Appendix F

Electro-Weak Theory

F.1 Fermi Interactions

Recall because of crossing symmetry, processes which differ in the grouping of incoming
and outgoing particles are related to each other. In particular the matrix element of three
body decay can be derived from that of the two-body scattering process. For example fig
(F.1)
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From parity violatoin in nuclear 3 decay interaction was postulated to be of the form

Hye =<5 [ ol @0, (Cy + Cou, @] % (a1 =, @] (F)
where the leptonic contribution
a, (x)y"(1 — v5)uye(a:) (F.2)

resembles the electromagnetic transition current.
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By analogy with the electromagnetic current, we therefore introduce the weak leptonic

current:

Jl(LL)(x) = Jff( )+
w,(x)y,(1 -
+ 7. (2)v,

Motivated by (F.1)
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We consider purely leptonic processes.
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F.2 Intermediate Vector (Gauge Boson Theory

F.2.1 Free Massive Vector Boson

We construct wave functions which describe particles with spin 1 out of solutions of the
Dirac equation and the wave equation it generates.

In the rest system we find the following linearly independent combinations
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(F.5)

Each of these spinors represents an eigenvector of the operator of total spin, which in the

rest system is defined by

h23

where
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We verify that the multispinors w()(0,4) fulfill the eigenvector equation

th 4(0,4) = k(s — )w™(0,1)

Obviously we have

Z:‘03104’60/1 = +6a1
Zza’éa’Z = _5012
1 . h )
(ihzg (+)(0, 1 = O)) ; = 523 188 W(—j—ﬁ)/(o,l = 0)
h - h -
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h
= 52(00101)
= h(3 —2)w(5(0,i=0)
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h h
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(§h23w<+>(0,7; = 2)) = 5 a0 Wi (0,0 =2)
af

h e 3 h e 3
= Qzaa’éa’ZéﬁZ + 6a2§zﬁﬁ’5ﬁ/2

h
= —5200.205)
= —h(3-2)w}0,i=2) (F.11)

Now we can transform these multispinors into an arbitrary frame of reference via the
inverse Lorentz transform.

A p 4 P\ & |Y
S (2) =500 ()50 (2) e
Applying this we get
W (z5p,i) = § (%) WH0,4), WO (ap,i) =8 (%) W0, 1) (F.13)

Now every wave function can be written as a superposition of plane waves:

\1,(()-;) zip,i) = wé?(x,p,i) —ip-x/h
‘Il&_ﬁ)(a:;p, i) = wig)(x;p, i)eJ’iP"B/h (F.14)

and thus

Uople) = 3 / D (p, i)W (w5 p,i)dp
+ ) / O (p, i)W (w;p,i)dp. (F.15)

It is easily seen that the plane wave satify Diracs equation. We consider one particular
example

(ihy - @ — myc) (WM (25 p,i = 1)eP=/My.
first recall that
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where

o O O

Now

(ihy - 0 — myC) .oy (w((jﬁ)(x, p,i = 1)e P/
= (1170 =m0 (S (B) S5 (3 ) 30, = D7)
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Let us apply the Dirac equation to this first index «

(ihy - 0 —myc) oy ¥ oy(z) = Z / < (p,i)(ily - 0 — moc)aa,\llt(;,rﬂ)(x;p, i)d*p

+ Z / < (p,i)(ilry - 0 — moc)aa,\llt(;ﬂ)(x;p, i)d°p

(F.17)
The multispinors therefore fulfill the following Dirac equations separately:
(ihry - 0 — mye) o ¥ o ()
(ihy -0 —myc) ¥ op(z) = 0
(F.18)

These are the so-called Bargmann-Wigner equations. Each component is also a solution
of the Klein-Gordon equation
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(D + mgf) W, ,(z) = 0. (F.19)

The two Dirac equations for the symmetric matrix \I/aﬁ(ac) may be written as

Since the 4 x 4 spinor is symmetric, it may be expanded in terms of a complete set of
symmetric elements of the Clifford algebra representation

O, 6 C (F.20)

We define

X 1.
V(z) =myy, CWH(z) + 56"”0@}“}(95) (F.21)

where thye coefficients W#(z) and G*(x) are generally complex and transform under
Loretz transformations like a vector and an anti-symmetric tensor, respectively. The
Bargmann-Winger equations now become

, 1 1, y -
(ih - Oy —myc) (ﬁmocqu“(m) + éaWG“ (x)) cC =0

St —

2

1 ~ —
myey, WH(z) + 56 G’“’(x)) C(iy™ 9 —myc) = 0 (F.22)

~

Using that CA'”yff =—,C

1 o A
—imoca“ Guv(x)) C =0, (F.23)

1 o -
—i-émoca“ Gw(x)) C =0, (F.24)

Subtracting (F.24) from (F.23) gives
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2.2

2msc

imyd W, (2){7* " — 4"y }C = ==y CW ()
%m{%af‘” — 51, }0,G, (2)C — myee™ G (2)C = 0. (F.25)
Using
im0, W, (x){7*" — el O 2m08aWM(x)6a“C’
= my(0*WH"(z) — 3“Wa(x))6aué’
and

a py

1 A 1 .
éih{%ﬁ‘“’ — 0" y*10°G , (2)C = §ih2i(77a“VV -y Co.G, (x)
= —2hy,00,G™ ()

It follows that

2.2
moc(WH(x) — W (z) — G**)5,,,C — 27,C (h@aew n %Wﬂ) —0  (F.26)

The coefficients of the linearly independent matrices C' must vanish separately. Hence,
for m, # 0, this implies that

GH = o'W — 9"WH, (F.27)

2.2
myC

0,G" = —=%

W, (F.28)

Expressed in terms of the vector field W*#

OW*(x) — (0, W"(x)) + =2 Wh(z) = 0 (F.29)

On taking the divergence of this equation, one automatically obtains the Lorentz condition
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2.2
mgc

h?

9, WH(x) = 0 (F.30)

This is in contrast to the photon case, where the Lorentz condition must be imposed as
a subsidiary condition. The Proca equation then reduces to

m(Z)CZ

The Propagator

2.2

nAOW, (z) — 0" (9*W,) + mgf AW, (z) = J” (F.32)
In momentum space the left hand side reads
(=g + M?) + ¢""|W, (F.33)

The inverse operator D/\M(q) will have the structure

A(g*)ny, + B(d*)ara, (F.34)

because there are only two second-rank tensors that can be formed.

(= + M?) + ¢“¢*] [A(¢*)ny, + B(¢))a,4,]
= A(@®) [(=¢* + M?);, + ¢"q,) + B(¢*) [¢"9, (=" + M?) + ¢*¢"q,]
—

I

Thus we get

for p = v, and

AP [+ B(@®) [¢7q,(=¢° + M?) + ¢*¢"q,] = 0. (F.35)

for p # v. Hence
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A(¢?) =
(@) ==
and
1/M?
B(q? —

The propagator

D¥(q) = A(¢)n™ + B(¢*)a’¢"
™ /M
q2 — M2 + q2 — M2
™ + gt /M?
q2 _ M2

F.2.2 Interactions via Massive Bosons

vector meson exchange

o — G My o5
q® — M‘%V + 7€ eV Yy

L=g (T

p

YV,)

F.3 Lagrangian for Yang-Mills Theory

F.3.1 Fadeev-Popov Gauge Fixing

(F.36)

(F.37)

(F.38)

(F.39)

The line running upward represents the gauge orbit of the vector potential Aﬁ as the
gauge transformation function A varies. By gauge invariance, all point along these lines
are physically equivalent. Functionally integrating over all configurations overcounts the

integrand repeatedly an infinite number of times giving us the non-sensical result

/DA“ exp(iS[4]) = oo.

(F.40)

This surface, the gauge slice, is the surface in function space that is described a gauge-
fixing constraint. One might be tempted to solve the problem by simply inserting a gauge

fixing factor
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gauge
slice

Figure F.2: Schematic representation of the vector potential gauge field configuration
space.

d(F(A)).

into the functional integral, forcing it to respect the gauge choice. However, this is
inconsistent. We know that the delta function changes when we make changes in it.
For example, if we have a function f(z) that has a zero at = a, we recall that:

o(f(x)) = T (F.41)
Consider the integral

1= /da d(g(a)) %. (F.42)

Z|J], in this form, is not particularly easy to calculate

1= / DA(z) 5(G(AY)) det (5G§fA)) (F.43)

This is the continuum generalisation of

1= (H/daZ) d"(g(a)) det (gj;) (F.44)

which is a generalisation of

We choose
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Substituting (F.43) into Z[J]

Z[J] = / DA det <5G§fA)

Now we make the identification:

DA = DAM
S[A] = S[AY

Since A% is just a dummy integration variable, we may rename it back to A.

The Fadeev-Popov determinant can be proven to be gauge independent:

Aph(AY) = / DA’ 5 | G(AL™)]
_ / D[A’A]é[G(Aﬁ/A)]

_ / D)5 [G(aY)
App(A

W)

Then we have

210 = ( / DA(a:)) / DA §(G(A)) det(

) [ Pa) 864 exptisia)

) exp(iS[A))

(F.45)

(F.46)

(F.47)

(F.48)

(F.49)

and so in (F.49) summation over gauge equivalent configurations has been factored put

so that the divergent integral [ DA(x) gives a simply multiplicative factor.

The essential point is that the factor A, , gives the correct measure in the functional
integral, the factor needed for so many years to cure previous attempts to quantise gauge

theories.
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We have deal with the delta function. Note that Z[J] as originally defined, is completely
independent of the arbitrary function w(z). It is convenient computationally to add to-
gether the contribution from all slices labeled by w(z), each slice weighted with a gaussian
function centred on w = 0.

F.3.2 Example: QED

Photon propagator

We may write £ as

1 1 , 1
L= A {an - (1 - &) auay] A" = AP, A

In momentum space the operator P;w becomes

(—’n” + (1 —a Mg M)A,

The inverse operator D, ,(q) will have the structure

Thus we get

for p = v, and

for © = v. Hence

(A(g*)ny, + B(4*)9,9,)

(=" + (1=~ g"gM] [(Alg)ny, + B(6*)q,q,)]

A(P?) [=¢°0; + (1 = a Y)g"q,] + B(¢?) [-a"¢%¢"q,
0.

n
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(F.51)

(F.52)

(F.53)
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Al@) = = (F.55)
q
and
9 1l -«
B(f) =, (F 56)
4q
The propagator is then
My (1—a)g,q,
(A(¢*)n,, + B(@)q,0,) = <—q—; - Tﬂ
Mt (1 —a)q,q,/4 (F.57)
q% + i€

F.3.3 Example: Non-Abelian Case

In QED, the determinant was independent of A, so could be factorised out as another
unimportant overall constant

Z[J] then becomes

Z[J] = N(a) / Duw exp [—z / d%TWQ(x)} / DA(z)

= N(a) / DA(x) / DA det (5];1(;4)) exp (iS[A] —i / d%%gw)

(F.58)
where N(«) is an unimportant noralisation constant.
[Ta, Tb] — ieabCTc
A ol i
A, =UAU +-(0,0)U", (F.59)

9

where
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We have

AN ()

or

where

U(x) = exp(igA®(z)T")

(F.60)

(1 +igA*(x)T*) Ab (2)T°(1 — igA®(x)T*) + g(igﬁuAc(x)Tc)(l —igA’(z)T?)

AS (2)T° = 9, A(2)T° + igA®(x) A? ()[T°, T"] + O(A?)
AS ()T — 0, A(2)T° — gA* () AD ()€™ T + O(A?)

0F,(z) 4 OF (z) 0A"(2)
Mo =Sx) = J° “5Ax(z) 5AY(y)

(DM),, = 0,06, + ige,,, A"

wab

(F.61)

(F.62)

(F.63)

The determinant in terms of a fermionic Gaussian integral over complex anticommutationg
functions of the operator put in between the fields,

det M = / Dn*Dnexp ( / d*rd*s'n* ()M (z — :U')n(x'))

The Jacobian, A¥, may be represented as

det | M| p_y
= /Dn*aDn“ exp </ d*zd*z'n* ()M, (x — x/)nb(x’)>

492

(F.64)

(F.65)



So far we have worked only with the integral [ DA exp(iS[A]). Say we wanted to calculate
the quantity

[ DAO(A) exp(iS[A])
[ DAexp(iS[A])

(F.66)

where the operator is gauge invariant. The same procedure goes through with the numer-
ator as the replacement of A by A* works. We find for the correlation function

J DA [ Dn*Dn O(A) exp(iS[A] — 55 (F[A])* +iS,[n, n*; A]) (F67)
[ DA [ Di*Dnexp(iS[A] — 55 (F[A])? +iS,[n, n*; A]) '
where the awkard constant factors have canceled.
F.3.4 Final Lagrangian for Yang-Mills
1 a a\2 1 T CAYA 92
L,= _Z(auAv — Q,AM) — %(8 Au> +nl0n, (F.68)
_ _1 (a AT — ) Aa) abcAbuAczl
nt 29 wiv vt €
1
+Zg2€abc€adeAzAiAduAeu
—ignaTe“bca"Aan. (F.69)
Boson propagator
(=* "™ + (1 = a™")g"q")6" A5 (F.70)
The inverse operator D‘}\Z(q) will have the structure
(A(g*)ny, + B(4*)q,q,)0 (F.71)
The propagator is
+ (1 -« 2
Myt )4,9,/4 F72)

q% + i€
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Ghost Propagator

The free ghost lagrangian is given by

Lpp= _Ulm% (F.73)

The ghost field propagates like a masslees spin-zero field:

6ab
p) =

A%(p) = )
( p? + e

(F.74)

As we saw the functional integral method allows us to read off the Feynmann rules for
vertices directly from the interacting field theory.

F.3.5 Interaction Vertices of Gauge Fields
The fermion and Yang-Mills vertex

In QED the interaction term of the Lagrangian is given by

LIV = —eU'uA, (F.75)

int

The vertex function is just

ey = —eyt. (F.76)

In the same way we can read off from the interaction Lagrangian the vertex function for
the coupling of fermions and Yang-Mills field

In general the Feynman rules are obtained by varying the corresponding action integral
in momentum space.

Triple vertex

Si'frip — /d4x£§rip

wnt int

(F.77)
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ua 1 a a v

‘antd = _§g(aMAu_auAu)eabcAgAc
= _gaqueabcAgAlc/ (F78)

a d4p a —ip-x
A“(x):/(QW)4A“(p)e P (F.79)
in momentum space
sip = [ ey
— —geabc/d4x8MAZA§AZ

d*pd*kdtq . Lo .
= _gﬁabc/d4xw(—2pu)Au(p)A‘b‘(q)Ac(k)e (p+q+k)
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(F.80)

s
~ =

b,v c, A

Figure F.3: .

Variation yields

495



o
SAb UE O (F.81)

in momentum space

Quadruple vertex

Squad

net = [ ey
(F.82)

Figure F.4: .

F.3.6 Ghosts and Coupling to the Gauge Field

_ 192 at _abc c., b
L, =m0, +gn" e 0" Aln (F.83)

F.3.7 Feynmann Rules for Yang-Mills Theory
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Figure F.5: .

F.4 Electro-Weak Theory

Veltman: I do not care what or how, but what we must have is at least one renormalisable
theory with massive charged bosons, and whether that looks like Nature is of no concern,
those are details that will be fixed later by some model freak...

't Hooft: I can do that.
Veltman: What do you say?

't Hooft: I can do that.
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F.4.1 Introduction

The Higgs field is introduced into the model causing spontaneous symmetry breaking.

This leads to the electron gaining mass.

F.4.2 Massless Dirac Lagrangian

The Dirac Lagrangian with zero mas is given by

L =i 9 4

L = i@v”@lﬂﬁ
= Z(EL + ER)PYMQL(@DL + wR)
= i@L'VMa,ﬂﬁL + Z.JR*Y“@H@Z)R + i@ﬂ“aﬂ)R + @R'Vﬂa,ﬂﬁL)

The last term vanishes as

— 1— — 1
o = (S5 )ove, (S5 )

1 _
= =%+ =) ¥"9,¢
=0

so the mixed terms vanish and we are left

L =i, 78,0y, + i py"d .

We see that the Lagrangian splits up into left- and right-handed parts.

F.4.3 Leptonic Fields in Electro-Weak Theory

where p, is the electron neutrino and e, is the left-handed electron field.
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- 1
eL:( 275>e, eR:( 275)6 (F.89)

If we take the nuetrino be massless, the there is only the left-handed component of the
neutrino field. Since the field is entirely left-handed, it satifies the equation

1—
( 75) v, =, (F.90)
2
With no right-handed component of the neutrino field, we define
v, - ( 0 ) (F.91)
€Rr

F.4.4 Charges of the Electroweak Interaction

F.4.5 Higgs Field

In the standard model of particle physics, which obviusly contains electroweak theory, the
massess of all the particles are zero. an extra field, the so-called Higgs field, is inserted
by hand to give the particles mass.

F.4.6 Feynmann Rules for Electroweak Theory
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Figure F.6: The 18 vertices of standard electroweak theory.
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