 5(7071‘_’7{70)
= MY
= —i7%" = —iy"y 0, = —iq, (2.119)

With this the spinor transformation for Lorentz transformations to interial systems with
direction of velocity v/v now becomes

Aﬂ—vyzé<—3)zwf@ﬂﬁ”“ (2.120)

When we expand S we will need the following

A2 Aiag
(@-v)" = d'é’vy,
0nin0nd
Py v,
— inJ
- —’Y’VUin

L i i
= —50" +7" v

L, i 2
= —5277]1%% = +0v°1 (2.121)
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We expand S

. wa-v 1 w?

_ - 1= —Z (&
S(=v) 2 v 2!4@2(a v)
lw?,  a&-v,w
= 1(1+ =2 = nd
A+575)—— G
= 1coshg—Oé'Vsinhg
2 v 2
The matrix written out & - v/v
G-V LU, LUy,
= a,—+ta—+a,—
v v Yo v
0001 ‘
_r, | 00 10 Py
a P 01 00 D
10 00
0 0 1 O
p,| 0 0 0 —1
l1 0 0 0
0 -1 0 O
0 0 p, p
pl p. p_ O 0
p, —p, 0 0
where py =p, £ip, We obtain
1 000
A w|l 0100 w tanh %
S(—V)—coshE 0010 —cosha 5
0001

A 3
(2.122)
0O 0 0 -1
0O 0 1 O
0 -1 0 O
1 0 0 O
(2.123)
0 0 p, p_
0 0 P, —D,
p. p_ 0 0 (2.124)
p, —p, O 0

To find expressions for cosh 5 and tanh % we consider only motion in the x direction. We

convert the rotation angle w with the aid of

—v, = tanhw,
or

45

(2.125)



w = tanh™' (—v,) = —tanh™" (v,) (2.126)

We need the equations

1
cosh g sinh g = 3 sinh w,
1
cosh % cosh % = i(coshw +1),
1
sinh © sinh = = —(coshw —1). (2.127)
2 2 2
Therefore
x sinh z tanh x tanh x
tanh = = = = (2.128)

2 coshz+1 1+1/coshz 1+\/m

With (2.126)

—tanhw

1+\/1—tanh2w
v

14 /1 -2
my/y/1 — v2
mo/\/mu\/m

= —T 2.129
Fr (2.129)

—tanhf =
2

taking into account that we are considering only motion in the x direction, we may write

w P
—tanh — = . 2.130
an 2 E—i—mo ( )

And
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cosh d
2

1

1/1—tanh%

1

V1= ftanhw/(1 + v/ — tanh®w)?
1

V1= /(0 + T2
14 /1 -2

VU VI 22 e
14 /1 =22

\/(1+2\/1—v§+1—v§)—v§
14 /1 -2

ﬂ\/l—vgjt 1 -2

[1/y/1 =02+ 1m,

1+ 1/ T=0V3m,

E +m,

\/m0 + E\/Qm0
E +m,
2m0

substituting this result and(2.130) into (2.124) we obtain

1
E+m, 0
Dz

2m0 E4+mg
P+

E+4+mg

W' (p). w*(p).w’(p), ' (p)]-

47

p_
E+mg

E+4+mg

Pz
E+mg
P+
E+mg

1
0

p—
E+mg
—p.
E+mg

0
1

(2.131)

(2.132)



2.13 Bilinear Covariants

2.13.1 Linear independence

~

ns o _ AV AT A
- = 1, F#— 9 FW—UW——UW
I'7 = i’y =9% T9 =19y, (2.133)
i) ()2 = 1.
Proof: Proved explicitly.
ii) To each [ except I'S there exists at least one I'™ such that
(2.134)

Proof: Proved explicitly.
iii) Tr(I™) =0
By (2.134)

As (I'™)? = 41

+Tr(I") = Tr(I™(I™)?) = =Tr(T™I"T™) = —Tr(I"T™T™) = 0.

iv) For given I'* and I'* (a # b) there exists a I'™ # I' such that
rert = frim. (2.135)

Proof: Proved explicitly.

v) The [ are linearly independent. Suppose

Z anf” = 0.

(2.136)

Multiply from the right by '™ #+ IS we get
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> a,Tr(@"Tm)

n

a, (™))% + Z a, Tr(0"T™)

n#m

ozm(fm)2 + Z anTr(f;:mf”)
n#m

+4a,,.

Thus a,, = 0 for all m # 5. Now in the case of [m=1%

Le. ag = 0.

L]

0="Tr (Z anfsf”> =a Tr(I)+ Z a, Tr(I™) = 0,

n#S

2.13.2 Lorentz transformations

Under Lorentz transformations

This is proved by

L]

We now prove

v —SY, P —pST

v5§ = det|al Svg’.
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(2.140)
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This is easily proven that for proper Lorentz transformations (here det|a| = 1), first

1

0] = 5007 = 17 = (7, = %7,)7%) =0

where we have used y#v, + 7,v* = 0. So from the formula for proper Lorentz transfor-
mations

we have

[S(@),75) = 0. (2.142)

We know prove (2.141) for spacial reflections, which are given by

x = —x, t=t, (2.143)

a’, =n". (2.144)

The relation

S—W“S =a" v

holds for improper Lorentz transformations as well. Let us dente the parity operator by
P. We can then write

or

This is equivalent to
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which in turn is equivalent to

This has the simple solution

For this operator we easily have

[]
i) Y1) is a scalar:

W — PSSy
i) ¥y,1 is a pseudoscalar:

Py — PSSy
— detla] 5SSy
= det|a| Py b
iii) 1y is a vector:
Py — PSSy
= a\ Y
iv) ¥y, v*y is a pseudovector:

o1

(2.145)

(2.146)

(2.147)

(2.148)



v) ¥+ is a pseudovector:

oy —

L]

det|ala”, Py Y

S Sy
i A .
PSTHHY = ) Sy

Lo S oO—1. v
505 Y55y

]

5 (YT =AY )Y

a”pal’T YaPT .

2.14 Properties of Free Solutions

[(p, " — e,mg)w" (p)]'

(p, " —€,mp)w"(p) =0

Multiplication from the right by 4° yields

W) (" — e,my)y

— 7SS~y S

0= wt(p)(p, V" — €,my)
= W(p)(p " = e.my)
W T(P) ()" — Py — €,my)

ST ) a0") = (@) (a2 ) 1

(2.149)

T

0=wT(P)(p,7° + pA* — €.my)

—T

02

w"(p)(p, V" — €.my)



2.14.1 The normalisation condition

The quantity @ (p)w” (p) is a Lorentz scalar and hence

W' (p)w” (p) = @ (0)w" (0) = w(0)7°w" (0) = 6,.¢, (2.150)
2.14.2 The completenes relation
We have
er(Grp)wr/(Gr’p) = 67’7’/(E/m0)
This is proved in section A.8.
2.14.3 The closure relation
In the rest frame of the electron we have
4
> e w (0)w5(0) = 6, (2.151)
r=1
We know that
o) =5(F)wo
and so
@'(p) = W(p)’
B i
- (5(F)w0)
— rta0a08t [ TP L0
w(0)y"y"S ( = ) ¥
— = -1 (P
(2.152)
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where we have used

S 705' 1,0
Using these we find
4 4 4 b p
S el0Tm = 33 68 (f) (0 T(0)85 ( ] )
r=1 r=1 ~,A=1
- —P —P
= > 5, (f) Sxa (f) > e (0)@(0)
v,A=1 r=1
: —P —P
= 25w (f) s (f) O
¥,A=1
= Oas (2.153)
Therefore we have the closure relation
4
> e wh(p@h(p) =0, (2.154)

2.15 Projection Operators for Energy and Spin

2.15.1 Projection Operators for Energy

Recall

(p, 7" — €,myc)w"(p)  which implies €,p Y*w"(p) = mycw”(p)

We immediately see that the projection operator for eigenstates with positive or negative
energy is given by

€p " +my

A, (p) = (2.155)

2my,

and that it is Lorentz covariant. We check that it has all the properties of a projection
operator. Obviously
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- - A+ my N —p, "+ m,

2m0 2moc

=1

We now establish (/A\+)2 =A,, (A)2=A_, and A+A_ = (. This is done with the help of

P, = %(v,ﬂy +7,7,)P"p"
= 0,0
- E2_ p2
= (mi+p*)—p>=m. (2.156)

Now

(e, +myg)(e,.p"y, + my)

A A, (p) =
4mi
_ (ee ", Hmi+ (6 + 6 )mep",
4m?
 omg(l+e6) +mopty, € (14 €€)
4m3
1+ee,€r]9lﬂ“+mo 14+€e€, -
= rr = A . 2.157
e S, ) @2.157)

0

2.15.2 Projection Operators for Spin

In the non-relativistic limit the operator for “spin up” or “spin down”

Y
P=—

We can generalise this to a spin-projection operator in an arbitrary direction

- _1+05-u

P(u) : (2.158)

where u is a unit vector. We need the relativistic generalisation of this. To that end
introduce the four-vector

u” (2.159)
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which in the rest system of the electron is

(u") s = (0,0,0,1) = (0,0,0,u,) (2.160)

z

7573(“2)1%.5. V573

Yy,

Oy

(D)
_ (%3 _?IS) (2.161)

In the rest frame we have for positive-energy w'?(0)

R 1 3(,,3
Z(ui)wl’Q(O) _ + 7572(uz)R.S. wl,Z(O)
o 1 I + 03 0 1,2
S 2 ( 0 I — oy ) w0
L[ 1-w(0)
— 5{ 0-020) - (2.162)

In the rest frame we have for negitive-energy

. 1 3(,,3

E(ug)w?”‘l(O) _ +75V2(Uz)R.S.w3,4(O)
. 1 I+ Og 0 3,4
T2 ( 0 I-o, ) W (0)

L[ 0-w*0)

_ 5{ I (2.163)

The projection of negative-energy states arre opposite to those of positive-energy states.
The opposite occurs because the spin of the missing particle of spin T corresponds to a
particle of spin |.

We generalise the spin projection operator for an arbitrary spin vector s* with st'p, =0

~

X(s) = %(1 +755"7,,) (2.164)
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We show that it is a true projection operator. We have

Y(s)+X(—s)=1

1 12
Y (s) = Z(l + 75547, (1 + 75577,)

1 14
= 71+ 298"y, + 8" 57,%7,)
1 14
= Z(l + 275ty — st's 7527#71,)
1 !
= (L4258, — "5 (9,7, +7,7,))

1
= Z(l + 2958ty — 5+ 8)

1 ~
= 1+ 7s",) =X(s)

Similarly 32(—s) = $(—s).

S(s)5(—s) = i(l + 755", (1 = 75877,

1
= Z(1+s-s):0.

(2.165)

(2.166)

(2.167)

2.15.3 Simjultaneous Projection Operators for Energy and Spin

Y sYs, = MY s,

e e 0 e e L G
= =27 —v"v")s,p,
= s"p, s+ 5,077
= 75,7 p"

implies
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Po= A (p)E(u,)

Py = A(p)E(—u,)

P, = A (p)X(u,

y = A(p)X(—uw,)

2.16 Summary
Maxwell’s equations with source are

0A* —o*(0,A") = j*
where we are free to perform gauge transformations

A AM = A 4 OFA.
The free Dirac equation can be written

L OU(x .
20 o (in) + o)
where = (&, &,, &3) and 3 are 4 x 4 Hermitian matrices satisfying
&0, + G 6, =20, QB+ B0, =0, f7=1, i=123.
With
0 _ i
Dirac’s equation becomes
L, 0U(2)
Zh”yMW — mow(x) =0
with the 4 x 4 matrices v*, u = 0,..., 3, satifying the anticommutation relations
YA A =2

o8

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

(2.175)

(2.176)

(2.177)



and Hermiticity conditions
P = 0y,
Coupling of a Spinor to the electromagnetic field is given by

("0, — ey A, (z) — my)y(x) = 0.

The four current density of the dirac field is given by

" =Py
The plane wave for a photon is
A k) = 4m Lo\ —ik-x ik-x

and outgoing

where
+m
[wl(p)aWZ(p>aw3(p>aw4(p>] = —— Dz p— E+1m0

2my, E+mo E+mo
b+ —Pz 0
E+mg E+mg

The orthogonality condition for spinors

29

p—
E+mg

E+mg

0
1

(2.178)

(2.179)

(2.180)

(2.181)

(2.182)

(2.183)

(2.184)

(2.185)



, E
e, p) (e,p) = 24, (2.186)

T

My
The completeness relation for spinors
Z e, (P)wy(p) = d,p (2.187)
r=1
There are projection operators for Energy
. Ep, "+ my
A =K - 2.188
L) = = (2185)
and spin
A 1 u
Y= 5(1 + %55,7") (2.189)
such that
Su(p, +s) = u(p, +s), Su(p,—s) = 0. (2.190)
The basic bilinear covariants of Dirac theory are
P scalar
Yy vector
L antisymmetric second-rank tensor
Yy pseudo-vector
Yy51Y pseudo-scalar (2.191)
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Chapter 3

Perturbation Theory

3.1 Non-Relativistic Green’s Function

Given Schrodinger’s equation

0 N
(zh& — Hy(z) — V(x)) P(z) =0
The retarded Green’s function is defined by the differential equation
0 N
(ih% — Hy(2") — V(.CE/)) Gt (2’ 2) = 6*(a' — x)
and the boundary condition

GH(2';2) =0 fort' <t.

3.1.1 Free Green’s function in momentum space

<m% - ]:]O(x')) Gt (a';x) = 0% (2 — 2)

where

(3.2)

(3.4)



As the above differential equation can be turned into an algebraic equation in energy-
momentum space, we write

Gilw' —0) = [ G ew | B 0] oo 1o ¢ —x)| GimE) GO

and apply

2
(iﬁg + h—VQ) G2 — )

ot 2m
- [ (52 cim e |50 - 0] e [0 0 -]
— wol — ) (3.7)

We will recall the d-function integral representation

/ % exp {—%E(t/ _ t)} exp {%p (X — x)] _5Ma! — 1)

Therefore for E # p?/2m we obtain

G (p. ) = — (33)

How do we deal with the singularity when we do the inverse Fourier transformation? The
clue how to proceed comes from the integral representation of the step function:

1 o] —WwT
O(r) = —=— lim dw >

2mi =0 ) w+ie

(3.9)

By adding a small imaginary part 7€ to the energy one will obtain the retardation condition
(3.3), while the resulting Green’s function still satisfies the Green’s function differential
equation (3.4) in the limit € — 0. Write

, B d®p i , * dE exp[—iE(t' —t)/h]
Gi(@' —x) = h/ )’ exp {ﬁp (% — x)} /_OO P % T (3.10)

With the substitution E’' = F — p?/2m the last integral becomes
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/00 dE' exp|—i(E' + p*/2m)(¢ — t)/H]

o 27R B+ e
= exp :—%%( ’—t): %% :dE’eXp[_gf; H/h)
~ e :—%%(t’—t): {_%@ (tgt)]
= —%eXp {—%%(t’—t)} o' —1) (3.11)

We do indeed recover the retardation condition. Now (3.10) becomes

2m

G — ) = —i@(t’—t)/(;ﬁig)gexp{% {p-(x’—x) - p—Q(t/—t)H (3.12)

This can be expressed in terms of plane waves of the free Schrodinger’s equation. The
0-function normalised plane waves are

¢, (x,1) = L {% ((p "X — p—Qt)}

V21h 2m
_ \/2% expli(k - x — wt)] (3.13)
where
hw = p_2 hk =
- 2m7 - p
Gi(a' —z) = —iOF' —1t) /d3p ¢, (X, 1) (x, 1) (3.14)

3.1.2 Full Green’s function in terms of plane waves

We give a proof that the Green’s function can be written as

G (a'sx) = =0t — 1)) (0)p, (7). (3.15)
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where 1), (x,1) are a complete set of eigenfunctions of Schrodinger’s equation. We do this
using the closure relation

D (x ), (¥, t) = *(x - x). (3.16)

for the eigenfunctions of Schrodinger’s equation

(z’h% — H(x’)) ¥ (') = 0. (3.17)

Using this we have

(m% - ﬁ(x/)) Gt (a';z) = ho(t' —t) anw;;(x, 1, (X, 1)

BCR)> (ingy -~ 1) ) w0

= RSt —1)0*(x' —x)
= ho*(a' — ). (3.18)

We have the relations describing the evolution of solutions of Schrodinger’s equation:
i / PG ()0, (x) = O =) u, () / Bt (), ()
— o'~ )y, () (3.19)
and on the other hand
z'/dgxw;(x/)G*(a:/;x) = @(t/—t)z/d3x’wm(x’)w;(a:/) Y (x)
= o — ;@) (3.20)

The first of these relations expresses the propagation of ¢ (z) forward in time and the
second corresponding backward propagation of ¢ (z').
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3.1.3 Perturbation theory
(ih% — Ho) Gt (2 2) = 6*a' — ) + V(2" )GT(a'; ) (3.21)

The RHS can be interpreted as the source term in an inhomogeneous Schrodinger equa-
tion:

L0 -
(zﬁ% - Ho(x')) Gt (2';2) = p(2'; 2) (3.22)
Using the free Green’s function G the solution is

G (a'i0) = [ d'a,Gf (s )olaia) (3.23)

This leads to the following integral equation for the integrating Green’s function
GHa'ia) = / dha, G (o 0,) (842, — 2) + V(2,)C (2;2))
= Gy(a;2) —|—/d4x1G(J{(x’;xl)V(xl)G+(x1;x) (3.24)
Repeatedly substituting this equation into itself we obtain perturbative series
G'(2sz) = Gg(2/s2) + /d4$193(56’; 2 )V (2,)G* (2,5 7)

— GaL(x’;x) + /d4a:1G5r(x';a:l)V(xl)GSr(xl;a:)

+/d4x1d4x2Gar(x’;xl)V(xl)Gar(xl;xQ)V(xQ)Gar(xQ;x)
o (3.25)
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3.1.4 Boundary condition

P(2') = lim i/d3a:G+(x';a:)¢(x)

t——o00
— tEr_nooi/d:gx <Gar(x/;x) —l—/d4x1G(J{(x’;xl)V(xl)G+(x1;x)) o(x)
= ¢(2) + lim d4x1G5r(x/;xl)V(xl)i/d3xG+(xl;x)qﬁ(x)
— o)+ tm [ Gl Vi )b (3.26)

The second the on the RHS is the scattered wave.

We consider a scattering problem where no interaction occurs in the distant past and
future:

V(x,t) - 0 for t— Foo (3.27)

The initial wave ¢ is therefore a solution of the Schrodinger equation for free particles,
which fulfills the initial conditions of the experiment. The exact wavefunction 1 (x,t) then
approaches the incoming wave ¢(x,t) in the limit ¢ — —oo:

U(x,t) — P(x,t). (3.28)

3.1.5 The scattering matrix

Let ¢,(z) and ¢,(z) denote the intial and final free wave with quantum numbers 4 and
f that are emitted, observed at the begining, end of the scattering process respectively.
The full wavefunction v, (z) is given in terms the integral equation,

bi(x) = d,(x) + / 0, G (e, 2)V (1)) (3.29)

The wavefunction v,(z) satifies the boundary condition ¢, (x,t) — ¢,(x,t) for t — —oo.
The scattering matrix results from the projection of ¢,(z) on the final state ¢ f(x, t)

S, = lim <¢f(a:)

fi t—+o0

wi(w)> (3.30)
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Sy = lim <¢f(x)

t—4o00

o0+ [ ata, Gl V(o))
= Gyt im / 027 () / i, G (v, 2, )V (2,)(2,)

= 0y + lim d'z, (/ d%qb}(x)Gar(x,xl)) Vi(x)(x,) (3.31)

t——+4o00

Using the equations (3.20) for free particles we obtain

/dga:qb;(a:)GS'(a:'; x,) = —ig(x)) fort' >t (3.32)

so the z integral can be carried out resulting in

Spi= 0y —i lim [ d'a,67(x,)V (2, )0(e,) (3.33)

t——+o0

Now repeatedly substituting (3.29) into this we obtain

Sp = 8 [ dla i) Viz)s ()
—i/d45€1d4932¢}($1)V(%)GJ(%;xz)V(%)@(%)
_7;/d4$1d4x2¢;(5’51)V(xl)G(J)r(xﬁ372)V(x2)G(J)r(x25373)V(x3)¢i($3)
+... . (3.34)

Each line represents a free Green’s function G (z; ;, ), i.e. the amplitude that a particle
wave originating at the spacetime point z, ; and propagates freely to the spacetime point
x;. At the point z; the particle wave is scattered with probability amplitude V'(x,) per
unit spacetime volume. Such points are called interaction vertices and are denoted by
filled-in circles. The resulting scattered wave then again propagates freely foward in time
(recall G (z,,,; ;) =0 for t,,, <t;) from the spacetime point x; towards the point x,,

with the amplitude G (7, ,;2;) where the next interaction takes place, and so on.

3.2 The Electron and Positron Propagator

3.2.1 Differential equation for relativistic propagator

Let us introduce the relativistic propagator
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t A !

[
>

T

Figure 3.1: nth-order Green’s function as the probability amplitude for multiple scattering.

Sp(a!,z; A) (3.35)

in analogy to the nonrelativistic propagator, by satisfying the following differential equa-
tion

[7“ (zh 0 _ EA“(x')) - m0] Sp(a',z; A) = hé* (2 — 2)1. (3.36)

/
(%UH 1

We from now on use natural units

% — e, % — m,. (3.37)
Thus we write
['y“ (z'@/“ — eA“(x')) - mo] Sp(a' z; A) = §* (2" — 2). (3.38)

where we have suppressed the unit matrix, however, it must be kept in mind that we are
dealing with a matrix equation.

The free-particle propagator satisfies (3.38) with the interaction term v, A*(z’) absent,
le.
(iyﬂ@l“ —my)Sp(2,z) = §*(2' — ). (3.39)

As in the non-relativistic case we calculate S,(2’,z) in momentum space.
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3.2.2 Non-interacting propagator in momentum space

S, (o a) = SF(x'——x)::L/ﬁzg;§zexp[—dp-(x’——x)]E&(p) (3.40)
which implies that
Py, +my)Sp(p) =1 (3.41)

This can be solved for S (p) by multiplying by (p#y, +m,) from the left

(", + mg) (P, —my)Sp(p) = (P, +my) (3.42)

Since

1
o v _ wo v o wo v o wo__ .2
P = 500 F e = 0,00 = pt = p

we then have

(p* = mg)Sp(p) = p'y, +my
SO

2

pp— for p* # mg (3.43)

SF(p)

Let us consider the inverse Fourier transformation.

Sp(a' —x) = /(;lTySF(p)exp[—ip(x'—x)]

~ [ GrESem expll=iny - (¢ =) —p- (¢ =)}

2
d’ . ' dp, exp[—ipo -t —1)]
— /—(ZW)?’SF(p) explip - (x' — x)] x g o pp—

(3.44)

where C' is contour of integration choosen to avoid the singularities of S.(p). As we
know from the nonrelativistic case the choice of contour encodes the boundary conditions
imposed on Sy(2' — z).
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3.2.3 Propagator describing positive-energy particle waves

Considering the particle’s propagation forward in time implies that ¢ — ¢ is positive so
that the p, integration must be performed along the contour closed in the lower half plane
as this gives zanishing contribution. Then the only pole is at

A Imp,
/ \
/ B \ CQ
Po . <t
¥ a3 » Rep,
> Dy = /
t >t
+/D? + m
\\ /, 02
Figure 3.2:
The propagator is then
’ . d3p . .
SYD (! —2) = —7,/ e explip - (x' — x)] exp[—iE (t' —1)]
EA’—p-v+m
X By =Py tmy) for ' >t (3.45)
2E,

Instead of deforming the contour as in fig (3.2.3), we can move the poles an infintesimal
distance n off the real axis, as shown in fig (), and perform the p, integration alng the
whole real axis

3.2.4 Propagator describing negative-energy particle waves

On the other hand, considering the particle’s propagation backward in time implies that
t" — t is negative so that the p, integration must be performed along the contour closed

70



in the upper half plane as this gives zanishing contribution. Then the only pole is at

p():_Ep:_\/p2+mg'

, d?
S0 ) = =i [ s exlip (¢ - x)espl4E, (¢ 0]
(—E " —p-v+my)
for t' <t. 4
X 2Ep or < (3 6)

3.3 Propagating Positive and Negative Particles

We combine the two propagators describing positive-energy particle waves and negative-
energy particle waves moving forward and backward in time, respectively.

Sp(a' — ) = 8§70 (@ — z) + 817 (a' - 2) (3.47)

, [ dp
Spla' —x) = —Z/ (27)?
(+EA° +poy' +mg)

{exp[—i(+Ep)(t' —t)] exp[+ip - (¥ — Z)] 5E ot —t)

p

+ exp[—i(—=E,) (' —t)] exp[—ip’- (¥ — )] °F

p

(—E0" —py mo)@(t_t,)}

. d*p m, {plﬂ“ +m .
= —i —2 e —exp[—ip- (' —2)|OF — 1)
/ (2m)? E, 2m,

+%0+mo explip - (+/ — )]0t — 1))
= i [ G R W el (@ = w6l 1)

+A_(p) explip - (! — 2)]O(t — 1))
(3.48)

3.3.1 Free propagator in terms of plane waves

This can also by written in terms of the normalised Dirac plane waves
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Sla—a) = —i0( 1) [ # Y 03T

1Ot — 1) / S (@) () (3.49)

Proof:
2 . m 2
(N _ () i (A (o7
S G = Grrpel @ -0 3 0 )
4
_ 1 my / r(\—T pufyu +my
= @R, exp[—ip - (z %)];9@0 (p)w" (p) 2me
[\ ;’1 J/
. 1 mo ’ puryu + my
- (2 )2 Ep Xp[ p ('CE x)] 2m0
I m, A
g _— — / — A
(2 )2 Ep p[ Zp ('CE x)] -|-(p)
A similary calulation for the secod part gives
4
S @) = ~ s explip - (o — )] A_(p) (3.50)
—~ " P (2m)3 E, - '
[
Using this we easily verify:
O — (&) = i / P, (2 — )y (@), (3.51)
Ot — )0 D) = =i [ 5,0’ ~ ot P(a), (3.52)

(see section A.12). Equation (3.51) explicitly expresses the interpretation of electrons in
terms of positive-energy solutions propagating forward in time and equation (3.52) the
interpretation of positrons in terms of negative-energy solutions moving backward in time.

The reader should be warnerd no to take this pictorial description of the mathematics as
a literal process in space and time. For example, for x and 2’ with space-like separation,
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time v time
(a) (b)

Figure 3.3: (a) t < t: an electron propagated from z to z’. (b) ¢t > t': a positron
propagated from z’ to x.

our naive interptetation of propagation would imply the electron/positron travels between
the two points with speed greater than the speed of light.

3.4 Perturbation Expansion for the Stuckelberg-Feynmann
Propagator

Equations () or () determine the free-particle propagator of the electron-positron theory.
Here we develop a perturbative expansion for how this is modified to the exact propaga-
tor in the presence of an electromagnetic potential, the so-called Stuckelberg-Feynmann
propagator, Sp(z', x; A).

(17,0" —mg)Sp(a',z; A) = 2 —x) + eA, (2" Sp(a, 5 A) (3.53)

This can be viewed as in inhomogeneous Dirac equation of the form

(i7,0" —mgy)¥(z) = p(z) (3.54)

which is solved by

() = Wy (x) + / 0y S (x — 1)p(y) (3.55)

As is easily seen:
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(7,08 — m)¥(x) = (i7,0" —m)Uy(x) + / Ay (i, 0 — mg)Sp(x — 1)p(y)

- / a6z — y)ply)
= p(z) (3.56)

In this way we obtain an integral equation for S.(2',z; A)

Selami ) = [ diySp(a = y) (50 - 2) + e, ("5 (0,1 )]

= Sp@ —y)+ e/d4ySF(x’ —y)A ()" Sp(y, ;3 A). (3.57)

Repeatedly substituting this equation into itself we obtain

Sp(a' x;A) = /d4ySF(x’ —y)+ e/d%lSF(a:/ —x)A (2 )V Sp(r) — 1)

+ € /d4x1d4szF(x’ —x)A (xS p(r) — 1,) A (7,)7"Sp(zy — 7)
L (3.5%)

3.4.1 Boundary condition of Feynman and Stuckelberg

/ Sp(e — y)er, A" (y) U(y) (3.59)

The second term on the RHS represents the scattered wave.

Now by () t = 2° — +o0

Sl —y) — —i / S (@) TL(y)

and t = 2% — —00

See—9) = +i [ &S v @0
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So that

¥(a)-viz) - [ Y u) (ie [ @y T onmew) for - 1o (3.00)

and

U(x)—p(z) — /d?’pzi:w;(:v) (+7;e/d4y E;(:E)Au(y)v“‘l’(y)) for t— —oco (3.61)

Therefore the scattered wave contains only positive frequencies

3.5 The S—Matrix Elements

The S-matrix elements are defined in the same manner as in the nonrelativistic case.

Let ¢, (x) denote the final free wave with quantum numbers f that is observed at the end
of the scattering process.

Sp = lim <o (@)U () >

— lim <wf<x>

t—=o0

wlo) + [yt - y)eAu<y>vwi<x>> (3.62)

There are four basic processes to consider: (a) electron scattering; (b) positron scattering;
(c) electron-positron pair creation; (d) pair annihilation.

We will need the following relations for adjoint spinors (proven in section A.12).

ot — ) () =i / B0 @)1,y (2! — @) (3.63)

—(=E)

o — 1) () = —i / P (@), S (2 — ). (3.64)

These are the adjoint spinor versions of equations (3.51) and (3.52).
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A A
\Iji
scattering scattering
process process
\Iji
v, time W7 time

(a) (b)

Figure 3.4: W (x) stands for the incoming wave, which either reduces at y, — —oo to an
incident positive energy wave 1),(x) or at y, — +00 to an incident negative energy wave
¥;(x). (a) ¢, describes an electron in the limit ¢ — +o0. (b) ¢, describes a positron in
the limit t — —o0.

Using (3.63), for electron scattering we have

6o+ [ @St~ p)ea, e ) )

= Gte lim [ Povita) [ dyS, G- 94,000, @)

— b, —ie lim [ diy (z / dgaﬂf(a:)VOSF(x—y)) A, ()"0, (x)
= 0, —ie / d'y (y) A, (Y)y" 9, (z)

while, using (3.64) similarly, positron scattering is described by

%F%ﬁWﬁW%@%@WW@

Both results can be combined by writing

Sy = 0p; — ey / Ay (y) A, (y)7" P, () (3.65)

where €, = +1 for positive energy waves in the future and e, = —1 for energy waves in
the past. W,(x) stands for the incoming wave
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tﬂ tﬂ

(a)
tﬂ tﬂ
() (d)

Figure 3.5: (a) electron scattering; (b) electron-positron pair creation; (c) pair annihilation
(d) positron scattering.

Repeated substitution of (3.59)

Sy = 0 —egy / Ay (y) A" (1), (y)
= 0 —egy U d'y, ¥ () A, (y )", (yy)

+ /d4?/1 /d‘lygﬂf (yz)AM (42)7"* Sp(yy — 91)14“1 (y )V ¥, (yy)
+ .

= 0ty st (3.66)
n=1
where
S](c?) = —ie'e; / d'y, ... / d4yn$f(yn)Aun W)V S — Y )AL W)V
xSp(Yy = yy) A, (Y)Y, (y,) (3.67)
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3.5.1 “Ordinary” scattering of electrons

e U (y) in this case at Yy, — —oo reduces to a plane wave with positive energy.

In this case

v(0) = ) = R

3/2u(p7, s )exp(—ip_-x) as y, — —00 (3.68)

an incoming electron with positive energy £ and momentum p_ and spin s_

n - n _(+E) n n—1
St = —ie /d“ylm/dﬁ‘ynwf W) A, GV Sp (Y, = Y ) A, (G

XSty = y1) A, ()Y 0 (y,) (3.69)

In addition to ordinary scattering intermediate pair creation and pair annihilation are
included in the series.

t A

»
>

T

Figure 3.6: The electron at z; propagates backward in time from z; to x,. Physically a
positron-electron pair is created at x,, the positron propagates forward in time where it
anihilates with the intial electron at z,.

3.5.2 Pair production processes

e U (y) in this case at y, — 400 reduces to a plane wave with negative energy.

The positron state at ¢ — +oo is described by a plane wave of negative energy. We use
the notation

By hole theory a positron is an electron with negative energy, negative momentum and
negative spin.
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Now we need the plane wave propagating backward in time. There will be an exponential
with a positive sign in the exponent

eli+p+y)
expressing the property that it has negative energy and momentum. It also will involve

v(p,,+1/2) =w(p,) and wv(p.,—1/2) =uw?(p,)

where w? is the spinor corresponding to a negative energy electron with spin up and w?
a negative energy electron with spin down. By using the spinors v(p, s) we take care of
the fact that the spin of electrons withe negative enery is —s. Here s is the spin of the
positron.

1/)2-(eleCtTon)(—pf, —s;) = Const. v(py, s;) exp(+ip; - x) (3.70)
m 1 .
V,(z) — E__OWU(M’ s, ) Y oas oy, — o0 (3.71)
n - n —(+E n n—
SWo= e /d4y1---/d4yn¢fc+ )(yn)Aun(yn)v" Se(Wn = Yn )AL W)Y
XSp(Yy = y) A, (Y)Y b (—E)(y,) (3.72)

3.5.3 Pair annihilation processes

e U (y) in this case at y, — —oo reduces to a plane wave with negative energy.

n . n —(—F —1
S = tie / d'y, ... / d4ynw§e )(yn)Aun(yn)v“”SF(yn—yn_l)A#n,l(yn_l)v""

<Sp(yy — y) A, () v (y,) (3.73)
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\4
\4
\4

Figure 3.7:

3.5.4 Scattering of positrons

e U (y) in this case at y, — —oo reduces to a plane wave with negative energy.

n - n _(_E) n n—1
5™~ e / dy, ... / 'y B2 WA, 507 e — v DA, (e 1

< Sp(yy — y) A, () v (y,) (3.74)
) ¢(_E) 4 wpositTon
v f
Q/J](c_E) 2bg}ositron

»
>

\

(a) (b)

Figure 3.8: Lowest order positron scattering. (a) incoming negative energy electron wZ(*E)
is scattered into an outgoing negative energy electron 1/);_E). (b) This corresponds to an
incident positron meitmn and emerging positron 1/)?”””””. This is the link between the

calculational technique and the real physical picture of positron scattering.
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Chapter 4

Scattering of an Electron off a
Coulomb Potential

4.1 The Scattering Amplitude

We calculate the Rutherford scattering of an electron at a fixed Coulomb potential to
lowest order of perturbation theory. The appropriate S-Matrix element is the first order
term of (3.69)

5, = —ie [ d% T (@A, )0 ) (1)
. (x) is given by the incoming plane wave of an electron with momentum p, and s;:

Y, (x) = | /Em%;)/ u(p;, si)e_ipi'aj (4.2)

V() is given by

A my _ Py
77Z)f($) = Ef—(‘)/ u(pf7 Sf)epf . (4.3)
Recall
A
E:—VAO—a—, B=-VxA
ot
Choosing
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Dy, Sy

pi? 8@

Figure 4.1:

A(z) =0. (4.4)

corresponds to a Coulomb force generated by a static charge —Ze. With these assumptions
the S-Matrix element becomes

m2

1 , 1

S, =iZe*— [ —=>T(p,,s,)7 u(p,, s, /d4 ps=pi)e_—_ 4.5
fi tae \% EfEZu(pf Sf)ry u(pz Sz) re ‘X| ( )

The integral over the time coordinate can be integrated
/ dry P17 = 278(E, — E)) (4.6)

—00
The remaining integral is
3 1 —iq-X
Ay(x)=—Ze [ d xme

where q is the momentum transfer i.e. q = P; — P, This can be evaluated using
integration by parts of Poisson’s formula A(1/|x|) = —4md3(x):

1 ) 1 1 .
/d%—e’q'x = ——/d%—Ae’q'x
x| q? x|

1 1 ,
= ——Q/d?’a:A (—) e ¥
q x|

1 —iq-X
= —g/d?’x(—élwég(x))e q
4_7r

q2
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Thus the S—matrix element becomes

1 | md Am
i = i2e; —EfEZ‘ U(Pﬂsf)’Y u(p;, 5;) e mo( f i) (48)

4.2 The Cross Section

A differential cross section o is defined by the effective area of target particles.

>
: \‘ﬁ
: ® ° \\1—>
, .
1 @ |
R
) —
N o !
\\\ |
Se !
~ J_’
target
Figure 4.2: .
e ) N,o
Chance of hitting a Coulomb potential = 0 (4.9)

Let us say that there are N, incoming particles. The number of scattering events is then

N,
number of events = NI% (4.10)
so that the cross section is then expressed as
number of events
= A. 4.11
- () @

We wish the express the cross section in terms of the flux of the incoming beam,

flux = pv
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where v is the velocity of the beam moving toward the stationary target. The number of
particles in the beam N, is equal to the density of the beam p times the volume of the
beam, vtA. The cross section can therefore be written as

~ number of events/t A
T T (AN,

number of events/t 1

pv N,

transition rate 1
_ R 4.12
flux N, ( )

_ ‘sz‘|2de

1
— 4.1
W —1= (4.13)

dN f is now determined.

4.3 Transition Probability Per Particle into Final States

Standing waves in a cubical box of volume V = L? require

p, L = n2m,
pyL = n,2m,
p, L = n2x, (4.14)

with integer number n,,n ,n, . For large L the discrete set of p—values approaches a

continuum. The number of states is

dN = dngjdnydm

1 3

= (27r)3L dp,dp,dp,
Voo

— ) 4.15
(QW)?,dp (4.15)

The transition probability per particle into these final states is
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VdSpf

dw = |S,|?
‘ fz| (271')3
Z2(47T04)2m(2) m(pfa Sf)ﬁyou(pw 5‘)‘2 d3pf
— Lt 26(E, — E.))? 4.16
EV CRCHY AR A

4.4 Transition Probability Per Particle, Per Unit Time

We smear out the d—function 27d(E; — E;):

/2 . T/2
/ dxoei(Ef—Ei)$0 — . ei(Ef—Ei)$0
—T/2 Z(Ef — Ez) 12
2sin(E, — E.)T/2
- (B — E)T (4.17)
E, - E,
Thus we replace the square of the d—function is replaced by
sin?(E, — E.)T/2
2mo(E, — E,))? = 4 L 4.18
The area of this function is
T BT 4.19
/_OO (Ef_Ez‘)2 fETE (4.19)

Knowing that the “area” under the square of the ¢ is lim,_ 27T, we make the replace-
ment

(2n0(E, — E,))* — 2nT6(E, — E)). (4.20)

Denote the rate R

_dv Z2a’m? |ﬂ(pf,sf)v0u(pi,si)|2d3pf5

T  EV ql* E,

dR

(E, - E,) (4.21)
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4.5 Formula for Differential Cross Section

The scattering cross section can be defined as the transition probabilty per particle and
per unit time divided by the incoming current of particles

Tie(@) = ()7 () (4.22)

Taking the spinors with spin polarisation in the z-direction we determine the current

Toe = i@y (x)

= Eﬂj—& H(ph S¢)V3u(pia Si)
1
_ My (E; +my) (1 0 —Pi 0) 03 g
BV 2m, £ +m, Ei+mo
0
1
my (E, +m,) D, 1 o3 0
EV 2m, E, +m, o® 0 Fop—
0
Di
E;+mo
EV 2my, E, +m, 1
0
p; 1
= L 4.23
Fv (4.23)
v,]
J | =1 4.24
| ’LTLC‘ V ( )
The differential cross section can now be determined
dR  47%a2m2 [u(p,. s,)7 u(p;. s,)|* dp}
do = _ O‘ﬁ?O‘ (p; f)74(p I dp; 5(E, - E,) (4.25)
Use
d3pf = p?d|pf\de (4.26)
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Then the differential cross section becomes

472a?m? [u(py, s ,)7°u(p;, 5,)1* Prdlp;]

do = -
EZ.VW—‘}‘ |al* Ly

dQ, §(E, - E,) (4.27)

4.6 Averaging Over Spin

The differential cross section above can be applied to calculate the scattering of a particle
with initial polarisation (s;) to final polarisation (s ;).

First we give a simple example. From the relation

W' (p, " = €mg) = 0.

we see that

for r = 3,4, where

Z uﬁ(pi’ Si)ﬂﬁ(pw $;) = uﬁ(pi7 T>ﬂﬁ(pi7 T+ “g(pw Uﬂg(pw 1y

= Y wip) Y (p)A 4(p)
= Y e wip)T (p)(AD)).s
= (:A(p))ﬁa (4.28)

where we used the completeness relation
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Using this result and similar considerations we now calculate the spin sum.

Z Zﬂa(pfasfhgg Zua(pi,si)ﬂé(pi,si) Vggua(pfasf)
sf

,0,8,0 sf

_ (p), 7" +my
= E Sty (07 ) )

a,o  sf 0

DI ILACH (v(p);#v) W (p,)

a,0 r=1

= Zi@@&(pf) (VOWVO) i (M) - w(p;)

2m
a,0 r=1 0

S ('YO (py) " +my ”YO) ((pf)ﬂ” + mo)
27”0 ao 27”0 oo

a0

(4.29)

Using this the differential cross section can be written

dsd, -~ 2[qt

do  47%a*m? ) Y +my (pr), " +m
o amg {70( ),ﬂ 070( f) Y 0 (4.30)

2m0 Qmo

4.7 Taking the Trace of the Product of Gamma Ma-
trices in the Differential Cross Section

We first prove that the trace of an odd number of y—matrices vanishes. To do this we
use (%)% =TI and v,7° + 1%y, = 0.

TT’)/“ Sy, = TT’)/“ .. '%7575

"Try,. -7, (4.31)



where in the third line we used the cyclic permutation of the trace. With this () reduces
to

do  4Z%a*m? .
= ST (1 (p), "1 (0 ), 7") + m3Tr (")) (4.32)
dSd; 2|q|

We have Tr(7°)? = Trl = 4. To evaluate the first trace we derive a couple of results:
Firstly

v 1 v v
a,b,ITryfy" = a“by§TT('y“'y + )
= a b Trl

= da-b. (4.33)

where we have used p and v are dummy variables in the first line. Secondly, starting with

a,b,c.ds Troyty"~7y° = 2a-b c,ds Try"y° —b a c dg Traty¥~7~°

wovTy T e

= 2a-bcdg Try'y° — 2a - cb,ds Tryk~?

+ bucyavdé Traytay¥ ~7~°

= 2a-bcdg Try"y —2a- ¢ b,ds Tryty°
+2a-db,c, Trot~Y — b,c,d a; Traytay¥ ~7~°
then using the cyclic property of the trace we find
a,b,c d; Troyty"~"7° = a-b ¢,d, Tryty” —a-c b,d, Trt~"
+a-db,c, Try*y” (4.34)
Using the second result first with a = ¢ = (1,0,0,0) we get
(P, (f), Tr(Y"°y") =a-p, Tr—a-aTr+a-p, Tr

Now using the first result we have

), (pg), Tr(7°v"7%y") = 4a-p)(a-p;) = (a-a)d(p; - p;) +4(a-p,)(a-p;)
= 4BE, —~A(E,E, -7, 7)) + 4E,E, (4.35)
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4.8 Mott Scattering Formula

The §(E, — F f) function of the cross section ensures energy conservation £, = F 3 thus
E? = E]%:

implying

17, = 10| = Pl

The scalar product of initial and final momentum is the following function of the scattering
angle 6

p;-p; = Ip|*cos
0
= |p/*(1—2sin® =
ol (1 - 220
0
= [*E? (1—25in2§) (4.36)

From this we have for the momentum transfer

lal = |p; —p|l
= \/|pf|2+|pi‘2_pf'pi
= /2p® — |p|cos b

0

A simple exercise, left to the reader, gives us the well known Mott scattering formula

de  Z?0*(1— (?sin® §)

= . (4.38)
d€d; 4ﬁ2\p\25m4g
In the limit § — 0 (small velocities) reduces to Rutherford’s scattering formula
do Z2 2
7 a (4.39)

dSd; B 432|p[?sin* &
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Chapter 5

Scattering of an Electron off a Free
Proton

In the last example we considered scattering off a central potential. Now we make our
first step toward the derivation of Feynmann’s rules by considering scattering off two free
particles.

5.1 Inhomogeneous Wave Equation and Photon Pro-
porgator

In electromagnetism the invariance in Au comes about because the field strength F =
(9//4” -0,A ., 1s left unchanged by the gauge transformations

A (x) = A, () +0,A(x)
We wish to calculate the four-potential Au(x) produced by a source current J”(x) term,
DA (z) — 00, A" (x) = 47 J"(x) (5.1)

We are free to choose the most convenient gauge for the calculation intened to make.

We will choose the Lorentz gauge
9,A"(x) =0
In momentum space this reads
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kAR (k) = 0.

OAY(z) = 4nJ"(x) (5.2)

The solution of the above equation may be systematically formulated using the appropri-
ate Green’s function which we call D (z — y), the propogator for electromagnetism.

OD,(z —y)(z) = 4né*(z — y). (5.3)

The Fourier-transformed proporgator is defined by

Dela=9) = [ G explia- (e = 1D, (0 (5.4)
Using
So—) = [t eplia- (o) (55)

and making comparison we get

4dm
DF(Q) =3 (5‘6)
q
The four-potential A*(z) solving (5.2) is
w(@) = [ aiyDta - ) Iw) (5.7

5.2 Potential of Proton Current

Sy = —ie/d‘lxﬂf(x)'y“fl“(x)\lli(x) (5.8)

At first order the four-potential A*(z) is the field produced by the proton to lowest order
in a.

Sy, =i [ diad'y [ (a)y,,(0)] Dile = ) 7(0) (5.9
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The term in the brackets represents the current of the electron. As the electron and
proton play equivalent roles in the scattering process, the proton’s current should be of
the same form as the electronic current. Therefore we make the replacement

T (y) = e, B ()7 UL (y) (5.10)

where E?(y) and ¥¥(y) have the same for as the electron wavefunctions

My

vily) = EPY u(P,, S;) exp(—iP, - y)
Vily) = ]\fo u(P;, S;) exp(—iP; - y) (5.11)
E?V

where P, and P, denote the four-momentum of the proton, S;, S, and E}, £ denote its
spin and energy respectively. M, is the proton’s rest mass. The proton’s current is then

M2

Ti) = =\ Tty PlE; — B il WP S0 (B 5). (512

Inserting this into the expression for the S-matrix gives

M2
Sy = +Z— EE EpEp U(py, sp)7,u(p; )]

< [ dtadty (%) expl—ig - (z — y)] expli(p; — p;) - 2] expli( P, — P) - 7]

() WP S, s) (5.13)

q% + i€

5.3 Conservation of Four-Momentum

The x— and y—integrations give

/d4xexp(i(pf -p;—q) -x) = 2m)''(p;—p,—q)
/d4y exp(i(p; —p, —q)-y) = (2m)*"(P; — P, —q) (5.14)
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p;

Figure 5.1: Lowest order electron-proton scattering.

The integration over ¢ is then readily done:

/ (gwq)4 (27T)454(pf —bp; - @(277)454(}71" —Fi-d) [_ (12447‘r ZJ

47

TSR (5.15)

= (2m)'0" (P, = P, +p; — p;) [—

5.4 Remarks on the Form of the S-matrix Element

Here we display properties of S-matrix element that are a first step toward “deriving” the
Feynmann rules for QED. The total S-matrix element the reads

‘ Aot 1 m3 M}
sz.:z(27r) ) (Pf—]3i+pf—pi) Mfi 72 EfE‘ E?Ep (5.16)

where

—4m nt
pr— p;)? + e

M, = [H(pfv Sf)(_ie'Vu)u(pia 31)]( [ﬂ(Pﬂ Sf)(_iep'Vu)u(Piv Sil (5.17)

This describes the lowest order contribution. This is put in diagrammatic form in fig (?7?).
The wavy line represents the virtual photon being exchanged between the electron and
proton. The four momentum of the photon is

q=p;—p; =Py = F (5.18)
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e The following factor represents the amplitude for the propagation of a photon
with momentum g¢:

P +ie (5.19)

e There is a factor of —iey, for every vertex.

e These act between spinors u(p,s) describing the free ingoing and outgoing
Dirac particles.

e There is a four dimensional j—function, ensuring conservation of total energy
and momentum in the scattering process.

5.5 The Scattering Cross Section

>
: \\\_’
e x X
1 o !
I 1 x
L. ! X x
1 L )'(
e —> X
k\ [ ] . : x x
\\I
target

Figure 5.2: .

We divide |S,|* by the time interval and the space volume of the reaction (Dirac waves
normalised so that there is one particle per unit volume)

T
fi—yr

(5.20)

Now we come to calculating the cross section. As in section we have to consider the square
of the §*—function

T/2

4¢4 - - _ : 3 o Wy _ P
(27?) 0 <pf -+ Pf b; PZ) = h’m B /2/ d X exp [zx (pf + Pf D; Pz>]
(5.21)
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[(2ﬁ)464 <pf + Pf - P~ Pz)]Q - TV(QW)454 <pf + Pf —DP; — Pz)

(5.22)

To obtain the transition rate to a group of final states with momenta in the intervals

f = 1,2, we multiply by the number of these states which is

VAP, VP,
(2m)? (27)?

number of target particles per unit volume = 1/V

(5.23)

Combining these results with (), we obtain the required formula for the differential cross

section

dPp, PP, 1 1
d — VQ f f W
g 2m) 2n)3 T |1V i

nc

5.6 Lorentz Invariance
Each particle leaving the scattering process contributes a factor

my by
E. (2m)3

f

to the cross section. Consider

/OO d*p 6(p* —m3)O(p,) =

—0o0

(5.24)

(5.25)



where

_J 1 forp,>0
@(pO)_{O for p, < 0

This step function is obviously Lorentz invariant since Lorentz transformations always
transform timelike four vectors into timelike four vectors. Thus we have established that
d®p/2F is a Lorentz-invariant factor.

Now we consider the factor

mo My 1
EZ Ef|JmC\V‘
3,0= v, — v, (5.26)
mc V K3 1
p P,

This gives

my M, 1 B myM,
EE—iP [JinelV - EiEiP|Vi -V
_ my M,
EEP\/v}?+V, —2v,-V,

_ my My
VPIE? + P?E? —2p, - P,E,ET

7 1Tt

(5.27)

We prove that for collinear collisions that this is equivalent to the Lorentz invariant scalar

myM,
\/(pi ) ‘Pz)2 - 7”(2)]\437

because
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moMo moMo

\/(pi - P)? — mg Mg \/(E’LEZP —p, - P,)? —mgMg
_ my M,
VEIE” —2E,El p, P, + (p, - P,)? — miM;
_ my M,
\/(m(Q) +p;) (Mg +P7) - 2EZ‘E¢P p, P, + (pi : Pi)Q — mg Mg
— Moy (5.28)
VPEP? + m2P? —2E.E p. - P, + (p, - P,)? '
As the velocity vectors are collinear we have that (p, - P,)* = p7P7.
my M, _ my M,
\/(pi - P)? — mg Mg \/pzzEz‘PQ +mgP; —2E,El p, - P, + p;P}
M
_ oMo (5.29)

\/pz?Ez'PZ + PZ2E22 - 2EiEiP p;,- P,

We can use this Lorentz-invariant flux factor to write the cross section in a invariant form

m, M mod®p, Myd®p
do = 0% M J? 2n) 08 (P, — Pt py = ) oo e (5.30)
\/(pi - B,)? — mgMg g d d (2ﬂ)3Ef (QW):SE]ICD
5.7 Averaging over Spin
The squared invariant matrix element averaged over initial and final spin is
1 B ee (4m) 2
|Mfz"2 ~ 1 Z u(pfasf)”wu(pijsi) h U(Pfasf)”YMU(PmSi) (5.31)

S¢,Si,85,84
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3™ [ s ) ulpe 5] [Ey, S (B S|

S§,5i,8f,8i

= Z [ﬂ(pﬂsf)’yﬂu(piasi)] [ﬂ(Pfasf)Vuu(PpSi)]

Sr,Si,85,8
[lpy, s )" ulp;, s)1" [Py, Sp)v,u(B, S
= Z[U(pfa Sf)”Y“U(pi’ s;)] [ﬂ(pfﬁ Sf)”qu(pi’ sl

SfySi

Z [ﬂ(va Sf)'V”u(Pw Sz)] [H(va Sf)V“u(Piv Sz)]* (5.32)
54,5

At this point the reader should go throught section A.10. The answer according to (A.66)
is

« 3 Y )
Pra Yt My pigY” +my P+ M, P+ M,
T ’ I T t 5.33
Name T amy T T e oy e B
. e*er(dm)?
My = —L 1 H,, (5.34)

where we have introduced the lepton tensor L*” and the hadron tensor H ) defined as

“+m P +m
o — 7y |2 0 Pigd 0 v (5.35)
2m,, 2m,,
and
oo [P M P’ + My (5.36)
w 2M, weoooM,

Using methods already introduced in the previous section on Coulomb scattering, we can
easily evaluate the trace in the lepton tensor L* to obtain:

v 1 1 14 4 v
L = S [p‘;pi +pi'p = 1" (py - p; — my) (5.37)

The Hadron trace has the same structure, we just replace small letters by capitals and
lower the spacetime indices.
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5.8 Differential Cross Section in Rest Frame of Pro-

ton

The calculation of |M fi|2 which we leave to the reader results in

2 e, (4m)” P)(p, P P P
? = AmZM2 ()2 (p; - P)py - Pp) + (p; - Pp)(py - )

~(p, - p;)ME — (P, - Ppym? + zmgMg] .

fi

Let us work in the rest frame of the proton. We define

p; = (E,p) =
p; = (E,p)=ip
b= (M,,0)

(5.38)

(5.39)

We calculate the differential cross section for electron scattering into a solid angle d€
centered around the scattering angle #. Thus we will integrate the differential cross
section over all momentum variable except for the direction of p,. First we will want to
write down the spin averaged differential cross section in the proton rest system. The

invariant flux factor reduces to

myM, _ myM, _ My
V(- P)—m3Mg  /E?MZ —mZMg [P

We will use

M d*P OM.  [®
LR 0/ d'P, §(P? — M2)O(P)).

(2r)3E} — (2m)

—00

The spin averaged differential cross section da is then

dr = CXIMPCn)'S (P 4y - P— )
my 2My [ 4 2 2 0
><(27T)3\p/|dE/dQ’ X 2n) /_Ood P, §(P; — M3)O(PY)

Now integrating over dE' and d*P; we obtain
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do _
o = [ @)

by /dE’\p’l | M2 (0 — P, —p)* = M) ©(P) + E — E')
|p|2ﬂ.2 fi ) 0 )

m2M Mo+E
= TQ 3/ dE'|p| [M,]?5(2mg — 2(E' — E) — 2E'E2|p||p’| cos )
PI2T7 Jim,

(5.42)

where the upper limit in the integral comes from the step function and the lower from
the fact that £’ cannot be less than m,,. Furthermore, the argument of the delta function
has been expressed in terms of the kinematical variables of the laboratory frame. The
remaining integral over E’ can be performed using

O

x; being the roots of f(x) inside the range of integration. We get

o mgMy || Ml (5.43)
Y " 4 [p| M, + B — [p|(E"/Ip/]) cosd |
where we have used d|p’|/dE’" = E'/|p’| and we have for £’
E'(M,+ E) — |p||p/| cos 0 = EM, +m{, (5.44)

For given scattering angle # the final energy E’ of the electrons can be determined as a
function of E and 6. The resulting £’ and the corresponding |p’| = E? — m2 have to be
inserted into (5.43).
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Chapter 6

Scattering of Identical Fermions

We can take over many aspects of electron-proton scattering. But now because the two
particles are of the same type there is no way to tell which of the two emerging electrons
was the “incident” and which was the “target” particle. This is taken into account by
adding the amplitudes for both processes but incuding a change of sign since we are
exchanging two identical fermions. The resulting total amplitude is then

/ / / /
p1 p2 p2 pl
A A A A

Py Dy Y2 Dy

Figure 6.1:

1 | md m2
S o= _Z 0 0 9 454 Y A
fi 9 E1E2 EiEé( ﬂ—) (pl +p2 pl p2)

Y

X {+ [U(pll, 3/1)(—i67“)u(171, 31)] (pl _ p/1)2 + e

Y [ﬂ(p/p 3/1)(—ie’y“)u(172a 82)]}

(6.1)

[ﬂ(p;, 3/2) (_i67“)u(p2> Sy)]

= [, ) (e, Julpy. )l o e
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6.1 Averaging over Spin

The squared invariant matrix element averaged over initial and final spin is

\MﬂP
1
p ) p ) )7H(plvsl )ry‘uu(p ) S )
05 30 30 101417, 50) s
81751 52782
2
(] / 1 — ! / " 62
u(p2732)ryﬂu(p1731>(p _pé)gu(phSl)V u(p2,82) ( : )
1

We gain familiarity with calculating spin averaging, the reader will be left to put together
the results to obtain the final answer. Consider the mod-squared terms in the square
|-+ |%. Take the first such term:

Z Z pla (ppsl)) (H(pévs/Q)ryuu(pQ’SZ))

sl,sl 52,82

x (u(py, sy)v,u(py,5,)) " (WD, s5)7 Py 55))

= | @, s)vupys,)) @0y s)y,ulpy,s,)”

’
51,51

X Z (ﬂ(p;, 3/2)7”u(p2’ 32)) (ﬂ(p;, 3/2)7Vu(p2’ 32))* (6'3)

/
89,52

It is sufficient to consider just the first sum over s, s,, since the second term s}, s, has the
same structure. The reader should see section A.10 on how to turn this into the following
trace

p1a7a + m0’7 pllﬁﬁyﬁ + my

Tr |v o .
0

I (6.4)

Now we consider the more complicated mixed terms in the square |---|?>. The first of
these is
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O (@), s, upys 51)) (@05, )7 u(py, s,))]

81,51 sh,s2

[(_(p/w /)7;/ u(py,; s )) (ﬂ(pp )7 u(p27 ))}*
ZZ u(py, s VUPP )( ulpy, s (P2’3/2))

81,51 sh,s2

X (@, 5)7,u(pys 55)) (Wpy, 85)7,u(p), s1))
DY+ m
ZZ ( u(ph, s1) T{)O%U(ﬂm 3/2))

_ Py +m
« (U@;,S;MTW@;@) (65)
0

where we have used the identity

P+ m
R )
aB

0

We use this identity another two times to obtain the final result

P g PasY” +my P+ Mg ,y,,piﬂa +m,

v

(6.6)

Tr |,

2m0 2m0 2m0 2m0

In section A.1 we provide theorems on the trace of y—matrices sufficient for the reader to
evaluate the above expresions.
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Chapter 7

Electron-Positron Scattering

7.1 Scattering of an Positron off a Coulomb Potential

Dy, — 5y

_pia _SZ'

Figure 7.1: The incoming positron with momentum p, and spin s, is described by an
outgoing electron with negative energy, with momentum —p, and spin —s,. Similarly for
the outgoing positron.

1 m2
:—Z 2~ 0
sz iZe v EfEZ'

| 1
E(pi,si)vov(pf,sf) /d4x pipr—pi)w _—_ (7.1)

2]

7.2 Electron-Positron Scattering Amplitude

Make the replacements

an incoming electron spinor u(p,, s;) — an outgoing positron spinor o(py, sf)
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(7.2)
Dy —Ph
A Y
q=p, — 1}
A Y
Py _52
Figure 7.2:

The exchange amplitude

sz (exch.) = “EE “E’E’ (2 454 (py +p2 p1 2y

Z47T / / . — -/
p2> 52 (pp )] (p ST 26[ (pp 31)(—Ze”yﬂ)u(p2, 32)]
(7.3)
o
—&Pr— T E—
_.ﬁ{l—
2m,, I 2m,, I
—_ﬁ2 _]_92
. —o
Py Dy
(a) (b)

Figure 7.3: (a) The intial state. (b) The final state.

106



The exclusion principle requires that antisymmetric combinations of amplitudes be chosen
for processes which differ only by an exchange of particles. In the final state, fig (?7), has
to be antisymmetric with respect to the exchange p} < —p,

_]_72 —]_?/ _
A vy P —Ph

/\/\/\/\0 ’ P, + Dy

pl _ﬁz

(a) (b)

Figure 7.4: (a) . (b) The exchange graph is usually written this way.

7.3 Remarks on the Form of the S—Matrix element

7.4 Crossing Symmetry

The squared invariant matrix element for electron-positron scattering can be obtained
from the squared invariant matrix element for electron-electron scattering by making the
following substitutions of four-momenta

po—
Py = P

py, — D

Py — —D,. (7.4)
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Chapter 8

Scattering of Polarised Dirac
Particles

st is a Lorentz vector which is properly defined in the rest system of the particle where
it reduces to a spacial unit vector

(") s = (0.5). (8.1)

We wish to obtain the components of s* in a frame in which the particle moves with
momentum p. What is the Lorentz transformation formula os an aritrary four-vecto a*
for when v is not parallel to the x-axis? Consider

a” =7 (a"—v-a), a’za—l—(v.a(’y—l)—’yaO)v (8.2)

where

Specialising to v = (v,0,0) we find

O/

a” =~ (a® —va,), (8.3)

(. d)pdl) = (a,,a,a.) = (S5(1=9) = 7a,) (0,0,0) (8.4)

which reads separately
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a =a (8.5)

a, =(a, —va,), a,=1(a, —va,), &;/ =4, a z

We want the inverse of this transformation which is easily obtained by making the re-
placement v — —v. We have that s” = 0. We obtain for s*,

v-s

st =|yv-s', 8+ ——(y-1)v (8.6)
v
We use the following:
p
= = 8.7
v E’ ( )
E /v =m,, (8.8)
B 1
! /1 —p?/E?
E E
= = —, (8.9)
F2 — p2 mo
v—1 E/my,—1
E? —p? (E 4 mg)(E —my)
1
= —, (8.10)
my(E +m)
so that () finally becomes
T ) AL (8.11)
st = , _ ,
my my(E +m) p
Because of the Lorentz invariance of the four-diemnsional scalar product it follows
88" = (8,)ps(8")ps = —8-s = —1 (8.12)

and
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P's, = (") gs(s,)ps = (my,0,0,0) | 7 | =0. (8.13)
Yy
So we have the normalisation and orthogonality relations
s?=-1, p-s=0. (8.14)

We will specialise to helicity states, namely states where the spin points in the direction
(or opposite direction) of the momentum:

s\ = )\%, where A = +1. (8.15)
p

Substituting this into (8.11) leads to the spin four-vector

2 E
s“:A(M,ﬂJr—p E)ZA(M,—ﬂ) (8.16)
my |p| mo(E + mo) ‘p‘ mgy My ‘p‘

After this preliminar work we now look the cross section for Coulomb scattering.

8.1 Polarised Electron Scattering of a Coulomb Po-
tential

do 47%*m?
d_Q(Si’Sf) - To|u(pf7sf)70u(plasl)‘2 (817)

We introduce auxialiary summations over the spin orientations s; and s, using the spin
projection operator (s) which suppresses the “wrong” spin state u(p, —s).

do AZ*a’m?
d_Q(Sia Sf) = WO <U(pf, Sf)”)/ou(pp sl)) <Uf(pi, Si)’YS”Y(T)U(pf, Sf)>
47*a?m? B X ) A
- WO Z (u(Pf, )78 (s, )u(p;, si)) <“(pi> S5, ulp;, 5}))

(8.18)

The same calculation as in (4.29) but with the replacement 7) ; — S 7% (%) 53
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do 4Z*am} o )My (), g

40 — 2% S (gm0 e N v 0

dQ(S“Sf) lq[* r {70 (5:) 2m,, To (Sf) 2my, ]
 4Z%m? 1+ 7,577, (), 0" +my 1458575 (0,),7" +mg
BT 0T om, 0 2 2m,

(8.19)

8.2 When the Incoming Beam is Unpolarised

Before examinig the above we warm up by looking at when the scattering process in which
the incoming beam is unpolarised, and ask if polarisation of the scaterred particle takes
place. The above cross section is then replaced by

do _14z'ePmp , 14 7,57y, (0), 7" +my  (pp),0" +my

do, y_14Z0'my 8.20
a8 = 3 FE 0T g om,  ° 2m, (8.20)

The factor 1/2 comes from averaging over the initial spins.

Expanding (8.20) we find the traces

Ty Y0 T, TT% Y57 Y, Y0, and Ty Y57, %7, -

It is easily seen this reduces to evaluating

Trysvys  TTY57,7,7,, and  Trygy,v,.

The first two obviously vanish as the trace of the product of v, and an odd number of v
matrices is zero

Trygy,---v, = (0)"Try, 07 = (=0)"Tryy, -,

where we first used V57, = Vs and then the cyclic property of the trace. We consider
the last trace. Say first that © = v then

Trysy,, = Trys(1,)* = 1 Trys. (8.21)

As Y5y# + 4#~5 = 0 and thus inparticular 4°9% = —v54% we get
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Try, = TT75(70)2
= Ty’
= —Try,(7°)?
= —Try, =0. (8.22)

Now if y1 # v we choose A that differs from y and v and use v,757,7, = (—1)375%%%\

Trys1, = Trgy o i
= TryyYsY, Y, Y
= (=1’Trygy,
= —Tr%vu'yu:o. (8.23)

Thus the cross section is independent of the final spin and agrees with half the unpolarised
Mott scattering cross section

do B Ldoy, ..,

ols) = 5 (8.24)

Thus at first order in perturbatin theory Coulomb scattering of electrons does not lead
to polarisation of the incoming beam.

8.3 Polarised Scattering

We assume that the spin of the incoming electron is parallel to its direction of motion,
i.e. it has well defined helicity A\, = +1

E p.
A (M —&) = A8,

mo7 my ’p’

FE
Sp. = A (M,—&) = Aps; (8.25)
Af v \my myg|p|

Dropping terms we know to zanish from the previous example, the polarised scattering
cross section becomes
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do  4Z%’m] { 1+ 7,87y, ()" +my  1+y84y, (p),7" + mo}
0

TORL PE 2 om, 0 2 2m,
4Z4oz2mg 1 1 ,
- PE 4 (2my)? (TT[Vo((pi)MVH + mo)%((pf)zﬁ +mg)]

FAA Trlg 15577, (), 7"+ mo)5355535 (), +m)))
(8.26)

Here we define the degree of polarisation P of the scattered particles by as the difference
between counting rates for the positive and negative helicities, normalised by the total
counting rate:

do (A
P pu—
o

do (A

! (8.27)
!

+1) —do(A; = —1)
+1) +do(A; = —1)

If the initial state is fully polarised, e.g. A, = +1, the final degree of polarisation becomes,
using ()

Tr[v7s87 Ve ((P) " + M) 67587, (), 7 + M)

B @0, oo+ )

(8.28)

The evaluation of the trace in the denominator is done along the same lines as early
calculations. Expand the numerator, using that the trace of an odd number of v matrices
vanishes,

Trlve 5877, ()" + M) 1575577, ((0p)" " +my)

o 0, v

= TPy TrlY, 70,0005 + mes? st Trivg v 7s) (8.29)

To evaluate the first trace we generalise the result of () to arbitrary even number of ~y
matrices. We know

Trokt ok = 2k pahs oyt — T2l lis o ykin

Repeating this procedure we get

Tryft . oyt = 2l paks o b —
2nkrEn Tpayhz o Ahn
—Tryhz A
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Using the cyclic property of traces we get

Trtt ..

LA = PR Tpahs [ Ak

To do the calculation we need the following scalar products:

It satifies the orthogonality relations. Firstly

Similarly we have

Similarly we have

p| £ p,
P8 = (E,pi)-(u ——)

my Mg |p|
E P - P:
= (el - PP o
m, p|
pp-S; = 0

my’ my |p|

E pi'pf
= —(Ipl = )

m Pl

E
= ﬂ(l—cos@)

My

Elp|

= ——(1 —cosf

PsiE (1 — cosf)

e (H E&) . (M E&)
! m07m0|p| mojmo‘p‘

1, B

= m_(g)(p _Epi'pf)
I 2

— (p?— Ecosf
m(2)(p cos )

P p; = E? — p*cosf
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Lrykm

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)



We leave the details of the calculation to the reader. The result leads to

2sin ¢
P=1- i (8.37)

2
£ [4 i 0
< ) 0082+81n2

mo

In the nonrelativistic limit £ — m,, this reduces to

0
P~1-— 25in§ = cos 0. (8.38)
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Chapter 9

Bremsstrahlung

When electrons scatter at protons or in the field of a nucleus, they can emit real photons.

Dys Sy

Dy Sy

Figure 9.1: (a) . (b) .
Bremsstrahlung is a second order process

S = —ie? / dyd'zy (2) A, (V" Sp(x — y) A, (Y)Y, (y)

the outgoing photon by

the incoming electron
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the outgoing electron

and the Coulomb potetial is

AP (z) = — = (9.5)

S = ¢ / Ay s (2) [(—iA, (o, Ey)iSp( — ) (—in®) A (y)

(=) A @)iS p( — y) (—iA, (9, k))| (@) (9.6)

Again we transform to momentum space. The Fourier transformation of the Coulomb
potential

Ze &g 1 _,
2 _7e4 — L e 9.7
K~ 2° g PP’ 61

Substituting all of the above into (9.6)

_ 2 4. 74 m ippx . am —ik-x ik-x
Sy = e /d yd x( /E v u(py, s;)e™s ) [—z( 5oV e, (k,A)(e +e )) A
J4 —ip-(z—y) dq 1 .
X (/ p4 Zi , ) x (—iyY) (—Ze47r/ qg—Qe’q'y)]
(2m)* p ™ — myg + i€ (27)? |al

m

Do —ipiy . 9.8
X ( EVu(p” s;)e ) + exch (9.8)

rearanging
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Zeddn [4m | m3 4o q d4
Sp = S\ 5 1/EE/dd i

je~ i (@—y) e~y

Xﬂ(pf,sf)eipf'x {_ieu,y,u(e—ikm + eik-:v) P — i (—Z"}/O) ’q‘g
« 0

e~y jemip(z—y)

la]? p e —my + e

(—in")

(_ieﬂvu)(e%k-x_‘_eikm) (p27 Z) —ip;y

(9.9)

Peforming the integrations

/d4 (e i (pr—k=p) 4 giz(psth— p)/d4ye —q+p—p;)

= [2m)*6'(p; — k —p) + (2m)'6 (p, + k — p)](27)*6 (¢ + p — p;)

/d4 ( iy-(p—k—pi) 4w (p+k—p: )/d4x€i$'(Pf+q_P)

= [@2m)'6 (p =k —p,) + (2m)"0" (p + k — p))(27m) "0 (=g +p — p;)

The S—matrix becomes

Zeddmw [4m | m2 d®q d*p
S, = ——1/= 0 /d4yd4x —
fi V32 2w \/ EE, (2m)3 (2m)*
< {1m)10 () — k= p) + (2m) 0 () + k= ))(27)'0 (g +p — p,)
_ o i 1
Xu(pf78f)( ZG}L’Y )pa7a_m0+i€( Zry )|q‘ (p7,7 Z)

+[(2m)*6 (p — k —p,) + (2m)'* (p + k — p,)](27) 6 (=g + p — ;)

1 1
u —i~0 —3 9.10
g5 0 (il s) | (9.10)

In the following we will need the formula

/dxé(x —a)d(z —b) =d(a—0).
Consider the momentum integrals coming from the direct graph, we find
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/ (;Z_Wq)3 / %(%)454% +k—p)2m)'0'(p —q—p,) f(p,|al)

_ / (;33 (2m)5"(p; & k= a = p,) (. |al)

= 27r5(Ef_Ei:tw)f(P>|Q‘) (9.11)

where ¢ = p;+k—p, and p = p, £ k. There is something similary for the exchange graph.

Since we want to describe photon emmission the electron loses energy, E ; < E;, which

correspnds to B, = E; —w - this is the arrangement measured experimentally. The

S—matrix we require to describe emmision of a photon is then

Am m2  Arx
S.. = —Ze2nd(E —E.)y/ 0
fi e 2T ( f“‘(&) 7,) QWV EfEZVQ ‘q|2
1
X u(p,,s —1€e, Y* —1ry
( f f) ( o )pfyﬂyl,_‘_klyﬁyy_mo( 0)

1
pfyﬁ)/y + k‘y’.}/y - mo

+(=17,) (—iqﬂ“)] u(p;: ;) (9.12)

Using the relations p; = p7 = mg, k* = 0, we have

1 Pt kA" +mg
Py Mtk — myg e B (py + k) —mg + ie
pfﬂ“ + k:/ﬂ“ +m,
, (9.13)
2pp -k +ie

9.1 Remarks on the Form of the S—Matrix element

e At the free vertex, where a free photon with polarisation vector €, is emitted,
a factor

i) (—ie,7") occurs

ii) and the normalisation factor of the photon /47/2wV enters.
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9.2 Bremsstrahlung Cross Section

We can simplify the notation by writing

= iZe%2 5(E; "M 14
Sy =iZe’2mw +w— ”2wV EEV2|q\2€ (), (9.14)

where

PV R+ mo,y o P — k" +my
2p; - ke 00 —2p. -k +ie

M, (k) =T(p,,s,) |7, n] u(p;, s;) (9.15)

The bremsstrahlung cross section is given by

do =

: Vi Vdp,
(2m)* (27)°
Z2e8 4m m§  (4m)?

|vil | fi
5T
Pk dp;

= — "M (k)|]* 276 (E — E. 9.16
VW, Jq ¢ O e B G G 1)
9.3 Sum Over Polarisations of Photon
We know that gauge invariance implies the condition of conservered current
oJ (x
“( ) =0, (9.17)
axu
where J (z) = ﬂ(x)vuzﬁ(x). In momentum space the conservation condition reads
k"J#(k) =0 (9.18)

Now the matrix element M (k) given in () is a quantum mchanical transition current for
Bremsstrahlung in lowest order perurbation theory and also satifies

kM, (k) =0 (9.19)
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This condition is easily verified using kA", = —p "k, + 2p - k and the dirac
equation:

u(py, sp)(pp " —mg) =0, (p, 7" — mg)u(p;,s;) =0

_ P R+ mg i — kA +m
KM (k) = , k ~* K K k ~"
;L( ) u(pf Sf) “,-)/ 2pf . k + Z.E 70 70 _2p2 . k + Z.E yﬁ)/ (pz7 z)
o ) —(pp " —mok A+ 2p, - kK
- Wy I 2pp -k +ie To
—k, ¥ (p, 1" —mg) +2p; -k — K
2p; - k 2. -k
_ 3 ! L S W
= ulpys) 2pf~k+i670+70—2p2. -k + e u(p;; )
= 0 (9.20)

We now perform the summation over the photon polarisation vectors e“(k, A) with A =
1,2. The quantity of interest is

[e- MR =" le,(k, VM (k)]> = D e, (k, Nes (K, \) M* (k) M (k) (9.21)

A=1,2 A=1,2

We work in the radiation gauge and choose a particular coordinate which simplifies the
calculation. Consider the coordinate system such that the momentum vector k points in
the z-direction

k* = w(1,0,0,1) (9.22)

We choose the two transverse polarisation vectors

ek,1) = (0,1,0,0),
ek,2) = (0,0,1,0). (9.23)

Now we use the condition of current conservation

EHM* = w(M® — M?) =0, (9.24)
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which implies M° = M3. Therefore we can write

le- M2 = M'M* + M>M** + MPM*® — M°M* = —M M** (9.25)

Obviously this is Lorentz covariant. In general we have

Z e, (k, D¢, (k,2) = —n,, + gauge terms. (9.26)
A=1,2

The additional terms are proportional to ku or k, and thus do not contribute to any
observable quantitiy since the sum is multiplied by conserved currents which satisfy k- J.

9.4 The Infrared Catastrophe

A photon may be emmited which is too soft to be detected because of the energy resolution
AFE of the apparatus. Consequently, the experimental cross section is the sum the cross
section for bremsstrahlung of energy less than AFE and second order (raidiative corrected)

elastic cross section, i.e.,
do do do
(@), (@), (@), o)

Here (do /€Y) 5 is the soft bremsstrahlung cross section integrated over the range of photon
energy 0 < w < AE and (do /), is the cross section for raidiative corrected elastic
electron off the Coulomb potential.

Ze Ze

Figure 9.2: The two types of lowest order radiative corrections to elastic scattering of an
electron of a Coulomb potential.
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Chapter 10

Compton Scattering

We describe the incoming photon as a plane wave:

4 , .
™ € (k, )\)(efzk-x_‘_ezk-x)

Ayl k) = 2wV

and the outgoing (scattered) photon by

4 1! e 1! e
A (@ K) =\ 5o ek N e 4 )

the incoming electron

the outgoing electron

S = € / dad'y () [ (=iA, (y, K1) iSple = y)(~iA, (3, k)7")

+ (=14, (y, k)y") iSp(z — y)(—iA, (v, k’)v”)] ¥;(y)-

From previous experience we know to write this in momentum space to be
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Pys S Pys S

Figure 10.1: The direct and exchange diagrams describing Compton scattering.

62 mg (471)2 4
.= Tt/ \/ = (27 p, +K —p —k
Sfl ‘72 E/WZE/Wf 2 2 /( ) (f i )

1
pﬁ,’Y” + kyﬁ)/y — my

X U(pfa Sf) (—ie;'y“) (—i€,77)

l

pf,fyy - k},ﬁ/y —my

+(—i€e,7") (—ie.77) | ulp;, s,) (10.6)

In going from (10.5) to (10.6) we integrated over plane waves which gave delta functions
which impose energy-momentum conservation at the vertices. It results in four different
processes, two of which are not allowed kinematically: the emission or absorption of two
photons by a free electron. A third process is not compatible with the kinematic conditions
fixed by the experiment. The process describing Compton scattering corresponds to the
followings constraints on four momentum:

+k+p, = +K +p; (10.7)

The situation is similarly to what we encoutered in Bremsstrahlung in that not every
term is physically relevant for the process considered. The term in the Compton scatter-
ing amplitude stems from the part exp(—ik - ) of the photon field in (10.1) describing
the absorption of a photon with four-momentum £* by the electron and from the part
exp(—ik’ - 2’) of the photon field in (10.2) describing a photon emitted by the electron
with four-momentum k.
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10.1 Compton Scattering Cross Section

We split the S-matrix into two parts:

e” my (4m)? 454 v
Sy = ~iy3 1 / EiEf” 2w2w/(27r) (py+k —p,— k) (K, N)e"(k,\) M, (10.8)

Here M, is the Compton tensor

P + k" +mg v+ P — k" +my
2p, -k + e v Yo =2p, - K +ie

Mw/ = H(pfu Sf) |:,7N IYM u(pw Si) (109)

we have

K*M,, =k'M, =0. (10.10)

puv
The proof is analogous to the bremsstrahlung case.

The cross section starts as

(10.11)

p :/ 1SuP Vdp vk
T\v,,I/V (2r)3 (2m)3

with

Sul” 18P
T VTV

being the transition rate per unit volume and normalised to one electron per volume.
|V,.1l/V is the incoming photon flux.

4 2
€ m

do = 10.12
7 T ViEE, (10.12)

We calculate the cross section in the laboratory frame.

p;, = (mm 0)
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Also

V,ul =lc—v,]=lc|=c

We use the covariant expression for the density of final states:

dgp > 4
°E = d*p 5(]9 - mo)@(l)o) (10.13)

Averaging over initial and final electron spins and polarisations

—ZZW (K, N)e"(k,A) M, |* = %ZM“”M:V (10.14)

pol spin spin

(on account of (10.10) and (9.26)).

the unpolarised differential cross section for Compton scattering is then

do o (W [w o
m:% (J) {J—l-;—sm (9} (10.15)
10.2 Annihilation of Particle and Antiparticle

Sy = ¢ [ty @) (i, (00" S, — 5) (=i, (0. k))

(=i, (g k") iSp( = ) (—iA, (5, K)7")| (). (10.16)

To fit the experimental situation both photon outgoing plane waves should be used. We
are lead to the following expression in momentum space:

o= \/ )0tk + ky —p, —p_)
w w2

i
* Wpes)|( 7’62“) _aY T Ryt —my

Z
P — Ky v* — my

(_ielu’yy)

+(—ie;, ") (—i€g, ) | ulp_,s_)

(10.17)
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Figure 10.2: Direct and exchange graph of pair annihilation into two photons.

10.3 Second Order Electron-Proton Scattering

Before we state Feynman’s rules for QED we wish to examine how to formulate the
amplitude for a second order scattering problem, namely the secon order S-matrix for

electron-proton scattering.

The amplitude for second order electron proton scattering

S = ie? [ dhadyy(@)4,078, (@ ~ ) A0

The second order electron current is given by

T (x,y) = ie* () 7,Sp(x — y)7, ¥i(y)

We generalise the relation

Al () = /d4y Dp(x —y) J*(y).

by conjecturing

A (2)A,(y) = / d*Xd'Y Dp(x — X)Dp(y —Y) 2P (X,Y).

By symmetry the proton current Jﬁf) (X,Y) should be

TA(X,Y) = ie* Y5(X) 7,5p(X = Y)y, (V)
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Substituting () and (10.20) into

S (dir.)

y)v” v ()]
F(y - Y)

=Yy, i(Y)] (10.22)

Figure 10.3:

Since the two photons emitted by the proton current are indistiguishable the electron
at x does not know whether the photon absorbed there has been emitted at X or Y.
According to quantum mechanics we must coherently add the contribution coming from
the corresponding exchange graph in (10.3).

Sﬁ) (exch.)

262/d4xalyd4Xal4Y

X[ ()9S p(z — y)7” ¢, (y)]

XDF(x ) (?/_X)

XX, Sp(X =Y )y, ¢P(Y)] (10.23)

Notice how the indicies p and v in the ‘proton current’ term have been exchanged with

respect to the direct term.
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Figure 10.4:

10.4 Feynman Diagram in Momentum Space

As always, the external particles (incoming and outgoing electron and proton) are de-
scribed by plane waves. The direct term becomes

@) ; _ (47)%e* / 4 drud X dAY mg Mg
S/ (dir.) = e d*xd*yd*Xd 5,5\ ETET

d*q, d*q, d'p d‘P
/(27?)4 (2m)4 (2m)* (2m)* (10.24)

It is easy to perform the integration over spacetime coordinates. It results in the product
d*—functions:

(2m)*6%(q, +p —py)(27)*0 (@, = +p,)
x(2m)'6Y(—q, — P+ P)(27m)"'0" (=, + P — P,). (10.25)

Each §*—function expresses the energy-momentum conservation at one of the four vertices.
Now we can integrate over
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, 47?24 m Mg
SP(dir.) = /E%‘/EPEP (2m)*6 (P, +p; — P, — p,)

/ dtq, 1
(2m)* qf + i€ (¢ — ql) + ie
1

X |uw , S ® . yu i’Si
(pgosp)y P — G, i ulp )]

(P, S,) .
X .
2 )T P+ a1,7" — My + e

u(PLS)|  (10.26)

Figure 10.5:

4 2 4 M2
Sﬁ)(exch.) = ( ™) ”EpEp (2m)*ot (P ' +pr— P —p,)

" / d4q1 1
(2m)* qf + i€ (g — ql) + i€
[ 1
pfoﬂ/a - Q1a'7a - mo + L€
1
on — G — M, + e

x |a(py, s ;)"

7 ulp;, 31)]

(10.27)

X E(Pfﬂs) ryuu(P)NSz)
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Pgs Sy | ‘Pf’Sf
qa—4q
Pr—a P —q
=
b5 A P,S,
Figure 10.6:

10.5 Remarks on form of scattering Matrix

e cach vertex contributes a factor of the form —iey,,...

e cach external particle yields a facttor \/m,/E.
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Chapter 11

Feynmann Rules of QED

There origins should be clear to the reader.

11.1 Scattering Amplitudes

We consider a scattering process in which two particles, they may be electrons, positrons
or photons, with four-momenta

b, = (El-,pl-), 1= 1727

collide and produce N final particles with momenta

p;=(E;ps), [=1...,N.

Individual energy-momentum conservation at each verrtex leads to conservation of total
energy-momentum, represented by the delta function

5 <p1 +py, — Zpi) )
=1

The scattering matrix element Sy, is given by

i=1
The normalisation factors N;:
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/ /! / /
Py,my Py, My

Yy '
D> My

pl,ml p2’m2

Figure 11.1: We are considering reactions in which there are two particles in the initial
state and n particles in the final state.

N, =

7

{ 47 photons (11.2)

2m, spin — %particles

After drawing any Feynman diagram in momentummm space we see clearly how to trans-
late the various lines in the graph directly into mathematical expressions.

The Feynman rules concern the calculation of the reduced scattering matrix element M.
A Feynman graph describing a scattering process consists of three parts:

(1) the external lines representing the wave functions of incomingand outgoing particles,
(2) the internal lines described by propagators, and
(3) the vertices representing the interactions between the particles.

With each external line one associates the following factors:

u(p, s) time

Figure 11.2: An electron entering an interaction.

electron:

— 11.3
p? —md +ie ( )

photon:
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E<p7 8) time

Figure 11.3: An electron leaving an interaction.

o(p, s) time
Figure 11.4: .
—idm nt
DY (k) = ——— 114
) = (11.4)
Each vertex is associated with a factor
—i€y,. (11.5)

a) a factor of -1 for each incoming positron (outgoing electtron with negative energy)

b) a factror of -1 in the case that two graphs which differ only by the exchange of two
fermion lines.

c) a factor of -1 for each closed fermion loop.

For each internal loop, integrate over

/ g
(2m)*
11.2 Differential Cross Section

To obtain the transition rate to a group of final states with momenta in the intervals
f=1,..., N, we multiply by the number of these states which is
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U<p7 S) time

Figure 11.5: .

p
[ ———_—

Figure 11.6: Electron propagator.

Vdip/
i
11.
1;[ (2m)? (11.6)
1 al &*p)
do = N, N,2m) 6 (p, +py— Y PDDSIM)P | === (11.7)
4/(py - py)? —mim3 +* S Zl d 1;[219}(%)3

The degeneracy factor S exists when the final state contains identical particles. Its taken
into account by

Szﬂi!, (11.8)

where g, particles of the kind k in the final state.

11.2.1 External static electromagnetic fields
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Figure 11.7: Photon propagator.

I
Figure 11.8: Vertex

136



Chapter 12

Renormalisation

12.1 Divergent Feynmann Diagrams

12.2 Dimensional Regularisation

We introduce the I'—function:

I'(z) = /000 e "u*du (12.1)

Integrating by parts

I['(z) = / e "u du
0

— [—e_"uz_l]go + /OOO e "z — 1)u**du
= (z=DI'(z=1). (12.2)

If z is equal to an integer n then,

o
ey du

['(n) =

S~

n—l)(n—2)...1/ e “du
0
-1

(
(n—1)! (12.3)

3

So the I'—functionis also the factorial function. The following forumal can be
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12.2.1 Feynmann Parameterisation

1 L(m+n) [! u™ (1 — )"t
I

ambr C(m)T'(n au + b(1 — w)]mtn

Derivation.

L1 /1 1y 1t
ab b—al\a b) b-a t2

Defining x = b+ (a — b)z,

1 1 du 1 du
@:/0 b+ (a — b)u]? :/0 [au+ b(1 — u)]?

This can be rewritten as

1

1
P /0 du,du,d(u, +u, — 1)

1

[ajuy + ayu,)?

Differentiation with respect to b gives

I

abr — (n—1)ldb"ab
C(=pnlget du
 (n—1)!dbr- 1/ [au + b(1 — u)]?

/1 du(l —u)"!

= n

o lau+b(1 —u)tt
Differentiation the previous result with respect to a gives

1 (_1)7171 dmfl i
ambn (m — 1)l dam=1 ab™

(—1)m1 gt /1[ du

" —DVdam— Jy Jau + (1 — )]n+1

(m
_ T(m+n) / duum 11— )t
L(m)L(n) J, [au+ b(l — u)]”””
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X (n+1)-- n+m—1 /1 duu™ (1 — u)"?
0 au+b1—u)]m+”

(12.4)

(12.5)

(12.6)

(12.7)

(12.8)

(12.9)



Equation (12.7) generalises to

#:F(n)/oldul---/oldun[ Oluy +Hu, = 1) (12.10)

aa,...a, Uy @y + Ugly + -+ -+, a, ]

We can prove this by induction,

1 1 1

al...am+1 am+1a1...am
1 S(uy + - +u,, —1)

1 1
= I'(m du, - -+ du
am—i—l ( ) ~/0 ! /0' " [ulal + u2a2 +eeet umam]m

1 1 m 1 1
= F(m)/ du / du, 0(> u,—1 — —
o 0 ; )am-l—l 220 wa,]

1 1 m 1 dw (1 —w )mfl
= F(m)/ du, - - / du, 6(» u, — 1)/ mil il
0 ' 0 ; 0 [&erlmerl + (D imy wa;) (1 — wm+1)]m+1
(12.11)
where we have used (12.8). Now making the substitution
w; = (1= w,, ), dw; = (1 —w,, ,,)du;

and noting the property that 6(f(x)/a) = ad(f(z)) then

1 1 1 m
= I'(m+ 1)/ dwm+1/ du, - - / dumé(z u, — 1)
0 0 0 —

(1 - merl)mil

[&erlmerl + (2111 u;a;)(1 — merl)]erl

1 1—wm41 1-wm41 m W. 1
= F(m—l—l)/ dw,, / dw / dw, 6 . -1
0 1 Jo ! 0 ; L =w,, (1 —w,, )™

(1 - merl)mil

. m—+1
(w,a, +---+w,a + wmﬂamﬂ]

m—+1

1 1—wm+1 1—wWma1 .
= F(m + 1) / dwm+1 / ' dwl .. / i dwm 6 (Zzzl wi ]') —
0 0 0 [w ]

1@+ W, A

(12.12)
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Now because of the delta function the expression vanishes unless we have:

m
1—wm+]L = E w,
i=1

implying that the delta function vanishes for

w;,>1—w,  fori=12...,m.
As such we are able to extend the upper limit of integration in (12.12) from 1 —w,,,, to
1, so that
1 ! (X w, —1
= T(m + 1)/ dw, - -dw,, | iz wi = V) - (12.13)
@y - g 0 [wlal +ot wm+1@m+1]
By repeated differentiation of (12.10), we obtain the more general result
1 T 1 1 n mi—l  mp—1
N (m, + +mn)/ dul.../ du, (3w, — 1) -
aiay”? ... amn I'(m,)...I'(m,) Jo 0 — > wa]=™
(12.14)
This formula is true even when the m,’s are not integers.
Alternative forumla
We can generalise the original form
1 ! d
S / % _ (12.15)
Ay o lay + (ay —a;)uy]
generalises to three factors,
! 2/10[ /uld ! (12.16)
= u u . .
a,ayas o o 2lay + (ay — ay)uy + (ag — ay)u,)?

We prove this by integrating with respect to z,,
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1 ! 1 1
_— — dul 2 - 2
az — Ay Jo [a1 + (ay — a1>u1] [al + (ay — a1)u1 + (ag — a2)u1]

1
_ (12.17)
;0503
where we used (12.15). This generalises to an arbitrary number of factors
1 1 ul Un—2
— = F(n)/ du/ du/ du,
a,a,...a, o Jo 2 0 !
1
X (12.18)

[@1 + (a2 - @1)u1 +oot (@n - &n—1)un—1]n

We prove this by induction. First we integrate with respect to u,,_,
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1

F(m+1/du/ du, / _dum
0 "o 0 [a; + (ay —ap)u; + -+ (am-l—l —a,,)u,, |

(m+1) ! -1 1
— ( m—l—l / dul / du2 / dum m+1
I 0 0 [ al + (a2—a1) ]

U+t

Am+1—0am Am+1—0am m
e o [ [
= du du,, - du,,
O m)m+1 o Jo ? !
Um—1
1 1
X | —— m
m al_ (0‘2—111) u1+ Am —Gm— 1um 1+U }
Am+1—0m Am+1—0am Am+1—0am 0
I'm+1 ! v tm=2
= (m +1) / dul/ duy - - / du,,
m(am+1 - @m) 0 0 0
1
>< m
[al + (ay —ap)u; + -+ (a,, — &m—l)unm—l}

1
[al +(ay —ap)u; + - + (am-l—l - &m—l)um—l]m)

1
= — (12.19)
Ay . Qg
where we have used (12.18) with n = m.
By repeated differentiation of (12.10), we obtain the more general result
1 r -2
T = (my +m / dul/ du, - - / du,
ai™ay? .. .amm I'(m, "
y 1 —u)™ e (u, unfl)m"—rlunmffrl
o, (1 —uy) + v, (U = U, ) F a2
(12.20)

12.2.2 The d-Dimensional Integral

polar coordinates in two dimensions
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x, = rcost,
r, = rsind, (12.21)

In three dimensions, we use the transformation to spherical coordinates

r, = rcost,
xr, = rsind, cosb,
r, = rsinf, sind, (12.22)

The d—dimensional transformation is

x, = rcost,
T, = rsind, cosb,
T, = rsind, sind,cosb,
T, o, = rsinf sind,...sind, ,cosl, ,
x, , = rsiné sinf,...sind, ,sinb, , (12.23)

We calculate the Jacobian row by row
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cos 0, —rsinf, 0
sin 0, cos 0, 1 cos 0, cos 0, —rsin 0, sin 0,
sin ), sin 6, cos, 1cosb, sinf,cost, rsinf, cosb,cosb,---

cos 0, —sin 6, sin 0,
= 7% cosf, x cosf, det | sin 0, cos B, sinf, cos b, cost,

cos 0, —sin 6, sin 0,
+ r?7lsing, x sinf, det | sin6, costy sin 6, cost, cos b,

= 7% cos® 0, (sin6,)?? + sin? 0, (sin 6, )]
cos , —sin 6,
det | sinf, cosf, cos0,cost,

= (sin6,)??(sin6,)?? ... (sinf, ,)*

cosf, , —sinf, , 0
det | sinf), ,cos@, ; cosf, ,cos@, ; —sinf, ,sinfd, |
sinfl, ,sinfl, ;, cosf, ,sinf, , sinf, ,cosb, ,

o d_2/ - d—3 . 9 cosfl, , —sinf,
= (sinf,)* “(sinf,)* ... (sinf, ,)*det (sin 6, cosh, |

= 7" (sinf,)? 2(sin6,)*? ... (sinf,_,) (12.24)

The Gaussian integral is then

/ €—f2ddx:/ ﬂUd_l@_ﬂda:/ (Singl)d_1d91~'/ sin€d2d0d2/ dg, ,. (12.25)
0 0 0 0 0

To evaluate the integrals we employ integration by parts,
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I = / (sin 6)"d6
0

= [sin@)" ' (—cosf)|y — (n—1) /Oﬂ(sin 6)"2 cos O(— cos 6)df

= (n—1) /Oﬁ(sin 6)"*(1 — sin® 0)db

= (n—1) /07r [(sin 6)" 2 — (sin 9)”} do
= (n-1){,,—1,)

or

™ _ 1 ™
/ (sinf)"df = n / (sin 6)"d6.
0 0

n

For even n > 2 we thus get

/Oﬂ(sine)”d(? = (n = D! /07r = (n _‘1)”7r

nll

and for n = 0 we have

/ do = .
0

For odd n we find

™ —_1nn rr
/ (sinf)"df = (n—DH / sin 6do
0 0

nl!

— !
= (n ) X 2.
n!l

We have

(12.26)

(12.27)

(12.28)

(12.29)

(12.30)



On the other hand, integration by parts gives

o 1 o
/ e dr = ——/ 292 (=22 ) da
0 2 Jo

— _1 |:xd—2€—$2i|oo + d—2 /OO Id_36_$2dl'
0 0

2 2
d—2 [
= — 23377 g
2 0
= (d=2)1VJ,
where for d even
d—2

and d odd

Putting these together we have

d
2

= 1
-2 3d,. _
/0 e Udr = @ 2)”(d 2N, J, =72,

12.2.3 The Volume of a d-sphere via Gaussian Integration

We can easily derive the volume of a three-sphere by writing the integral

d
1
I= — 21 av.
/Rdexp< Q;x2> V.
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(12.32)
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two different ways. First of all, we use that the integral decomposes as

d
1
=] /Rd exp (—53:?) dz, (12.36)
1=1

and using

/OOO exp (—%:ﬁ) drx = (2m)/2. (12.37)

we find

I = (2n)%? (12.38)

Now we write the integral in spherical polar coordinates and use that the function

d
1
exp (—5 > x§> (12.39)
=0

is rotationally invariant:

*° 1 & 1
I = / / exp (——7“2) r1dQdr = (/ exp (——7“2) Td_ldr) (/ dQ) .
0 Sd—l(r) 2 0 2 Sd—l(l)

(12.40)

Notice that on the LHS that the intgration is over a three-spheres of radius r, but on the
RHS the integration is over a three-sphere of radius » = 1. The integral

/ s (12.41)
Sdfl(l)

is the volume of a three-sphere of unit radius.

We perform the integration over r,

(e e} 1 [ee]
/ exp (——TQ) rdtdr = / exp(—u)(v2u?)2du
0 2 0
[e.e]
= 2(‘1_2)/2/ exp(—u)u®*du
0

= 26=2/2p(4/2) (12.42)

147



where we have used

So that
/ g0 — I o (2m)?
siiy  26@DPRT(d/2)  20@-2/20(d/2)
Finally
2(7T)d/2
s
/ =1 T(d/2)
]

12.2.4 The I' Function

We define the beta function by

1
Blp.q) = / (1~ u)
0

We set u=1t/(1+1) sodu=dt/(1+t)* and t = u/(1 —u). Then

B(p,q) = /OOO (%H)p_l (%H)q_l (1 itt)z

o0 tpfl p
= —dt
/0 (1 + t)p+q

It is possible to express B(p, q) in terms of gamma functions
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L(p)l'(q) = / e“upldu/ ettt
0 0

= / e tyP! <uq/ e‘"”vq_ldv) du
0 0

= /00 pi~t (/00 up+q_le_“(1+”)du) dv
0 0

= h pi~t h éﬂ’*q’le”cﬁ dv
0 o (L+wv)rta

00 Uqfl o]
= / 7(11} / 6777_p+q71d7_
o (I+wv)pte— J

= Bp, gl +q). (12.49)
So that
B(p,q) = i((]; )i(g) (12.50)

12.3 Renormalisation

12.4 Renormalisability of QED

12.4.1 Renormalisability to all orders

BPHZ theorem: All divergences can be removed by counterterms corresponding to
superficially divergent 1PI amplitudes.
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Appendix A

Appendix

A.1 Traces of Products of v—Matrices

As we have already seen, when calculating Feynman diagrams and the resulting cross
sections, one has to evaluate traces of certain combinations of y—matrices. Here we
collect useful theorems here, some of which have already been proved in the main text..

We will use the Dirac/Feynman slash notation: a, "= .

Theorem 1. The trace of an odd number of y—matrices vanishes. So Tr¢, ---¢ = 0 for
odd number of terms.

Theorem 2. We have a,b, Try"y" = 4a - b.

Theorem 3. We have

Trﬁ)/p’l “ .. ,.)/H«n — nNINQT/’m-y,UB “ e »'}/:u‘"
— n#lMSTT7H27M4 . ry“n + e
+ pfEnTpAH2 L yhnt (A.1)

A special case is

Tri dydot, = 4(a; - ayag - a, —a; - azay - a, + a; - a,a, - ag). (A.2)
Theorem 4. We have Trv° = 0.

Theorem 5. We have Try>y#y* = 0.
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Theorem 6. We have a,b,c,d T PSRN = —4ie"7a bc d . Where €77 is the

vo Tyt
completely antisymmetric tensor: e*?7 = +1 if (u,v,0,7) is an even permutation of

(0,1,2,3), e = —1if (pu,v,0,7) is an odd permutation of (0,1,2,3), and €77 = 0 if
any two indices are identical.

Theorem 7. We have Ty Vs Voo = LTV Vi
Theorem 8. We have

)y =41

i) vy, 7" = —29"

iii) v,7"7y" = 4”71

iv) 7,7 = =297y

V) 1YY = 20N 2
Proof.

1. See (4.31).

2. See (4.33).

3. We use y#+4¥ = —yY~y* + 2n*¥1 to shift v to the right-hand side of v#2, giving

Trakt o yhn = 2ppk2 Tpahs o ooqbin — Ppal2apt - qylin

Doing it again we obtain

Trokt ok = 2pfk2 Trahs oooafn — Trah2(Pahs) o Ahn
ONHAH2 Trpahs .. n _ QpiAls a2l b 4 Tpal2aR3yit o ~bn

Repeating this (and remembering that n must be even by part 1)),

Troft oot = 2k Tpohts oofin— ks P2t oqin 4
+ 27]#1#4 Tr,ymfym»y% .. -7“” —_ .
+ 27]“1HTLTTVYM2 e ryp’"—l — TT’Y“Q P 'ylu’"’yul

Lastly we use the invariance of the trace under cyclic permutation to move v** back to
the left-hand side of the trace.
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The special case was computed in (4.33)-(4.34). We use the above theorem 3 to prove it
again,

Tr,ym,yuz,yus,ym — nmuzTr,yus,ym _ nmugTr,yuz,yuz; +77“1“4T7“’y“2”y“3
4(77”1“277”3“4 _ n#1u3nﬂ2u4 + 77#1#477M2M3)

where we have used theorem 2. Contracting with a, a _a a  we obtain (A.2).
w12 a3

4. See (8.22).
5. See (8.21)-(8.23)

6. We evaluate

Try’dbdd = a,b,c,d Try oy vy

where summation over all repeated indices is implied. most terms do not contribute; if
any two of the indices u, v, 0,y take indentical values, the trce will vanish. Take the first
and third indices to be equal,

Try* iyt = Try (=" + 29" 1)7
= Try° (=" + 29" 1)y
= —nMTry° "y + 20 TPy
— 0

by theorem 5.

Thus only indices (u,v,o,v) that are a permutation of (0,1,2,3) contribute. Let us
evaluate the trace

Try®~y v y2~? Try°(—iv°)
= —iTIrl
—4i

= —4ie"®,

Since the four v* matrices are mutually anticommuting, an odd permutation of the indices
(0,1,2,3) introducing an additional minus sign.

L]
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7. We make use of the matrix C’, involved in charge conjugation. C has the property
Cv, 071 = =4[ Tt follows that

~ N

e R T?"(CA”y“1 éil)(é’yméfl) e (C”ymncfl)
= (=)™ TTVZﬂZQ .. .72271
= Tr[vwn .. .VM]T
= Try, -V

8.

D)y, = () = 529%,1 = 41

ii) In the following we use i)

VAV = 20 = M)
2vY — 4~¥

iii) In the following we use ii)

VA =, (2 = A7)
= 2977 ="
— 2,_)/0',_)/1/ _"_ 271/,_)/0'
— 2(217110' _ ,_yl/,ya) + 271/,_)/0'
— 477110'

iv) In the following we use iii)

VA = 2 =)
= 29797 = (Y)Y
= 297977 —4n"y?
= 2972077 —7") — "7y
= =277y
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1YYV = 1Y@ =)
= 29y = (1, Y)Y

S V.o o V.0

= 29°9"Y7y7 + 297" .

L]

A.2 Complete Set of 4 x 4 Matrices

Any 4 x 4 matrix can be written as

Z a,l'y (A.3)
A=1
where
r, = I,
Yo V15 Vas 130
Y935 Y315 V1Y Y1Vor VoY V3Vor
Y1V Y3 V1YV Y31 Yo V2 Y3 Vo
1727370 (A.4)
Proof:
Note
=1 (A=1,...,16) (A.5)

r,r,r,=-T, (A.6)



A.3 Linear independence

Say

A

Multiply this sum from the right by I',

aBI+ZaAfAfB:O. (A7)
A+£B
Then take the trace
dag+ Y a,Tr(0,Tp) = 0. (A.8)
A£B

Now from (A.4) we see that fAfB = C’onst.fc. In the case where A # B, fc # I. This
implies in (A.8) that az = 0.

A.4 Expansion of 4 x 4

Each 4 x 4 matrix can be expanded as

X = Za:AfA. (A.9)

This is evident since 4 x 4 matrices represents a 16-dimension space and the r 4 are linearly
independent. The coefficents are then given by
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A.5 Unitary Equivalence of Representations of the
Dirac Algebra

All representations of the Dirac algebra v#y” + v~4* = 2p*1 which satify v = ~9,
7t = —~% are unitary equivalent.

Proof: The proof is split into five parts.

i) First we prove that each 4 x 4 matrix which commutes with all r 4 is a multiple of 1.
Consider such a the matrix which write

+ ) a0y (A.10)

A#B
where we have picked out a particular matrix which is not I. We choose r o such that
L. I'ply =—T';. (A.11)

Since X comutes wth all T A

we have

rplp + Z w0y = aplelple+ Z z el 4T
AZB AZB

= —aplp+ ) (B, (A.12)

A

where we have used T’ Cf‘ 4 = (B)T Afc (this established by inspection (A.4)). Next
multiply by r 5 and take the trace

dxp + Z a:ATr(f F = —dxy + Z a:ATT B) (A.13)
A+B A+B

implying
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So we conclude that

X =z (A.14)
This result is actually just a special case of Schur’s lemma which states that every matrix
which commutes with every element of and irreducible representation must be a muliply
of the identity matrix; we know 4 x 4 matrix reprersentations of the Dirac algebra is
irreducible as there are no lower dimensional representations.

ii) Let Yy and ”yL be two representations of the Dirac algebra and r 4> r ', are respectively
their basis. We wish to prove that

5 =9r, (A.15)
where
A 16 A A A
=) TLFly (A.16)
B=1

and F is an aritrary 4 x 4 matrix. To this end, consider the matrix
16

P8, = S FE T, (A17)

B=1
By inspection, from (A.4) we have I',I', = aI',, where a,, € {#1,+i}.
T, =a . (A.18)
Multiply from the right by I A
Iy = aclely
then the right by I,
Pely = agl’
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and from the left by f%, gives

. 1 .
I, = —TI. (A.19)
276,

Substituting this into (A.17) then gives

16
o 1 . . . )
Sr, =3 (—F’C) F(a I%) =8 (A.20)

proving (A.15).

Suppose we could choose F (recall Fis completely arbitrary) so that S is non-singular,
we would then have in particular

= §0,87, L= SP,57, = 8P,87 I = 4.8

equivalently

The next two steps are to prove we can choose F' so the above conditions for S are

fulfilled. In the final step we show that the additional conditions 7, = 73, v, = —”yj ,
T

I

Y = 'y(/;r, v = —”y; imply that S can be choosen to be unitary, proving the entire result.

iii) The matrix F' can be choosen so that S does not vanish. We prove this by contraction.
Say S = 0 held for all choices of F', then

0= ()= 20 3 () F)ass)y (A21)

for all © and p. Now let us choose F such that a single element has the value 1 with all

N

other elements being zero. Say it is the element (F'),  that is equal to 1, then (A.21)
reads

> (5),(0p),, =0 (A.22)

B=1

This equation can be written for all possible choices of v and o, so we can infer

158



16
B=1
holds for all p and v. Since fQB = I this would imply
16
Z(FSB)W =0 forall p,v. (A.24)

B=1

As (f‘ 's) Ly CANNOt be equal to zero simultaneously, we have a contradiction to the linear

independence of the r B

iv) Now we prove that S is not singular with appropriate choice of F'. To this end construct

T =Y T,GI (A.25)

0T =11, (A.26)
(same argument as in iii) which together with (A.15) implies

A

(T ,7)8 = (TT')S = T(I",S) = T(ST,)
ie.

[ ,(TS)=(TST,, (A.27)

TS =k (A.28)

Obviously we can choose G so that T # 0 (same argument as iii). With the same kind of
choice of F' as in part iv) we will now show that we must have k # 0, and hence that S
is not singular! We prove it by contradiction
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> TIRFT, =0 (A.29)

A

with the choice of (F),, =1 with all other terms zero,

Z(Tf%)uu(fB)pa =0 (A30)
B=1
or
16 . )
> (I1%),,Ip=0. (A.31)
B=1

From I'? = T and the fact that (TT") ., cannot all be simulateously zero as I =T and

T # 0. This is in contradiction to the linear independence of the r B

v) We now show that in the case of
N=1 n=—" N=r, v%N=-%,
equivalently
V=M V= M (A.32)
then S can be choosen as a unitary operator. To see this put V= (det S )_15' then
v, = V’yﬂV’l, det V =1. (A.33)

Let us see if there exist another choice for V. We must have det Vl = det \72 =1 and

%=V =V Vo (A.34)
Eq (A.34) implies
VDV = V0, v (A.35)

for example
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‘71(2'7172)‘7171 = Z.(Vﬂlvfl)(f/l% 171)
= i(vz%VQ_l)(Vﬂz 2_1)
= Vo)V (A.36)

Eq (A.35) rearranged becomes
(‘72_1‘71)fA - fA(Vz_lVJ' (A.37)
By result i) (Schur’s lemma)
TRAE
hence

A~

V, =K'V, (A.38)

As det V, = det V, = k'det V,, we must have k' € {+1,4i}. Now take the Hermitian
conjugate of (A.33),

v/ 1= (VN (A.39)

then by means of (A.32),

v, = (VT VT (A.40)

(VvhH = KV, Vi=i'v!
ViV = KL (A.41)

Since

(VIV) = 307,V = SV = & (A42)



Hence k'~! must be real and positive, i.e. £ ~! = 1. Hence,
ViV =1 (A.43)

L]

A.6 Coeflicients of Infintesimal Lorentz Transforma-
tion

We prove that the

) 1

fulfill ()

Proof: Insert the above expression in the RHS of ()

1

7 ) Vaa’yﬁ]

(brn] = o)
(2 b o] -2 ]

= i7" 7,74 (A.44)

SN S N = N

where we used 7,75 + 757, = 21,5 Furthermore we have

i = Y — Ya787)
= (V"% = 20 5% + 7Y V5)
= V"8 = 20" 5% + 20705 — YV VaVs)
= Qi(n”a’yﬂ — n”ﬂ’ya). (A.45)
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A.7 Proof of Relation 5! = WOSYJWO

We show that for

. i s
S = exp (—Zwauy(ln)“ )
the inverse operator is given by

N

Sil = 705T70

Proof:
(i) Rotations:

For spacial rotations we can write:

N 7 ..
S = exp (_Zw”&“) .

The o, ; are Hermitian because

4o 1 P i
o, = —5{0m) =)'}
i
= _5 {’Yj’}/i—’}/i’}/j}

~

Uij‘

This implies

ST = exp (Zw”cﬂj) = exp (Zw“&ij) .

Obviously, 7, commutes with ¢;; and thus with ST. Hence we have

~

%ST% =G5t =251

(ii) Lorentz boosts:
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(A.49)
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Given that a general Loreentz transformation can be decomposed into first a rotation,
a Lorentz boost along the z-direction and then undoing the rotation, and given that
iy +4%4% = 0, it suffices to prove the result for a simple boost along the x—direction.

For this transformation we have

S = exp (—%w&m)

0,, is antihermitian because

‘AT(Tn = _% {(7071)T - (%%)Jr}

7
- 5 {'71’70 - ’70’71}

—0'01.

Therefore
~ 7 7 ~
ST = exp (§w631) = exp (_5“15701) =9.
From
R )
Y0001 = ) {707071 - 707170}
)
= 3 {M%% — Yo%t
T10% = —%01 Y-
we get
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N 0 ’l/ . n
'YOST’YO = Y [Z (_5“’001) ] Yo

> i i i
= 270 (_5“’001) Y070 (—§w001) Yoo (_5““701) Yo
n=0

= exp (%w&m) =S5 (A.54)

L]

A.8 Proof of the Completenes Relation for spinors

A.8.1 Proof of completenes relation: w'(e,p)w” (€,p) = 6, (E/my)

Proof:
We calculate some examples

r=1,1r =1

E+m0(10 D, P ) 0
) Pz

E+4+mg
p_

E+4+mg

- =5, (A.55)
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l%—l—mo
Etmy (. Py P o
2m,, "E+m, E+m, 0
1
E +m, P P
= z_ - z = 0. A .56
2m,, {E—i—mo E+m, ( )
r=4,1r"=4
__P-
%Jr?m)
E+m0 1.0 Py _ D, E+mg
2m,, "TE+m, E+m, 0
1
FE
= —9 A 57
0 (A.57)

The other combinations can be calculated similarly.

L]

A.9 Integral representation for the step function

We show that

1 00 —iWwT
O(r) = —=— lim dw

2mi =0 J_ o  w + 1€

(A.58)

Proof: We can evaluate the integral by means of complex integration in the complex
w—plane. This can be done if we can show if the contribution from the upper (lower),
infinitely distant half circle vanishes. Let I, be the integral along the upper (lower)
semicircle, then we can write

=g d
I = Jm [ lfE)T
+7
< I%im Max[zf(z)]/ %
—00 0
= iiﬁl%lijrgoMaa:[zf(z)] (A.59)
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Hence, if we can show that lim,  _ Max |[zf(2)]| — 0 then the integral over the semicircle
can be ignored and the integral along the real line can be converted into a closed contour
integral.

For 7 < 0 we show that the contribution from the upper, infinitely distant half circle
vanishes

—iwT

e

w
6—iRT(cos 0+isin )

T@ia
eJrRT sin 0

— e—iRTCOSGW (A60)

and
lim |Rf(R.0)] = e firlsing —

For 7 < 0 we close the contour in the upper half plane. There is only a first order pole at
—ie. Therefore this integral will be zero.

AImw

T<0

Re w

Figure A.1:

In the case 7 > 0 for similar reasons one can close the contour by means of an infinitely
large half circle below the real axis. Cauchy’s integral theorem says that the integrand at
the pole
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1 . e—iwr
O(r>0) = —2—7”,(—1)2%2 lli% Res [w " ie}

= e | _, =1 (A.61)

where we have a minus sign coming from the clockwise direction of the integration.

L]

A.10 Averaging over Spin

We have
(a(f) Tyuli)) (@(f) Tyu(@))” = @(f) Tyuli)) @) Tyu(f)) (A.62)
where
T— AOT A0, (A.63)
Proof:

A

First note what the complex conjugate (@(f)T'u(i))* of the number w(f)T'u(i) is equal to

— () ()
= AT )u(f)
= u(i)Tu(f) (A.64)
where we have used 7T = 4% and (7°)? =1
(a(f) Pyu() (@(f) Tyu(@)” = @) Fyuli)) (@) Tyu(f)) (A.65)

The barred matrices I' can be directly calculated for a number of operators:
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(i) 7# = A0y = 4

(it) iv® = ir°

(1) y#® = y#y°

(iv) yhyr oA =y
Proof:

(i) First

A0TH0 = 704090 = 40

and secondly

,.)/O,.)/iT,yO — _,yO,yi,yO — ,.)/i,.)/O,yO — ,.)/z

(i) As iv° = —914%~3 and

0.3t 2t 1t _0f.0

7% = = TP IA00 = 1A 03a20 1 = _A0h1a2q3 = 4B

iy,
(iii) Similar to (ii).
(iv) Proved using (i).

L]

A.11 Spin summation of the general squared matrix

element
_ - _ - : s Pyt My 2 Py
Z (u(pf,sf) I u(pi,si)) (u(pf,sf) I, u(pi,si)) =Tr [Fl = 5 I, ! v
Sf 84 0 0
(A.66)
A special case is
— £ 2 r~ pm’yﬂ—i_molpfuﬁyy_‘_mo
Z ‘u(pf7 Sf) U u(p;, )" =Tr {F 2y I om, (A.67)

Sf 8

Proof: We use Einstein’s summation convention.
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S (Taltgs5) (s 525 (7,050 (T us(0y5,)

Sf S;

D DRI DTS LA
sf
_ R
- Zua(pf7$f) (F1HTF2) uﬂ(pfasf)
s 0 af
f

4 I I
. N e LS Pp " My .
= Y ewLpy) (EHT Fz) (HQT w (py)
af By

r=1 0 0

(A.68)

o Pt my & Y My
2m

= Tr {Fl e T I,
0 0

[
A.12 Proof of Equations (3.51) and (3.52)

Ot — t/)zﬁ(iE) () = —i / dngF(x/ - x)%@/)(iE) (z)

We prove (3.51):

o' — )P (') = i / PrSp(r' — o)yt (2)

Proof:

Any wave packet of positive energy may be expressed in terms of normalised plane waves

3
V@) = [ o mOpr, p) exp(—i€,p - v) (A.69)

where E, = \/p 2+ m§ and €, = ¢, = +1.. We will need to make use of the orthogonality
condition

) E
"(e.p) = L6, (A.70)

w’”T(erp)w -
0

We start with the plane-wave representation of the Feynman propagator
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Sp(a' —x) = —iO(t' —1) /d3p2¢ z)+i0(t—t) /d3p2¢ (A.71)

where

1
= |2
» A\ B, @)

w"(p) exp(—ie,p - x). (A.72)

Inserting the above into the RHS of ()

i / P28’ — 2P ()
- / & | d3p2¢ (27504 ()
o [ | d%ZW ()78 (2)

— ot —1 / it [ ok 7 ;wmwr(pm expl—ie,p (z' — )

dgp/ mo 2 ’
X / Z b(p', r")w" (p') exp(—ie,.p' - x)
(2m)3 E, —

-0t —1) / d’x / (gwﬁgg—grzgwr(p)ﬁ(p)% exp[—ie,p - (z' — z)]

dgp/ mo 2 ’
X / Z b(p', r")w" (p') exp(—ie, p" - x)
(2m)? Ep’ r=1

/ d3pd3p/m m r r r'o /o . /
= oo [ B Y e e W) explie )
p

P r=1,2;r"=1,2

< | (;ZT) expli(e,p — e,0') - a]
d

3, 131
pd pm m r r r! .
—u 0 W (p)w T(p)u} (P)b(p', r') exp(—ie p - 2')

— O —1t)

3x
d

238 E\| E
(2m) P P r=34;r'=12
3x

X / e expli(e,p —€.p') - ] (A.73)

Performing the = integration in the © term yields
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expli(E, — E,)t]0°(p — p') — 6°(p — P') (A.74)

Performing the x integration in the © term yields

exp[—i(E, + E,)t]6°(p + p') — exp(—2iE,)5°(p + p'). (A.75)

Integrating over p and relabelling p’ as p we find

i/d?’xSF(x' — z)y,0 ) (2)

iy (m 3/2 ,
- o -0 [ 5 <f> S e P (). ) explic,p - @)

r=1,2;r'=1,2

i . 3/2 ,
_@(t_t,)/ (2’/T)3/2 (f;) Z wr(_p)wﬁ(_p)wr (—i—p)b(p, T,)

r=3,4;r'=1,2

x exp(ie,p - ') exp(—2i £ t) (A.76)
Now we make use of the orthogonality relation. For r,r’ = 1,2

!

, E
W(p)w” (p) = (e, )" (e,p) = L4, (A7)

and for r = 3,4 and ' = 1, 2,

/

W (=p)e” (p) = (e, p)

/

"(ep) =0 (A.78)

The second term vanishes. The remaining term gives

. / / m . /
z/d?’xSF(x — ), (2) = Ot —t)/ 2m)372 -0 pr, p) exp(—ie,p- ')

= O —t)yp+B(a)) (A.79)

L]

Similar relations can be deduced the propagation of adjoint spinors EHE) (),
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ot — )" () =i / B0 (@)1, (2! — @) (A.80)

and

ot~ 7 ") = ~i [ ¢ @St - 1) (A.81)

Proof:

Any adjoint wave packet of positive energy may be expressed in terms of normalised plane
waves

0 (@) = / mEE Do Zb* p, )@’ (p) exp(+ip - z) (A.82)

Prl

Consider the integral

/d3x1/)+E)( )VoSp(a — )
2

3y m, |m d?
/d3 / pB/QEO 0/ b Zw ") exp(ip' - ),

{—z@ (t—t) Z W' (p)w"(p) exp[—ip - (x — )]

+iO(t —t') Z W' (p)w"(p) expl+ip - (x — x')]} (A.83)

Again we do the z integration and use the orthogonality relations for spinors. We obtain

/ (Qd?))3/2 Zgo Z b*(p,r)w(p) exp(ip - ©)O(t — ). (A.84)

P r=1

This is just the expansion of the adjoint spinor EHE} multiplied by the step function
ot —1t).

L]
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