
Appendix C

Basic Mathematics

C.1 Introduction

This appendix contains a miscellaneous assortment of mathematical ideas and results.
those topics of relevance to the subject of the report.

C.1.1 Summary of Tensor Calculus

• Linear spaces.

• Curvilinear coordinates

• Curved spaces.

• Vector and tensors: covariant and contravriant.

• Affine and metric connections.

• Differential manifolds.

C.1.2 Linear operators and Matrices

A linear operator T maps a vector space V onto itself which obeys linearity

T (ax̂+ bŷ) = aT (x̂) + bT (ŷ). (C.1)

If we have a basis {êi, i = 1, . . . , n} for V , then
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x̂ =
n∑

i=1

aiêi (C.2)

T (x̂) = T

(
n∑

i=1

aiêi

)

=

n∑

i=1

aiT (êi)

=

n∑

i=1

ai

n∑

j=1

ajTij êj , (C.3)

where we have replaced each vector T (êi) by its component form
∑n

j=1 Tij êj .

Two successive linear transformations T and U acting on a space V produce the trans-
formation UT :

UT (x̂) = U(T (x̂)) = U

(
n∑

j=1

aiTij êj

)

=

n∑

j=1

aiTijU(êj)

=

n∑

j=1

aiTijUjkêk

=

n∑

j=1

ai

(

TijUjk

)

êk (C.4)

From which it follows that the components of UT are

n∑

j=1

TijUjk. (C.5)

We see that this sum is just the matrix product of the respective matrices.

C.2 Group Theory

A group G is defined as a set of objects or operations (called elements) that may be
combined or multiplied to form a well defined product and that satisfy the following four
conditions. If we label the elements a, b, c, . . . , then the conditions are:

711



(1) If a and b are any two elements, then the product ab is an element.

(2) The defined multiplication is associative, (ab)c = a(bc)

(3) There is a unit element I, with Ia = aI = a for all elements a.

(4) Each element has an inverse b = a−1, with aa−1 = a−1a = I for all elements a.

In physics, these abstract conditions will take on a physical meaning, for example in terms
of transformations of vectors and tensors.

C.2.1 Examples of Groups

Translation in time: t′ = t+ a0

Translation in space: ~r′ = ~r + ~a
Rotation in space : ~r′ = R~r

Lie groups

Roughly, a Lie group is a group with an infinite number of elements but which can be
parametrized by one or several real numbers (the total of which is refered to as the
dimension of the Lie group).

The simplest example of a Lie group is SO(2), the group of rotations in the plane. Each
element R(θ) is labelled by rotation angel θ, with multiplication acting as R(θ1)R(θ2) =
R(θ1 + θ2). Because the angle θ is defined only modulo 2π, the manifold of SO(2) is a
circle S1.

interesting properties of Lie groups is that in neighbourhood of the identity element they
can be expressed in terms of a set of generators T a as

D(g) = exp(−αaT
a) :=

∞∑

n=0

(−i)n

n!
αa1

. . . αan
T a1 . . . T an , (C.6)

where αa ∈ C are a set of coordinates of M in a neighbourhood of 1.

Internal symmetries

for e.g. SU(2).

finite-dimensional Lie groups of imporance relativity translations, rotations, Lorentz,
Poincare and special unitary group SU(2). Apart from these finite-dimentional Lie groups,
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the infinie-dimensional ones play an important role in GR. These are the Lie group of
diffeomorphisms of the spacetime manifold.

two groups are isomorphic if there is a one-to-one correspondence between their elements
and if they have exactly the same structure.

The neighbourhood of a group element is chararterized by the neighbourhood of the
corresponding parameter set.

Cosets

Let G be a group and H be a subgroup of G. The set of the form

gH = {gh : h ∈ H} (C.7)

for g ∈ G is called the (left) coset of H in G. There is one coset for each g ∈ G.

H

G

gr

Figure C.1: coset. Suppose H is a subgroup of a finite group G, here the elements of H
are listed first. The shaded box are the elements of the (left) coset of gr ∈ G

As we will see now, cosets define an equivalence on G, where g ∼ g′ if the set gH is equal
to the set g′H , in other words there is an h ∈ H with gh = g′.

Cosets have the property that if cosets overlap they are the same coset, i.e., that for
g1, g2 ∈ G, g1 6= g2

g1H = g2H (C.8)

or that different cosets do not overlap

g1H ∩ g2H = ∅. (C.9)
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Proof: Suppose there is an overlap between the two cosets corresponding to the elements
g1 and g2, that is, for some h1, h2 ∈ H we have

g1h1 = g2h2.

Therefore

g1 = g2h2h
−1
1 .

If h is any element of H then

g1h = g2h2h
−1
1 h = g2h

′

where h′ = h2h
−1
1 h. Since H is a subgroup h′ is also an element of H . Now since no

element of G appears more than once in each row, if cosets do overlap at all they are in
fact the same coset.

proving (C.8).

Right cosets are defined similarly, they are the sets

Hg = {hg : h ∈ H}. (C.10)

These also define an equivalence realtion on the group G.

The equivalence class of a particular representative g is denoted

[g]. (C.11)

Now the set of cosets gH , under the binary operator

[g] · [g′] = [gg′]. (C.12)

forms a group if and only if H is what’s known as a normal subgroup.

Definition Normal subgroups.
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A normal N subgroup of a group G is

h ∈ H if ghg−1 ∈ H for all g ∈ G. (C.13)

We write N ⊳ G to indicate that N is a normal subgroup of G.

We need to establish that induced multiplication between equivalence classes is indepen-
dent of the representative chosen, i.e., that [g′1][g

′
2] = [g1][g2], where g1 is any element of

[g′1] and similarly for g2.

[g′1][g
′
2] = [g1h1][g2h2] = [g1h1g2h2] = [g1g2hh2] = [g1g2h] = [g1g2] = [g1][g2]. (C.14)

[hg] = [h][g] = [e][g] = [eg] = [g] = [ge] = [g][e] (C.15)

[e] = [h]

[e] = [gg−1] = [g][g−1] = [g][g]−1 (C.16)

[g]−1 = [g−1]

This makes G/N into a group, called the quotient group.

Definition The Quotient group is the subgroup is the collection of cosets, each being
considered an element. The quotient group is denoted G/H .

We will be interested in other mathematical things such as algebras, rings, categories
amongt others. There are analogous notions of the normal subgroups for each of these
goining by the names of ideals, , quotient categories.

Simple and Semi-simple Lie Groups

A Lie group is called simple if it does not possess an invariant subgroup.

A Lie group is called semi-simple if it does not possess an abelian invariant subgroup.
Note that a semi-simple subgroup can possess a non-abelian invariant sugroup.

An invariant subset is an ideal if

[Ai, Gj] =
∑

aijkAk (C.17)
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Cartan killing form kij built from the structure constants

kij = CiabCjba (C.18)

Cartan killing form

The killing form kab is nondegenerate if the Lie algebra is semisimple

det(kij) 6= 0. (C.19)

Proof:

we have to demonstrate that det(kij) = 0 if there is an abelian ideal. suppose that the
Lie algebra has an abelian ideal. generators belonging to the ideal will be labelled marked
indices. Then for the b′ column of the killing form,

det(kij′) = CiabCj′ba = Cia′bCj′ba′ (C.20)

as by (C.17) Cj′ba = 0 for those values of a which do not belong to the ideal. it follows
from (C.20) that

det(kij′) = −Ca′ibCj′ba′ = −Ca′ib′Cj′b′a′ (C.21)

since Ca′ib = 0 for all b 6= b′ the same reason. [Ai, Aj] = 0 for an abelian ideal so

Cj′b′a′ = 0

holds. As the j′ column of the killing form vanishes it follows that

det(kij) = 0. (C.22)

Cartan’s condition can be stated that if a Lie algebra is semisimple its killing form is
invertible, that is, there is an inverse kij := (kij)

−1 for which

kikkkj = δi
j

holds.
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C.2.2 Unitary Representations of Groups

R Group elements.
[G] The collection of group elements
Ra An indexed group element.
α, β, . . . Labels irreducible representations.
D Matrix representation.
D(α) Indexed irriduceable matrix representation.
i, j, . . . Labels components of matrix representations
h Dimension of group.
χ Character

Proof Let {Aa} be a representation of the group G. Construct the Hermitian matrix

H =
∑h

a=1AaA
†
a

H† = [
h∑

a

(AaA
†
a)]

† =
h∑

a

(AaA
†
a)

† =
h∑

a

AaA
†
a = H (C.23)

From the earlier discussion of matrix algebra, any Hermitian matrix can be diagonalized
by a similarity transformation. Let

d =

h∑

a

U †AaA
†
aU =

∑

α

(U †AaU)(U †A†
aU) =

∑

α

(U †AaU)(U †AaU)† (C.24)

Hence, d =
∑

a ÃaÃ
†
a where Ãa = U †AaU = U−1AaU . The elements of the diagonal d

matrix are real and positive.

djj =

h∑

a

∑

k

(Ãa)jk(Ã
†
a)kj =

h∑

a

∑

k

(Ãa)jk(Ãa)
∗
jk =

h∑

a

∑

k

|(Ã)jk|2 (C.25)

for all j = 1, . . . , h. Since d is diagonal, we can define its square-root d1/2

d1/2 =








d
1/2
11 0 · · · 0

0 d
1/2
11 · · · 0

...
...

. . .
...

0 0 · · · d
1/2
hh








(C.26)

and d−1/2, which is given by an analogous expression. Evidently, (d1/2)2 and d1/2d−1/2 = 1,
where I is the identity matrix. Diagonal matrices commute with each other, and we can
write for the identity I
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I = d−1/2dd−1/2 = d−1/2

h∑

a

ÃaÃ
†
a d

−1/2. (C.27)

By the rearangement theorem, {ÃbÃa} all a, and any one b is equal to {Ã} for all a.
Hence,

I = d−1/2
∑

a

(ÃbÃa) (ÃbÃa)
†d−1/2

= d−1/2
∑

a

(ÃbÃa Ã
†
aÃ

†
b)d

−1/2

= d−1/2Ãbd
1/2

(

d−1/2
∑

a

ÃaÃ
†
ad

−1/2

)

d1/2Ã†
bd

−1/2 (C.28)

using (C.27) in this gives

I = (d−1/2Ãbd
1/2)(d−1/2Ãbd

1/2)†

= (d−1/2U−1AbUd
1/2)(d−1/2U−1AbUd

1/2)†. (C.29)

Let us define the matrix Ba := d−1/2U−1AaUd
1/2. It is easy to see that Ba has the same

multiplication table as Aα. If we have AaAb = Ac, then

BaBb = (d−1/2U−1AαUd
1/2)(d−1/2U−1AbUd

1/2)

= (d−1/2U−1Aa) (Ud1/2d−1/2U−1) (Abd
1/2U)

= (d−1/2U−1 AaAb Ud
1/2)

= (d−1/2U−1AcUd
1/2) = Bc (C.30)

Therefore {Ba} is a unitary reprsentation of the group G.

Representation of finite groups can always be taken to be unitary. It is essential that the
sum over g ∈ G converge. This is guaranteed for a finite group, but may not work for
infinite groups. In particular, non-compact Lie groups, such as the Lorentz group, have
no finite dimensional unitary representations.
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C.2.3 Schur’s First Lemma

Theorem C.2.1 A non-zero matrix which commutes with all of the matrices of an irre-
ducible representation is a constant multiple of the unit matrix.

Proof:

We can take these matrices to be unitary without loss of generality. Suppose there is a
matrix M that commutes with all of the Aa but which is not a constant multiple of the
unit matrix:

MAa = AaM (C.31)

for all a = 1, 2, . . . , |G|. By taking the edjoint of each of these equations, we obtain

A†
aM

† = M †A†
a. (C.32)

Since Aa are unitary

A−1
a M † = M †A−1

a . (C.33)

Multiplying both this from left and right we obtain

M †Aa = AaM
† (C.34)

So that, if M commutes with every matrix of the representation, then so does M †. As
such the Hermitian matries

H1 = M +M †, H2 = i(M −M †) (C.35)

also commute with every matrix of the representation. We prove the statement of the
theorem for Hermitician matrices. We start with

HAa = AaH. (C.36)

Since a hermitian matrix H can be diagonalized by some U , D = U−1HU .

U−1HUU−1AaU = U−1AaUU
−1HU, (C.37)
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Let Ãa = U−1AaU

DÃa = ÃaD. (C.38)

A non-zero matrix which commutes with all of the matrices of an irreducible representation
is a constant multiple of the unit matrix.

(Ãa)ij(Dii −Djj) = 0. (C.39)

(i) Suppose all the diagonal elements of D are distinct: Dii 6= Djj if i 6= j. Then (C.39)
implies that

(Ãa)ij = 0, i 6= j,

i.e., the off-diagonal elements of Ãα must vanish. They form a reducible representatoin

composed of d one-dimentional representations. Since the Ãa are obtained from the Aa

by a similarity transformation, the Aa are a reducible representaion.

(ii) Suppose p of the diagonal elements of D are equal, but the remaining entries are
distinct from these and from each other. Using similarity transfromations, (for example
(C.40)), we can arrange the diagonal elements so that the first p are equal.







0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1













a 0 0 0
0 b 0 0
0 0 c 0
0 0 0 d













0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1







=







b 0 0 0
0 a 0 0
0 0 c 0
0 0 0 d







(C.40)

Hence, we can assume this is the case without loss of generality, i.e. D11 = D22 = · · · =

Dpp, Dmm 6= Dnn, otherwise. The (Ãi)mn must vanish for any pair of unequal diagonal
entries.

Ãi =

(
B1 0
0 B2,

)

(C.41)

where B1 is a p× p matrix and B2 is a (p− d) × (p− d) diagonal matrix.

We have shown that if a Hermtian matrix is not a multiple of the unit matrix and com-
mutes with all the matrices of a representation, then that representation is necessarily
reducible. Thus, if a non-zero Hermtian matrix which commutes with all the matrices of
an irreducible representation that matrix must be a multiple of the unit matrix.
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Given that both M + M † and i(M −M †) are both Hermitician matrices that commute
with all of the matrices of an irreducible representation is a constant multiple of the unit
matrix. we have H1 = M +M † = c1I and H2 = i(M −M †) = c2I. We have that

M = H1 − iH2 = (c1 − ic2)I

and hence must be proportional to the unit marix.

C.2.4 Schur’s Second Lemma

Theorem C.2.2 Let {A1, A2, . . . , A|G|} and {B1, B2, . . . , B|G|} be two irreducible repre-
sentations of a group G of dimensionalities d an d′ respectively. If there is a matrix M
such that

MAa = BaM

for a = 1, 2, . . . , |G|, then if d = d′, either M = 0 or the two representations are related
by a similarity transformation. If d 6= d′, then M = 0.

As

MAa = BaM

then

A†
aM

† = M †B†
a

using unitary

A−1
a M † = M †B−1

a . (C.42)

Multiplying on the right by M , we get

A−1
a M †M = M †B−1

a M. (C.43)

By the group properties B−1
a is some Bb and A−1

a is the corresponding Ab, and so by the
posulate of the theorem, MAb = BbM , or
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MA−1
b = B−1

b M

substituting this into (C.43), gives

A−1
a M †M = M †MA−1

a . (C.44)

Thus, the d′× d′ matrix MM † commutes with all the matrices of an irreducible represen-
tation. By Schur’s first lemma, MM † must therefore be a constant multiple of the unit
matrix,

MM † = cI. (C.45)

(i) Say d = d′. If c 6= 0, equation (C.45) implies that

M−1 =
1

c
M †.

plus (C.42) can be rearranged

Aa = M−1BaM,

so the two representations are related by a similarity transfromation and are, therefore,
equivalent and since M †M = cd,it follows that c−d′/2M is a unitary matrix. If c = 0 then

(MM †)ij =
∑

k

Mik(M
†)kj =

∑

k

MikM
∗
jk = 0. (C.46)

By setting i = j, we obtain

∑

k

MikM
∗
ik =

∑

k

|Mik|2 = 0 (C.47)

which implies that Mik = 0 for all i and k, i.e., that M is the zero matrix.

(ii) Say d 6= d′. We take d < d′. Them M is a rectangular matrix with d columns and d′

rows,
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








M11 · · · M1d

M21 · · · M2d
... · · · ...
... · · · ...

Md′1 · · · Md′d.










(C.48)

We add d′ − d columns of zeros

N =













M11 · · · M1d 0 · · · 0
M21 · · · M2d 0 · · · 0

... · · · ...
...

...
... · · · ...

...
. . .

...
... · · · ...

...
Md′1 · · · Md′d 0 · · · 0













(C.49)

Taking the adjoint of this matrix yields

N † =














M∗
11 M∗

21 · · · Md′1

M∗
12 M∗

22 · · · Md′2
... · · · ...

M∗
d1 M∗

2d · · · M∗
d′d

0 0 · · · 0
...

...
. . .

...
0 0 · · · 0














(C.50)

We have

NN † = MM † = cI.

Taking the determinant

det(NN †) = det(N) det(N †) = cd
′

= 0.

so c = 0, so that, as before we arrive at

∑

k

|Nik|2 = 0. (C.51)

which implies that Nik = 0 for all i and k, i.e. N is the zero matrix. Hence, M = 0.
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C.2.5 Orthogonality relations

Let D(α)(R)ij be the (i, j) matrix elements of the αth irreducible unitary representation
of the element R of G. The range of R will be the h elements of G. The range of α will
be the number of inequivalent irreducible representations. The range of i and j will be
the dimension dα of the αth representation.

Theorem:

∑

R

D(α)(R)∗i′j′D
(β)(R)ij =

h

dα

δαβδii′δjj′ (C.52)

Proof:

Let

M =
∑

R

D(2)(R)XD(1)(R−1). (C.53)

D(2)(S)M =
∑

R

D(2)(S)
[
D(2)(R)XD(1)(R−1)

]
D(1)(S−1)D(1)(S)

(S)M =
∑

R

[
D(2)(S)D(2)(R)

]
X
[
D(1)(R−1)D(1)(S−1)

]
D(1)(S) (C.54)

If SR = T , then

D(α)(S)D(α)(R) = D(α)(SR) = D(α)(T ) and

D(α)(R−1)D(α)(S−1) = D(α)(R−1S−1) = D(α)(T−1) (C.55)

D(2)(S)M =
∑

T

D(2)(T )XD(1)(T−1))D(1)(S)

= MD(1)(S) for all S. (C.56)

Hence by theorem ands its corollary, M = 0. Now choose X to be a matrix every element
of which is zero except one, which we shall call Xj′i, Xj′i = 1.
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M = 0 =
∑

R

D(2)(R)XD(α)(R−1)

0 =
∑∑

R

D(2)(R)i′lXklD
(2)(R−1)lj

0 =
∑

R

D(2)(R)i′j′D
(2)(R−1)ij

0 =
∑

R

D(2)(R)∗jiD
(2)(R−1)i′j′ (C.57)

The last step follows from the unitarity of the representation.

D(α)(R−1)ij = [D(α)(R−1)]−1
ij = D(α)(R)∗ji (C.58)

This proves the theorem for i 6= j

∑

i

D
(α)
ii (R)

∑

j

D
(β)
jj (R)∗ = gδαβ (C.59)

case(b): i = j = 1

We define M = cI =
∑

RD
(1)(R)D(1)(R−1). Then just as in case (a)

C.2.6 The Characters of a Representation

First Orthogonal Relation

If α and β are irreducible and Nk is the number of elements in ck,

then

∑

k

χ(α)(ck)
∗χ(β)(ck)Nk = hδαβ (C.60)

Proof:

Starting with the orthogonality relatioins, theorem and setting i = i′ and summing over
i and j, we get
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∑

R

χ(α)∗(R)χ(β)(R) − h

lα
δαβ

∑

i,j

δijδij

︸ ︷︷ ︸

=lα

(C.61)

∑

R

χ(α)(ck)
∗χ(β)(ck)Nk = hδαβ . (C.62)

The Second Orthogonality Relation If D(α) is irreducible, then

∑

α

χ(α)(ck)
∗χ(α)(cl) =

h

Nl

δkl (C.63)

χ =
∑

α

aαχ
(α) (C.64)

χ · λ =
∑

α

aαχ(ck) · χ(cβ)

=
∑

α

aαhδij = haj (C.65)

Hence,

χ =
∑

α

χ · χ(α)

h
χ(α)

= χ ·
∑

α

χ(α)χ(α)

h
(C.66)

χ(cl) =
∑

k,α

Nkχ(ck)χ
(α)(ck)χ

(α)(cl)
1

h
(C.67)

0 =
∑

k

χ(ck)

[

Nk

h

∑

α

χ(α)(ck)χ
(α)(cl) − δkl

]

(C.68)
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C.2.7 Direct Products

Details Direct Product of matrices and vectors.

By definition the vector product of two 2-by-2 matrices is

A⊗ B =

(
a11B a12B
a21B a22B

)

(C.69)

A more explicit form

A⊗ B =







a11b11 a11b12 a12b11 a12b12
a11b21 a11b22 a12b21 a12b22
a21b11 a21b12 a12b11 a22b12
a21b21 a21b22 a22b21 a22b22







(C.70)

C =







c11;11 c11;12 c12;11 c12;12
c11;21 c11;22 c12;21 c12;22
c21;11 c21;12 c12;11 c22;12
c21;21 c21;22 c22;21 c22;22







(C.71)

In general the direct product C of two matrices A and B is defined in terms of matrix
elements by

aijbkl = cik;jl. (C.72)

The row and column labels of C are composite labels:

Mi1,Mi,2, . . . ,M1,n (C.73)

whereas the as one goes along a row the read

cik;1,1, cik;1,2, . . . , cik;1,n, cik;2,1, cik;2,2, . . . , cik;2,n,, . . . , cik;n,1, cik;n,2, . . . , cik;n,n,.
(C.74)

the row label, is obtained from the

We prove these direct products have the same operations as matries.

Products
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(A⊗ B)(C ⊗D) = AC ⊗ BD (C.75)

(A⊗ B)(C ⊗D) =

(
a11B a12B
a21B a22B

)(
c11D c12D
c21D c22D

)

=

(
(a11c11 + a12c21)BD (a11c12 + a12c22)BD
(a21c11 + a22c21)BD (a21c12 + a22c22)BD

)

= AC ⊗ BD (C.76)

D ×D (C.77)

χ(α×β) =
∑

ij

D
(α×β)
(ii)(jj)(Ga) =

∑

i

D
(α)
ii (Ga)

∑

j

D
(β)
jj (Ga) (C.78)

The character of the representation of the direct product is equal to the product of the
characters of the original representations α and β, which implies that

χ(α×β) = χ(α) · χ(β). (C.79)

Thr representations resulting from (C.77) is in general reducible, that is

D(α×β)(Ga) = ⊕γmγD
γ(Ga) (C.80)

mγ =
1

g

∑

p

cpχ
(γ)∗χ(α)

p χ(β)
p . (C.81)

C.3 Continuous Groups, Lie Groups and Lie algebras

We are only interested in symmetery transformations are all based on contiuous quantities
determing how summations over group elements are carried out.

The neighbourhood of a group element is characterized by the neighbourhood of the
corresponding parameter set.

symetries e.g. rotational each point in three spacial manifold).
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Instead of having to consider the group as a whole, for many purposes it is sufficient to
consider the an infinitesimal transformation around the identity. Any finite transformation
can then be constructed by the reapeted application of this infinitesimal transformation.

We will the properties of Lie groups and algebras in terms of specific examples, especially
the two and three dimensional rotation groups and the Lorentz group.

C.3.1 Infinitesmal Generating Technique

A function

f(x+ δx) = f(x) + δx
df(x)

dx
(C.82)

f(x+ 2δx) = f(x+ δx) + δx
df(x+ δx)

dx
= f(x) + 2δx

df(x)

dx
+ δx

d2f(x)

dx2
(C.83)

Binomial type expansion

f(x+Nδx) =

N∑

r=0

N !

r!(N − r)!
δxr d

rf(x)

dxr
(C.84)

In the limit N → ∞ the factor N !/(N − r) can be replaced by N r. We put Nδx = a
where, in the limit N → ∞ a is a finite number.

f(x+ a) =

∞∑

r=0

ar

r!

drf(x)

dxr
= f(x) + a

df(x)

dx
+
a2

2!

d2f(x)

dx2
+ . . . (C.85)

which we can formally write

f(x+ a) = exp

(

a
d

dx

)

f(x) (C.86)

Rotation operators

R(δθ) =

(
1 dθ

−dθ 1

)

= 1 + idθJ where J = i

(
0 −1
1 0

)

(C.87)

J2 =

(
1 0
0 1

)

(C.88)
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R(θ) =

(

1 +
iθ

N
J

)N

= exp (iθJ) = I + iJ +
(iθ)2

2!
J2 +

(iθ)3

3!
J3 +

= I

[

1 − θ3

3!
+
θ5

5!
. . .

]

+ iJ

[

1 − θ2

2!
+
θ4

4!
. . .

]

= I cos θ + iJ sin θ

=

(
cos θ − sin θ
sin θ cos θ

)

(C.89)

y

x
x

δθ

x’

y’
y

yδθy’ = y +

xδθx’ = x - 

Figure C.2: infintesmal rotation.

Λi

Figure C.3: infintesmal rotation.

r′ = r + δφ× r (C.90)

expressed in component form

x′I = xi + ǫijkxk = (δik + ǫijk)xk (C.91)

R̂ =





1 δφz δφy

−δφz 1 δφx

δφy −δφx 1



 (C.92)
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(

I − i

~
δφ · L̂

)

(C.93)

where

Lx =





0 0 0
0 0 1
0 −1 0



 , Ly =





0 0 1
0 0 0
1 0 0



 , Lz =





0 1 0
−1 0 0
0 0 0



 (C.94)

Thus, given two vector angles α and β, there must exist a third one, γ, such that

exp(iα · J) exp(iβ · J) = exp(iγ · J). (C.95)

For this to be so the matrices must have to satisfy some condition, which can be found
by considering the angles αi and βi as small.

U(δαµ) = I + iαiJi −
1

2

∑

i,j

αiαjJiJj + . . . , (C.96)

as Ji are unitary, i.e. U †(αi) = U−1(αi) , then from() we obtain

U †(αi)I − iαiJ†
i = U−1(αi) = I − iαiJi. (C.97)

from this follows the Hermiticity of the generators

U †
i = Ui (C.98)

Next we calculate the inverse operator to second order in αi

U−1(αi) = I − iαiJi −
1

2
(C.99)

I+i(αiJi+β
iJi)−

1

2
(αiJi+β

iJi)
2 = I+i(αiJi+β

iJi)−
1

2
(αiαj+αiβj+αjβi+βiβj)JiJjα

iβi[Ji, Jj ]+. . .

(C.100)

+ · · · = i(αi + βi)Ji −
1

2
(C.101)
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the commutator must be a linear combination of the Ji, that is

[Ji, Jj] = Ck
ijJk. (C.102)

The generators of any Lie group must have such commutation relations. The coefficients
Ck

ij are called the structure constants

The product of two rotations exp(−iTy) exp(−iTz) can always be written as a single
exponential, say exp(−iα · T ) where α · T := αxTx + αyTy + αzTz. Suppose we set
exp(−iα · T ) exp(−iβ · T ) = exp(−iγ · T ) and try to calculate γ in terms of α and β. If
we expand the exponentials we find

[1 − iα · t− 1

2
(α · t)2 + . . . ][1 − iβ · t− 1

2
(β · t)2 + . . . ]

= exp(−i(α + β) · t− 1

2
[α · t, β · t] + . . . ) (C.103)

(and this is known as the Campbell-Baker-Hausdorff theorem - see Appendix S). It is
for this reason that we can learn all we need to know about Lie groups by studying the
commutation algebras of the generators

C.3.2 General Structure of Lie Groups

An infinite group is a group that contains an infinite nuber of elements. The rotation
group is an example of such a group.

SO(3) = exp(−iφ̂ · J). (C.104)

The fact that these matrices are functions of only three fundamental matrices {Ĵk} =

{Ĵ1Ĵ2Ĵ3} allows us to represent them in a simple way.

The set of group elements are characterized by a set of continuous real parameters.

A continuous group G is said to be compact if the parameter space is finite and non-
compact if it is infinite. The rotation group SO(3) is an example of a compact group with
the Lorentz group SO(3, 1) as an example of a non-compact group.

[A, [B,C]] = A[B,C] − [B,C]A

= ABC − ACB − BCA+ CBA (C.105)
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We now add and subtract the quantities BAC and CAB on the right-hand side of this
equation and rearange the resulting expression

[A, [B,C]] = ABC − ACB − BCA+ CBA

−BAC +BAC + CAB − CAB

= −C(AB −BA) + (AB − BA)C

+B(AC − CA) − (AC − CA)B

= − [C, [A,B]] − [B, [C,A]] (C.106)

A simple rearrangement yields the Jacobi identity:

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0 (C.107)

The important properties of the structure constants are the following

(i) They are antisymmetric in their lower indices

Ck
ij = −Ck

ji (C.108)

(ii) The Jacobi identity defined by the infinitesimal generators (e.g. for the rotation group:
A = Jk, B = Jl, C = Jm) leads to the condition on the scructure constants

Cn
klC

p
mn + Cn

lmC
p
kn + Cn

mkC
p
ln = 0 (C.109)

C.3.3 Rotations SO(3) and SU(2)

By a representation we mean a set of matrices Tx, Ty , and Tz with the same commutation
relations as the t’s. The T ’s of Eqs() and () are an examples in which the matrices are
3 × 3 and the representation is said to be of dimension three.

We recall the construction in standard quantum mechanics lectures.

[J1, J2] = iJ3, [J2, J3] = iJ1, [J3, J1] = iJ2 (C.110)

Ĵ2ψjm = j(j + 1)ψjm, Ĵ3ψjm = mψjm (C.111)

It is convenient to define
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J+ = iJ1 − J2, and its complex conjugate J− = −iJ1 − J2 (C.112)

the commutation relations become

[Jz, J+] = J+, [Jz, J−] = −J−, [J+, J−] = 2Jz. (C.113)

J3ψ1 = J3J+ψ = [J3, J+]ψ + J+J3ψ (C.114)

J+J− = J2 − J3(J3 − 1) (C.115)

J−J+ = J2 − J3(J3 + 1) (C.116)

J+J−ψjm = [j(j + 1) −m(m− 1)] (C.117)

J−J+ψjm = [j(j + 1) −m(m+ 1)] (C.118)

U = e−iθiσi (C.119)

σ̂1 =

(
0 1
1 0

)

, σ̂2 =

(
0 −i
i 0

)

, σ̂3 =

(
1 0
0 −1

)

(C.120)

τ iτ j − τ jτ i = ǫijkτ
k (C.121)

SU(2) is the universal cover of SO(3)

By definition SU(2) is the group of 2× 2 special unitary matricies with determinant one.
If

P =

(
a b
c d

)

where a, b, c, d ∈ C then the requirements P−1 = P ∗ and detP = 1 translates to

a = d and b = −c.
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That is

P =

(
a b

−b a

)

and the condition that detP = 1 gives the condition

aa + bb = 1

This says that P is fully determined by a vector (a, b) ∈ C
2 of length one. If we write a, b

in terms of their real and imaginary parts, then the above condition becomes

x2
1 + x2

2 + x2
3 + x2

4 = 1

that is the unit sphere S3 in R
4, which is simple connected as the unit sphere S2 in R

3 is.

Details The Pauli matrices form a vector space

τi =
σ̂i

2
(C.122)

They form linear independent complete vector space for 2 × 2 matrices

I =

(
1 0
0 1

)

, σ̂1 =

(
0 1
1 0

)

,

σ̂2 =

(
0 −i
i 0

)

, σ̂3 =

(
1 0
0 −1

)

(C.123)

a1σ1 + a2σ2 + a3σ3 + bI = a · σ

=

(
b+ a3 a1 − ia2

a1 + ia2 b− a3

)

=

(
A11 A12

A21 A22

)

= A (C.124)

TrI = 2, T rσi = 0 (C.125)

Hence,

A =
∑

i

σ̂i

1

2
Tr(Aσ̂i) + (

1

2
TrA)I (C.126)
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C.3.4 Spin Direct Products

A subspace V is said to be invariant if it is mapped into itself by application of each
matrix element of the group.(refine definition) A less trival example of a reduciable rep-
resentation is the “addition of angular momentum” in quantum mechanics

We combine two irreduciable representations by forming the product space V = V1 ⊗ V2.

σ̂x
1 =

(
0 1
1 0

)

⊗
(

1 0
0 1

)

=







1
1

1
1






,

σ̂y
1 =

(
0 −i
i 0

)

⊗
(

1 0
0 1

)

=







−i
−i

i
i






,

σ̂z
1 =

(
1 0
0 −1

)

⊗
(

1 0
0 1

)

=







1
1

−1
−1






, (C.127)

and

σ̂x
2 =

(
1 0
0 1

)

⊗
(

0 1
1 0

)

=







1
1

1
1






,

σ̂y
2 =

(
1 0
0 1

)

⊗
(

0 −i
i 0

)

=







−i
i

−i
i






,

σ̂z
1 =

(
1 0
0 1

)

⊗
(

1 0
0 −1

)

=







1
−1

1
−1






. (C.128)

Note that

[
σ̂i

1, σ̂
j
2

]
= 0 (C.129)
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for any i, j ∈ {x, y, z} as can be shown directly or better still using the rule for multiplying
direct products of matrices :(A⊗B)(C ⊗D) = (AC ⊗ BD),

[
σ̂i

1, σ̂
j
2

]
= (σ̂i ⊗ I)(I ⊗ σ̂j) − (I ⊗ σ̂j)(σ̂i ⊗ I) = (σ̂i ⊗ σ̂j) − (σ̂i ⊗ σ̂j) = 0 (C.130)

These operators act on the direct product space V ⊗ V , with, elements

η ⊗ ω =

(
η1

η2

)

⊗
(
ω1

ω2

)

=







η1ω1

η1ω2

η2ω1

η2ω2







(C.131)

|ψ(1,1) > =







1
0
0
0







=

(
1
0

)

⊗
(

1
0

)

,

|ψ(1,0) > =







0
1
1
0







=

(
1
0

)

⊗
(

0
1

)

+

(
0
1

)

⊗
(

1
0

)

,

|ψ(1,−1) > =







0
0
0
1







=

(
0
1

)

⊗
(

0
1

)

,

|ψ(0,0) >= =







0
1
−1
0







=

(
1
0

)

⊗
(

0
1

)

−
(

0
1

)

⊗
(

1
0

)

. (C.132)

This result

S :=
1

2
(σ̂ ⊗ I + I ⊗ σ̂) (C.133)

are generators of a reducible 4-dimensional reperentation of ∫⊓(2). There exists a unitary
matrix U such that

USU † =

(
S(S=1)

S(S=0)

)

, (C.134)
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where S(S=1) and S(S=0) representaions of dimension 3 and 1, respectively.

S2 =
1

4
(σ̂ ⊗ I + I ⊗ σ̂)2

=
1

4
(σ̂2 ⊗ I + 2σ̂ ⊗ σ̂ + I ⊗ σ̂2)

=
1

2
σ̂ ⊗ σ̂ +

3

2
I ⊗ I, (C.135)

since σ̂2 = 3I.

~Sz = σ̂z ⊗ I + I ⊗ σ̂z (C.136)

~Sz|S, Sz >= Sz|S, Sz > (C.137)

~S2|S, Sz >= S(S + 1)|S, Sz >, Sz = −S, . . . , S; S = 0, 1. (C.138)
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I will first go through the explicit calculation of the action of the z-component of the angu-
lar momentum, Ĵ3, and the total angular momentum, Ĵ2, so the reader may have a better
feel for what is going on in the abstract diagrammatic calculation (and to appreciate the
simplicity of the diagrammatic version). Moreover, I wish to go through the calculation
for the total angular momentum operator both ways because of its importance in find-
ing the (main sequence of) eigenvalues of the area operator (see appendix on geometric
operators).

=
2
1

3σ

Details

ωAB...F (i = 0) = δA0δB0 . . . δE0δF0 (C.139)

ωAB...F (i = 1) = δA1δB0δC0 . . . δE0δF0

+δA0δB1δC0 . . . δE0δF0

+δA0δB0δC1 . . . δE0δF0 + . . .
...

ωAB...F (i = 2s) = δA1δB1 . . . δE1δF1 (C.140)

σ̂z =

2s+1∑

k=1

1 ⊗ · · · ⊗ 1

(
σ̂3

2

)

⊗ · · · ⊗ 1 (C.141)

which written in component form reads

1

2
~σ̂3

AA′BB′...EE′FF ′ :=
1

2
~σ̂3

AA′δBB′ . . . δFF ′

...
1

2
~σ̂3

FF ′δAA′δBB′ . . . δEE′

(AA′;BB′; . . . ;EE′;FF ′ = 0, 1). (C.142)

We verify that the “states” ω(i) fulfill the eigenvalue equation

~
1

2
σ̂3ω(i) = ~(s − i)ω(i)

i = 0, 1, . . . , 2s. (C.143)
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Using

σ̂3 =

(
1 0
0 −1

)

(C.144)

and (C.142) we get

(
1

2
~ ω(i = 0)

)

AB...F

= ~
1

2
σ̂3

AA′BB′...EE′FF ′ ωA′B′...E′F ′(i = 0)

= ~
1

2
σ̂3

AA′δA′0δB0 . . . δE0δF0 +

+ δA0~
1

2
σ̂3

BB′δB′0 . . . δE0δF0 + . . .

+ δA0δB0 . . . δE0~
1

2
σ̂3

FF ′δF ′0

=
~

2
2s(δA0δB0 . . . δF0) = ~sωAB...F (i = 0) (C.145)

(
1

2
~ ω(i = 1)

)

AB...F

= ~
1

2
σ̂3

AA′δA′1δB0 . . . δE0δF0 + δA1
~

2
σ̂3

BB′δB′0 . . . δF0 +

+ · · · + δA1δB0 . . .
~

2
σ̂3

FF ′δF ′0 +
~

2
σ̂3

AA′δA′0δB1 . . . δF0

+ δA0
~

2
σ̂3

BB′δB′1 . . . δF0 + . . .

+ δA0δB1 . . .
~

2
σ̂3

FF ′δF ′1 + . . .

=
~

2
[−δA1δB0 . . . δF0 + (2s − 1) × δA1δB0 . . . δF0 +

+ δA0δB1 . . . δF0 − δA0δB1 . . . δF0 +

+ (2s − 3) × δA0δB1 . . . δF0 + . . .]

= ~(s − 1)ωAB...F (i = 1), (C.146)

...
(

1

2
~ ω(i = 2s)

)

AB...F

=

= ~
1

2
σ̂3

AA′δA′1δB1 . . . δF1 + δA1
~

2
σ̂3

BB′δB′1 . . . δE1δF1 + . . .

+ · · · + δA1δB1 . . .
~

2
σ̂3

FF ′δF ′1

= −~sωAB...F (i = 2s). (C.147)
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Details K1.3

σ̂2 =
2s+1∑

k=1

2s+1∑

k′=1

1 ⊗ · · · ⊗
(

σ̂k

2

)

⊗ · · · ⊗
(

σ̂k′

2

)

⊗ · · · ⊗ 1 (C.148)

(~2/4)σ̂2
AA′BB′...FF ′ (C.149)

has eigenvalue ~
2s(s + 1)

(
1

4
σ̂2

)

AA′BB′...FF ′

=
1

4
(C.150)

σ̂2 =
2s+1∑

k=1

1 ⊗ · · · ⊗
(

σ̂kσ̂k

4

)

⊗ · · · ⊗ 1 (C.151)

σ̂2
AA′ = (σ̂1)2AA′ + (σ̂2)2AA′ + (σ̂3)2AA′ = 3δAA′ (C.152)

(
1

4
σ̂2

)

ω(i = 0) =

[
3

2
s +

1

4
(2s − 1)2s

]

ω(i = 0)

= s(s + 1)ω(i = 0). (C.153)

(
1

4
σ̂AA′σ̂BB′

)

δA′1δB′0 =

=
(
σ̂1

AA′σ̂1
BB′ + σ̂2

AA′σ̂2
BB′ + σ̂3

AA′σ̂3
BB′

)
δA′1δB′0

=
1

4
((+1)δA0δB1 + (+1)δA0δB1 + (−1)δA1δB0) (C.154)

(
1

4
σ̂AA′σ̂BB′

)

(δA′1δB′0 + δA′0δB′1) =

1

4
(δA0δB1 + δA1δB0) (C.155)
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C.3.5 Direct Products and Clebsch-Gordan Coefficients

τ i
(j) =

2s+1∑

k=1

1 ⊗ · · · ⊗
(
σ̂k

2

)

⊗ · · · ⊗ 1 (C.156)

We wish to calculate τ i
(j)τ

j

(j) − τ j

(j)τ
i
(j). The terms of (M.-19) for k 6= k wont contribute to

the commutator as the order of multiplication irrelevant,

∑

k 6=k′

(

1 ⊗ · · · ⊗
(
σ̂k

2

)

⊗ · · · ⊗ 1

)(

1 ⊗ · · · ⊗
(
σ̂k′

2

)

⊗ · · · ⊗ 1

)

− (k ↔ k′) = 0 (C.157)

τ i
(j)τ

j

(j) − τ j

(j)τ
i
(j) =

=
2s+1∑

k=1

[

1 ⊗ · · · ⊗
(
σ̂i

2

)(
σ̂j

2

)

⊗ · · · ⊗ 1 − 1 ⊗ · · · ⊗
(
σ̂j

2

)(
σ̂i

2

)

⊗ · · · ⊗ 1

]

=
2s+1∑

k=1

1 ⊗ · · · ⊗
(
σ̂iσ̂j

4
− σ̂jσ̂i

4

)

⊗ · · · ⊗ 1

= ǫijk

2s+1∑

k=1

1 ⊗ · · · ⊗ σ̂k

2
⊗ · · · ⊗ 1

= ǫijkτ
k
(j) (C.158)

A⊗ B

aijbkl = cik;jl. (C.159)

the row and column labels of the matrix elements of C are composite labels: the row label
ik, is obtained from the row labels of the matrix elements of A and B and the column
label, jl is obtained from the corresponding column labels.

∆j(θ) =

j
∑

m=−j

e−imθ

= eijθ e
−i(2j+1)θ−
e−iθ − 1

=
ei(j+ 1

2
)θ − e−i(j+ 1

2
)θ

ei 1

2
θ − e−i 1

2
θ

=
sin
[
(j + 1

2
)θ
]

sin(1
2
θ)

(C.160)
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∫ 2π

0

∆k(θ)∆j(θ)
1 − cos θ

2π
dθ = δkj. (C.161)

Since the spinor indices take only one of two values an antisymmetrizable over three
indices of a multivalent spinor τ...ABC... is zero. In particular we have the Jacobi identity

ǫA[BǫCD] = 0 = ǫABǫCD + ǫACǫDB + ǫADǫBC (C.162)

τ...AB... = τ...(AB)... +
1

2
ǫABτ

C
...C .... (C.163)

The proof

ǫABτ
C

C − τAB + τBA = 0 (C.164)

τ[AB] =
1

2
ǫABτ

C
C . (C.165)

Since τAB = τ(AB) + τ[AB] the result follows

τAB = τ(AB) +
1

2
ǫABτ

C
C (C.166)

It should be evident that this result will also apply to the more general case where we
consider only two particular indices of a multivalent spinor τ...ABC... of valence > 2, hence
we have the result (C.163).

The same is true for the followings cases.

(a) Case τAB we already have

(b) Case τABC

3τ(ABC) = τA(BC) + τB(AC) + τC(AB)

= 3τA(BC) − (τA(BC) − τB(AC)) − (τA(BC) − τC(AB))

= 3τA(BC) − ǫABσC − ǫACσB (C.167)

where σC = ǫAB(τA(BC) − τB(AC)).

This rearanged gives
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τA(BC) = τ(ABC) +
1

3
ǫABσC +

1

3
ǫACσB. (C.168)

τA(BC) = τABC − 1

2
ǫBCτ

D
AD (C.169)

Using (C.169) in (C.168) we have the desired expansion for τABC

τABC = τ(ABC) +
1

2
ǫBCτ

D
AD +

1

3
ǫAB σC +

1

3
ǫAC σB. (C.170)

or more generally

τ...ABC... = τ...(ABC)... +
1

2
ǫBCτ

D
...AD ... +

1

3
ǫAB σ...C... +

1

3
ǫAC σ...B.... (C.171)

where σ...C... = ǫAB(τ...A(BC)... − τ...B(AC)...)

(c) Case τA...F :

Proof is by induction

Any spinor τ(A...F )

nτ(ABC...F ) = τA(BC...F ) + τB(AC...F ) + · · ·+ τF (BC...A). (C.172)

τA(BCD...F ) − τB(ACD...F ) =
1

2
ǫABσ(CD...F ) (C.173)

where σ(CD...F ) = ǫAB(τA(BCD...F ) − τB(ACD...F ))

nτ(ABC...F ) = nτA(BC...F ) − (τA(BC...F ) − τB(AC...F )) − · · · − (τA(BC...F ) − τF (BC...A))

(C.174)

τA(BC...F ) = τ(ABC...F ) +
1

n
ǫABρ(C...F ) + · · ·+ 1

n
ǫAFρ(B...F ) (C.175)

where

ρ(C...F ) = ǫAB(τA(BC...F ) − τB(AC...F )) (C.176)
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C.3.6 Recoupling Theory

Recoupling Theory of Three Angular Momenta - 6-j-Symbols

|j12(j1, j2), j(j12, j3) > = | (C.177)

C.3.7 SO(3,1) and SL(2,C)

x′ =
x+ vt√
1 − c2t2

, y′ = y, z′ = z, t′ =
t+ vx/c2√

1 − c2t2
(C.178)

γ = coshφ, γβ = sinhφ, (C.179)







x0′

x1′

x2′

x3′







=







cosh φ sinh φ 0 0
sinhφ coshφ 0 0

0 0 1 0
0 0 0 1













x0

x1

x2

x3






. (C.180)

Kx = −i







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







(C.181)

Ky = −i







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0






, Kz = −i







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0







(C.182)

Jx = −i







0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0






, Jy = −i







0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0






, Jz =







0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0






.

(C.183)
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[

Kx, Ky

]

= −iJz

[Jx, Kx] = 0
[

Jx, Ky

]

= iKz (C.184)

A =
1

2
(J + iK),

B =
1

2
(J − iK). (C.185)

[

Ax, Ay

]

= iAzand cyclic perms,

[Bx, Bx] = iBzand cyclic perms,
[

Ax, By

]

= 0 (i, j = x, y, z). (C.186)

This shows that A and B each generate a group SU(2) SU(2) ⊗ SU(2)

X(x) :=

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)

(C.187)

unique vector xµ

xµ =
1

2
tr(σµX) (C.188)

detX(x) > 0 if x is a timelike vector

= 0 if x is on the light cone

< 0 if x is a spacelikevector (C.189)

A = exp

(

−iθ
2
(~n · σ)

)

= cos
θ

2
I − i(~n · σ) sin

θ

2
(C.190)

A =

(
a b
c d

)

∈ SL(2, C) (C.191)

A =

(
eiα 0
0 e−iα

)(
cosβ sin βeiγ

− sin βe−iγ cos β

)

B (C.192)
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SL(2,C)
L(4)

φ

φ

g

−g
φ(g)

= φ(−g)

Figure C.4:

SL(2,C) L(4)

φ

φg

−g
SU(2)

O(3)

Figure C.5:

C.3.8 SO(4)

U(g) = 1 − 1

2
J j

i ǫ
i
j + O, (C.193)

where the J j
i are N ×N matrices

[J j
i , J

l
k] = δj

kJ
l
i − δi

lJ
j
k + δi

kJ
l
j − δj

l J
k
i , i, j, kl = 1, . . . , n. (C.194)

SO(4) = SO(3) ⊕ SO(3). (C.195)

L± :=
1

2
(L±M ′) (C.196)

The structure constants with respect to this new basis are given by

[(L±)i, (L±)j] = i~ǫij k(L
±)k , [(L+)i, (L−)j] = 0 (C.197)
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C.3.9 Conformal Group

In Minkowskian spacetime a conformal transformation are coordinate transformations
x→ x′(x) which are such that the induced change in the metric is a positive rescaling by
a positive function:

ds′
2

= Ω(x)2 ds2 (C.198)

where Ω(x) is a real-valued function. Geometrically conformal transformations leaves thae
angles but changes distances; it involves dilations (rescalings). Tranformations with this
property are used in the design of geographic maps. Penrose diagrams bring infinity onto
a page.

ds2 = dt2 − dr2 − r2(dθ2 + sin θdφ2) (C.199)

We introduce double null coordinates

u = t+ r (C.200)

v = t− r (C.201)

dudv = (dt + dr)(dt− dr) = dt2 − dr2 and (u − v)2 = (t + r − t + r)2 = 4r2 so the line
element becomes

ds2 = dudv − 1

4
(u− v)2(dθ2 + sin θdφ2). (C.202)

p = tan−1 u, q = tan−1 v. (C.203)

ds2 = gαβdx
αdxβ =

1

4
sec2 p sec2 q[4dpdq − sin2(p− q)(dθ2 + sin θdφ2)] (C.204)

ds̄2 = ḡαβdx
αdxβ = dpdq − sin2(p− q)(dθ2 + sin θdφ2) (C.205)

Ω =
1

4
sec2 p sec2 q (C.206)

Now finally we introduce the coordinates
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t′ = p+ q (C.207)

r′ = p− q (C.208)

with the coordinate range

−π < t′ + r′ < π, (C.209)

−π < t′ − r′ < π, (C.210)

r′ > 0 (C.211)

Figure C.6: Penrose diagram for Minkowskian spacetime.

C.3.10 Group Integration: The Haar Measure

For a compacct group, we can replace the sums over group elements that occur in the
representation theory of finite groups, by convergent integrals over the group elements
using the invariant Haar measure, which is usually denoted by d[g]. The invariance
property is expressed by d[g1g] = d[g]. This allows us to make a change of variables
transfromation, g → g1g, identaical to that which played such an important role in
deriving the finite group theorems. Consequently, all the results from finite groups, such
as the existence of an invariant inner product and the orthoganality theorems, acn be
taken over by the simple replacement of a sum by an integral.

As a vector space, R(G) has a distinguished basis given by the characters χi(g) of the
irreducible representations. Recall that the orthog-onality relations for characters are
essentially the same as in the finite group case, with the sum over group elements replace
by an integral
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∫

χi(g)χj(g)dg = δij (C.212)

where i and j are labels for irreducible representations and dg is the standard Haar
measure, normalized so that the volume of g is 1.

For the case of finite group one important property of these groups is the rearrangement
theoremis given for fixed S,

∑

R

f(R) =
∑

R

f(SR) (C.213)

∫

f(R)dR =

∫

f(SR)dR (C.214)

To clarify the relation to the finite group rearangement theorem we write the integral on
the left-hand side of (C.213) as an integral over the parameters. the density of group
elements is arranged so that the density of points at SR is the same as that at R.

∫

f(R) dR =

∫

f(R)µ(R) da, (C.215)

where µ(R) is the density of group elements in the parameter space in the neighborhood
of R.

Rotation

areas to be the same

Figure C.7: Haarmeas1.

uniform measure over a 3-sphere S3

Of course the measure is

dU = dθ cos θdφ (C.216)

as under a rotation
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Figure C.8: HaarmeasSO3.

dθ cos θdφ 7→ dθ′ cos θ′dφ′ (C.217)

Approach that is easily extended to other Lie groups.

dU = π−2da1da2da3δ

(
2∑

i=1

a2
i − 1

)

(C.218)

SU(2) a 3-sphere in 4-dimensional Euclidean space.

dU = π−2da0da1da2da3δ

(
3∑

i=0

a2
i − 1

)

(C.219)

µ(C) = µ(0)/

(
∂c

∂a

)

a=0

(C.220)

∫

dUUij = 0
∫

dUUi1j1
Ui2j2

=
1

2
ǫi1j1

ǫi2j2
∫

dUUij(U
−1)kl =

1

2
δjkδil (C.221)

∫

dU |TrU |2 = 1 (C.222)

Details
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∫

dUUij(U
−1)kl = Aδjkδil (C.223)

The constant A is easily found by setting j = k summing over the index

∫

dUδil = Aδjjδil = 2Aδil, (C.224)

noting
∫
dU = 1 implies A = 1/2.

∫

dU |TrU |2 =

∫

dUUij(U
†)kl =

∫

dUUij(U
−1)kl =

1

2
δjiδij =

1

2
δjj = 1 (C.225)

For any compact group G the Haar measure is the unique measure dU on G which obeys
invarianc (C.214) and normalization:

∫

G
dU = 1.

dc = J

[
∂c

∂a

]

da (C.226)

where J [∂c/∂a] is the Jacobian defined by

J

[
∂c

∂a

]

=
∂(c1, c2, . . . , ch)

∂(a1, a2, . . . , ah)
≡ det

∣
∣
∣
∣

∂ci
∂ai

∣
∣
∣
∣

(C.227)

Example 1: SO(2) R(θ1)R(θ2) = R(θ1 + θ2). Thus, from R(θ′) = R(θ)R(ǫ) = R(θ + ǫ),
where R(ǫ) is the infintesimal transformation, we have

θ′ = θ + ǫ (C.228)

Accordingly dθ′/dǫ = 1, so we have that µ(θ) = µ0. Through normalization

∫ π

−π

µ(θ)dθ = 2πµ0 = 1 (C.229)

we obtain µ(θ) = 1/(2π).

Unitary Group U(2)

The unitary group U(N) has N2 generators
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[Cim, Cjn] = δjmCin − δinCjm. (C.230)

a representation of U(2) is

(Cim) = (δim) (C.231)

where (δim denotes the matrix which has a “1” at the intersection of the ith row and the
mth column and zeros everywhere else i.e.

C11 =

(
1 0
0 0

)

, C12 =

(
0 1
0 0

)

,

C21 =

(
0 0
1 0

)

, C22 =

(
0 0
0 1

)

(C.232)

An arbitrary group element of U(2) is given by

exp

(

−i
2∑

k,l=1

θklCkl

)

(C.233)

where the “angles” θ parametrize the group tranformation.

The transition to SU(2) can be made by constructing traceless matrices from the Ckl

All in all

C̃11 =

(
1
2

0
0 −1

2

)

, C̃12 =

(
0 1
0 0

)

,

C̃21 =

(
0 0
1 0

)

, C̃22 =

(
−1

2
0

0 1
2

)

(C.234)

Finally for µ(c) we obtain

µ(c)1/J [∂c/∂a]a=0 (C.235)

U(2), SU(2) The measure is given by
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µ(U(2)) = |ǫ1 − ǫ2|2 = | exp(−iθ11) − exp(−iθ22)|2

= | exp

(

−1

2
i(θ11 + θ22)

)

|2 × | exp

(

−1

2
i(θ11 − θ22)

)

| exp

(
1

2
i(θ11 − θ22)

)

|2

= 4 sin2

(
1

2
(θ11 − θ22)

)

. (C.236)

restriction to SU(2) yields θ11 + θ22 = 0. With θ11 − θ22 = φ then

µ(SU(2)) = 4 sin2 1

2
φ. (C.237)

Normalization C
∫ 4π

0
µ(SU(2)) dφ = 1 determines constant C;

C

∫ 4π

0

dφ sin2 1

2
φ =

C

2

∫ 4π

0

dφ [1 − cosφ] =
C

2

∫ 4π

0

dφ = 2π (C.238)

C.3.11 Peter-Weyl theorem

The irreducible representation functions Dl(R)m′

m satisfy orthogonality and completeness
relations. In fact, they form a complete basis in the space of square integrable functions
defined on the group parameter space. This is the Peter-Weyl theorem. That the ir-
reducible representation functions form a complete basis for square-integrable functions
f(R) ∈ L2 can be expressed as

f(R) =
∑

αab

fab
α D

(α)
ab (R) (C.239)

Moreover the Peter-Weyl theorem states that the χr form a basis of the space of square-
integrable class functions on the group G. That means that every square-integrable func-
tion f(U), obeying

f(U) = f(V UV −1), (C.240)

can be expanded into characters:

f(U) =
∑

r∈G

frχr(U) (C.241)
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fr =

∫

dUχr(U)f(U). (C.242)

(compare with discrete case: λ(cl) =
∑

α aαχ
(α)(cl) where aα =

∑

k Nkχ
(α)(ck)

∗λ(ck)) the
completeness relation can be written as

∑

r∈G

χr(U)χr(V ) = δ(UV −1). (C.243)

∫

dUχr(U)χs(U) = δrs. (C.244)

The invariant δ−function on G is defined by means of

∫

dUf(U)δ(UV −1) = f(V ), (C.245)

and obeys

δ(U) = δ(U−1). (C.246)

The charactres are

χj(U) =
sin
(
j + 1

2

)
φ

sin 1
2
φ

. (C.247)

fj =
1

2π

∫ 2π

0

dφ sin
1

2
φ sin

(

j +
1

2

)

φ f(φ). (C.248)

As an example consider the group U(1)

D(µ)(θ) = eiµθ, (C.249)

where µ = 0,±1,±2, . . . .

D(µ)(θ + 2π) = D(µ)(θ). (C.250)

The Haar measure is
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Ω =
1

2π
dθ. (C.251)

Theorem applied to U(1) gives

1

2π

∫ 2π

0

dθe−iµθeiνθ = δµν (C.252)

where 0,±1,±2, . . . .

The Peter-Weyl Theorem applied to U(1) gives the Fourier series theory:

f(θ) =
∞∑

−∞

fn

einθ

√
2π
, (C.253)

where f(θ) ∈ L2(U(1)).

C.3.12 Analogies

∫

dxδ(x)f(x) = f(0) ⇐⇒
∫

G

dUδ(U)f(U) = f(I) (C.254)
∫

dyδ(y − a)f(y) = f(a) ⇐⇒
∫

G

dUδ(Uγ−1)f(U) = f(γ) (C.255)

f(x) =
∑

n

anen(x) ⇐⇒ f(g) =
∑

j

ajχj(g) (f(g) = f(γgγ−1))

an =

∫

en(x)f(x)dx ⇐⇒ aj =

∫

G

χj(g)f(g)dg (C.256)

δ(x− y) =
∑

n

en(x)en(y) ⇐⇒ δ(gx−1) =
∑

j

χj(g)χj(x) (C.257)

δ(x+ a− a) ⇐⇒ δ(xgx−1) = δ(g) (C.258)
∫

dxem(x)en(x) = δmn ⇐⇒
∫

Dj
mn(g)Dj′

m′n′(g)dg = δjj′δmm′δnn′

(C.259)
∫

dyem(y)en(x− y) = δmnen(x) ⇐⇒
∫

G

χj′(g)χj(gx)dg = VGδjj′
χj(x)

dj

(C.260)

Exercise

(a):
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Recall how we prove
∫
dxδ(x)f(x) = f(0) implies

∫
dyδ(y − a)h(y) = h(a) where h(y) =

f(y − a)

make the substitution x = y − a

h(a) = f(0) =

∫

dyδ(y − a)f(y − a) =

∫

dyδ(y − a)h(y) (C.261)

prove

∫

G

dUδ(U)f(U) = f(I) ⇒
∫

G

dUδ(Uγ−1)f(U) = f(γ) (C.262)

define h(Uγ−1) = g(U)
h(γ) = f(1) (C.263)

(b):

f(g) =
∑

Λ

φαβ
Λ D

(Λ)
αβ (g) (C.264)

f(g1, g2) =
∑

Λ1Λ2

φα1α2β1β2

Λ1Λ2
D

(Λ1)
α1β1

(g1)D
(Λ2)
α2β2

(g2) (C.265)

f(g1, g2 = C) =
∑

Λ1

aα1β1

Λ1
(g2 = C)Dα1β1

(g1) (C.266)

aα1β1

Λ1
(g2) =

α2β2∑

Λ2

Dα2β2
(g2) (C.267)

aα1β1

Λ1
=: φα1α2β1β2

Λ1Λ2
(C.268)

Using Dj
ml(g)D

j
ln(x) = Dj

mn(gx)

∫

Dj′

m′n′(g)D
j
mn(gx)dg = δjj′δmm′D

j
nn′(x) (C.269)

contracting m,m′ and nn′ we egt (C.260).

Riesz-Fishcher theorem

Parseval’s equation :
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∞∑

−∞

|cn|2 =

∫

|f(x)|2dx. (C.270)

fn(x) =
n∑

k=−n

ckek(x) (C.271)

converge to the vector f in the sense of L2:

||f − fn|| → 0. (C.272)

limit in the mean of the fn’s.

||fm − fn||2 =

m∑

|k|=n+1

|ck|2. (C.273)

if cn are given complex numbers for which
∑∞

−∞ |cn|2 converges, then there exists a func-
tion f in L2. If we grant the completeness of L2 as a metric space this is easy to prove.

This tells us that the f ’s form a Cauchy sequence in L2; and since L2 is complete, there
exists a function f in L2 such that fn → f .

It is apparent that

C.3.13 Clebsch-Gordan

D(µ) ×D(ν) =
∑

⊗σ

n(Λ)
µν D(Λ) (C.274)

where n(Λ)
µν is the number of times that the Λ-th irreducible representation occurs in the

product representation (??).

χ(µ×ν)(g) = χ(µ)(g)χ(ν)(g). (C.275)

Thus by

n(Λ)
µν =

∫

G

dgχ(Λ)(g)χ(µ)(g)χ(ν)(g) (C.276)
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C.3.14 Semi-direct Products

A full Lorentz transformation can be decomposed into an ordinary spacial rotaion, fol-
lowed by a boost, followed by a further ordinary rotation.

Definition (First definition)

SupposeN is a normal subgroup ofG andH is another subgroup ofG such thatN∩H = E
(the identity of G) and every element of G can be written in a unique way as

g = ba, b ∈ H, a ∈ N,

then G is said to be a semi-direct product of H and N , written G = H ⊗S N .

Definition (Second definition)

We form a new group whose elements are the elements of H×N and multiplication given
by

(h1, n1) · (h2, n2) = (h1h2 , n1ρh1
(n2)) with ρh1

(n2) = h1n2h
−1
1 . (C.277)

Note h1n2h
−1
1 ∈ N as N is a normal subgroup of G.

Check it forms a group

The identity element of this group is (E,E):

(h, n) · (E,E) = (h, h hEh−1) = (h, n),

(E,E) · (h, n) = (h,E EnE−1) = (h, n).

The inverse of (h, n) is (h−1, n′) where n′ = h−1n−1h:

(h, n) · (h−1, n′) = (E, n hn′h−1) = (E,E),

(h−1, n′) · (h, n) = (E, n′ h−1nh) = (E,E).

Associativity [(h1, n1) · (h2, n2)] · (h3, n3) = (h1, n1) · [(h2, n2) · (h3, n3)]:

[(h1, n1) · (h2, n2)] · (h3, n3) = (h1h2, n1 h1n2h
−1
1 ) · (h3, n3)

= (h1h2h3, n1 h1n2h
−1
1 h1h2n3(h1h2)

−1)
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(h1, n1) · [(h2, n2) · (h3, n3)] = (h1, n1) · (h2h3, n2 h2n3h
−1
2 )

= (h1h2h3, n1 h1(n2 h2n3h
−1
2 )h−1

1 )

Equivalence of the two defintions

for example H ∩N might be empty.

for each h ∈ H the inner automorphism x → hxh−1 takes N to N and defines an
automorphism

ρh(n) = hnh−1

Moreover,

ρh1
(ρh2

(n)) = ρh1
(h2nh

−1
2 ) = h1h2nh

−1
2 h−1

1

= ρh1·h2
(n)

Thus h → ρh is a homomorphism of H into the group of automorphisms of N , we write
ρ ∈ Hom(H,Aut(N)).

Sub-groups

The group G is the semigroup product of N by H with homomorphism ρ.

Recall ρ(h)(n) = hnh−1. Note that if ρ ∈ Hom(H,Aut(N))

Obviously there is the subgroup of G composed of elements of the form:

(hi, E) for all hi ∈ H.

H ⊗S I ≃ H

there is the subgroup of G composed of elements of the form:

(E, ni) for all ni ∈ N.

as
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(E, n1) · (E, n2) = (E,E, n1 Eh2E) = (E, n1n2)

I ⊗S N ≃ N

Conversely, suppose that we are given two groups N and H and a homomorphism
h → ρh of H into the group of all automorphisms of N . We may then define a group
H ⊗S N with respect to ρ as follows.

Example The group RT is a semi-direct product of the rotation group R(2) and the
group of all trnaslations T (2)

Proof:

Example The group ?? is a semi-direct product of the rotation group R(3) and the group
of all trnaslations T (3)

Proof:

The group of all translations and rotations has six generators p̂1, p̂2, p̂3, Ĵ1, Ĵ2, Ĵ3. More
concisely, it is called the transaltion-rotaion group and has the translations (p̂ν) as an
abelian subgroup. It is obvious that

R̂T̂ R̂−1 = T̂ ′,

where R̂ is a rotation and T̂ a translation, is again a pure translation T̂ ′ (see fig (M.-19)).
Consequently the translation group is an invariant abelian subgroup of the translation-
rotation group.

The group consists of pairs of the pairs (r, t) with t ∈ T , r ∈ O(3,R) and multiplication
rule

(r1, t1) · (r2, t2) = (r1r2, t1r1t2r
−1
1 ). (C.278)

Example The Poincare group P includes the abelian subgroup T (4) of all translations
in Minkowski spacetime in addition to the Lorentz transformations. The Poincare group
P is a semi-direct product of the Lorentz group L(4) and the group of all translations
T (4) on Minkowski spaectime, that is,

P = L(4) ⊗S T (4). (C.279)
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T̂

R̂
T̂ ′

R̂−1

Figure C.9: TranRotGrF.

Proof:

T (4) is a normal abelian subgroup of P as for t ∈ T (4) and any p ∈ P , ptp−1 ∈ T (4).

An element p ∈ P is then denoted p = (Λµ
ν , a

µ).

Examples from Quantum Gravity

(i) Three diemnsional gravity:

where ISU(2) is the (universal cover of the) group of Euclidean transformations. It is the
semigroup:

ISU(2) = SU(2) ⊗S R
3 (C.280)

Its elements are written as (u,~a) where u is an element of SU(2) and ~a is a vector in R3.
We have

(u1,~a1) · (u2,~a2) = (u1u2, u1~a2 + ~a1), (C.281)

the notation u~a means U(u)~a where U is the vectorial representation of SU(2).

(ii) black hole gauge group is the semi-direct product of ....

(iii) Gauge group of LQG

The group of these symmetries is the semi-direct product the group of smooth local gauge
transformations with the group of smooth diffeomorphisms on Σ.
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The Irreducible Representations of Semi-direct Products

C.4 Infinite-Dimensional Group Representations

C.4.1 Group Actions

If G is a permutation group, then every element of the group permutates elements of the
set {1, 2, · · ·n}. We say that the group G acts on the set {1, 2, · · ·n}.

Group action on a set Let G be a group and let A be a some set. Suppose that we
have a map T : G × A → A such that for every fixed g ∈ G the map a → T (g, a) is a
permutation of the set A.

We require the compatibility conditions:

(i) T (g1, T (g2, a)) = T (g1g2, a) for all g1, g2 ∈ G and a ∈ A.

(ii) T (e, a) = a for all a ∈ A

where e = eG the identity of G.

define what is called T is a group action and that G acts on A by the action of T .

We can shorten the notion by writing g · a instead of T (g, a).

These conditions are designed so that the map G→ SA is a group homomorphism.

C.4.2 Countable and Locally Compact Topological Groups

Let S be a set on which some group acts as a group of transformations. Let us write sx
for the transfrom by x of s ∈ S. Then

(sx)y = s(xy) for all s ∈ S, x, y ∈ G.

and

se = s

where e is the identity element of G.

We assume that G is a topological group which is separable and locally compact and S
comes with a ‘volume element’. We assume that S is a Borel space with a measure µ;
that is, that we are given a family B of subsets of S, closed with respect to completions
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and countable uniions, and measure µ assigning a nonnegative real number or ∞ to each
subset E ∈ B so that

µ(E1 + E2 + · · · ) = µ(E1) + µ(E2) + · · ·

whenever Ei ∩ Ej = 0 for all i 6= j. The members of B are called Borel sets. We assume
S is a union of countably many sets of finite measure and that

If S1 and S2 are Borel spaces, then a function from S1 to S2 is a Borel function if g−1(E)
is a Borel set in S1 whenever E is a Borel set in S2. Any topological space becomes a
Borel space if we define the Borel sets to be the sets one can obtain from closed sets
by the taking of complements, countable unions, and countaale intersections. We extend
theorems already proven to much more general context as the notion of Borel space and
Borel function are quite general. A function can be widly discontinuous and still be a
Borel function.

We shall say that the measure µ is invariant if

µ(Ex) = µ(E) for all Borel sets E and all x ∈ G. (C.282)

C.4.3 Haar Measure

Given an n−dimensional manifold and a nowhere-vanishing orieneted n−form η, we can
make a measure on M by defining the integral of f against µ to be the integral of the
n−form fη.

It is not hard to show that on an n−dimensional Lie group G, there exists a nowhere-
vanishing n−form that is invariant under left translations and that this form is unique up
to a constant. Integrating fucntions against this form gives a letf-invariant measure (i.e.,
a left Haar measure).

C.4.4 Summary of Group theory

• Unitrary representations.

• Irreduciable representations.

• Schur’s lemmas.

• Orthoganality theorems.
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C.5 Manifolds and Elementary Topology

Roughly, a manifolds are sets on which, at least around each point, everything looks
Euclidean.

Organized set of points with a structure - a division into convenient family of subset
families.

It is this need for care, to ensure we can rely on calculations we do, that motivates
much of this course, illustrates why we empathize accurate argument as well as getting
the “correct” answers, and explains why in the rest of this section we need to revise
elementary notions.

C.5.1 Sets and Mappings Between Sets

We need to be able to talk easily about certain subsets of R. We say that I is an open
interval if

I = (a, b) = x ∈ R : a < x < b. (C.283)

Thus an open interval excludes its end points, but contains all the points in between. x
is always separated from F by

In contrast a closed interval contains both its end points, and is of the form

I = [a, b] = {x ∈ R : a ≤ x ≤ b}. (C.284)

It is also sometimes useful to have half-open intervals like (a, b] and [a, b). It is trivial
that [a, b] = (a, b) ∪{a} ∪{b}.

The two end points a and b are points in R. It is sometimes convenient to allow also
the possibility a = −∞ and b = +∞; it should be clear from the context whether this is
being allowed. If these extensions are being excluded, the interval is sometimes called a
finite interval, just for emphasis.

Of course we can easily get to more general subsets of R. So (1, 2) ∪ [2, 3] = (1, 3] shows
that the union of two intervals may be an interval, while the example (1, 2)∪ (3, 4) shows
that the union of two intervals need not be an interval.

An open subset V of X is a subset where if x ∈ V , then there is a δ > 0 such that an
open ball Bδ(x) is entirely contained in V .
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Notation Meaning
a ∈ A a belongs to A
A ⊂ B A is included in B
A = B A is identical to B
A ∪ B The union of A and B (∪ is for uinion)
A ∩ B The intersection A and B (∩ is for intersection)
A− B The set of elements of A not included in B

XX

(a) (b)

BABA

Figure C.10: .

XX

(a) (b)

BABA

Figure C.11: .

C.5.2 Continuity

A function f is continuous at a point p if whenever we can force the distance between
f(x) and f(p) to be as small as desired by taking the distance between x and p to be
small enough.

The definition of continuity of a function f on the real line: f : R 7→ R is continuous at
x0 if for any positive number ǫ, there exists a positive number δ such that if |y− x0| < δ,
then |f(y)− f(x0)| < ǫ. The setting for this definition is the real line, a Euclidean space.

We can generalize this definition a little by considering mapping between spaces with a
metric. Let X, Y be two spaces with metrics d1 and d2, respectively. Then, f : X → Y is
continuous at x0 ∈ X if for any ǫ > 0, there exists δ > 0, such that if d1(x, x0) < δ, then
d2(f(x), f(x0)) < ǫ.

However, the notion of continuity does not depend on a metric.
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x0

ε
ε

δ δ

ε
ε

x0

Figure C.12: (a) (b) f is discontinuous at p1.

We need to be able to talk about a function near a point a. If we want to look at the
points a distance less than d for a. we are looking at an interval (a − d, a + d). We call
such an interval a neighbourhood of a.

Definition A subset U is open if given a ∈ U , there is some δ > 0 such that (a−δ, a+δ) ⊆
U .

(a) (b)

Figure C.13: Open sets interior points (b) .

In fact this is the same as saying that given a ∈ U , there is some open interval containing
a which lies in U - a set is open if it contains a neighbourhood of each of its points. This
definition has the effect that if a function is defined on an open set that its behaviour
near point a of interest from both sides.

We can transfer such things as limits and calculus from Euclidean space. A topology
is a structure added to an arbitrary point set which enables one to define a convergent
sequence and to define a continuous function in a general setting.

A topology, T , on a set X is defined to be a specified family of open subsets on X
satisfying the following 3 properties:
(i) The empty set, ∅, and the space X belong to T .
(ii) The union of any number (possibly infinite) of open subsets belonging to T is also in
T .
(iii) The intersection of any finite number (nor infinite) open subsets in T also belongs
to T .

The set X together with a topology T is called a topological space.
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Let f : x → Y be a function between two topological spaces (X, TX), and (Y, TY ). If
x ∈ X, then f(x) ∈ Y is the image of x under f . Let U be an open set in X (i.e.
U ∈ TX). The image of U under f is the subset V = f(U) ⊂ Y , the range of f with
domain U . If V is a subset of Y , then the inverse image of V by f . The mapping f is
defined to be continuous when the inverse image of any open set is open. That is, f is
continuous if U = f−1(V ) ∈ TX when V ∈ TY .

MU
V

Rn Rn

φ1

φ2

φ2 ◦ φ−1
1

Figure C.14: (U, φ1) and (V, φ2) are two coordinate patches on X. Transition functions,
φ2 ◦ φ−1

2 , are ordinary functions that go from points of one Rn space onto another, i.e.
φ2 ◦ φ−1

2 : Rn 7→ Rn. The domain and range of the transition function are the shaded
regions in Rn.

The transition functions transform the coordinates of one overlapping patch into another.

The usual Jacobian of ψij is

(Λa
b) =

∂(y1, . . . , yn)

∂(x1, . . . , xn)

=





∂x′1

∂x1 . . . ∂x′1

∂xn

. . . . . .
∂x′n

∂x1 . . . ∂x′n

∂xn



 (C.285)

C.6 Elementary Tensor Analysis

One often needs to do a change of coordinates, either because we prefer to use a different
choice of coordinates valid in some patch, or because we need to transform to new patch
which covers a different portion of the manifold.
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Figure C.15: Möbius.

Einstein summation convention

∑

a

(..)a (..)a → (..)a (..)a (C.286)

Contravariant Vectors

Tp(M)

M

Figure C.16: tangtoM.

dz =
∂f

∂x
dx+

∂f

∂y
dy (C.287)

the infinitesimal displacement in two different coordinate systems xa and x′a is related by

dx′
a

=
∑

b

∂xa′

∂xb
dxb (C.288)

where xa′/xb is evaluated at the point p = xa = x′a(xa). Einstein summation conven-
tion

dxa′ =
∂xa′

∂xb
dxb (C.289)

We set
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Λa
b =

∂xa′

∂xb
(C.290)

The infinitesimal displacement is the prototype of a geometric object which is called a con-
travariant vector. A set of quantities Xa are said to be the components of a contravariant
vector if they transform, under a change of coordinates, as

X ′a =
∂xa′

∂xb
Xb (C.291)

Covariant Vectors

df =
∂f

∂xa
dxa = 0 (C.292)

∂f ′

∂xa′
=

∂f

∂xb

∂xb

∂xa′
(C.293)

f = f(xa) = f(xa′) = f ′.

A set of quantities Xa are said to be the components of a covariant vector if they transform
as

X ′
a =

∂xb

∂x′a
Xb (C.294)

Covariant vectors can be interpreted as linear functionals mapping vectors to R.

V = V aea = V ′ae′
a (C.295)

It is evident that if the vector V is to be invariant the basis vectors {ea} must transform
under coordinate transformations as the components of a covector. Similarly, basis covec-
tors {ea} must change under a coordinate transform as the components of a contravariant
vector.

Tensors

A set of quantities Tab are said to be the components of a covariant tensor of second?? if
they transform as

T ′
ab =

∂xc

∂x′b
∂xd

∂x′a
Tcd == (C.296)
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Contractions of Tensors

∂xa′

∂xc

∂xc

∂xb ′
= δb

a (C.297)

C.6.1 Affine Connection

dXa = Xa(Q) −Xa(P )

= Xa(xb + dxb) −Xa(xb)

=
∂Xa

∂xb
dxb

is not tensorial. Under a coordinate transformation a partial derivative of a vector Xa

transforms as

∂X ′a

∂x′b
=
∂xc

∂x′b
∂

∂xc

(
∂x′a

∂xd
Xd

)

=
∂xc

∂x′b
∂x′a

∂xd

∂Xd

∂xc
︸ ︷︷ ︸

tensorial

+
∂2x′a

∂xc∂xd

∂xc

∂x′b
Xd

︸ ︷︷ ︸

inhomogeneous

(C.298)

This is not a tensorial transformation because of the inhomogeneous term.

have

dxb∇bX
a =

∂X

∂xb
dxb + Γa

cbX
cdxb (C.299)

For ∇bX
a to transform as a tensor of type (1, 1) then the connection must transform as

Γ′α
βγ =

∂x′α

∂xδ

∂xσ

∂x′β
′

∂xτ

∂x′γ
Γδ

στ +
∂x′α

∂xδ

∂2xδ

∂x′β∂x′γ
(C.300)

Any quantity that transforms as (C.300) is called an affine connection. If the second term
on the right-hand side were absent, then this would be the transformation law of a tensor
of type (1,2).

T α
βγ = Γ′α

βγ − Γ′α
γβ (C.301)

is a tensor called the torsion tensor. If the torsion tensor vanishes then the connection is
said to be symmetric or (torsion-free), i.e.
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g
P : xa

Q : xa + dxa

Xa(P )

Xa(Q)

Figure C.17: connection.

Γ′α
βγ = Γ′α

γβ (C.302)

Covariant differentiation can be extended to other types of tensors by demanding that
the covariant derivative obeys the product rule of differential calculus. The covariant
derivative of a scalar field is the same as its partial derivative,

∇φ = ∂aφ. (C.303)

Demanding that the covariant derivative obeys the Leibniz rule, then we find

∇bXa = ∂bXa − Γc
abXc (C.304)

∇cT
a...
b... = ∂cT

a...
b... + Γa

dcT
d...
b... + · · · − Γd

bcT
a...
d... − . . . . (C.305)

The covariant derivative contracted with X.

∇XT
a···
b··· := Xc∇cT

a···
b··· (C.306)

D

Du
T a···

b··· = ∇XT
a···
b··· (C.307)

C.6.2 Affine Geodesic

A geodesic is the closest thing there is to a straight line curved space time. In we are given
a metric we can define a geodesic as the shortest distance between two points. However,
there is a more general definition of a geodesic is its velocity vector is parallel transported
along the curve it traces out in spacetime (it follows its own nose, so to speak). In
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other words, the parallely propagated vector at any point of the curve is parallel, that is,
proportional to the vector at this point:

dxb

du
∇b

(
dxa

du

)

= λ(u)
dxa

du
(C.308)

The L.H.S. becomes

dxb

du
∇b

(
dxa

du

)

=
dxb

du

∂

∂xb

(
dxa

du

)

+ Γa
bc

dxb

du

dxa

du

=
d2xa

du2
+ Γa

bc

dxb

du

dxc

du
.

We have the geodesic equation

d2xa

du2
+ Γa

bc

dxb

du

dxc

du
= λ(u)

dxa

du
. (C.309)

Note that this definition did not involve a metric, it only refers to a connection. Other
geometric notions can also be defined using a connection only. Such description are
desirable when we come to formulate the quantum theory where there is background
metric. In fact LQG is formulated with a connection of a frame field (which we will be
coming to presently). In the next section we shall verify that the differential equation
derived from the principle of shortest distance is as in (C.309) but with the connection
Γa

bc as a particular function of the metric. This connection is called the metric connection.

C.6.3 The Metric Connection

The vanishing of the covariant derivative of the metric is equivalent to requiring that the
length of a vector is unchanged under parallel propagation. To see this first consider the
covariant derivative of the length squared l2 of a arbitrary vector lµ,

0 = ∂σ(l2) = ∇σ(l2) = ∇σ(gµνl
µlν)

= lµlν∇σgµν + gµνl
ν∇σl

µ + gµν l
µ∇σl

ν

= lµlν∇σgµν + 2lµ∇σl
µ (C.310)

By assumption the vector vector lµ is parallel propagated i.e. ∇σl
µ = 0
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lµlν∇σgµν = 0 (C.311)

since lµ was arbitrary this implies,

∇σgµν = 0 (C.312)

(It should be noted that the vanishing of the covariant derivative was motivated by a phys-
ical requirement and not a mathematical one). This condition is sufficient to determine
the connection as a function of the metric. We show this by using

∇σgµν = ∂σgµν + Γρ
σµgνρ + Γρ

σνgµρ = 0 (C.313)

Γµν,σ = gσλΓ
λ
µν . Written out explicitly, with cyclic rotating of indices,

∂agbc + Γab,c + Γac,b = 0 ↔ (∇σgab = 0)

∂νgλµ + Γνλ,µ + Γλν,µ = 0 ↔ (∇νgλµ = 0)

∂λgµν + Γλµ,ν + Γνµ,λ = 0 ↔ (∇λgµν = 0) (C.314)

These three equations are identical. But by adding the first two equations and subtracting
the last (and remembering that the Christoffel symbol is symmetric in the lower case
indices), we find:

Γc
ab =

1

2
gcd{∂agbd + ∂bgad − ∂dgab} (C.315)

Covariant Derivative

∇aVb = ∂aVb + Γc
abVc (C.316)

Metric Geodesic

(
ds

du

)2

= gab

dxa

du

dxb

du
. (C.317)

s =

∫ p2

p1

ds =

∫ p2

p1

ds

du
du =

∫ p2

p1

(

gab

dxa

du

dxb

du

)1/2

du. (C.318)
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d2xa

du2
+ Γa

bc

dxb

du

dxc

du
=

(
d2s

du2

/ds

du

)
dxa

du
, (C.319)

u = αs+ β, (C.320)

where α and β are constants, then the righthand side vanishes.

we assume ds 6= 0

equations for a metric geodesic

d2xa

ds2
+ Γa

bc

dxb

ds

dxc

ds
= 0 (C.321)

and

gab

dxa

ds

dxb

ds
= −1, (C.322)

where Γa
bc is given by (C.315).

Proof.

d

du

∂L
∂ẋa

− ∂L
∂xa

= 0 (C.323)

We instead minimize this instead. So we use L = gabẋ
aẋb in

2L
[
d

du

∂L
∂ẋa

− ∂L
∂xa

]

= 0 (C.324)

which can be rewritten as

d

du

(
∂L
∂ẋa

)

− ∂L2

∂xa
= 2

∂L
∂ẋa

dL
du

(C.325)

Substituting for L2, the left hand side gives
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d

du

(
∂L
∂ẋa

)

− ∂L2

∂xa
=

d

du

[
∂

∂ẋa
(gbcẋ

bẋc)

]

− ∂

∂xa
(gbcẋ

bẋc)

=
d

du
(2gabẋ

b) − (∂agbc)ẋ
bẋc

= 2gabẍ
b + 2∂cgab − ∂agbcẋ

bẋc

= 2gabẍ
b + 2ẋbẋc[

1

2
(∂cgba + ∂bgca − ∂agbc)] (C.326)

2
∂L
∂ẋa

dL
du

= 2
∂

∂ẋa
(gbcẋ

bẋc)
d

du

ds

du

= 2(gbcẋ
bẋc)−1/2gadẋ

d d
2s

du2

= 2

(
d2s

du2

/ds

du

)

gabẋ
b. (C.327)

multiplying through by gad

Lighlike inertial motion cannot be characterized with reference to proper time param-
eterization since the proper time along a null curve vanishes. However, this does not
prevent us from characterizing such motion in the same manner as in the timelike case.
To this end we go back to the more general definition of a geodesic as a curve xa(λ) with
the property that the coordinate acceleration d2xa/dλ2 at every point p is parallel to the
tangent vector.

It is independent of the parameterization of the curve

C.6.4 Curvature

Let ξa be a contravariant vector field with

ξ̇c(x(τ)) = 0. (C.328)

We take the curve to be small so that we can write

ξc(x) = ξc + ξc
,bx

b + O(x2). (C.329)

In an affine space without metric the term ‘small’ and ‘large’ appear to be meaningless.
However, since differentiability is required, the small size limit is well defined. Thus, it is
more precise to state that the curve is infinitesimally small.
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If there is a strong gravitational field the contravariant vector may not return to its original
value going around the loop once and have deviation δξa. We find:

∮

dτ ξ̇ = 0

δξc =

∮

dτ
d

dτ
ξc(x(τ)) = −

∮

Γc
ab

dxb

dτ
ξa(x(τ))dτ

= −
∮

dτ
(
Γc

ab + Γc
ab,dx

d
)dxb

dτ

(
ξa + ξa

,dx
d
)
. (C.330)

where we chose the function x(τ) to be v. small, so that terms O(x2) can be neglected.
We have for a closed curve,

∮

dτ
dxb

dτ
= 0 and ∇aξ

c ≈ 0 → ξc
,a ≈ −Γc

abξ
b, (C.331)

so that (M.-19) becomes

δξc =
1

2

(∮

xddx
b

dτ
dτ

)

Rc
abdξ

a + O(x2). (C.332)

covariant derivative of Tνγ is given by

∇µTνγ = ∂µTνγ + Γδ
µνTδΓ + Γδ

µγTνδ (C.333)

∇c(∇dV
a) = ∂c(∇dV

a) + Γe
cd(∇eV

a) − Γa
ce(∇bV

e) (C.334)

= ∂c(∂dV
a + Γa

dfV
f ) + Γe

cd(∂eV
a + Γc

dfV
f) − Γa

ce(∂bV
d + Γd

bfV
f )

∇c∇dV
a −∇d∇cV

a = ∂c∂dV
a − ∂d∂cV

a (we take = 0)

+ ∂cΓ
a
dfV

f − ∂dΓ
a
cfV

f

+ Γe
cd∂eV

a − Γe
dc∂eV

a (= 0 as Γe
cd = Γe

dc)

(C.335)

∇c∇dVa −∇d∇cV
a = (C.336)
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where Rα
βγδ

Rα
βγδ (C.337)

Rρ
µνσ = ∂[αΓα (C.338)

C.6.5 Gaussian Normal Coordinates

x′
a

= xa +Qa
bc

xbxc

2
where Qa

bc = Qa
cb (C.339)

∂x′a

∂xd
= δa

d +Qa
bdx

b (C.340)

∂2x′a

∂xd∂xe
= Qa

de (C.341)

xa ∗
= 0 (C.342)

[
∂x′a

∂xb

]

P

= δa
b ,

[
∂xb

∂x′a

]

P

= δa
b (C.343)

Γ′a
bc =

∂x′a

∂xd

∂xe

∂x′b
∂xf

∂x′c
Γd

ef −
∂xd

∂x′b
∂xe

∂x′c
∂2x′a

∂xd∂xe
(C.344)

[
Γ′a

bc

]

P
= [Γa

bc]P −Qa
bc (C.345)

choose Qa
bc = [Γa

bc]P

Mathematically this says that there exists a coordinate system the space time manifold
is locally Minkowskian - one can always find a local coordinate system in which the
metric tensor takes the pseudo-Euclidean form and the connection Γa

bc vanish at a point.
In geometric terms, such a freely-falling frame of reference represents a local coordinate
system.

Defined only in the immediate vicinity of a physically defined location (for example the
place where two particles intersect), whose coordinate axes are very close to straight line
and mutually perpendicular.

The physical statement is the gravitational field can be made to vanish at the place where
two particles intersect, by going into free-fall.
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C.6.6 Bianchi Identities

Rα
βγδ = Γα

βδ,γ − Γα
βγ,δ (C.346)

Rαβγδ = −Rαβδγ = Rβαγδ = Rγδαβ (C.347)

Cyclic Bianchi identity

Rαβγδ +Rαδβγ +Rαγδβ ≡ 0 (C.348)

∇αRδσβγ + ∇γRδσαβ + ∇βRδσγα ≡ 0. (C.349)

Define the tensor

Gαβ = Rαβ − 1

2
gαβR, (C.350)

the so-called Einsten tensor (its name comming from that it appears on the left-hand
side of Einstein’s field equations of general relativity). We have the contracted Bianchi
identity

∇αG
αβ = 0. (C.351)

which follows from the Bianchi identity,

∇σR
α
βµν + ∇µR

α
βνσ + ∇νR

α
βσµ = 0

Contracting α and µ.

∇σR
µ
βµν + ∇µR

µ
βνσ + ∇νR

µ
βσµ = 0

then contracting with gσβ gives

∇σR
µσ

µν + ∇µR
µσ

νσ − gσβ∇νR
µ
βµσ = 0

or

∇µ(Rµν − 1

2
Rgµν) = 0.
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C.6.7 Conformal Tensor, Ricci tensor and Ricci Scalar

C.6.8 The Weyl Tensor

The conformal tensor describes the components of the Riemann tensor, that are not
contained in the Ricci tensor. The Ricci tensor being the contraction of the Riemann
tensor, the rest of the information of the curvature is contained in the trace free part of
the Riemann tensor, called the Weyl tensor,

Cabcd = Rabcd +
1

2
(gadRcb + gbcRda − gacRbd − gbdRca) +

1

6
(gacgdb − gadgcb)R. (C.352)

Constructed to have the same symmetries of the curvature tensor:

Cabcd = −Cabdc = −Cbacd = Ccdab,

Cabcd + Cadbc + Cacdb ≡ 0. (C.353)

Ca
bad ≡ 0 (C.354)

C.6.9 Index Free Formulism

necessary to exploit coordinate systems. In this approach, tensor quantities are defined
in terms of their components and the transformation rules for the latter under coordinate
changes.

Physical quantities are (coordinate free) geometric objects scalar fields, vectors (not there
components) and so on. The laws of physics are expressible as geometric relationships
between these geometric objects.

X[f ] = Xa ∂

∂xa
f

=

= X ′a ∂

∂x′a
f

= X ′[f ] (C.355)

the torsion T (X, Y ) = T a
bcX

bY c
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T (X, Y ) = ∇XY −∇YX − [X, Y ] (C.356)

R(X, Y )Z = Ra
bcdX

cY dZb

R(X, Y )Z = ∇X∇Y Z −∇Y ∇XZ + ∇[X,Y ]Z (C.357)

An element ξ ∈ TpR
n is identified with a mapping which takes every smooth function f ,

defined on any neighbourhood of p, to its directional derivative at p along ξ, denoted ξ[f ];
that is

ξ[f ] =
d

dt
f(p+ tξ)

∣
∣
∣
t=0
. (C.358)

Notation for vector and covector coordinates basis

Suppose we have a vector ξ and a coordinate system xa with basis vectors {e
a
}x. Recall

that for the vector ξ to remain unchanged under a coordinate transformation the basis
vectors {e

a
}x should transform as the components of a covector, this suggests the following

alternative notation

{e
a
}x ≡ { ∂

∂xa
} (C.359)

so that we would write

ξ = ξa ∂

∂xa
,

and under a transformation to the new coordinates x′ with new basis vectors we have

ξ = ξa ∂

∂xa
= ξb

(∂x′a

∂xb

∂

∂x′a

)

= ξ′
a ∂

∂x′a

and hence

ξ′
a

= ξb∂x
′a

∂xb

which corresponds to the definition of the components of a contravariant vector. For
covector ω and a coordinate system with basis covectors {ea}x. For the covector ω to
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remain unchanged under a coordinate transformation the co-basis vectors {ea}x should
transform as the components of a vector, this suggests the following alternative notation

{ea}x ≡ {dxa} (C.360)

so that we would write

ω = ωadxa.

(
ea, e

b

)
= δa

b ≡
(
dxa,

∂

∂xb

)
= δa

b (C.361)

1

2x  =const.

x 
 =

co
ns

t

ξ

ξ1 ∂
∂x1

ξ2 ∂
∂x2

M

Figure C.18: coordbasevec. The vector ξ may be thought of as being composed of ξ =
ξ1∂/∂x1 + ξ2∂/∂x2. ξ1 and ξ2 are the components of ξ in the (x1, x2)−coordinate system.

The contraction of the vector and covector would go as

(
ω, ξ
)

= ωaξ
b
(
dxa,

∂

∂xb

)

= ωaξ
bδa

b

= ωaξ
a (C.362)

A tensor with raised indices has contravariant components and is therefore expanded in
terms of basis vectors, i.e.

T = T abea ⊗ eb
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A tensor with lowered indices has covariant components and is therefore expanded in
terms of basis one-forms, i.e.

T = T abe
a
⊗ e

b

We have already seen an example of a tensor with lowered indicies, the metric tensor

g = gabω
a ⊗ ωb.

We have notation

T(ωa, ωb) = T ab

In the x−coordinates the metric tensor g would be written as

g = gabdxa ⊗ dxb.

In this notation an arbitrary (p, q)−tensor T is expanded in the above notation as

T = T
a1...ap

b1...bq

∂

∂xa1
⊗ · · · ⊗ ∂

∂xap
⊗ dxb1 ⊗ · · · ⊗ dxbq (C.363)

C.7 Differential Geometry

Cr-function f if all its representatives ψ ◦ f ◦ φ−1 : Rm → Rn: (??)

In many undergraduate texts, one fixes a covering and coordinate patches and writes any
tensor in terms of its value in some coordinate system. This approach is convenient an
teaching of elementary GR, but it can obscure the coordinate independent meaning of
important concepts. A more preferable formulation of the principle is based on modern
differentiable geometry: such a formulation is coordinate free. Physical quantities are
(coordinate free) geometric objects scalar fields, vectors (not there components) and so
on. The laws of physics are expressible as geometric relationships between these geometric
objects.

More advanced texts tend to use a coordinate free formulation, which is what we will
present in the next few sections. We will see how the coordinate free approach replaces
the ‘tensor component’ description.

Derive coordinate-free form of equations. These equations will involve objects such as
vector fields, one-forms and scalar functions and geometric operations such as . The
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geometric objects belong to the manifold itself, be it a space-time or phase space or others,
rather than any coordinate system on it. We will often use formulation in derivations
employing local coordinate systems, but the definition used will hold on every chart, and
hence they hold globally, making them chart independent. So we will have shown that
they can be written in a consistent coordinate-independent manner.

C.7.1 Tangent Vectors

There are different ways of defining tangent vectors. Smooth manifolds embedded in
Euclidean space

We don’t want a definition dependent on embedding out space into a larger space. We
can define tangent vectors in a way that is defined intrinsically to the manifold. a tangent
vector being tangent to a curve in the manifold.

( )

M

φ
R

n

I

λ

λ(t)

φ ◦ λ

Figure C.19: tangvector. maps the tangent spaces of M linearly into the .

We will generalize the notion of a tangent vector to manifolds in a coordinate free way.

consider a curve in Rn λ : (0, 1) → Rn. The tangent vector to a point p = λ(t1) is

(
dλ1

dt

∣
∣
∣
t=t1

, . . . ,
dλn

dt

∣
∣
∣
t=t1

)

(C.364)

where λ(t) = (λ1(t), . . . , λn(t)) ∈ Rn.

Basis Vectors

The rate of change of f(λ(t)) at t = 0 along the curve is
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d

dt
f(λ(t))

∣
∣
∣
t=0

(C.365)

In terms of a coordinate system, this becomes

[
∂

∂xa
f(xa)

]
dxa

dt
(λ(t))

∣
∣
∣
t=0

(C.366)

In other words, f(λ(t)) at t = 0 is given by applying the differential operator X to f ,
where

dλ(t)

dt
= Xa ∂f

∂xa
=: X[f ]. (C.367)

Thus are the components of Xp in the basis

∂

∂xa

∣
∣
∣
p
. (C.368)

The coordinate transformation

yb = yb(x1, . . . , xn), b = 1, . . . , n.

If we have a coordinate system in a neighbourhood U of P , then the coordinate basis
{ ∂

∂xa}.

V̂ = V a ∂

∂xa
= V ′bêb. (C.369)

The numbers {V a} are the components of V̂ on { ∂
∂xa}. The numbers {V a} are the

components of V̂ on { ∂
∂ya}.

∂

∂x1
=
∂y1

∂x1

∂

∂y1
+
∂y2

∂x1

∂

∂y2
+ · · · + ∂yn

∂x1

∂

∂yn

and similarly for other xas.

X = Xa ∂

∂xa
= X ′a ∂

∂ya
(C.370)

This shows that Xa and X ′a are related by
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X ′a = Xb∂y
a

∂xb
. (C.371)

the components of the vector transform in such a way that the vector itself is left invariant.

( )

M

φ

Rn

I

λ

λ(t)

µ(s)

φ ◦ λ

φ ◦ µ

Figure C.20: Two curves λ(t) and µ(t) are tangent at p if and only if their images are
tangent at φ(p) in Rn.

The basis need not be {ea}, we can form linear combinations êi := Ea
i ea, where E = (Ea

i )
are matrices that . These are referred to as non-coordinate basis or a frame. Note that
they transform as scalars under coordinate transformations. These are very important as
frames fields will be basic variables in a formulation of GR that resembles Gauge field
theories that are adopted for the quantum theory

C.7.2 Covectors

it is natural to regard {dxa} as a basis of T ∗
p M.

< dxb, ∂/∂a >= δb
a. (C.372)

An arbitrary covector can be written

ω = ωadx
a (C.373)

where ωa are the components of ω.

Mixed tensors

The set of type (p, q). A tensor is written in terms of the coordinate basis as
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T = T
a1...ap

b1...bq

∂

∂xa1

⊗ · · · ⊗ ∂

∂xap
⊗ dxb1 ⊗ · · · ⊗ dxbq . (C.374)

The various connections are defined by index structure, i.e. how they transform, and by
restrictions placed on them.

C.7.3 Induced Metric and Other Objects on Sub-manifolds

If we denote the normal to the surface as na (nana = 1) then the induced metric can be
written as

hab = gab − nanb (C.375)

So that hab projects out the components of a vector normal to the hypersurface. Say
ξb = Cnb

ha
bξ

b = δa
bξ

b − nanbξ
b = 0. (C.376)

Let N be a n−dimensional manifold of an m−dimensional manifold . The hypersurface
on which we have coordinates yα. If N is a hypersurface in M, for the point labelled by
yα corresponds to the point of labelled by M. Thus the hypersurface is described by the
equations

xa(yα) (C.377)

tangent vector eα
a , and induced metric hαβ

eα
a =

∂yα

∂xa
(C.378)

ds2 for an infinitesimal curve lying in the hypersurface:

ds2 = hαβdy
αdyβ = hαβ

∂yα

∂xa

∂yβ

∂xb
dxadxb (C.379)

gab = hαβ

∂yα

∂xa

∂yβ

∂xb
(C.380)

or
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gMab(x) = gNαβ(f(x))
∂fα

∂xa

∂fβ

∂xb
(C.381)

where fα denote the coordinates of f(x).

Definition gNαβ(f(x)) is said to be the pull-back of gMab(x), denoted f∗g

gabdx
a ⊗ dxb = δαβ

∂fα

∂xa

∂fβ

∂xb
dxa ⊗ dxb

= dθ ⊗ θ + sin2 θ dφ⊗ φ. (C.382)

where

hαβ = gabe
a
αe

b
β (C.383)

is the induced metric or the first fundamental form of the hypersurface. It is a scalar
with respect to coordinate transformations xa → x′a on M. behaves like a tensor under
coordinate transformations of the manifold N .
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C.8 Active Diffeomorphisms and the Lie Derivative

Up until now we have only considered coordinate transformation, that is, passive dif-
feomorphisms. We now move onto active diffeomorphisms. As their formulas look very
alike the two are easily mixed up. But as we have seen in chapter 1 they are quite dif-
ferent, active diffeomorphisms relate distinct spacetime geometries, whereas a coordinate
transformation merely represents the same spacetime geometry in a different coordinate
system.

In chapter 1 we defined an active diffeomorphism as simultaneously dragging the metric
and matter fields over the spacetime manifold while keeping the coordinate lines ‘attached’
(fig C.8). This is called a pushforward.

P

P

(a) (b)

P

P

y  = u

x =u

x  =u

y =u11

0

0 0

0
1

ab

1

00

T   (P )0
ab

T   (P):=T   (P ) 0
~ ab

MM

Figure C.21: activeDiffGeom. A pushforward of the tensor Tab(x), i.e. Tab(x) → T̃ab(y).

Let us slightly modify the definition of an active diffeomorphism by requiring that after
we have dragged the fields across the manifold we perform a coordinate transformation
back to the original coordinates. An active diffeomorphism defined this way then relates
different space-time geometries and matter field configurations in the same coordinate
system.

They relate gab(x) to g̃ab(h(x)) by the Jacobian matrix of the coordinate transformation
x 7→ h(x),

g̃ab(h(x)) = Λa
cΛ

b
dgab(x) (C.384)

Two metrics related by an active diffeomorphism, viewed in the same coordinate system,
compared at the same point also have ‘transformation matrices’, however, these have a
different geometric interpretation!
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coordinate
transformation

back to x−coord’s ’P

(a)

P

P

P

(b)

T   (P)
~

0

ab

0

T    (P)ab~

MM

Figure C.22: activeDiffGeom1. The red dashed lines in (a) are the x−coordinate lines
of the point P . We perform a coordinate transformation back to the original coordinate
system. The pushed-forward tensor T̃ab(y) transforms to T̃ ′

ab(x), i.e. T̃ab(y) → T̃ ′
ab(x).

g̃ab(x) =
∂hc(x)

∂xa

∂hd(x)

∂xb
gcd(h(x)) (C.385)

The fact that the coordinate values do not change, while the tensor fields do, distinguishes
the active diffeomorphism from a simple coordinate transformation.

Passive diffeomorphism invariance refers to invariance under change of coordinates, i.e.
the same object represented in different coordinate systems. Choose a (local) coordinate
system for S in which the metirc gab(x). (If the map h sends each point to the same point
of the manifold M, then in the second system S ′ the metric given by g̃ab(h(x)), f(x) being
the coordinates on M of the second system.)

Any theory can be made invariant under passive diffeomorphisms because a dynamical
system doesn’t care which coordinate system you use to describe it. However, general
relativity is the only theory invariant under active diffeomorphisms and this invariance is
a property of the dynamical theory itself.

Maths Tools for Manifold Without a Metric

In the previous section we reviewed metrics on manifolds, these are important in classical
general relativity and are what a physicists is most likely to be familiar with. As we have
learned, in reality it is only geometry up to active diffeomorphisms that has physical
meaning. As we have empathized, in formulating the quantum theory we prefer not to
employ metrics with its direct relation to the notion of distance.
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There is a rich geometric structure of the manifold without a metric defined on it. Im-
portant tools of the Lie derivative and differential forms which have nothing to do with
metrics. These will be important in the quantum theory where we will avoid introducing
a background metric whenever possible.

C.8.1 Mapping a Manifold to Itself Along Integral Curves

We start by considering a congruence of curves defined such that only one curve goes
through each point in the manifold. Then, given any one curve of the congruence,

xµ = xµ(u), (C.386)

we can use it to define the tangent vector field dxµ/du along the curve. If we do this for
every curve in the congruence, then we end up with a vector field Xµ (given by dxµ/du at
every point) defined over the whole manifold, then this can be used to define a congruence
of curves in the manifold called the orbits or trajectories of Xµ.

a smooth, non-intersecting family of curves on a manifold then the tangent vectors at
each point can be taken together to form a vector field on the manifold.

MM

Figure C.23: The tangent vector field resulting from a congruence of curves.

These curves are obtained by solving differential equations

dxµ

du
= Xµ(x(u)) (C.387)

Let xi be a local coordinate system and let xi
p be the coordinates of p. The equation of

the integral curve is

d

dt
xi(t) = X i(xm(t)),
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MM

Figure C.24: The local congruence of curves resulting from vector field.

with initial conditions xi(0) = xi
p. Provided X is smooth the theory of ordinary differential

equations guarantees the existence and uniqueness, (at least locally, i.e., for small t), of
a solution. Uniqueness implies that no two curves in the congruence intersect (at least
locally).

Definition A congruence of curves is a family of curves such that precisely one curve
of the family passes through each point. It is a geodesic congruence if the curves are
geodesics.

Active Diffeormorphisms

C.8.2 The Lie Derivative

This is called an active transformation. The passive transformation is a coordinate trans-
formation.

A contravariant vector flow determines a local congruence of curves,

xa = xa(u),

where the tangent vector field to the congruence is

dxa

du
= Xa.

at least locally, a vector field generates a unique integral flow about any given point p.
We use this flow to take a tensor to a nearby point and hence form a derivative. This
derivative is called the Lie derivative.
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σb(ǫ, p) = xb(p) + ǫXb(p) + O(ǫ2) (C.388)

The Lie derivative of a scalar field f ∈ C∞(M). Let X be a vector field on M we define
the Lie derivative of f along X to be

LXf(p) = lim
ǫ→0

f(σ(ǫ, p)) − f(p)

ǫ
(C.389)

which is the usual directional derivative along X.

point transform

x′
b
= xb(p) + ǫXb(p) + O(ǫ2) (C.390)

We generate a new vector (with vector components in the x′ coordinates). By definition
its components are related to T a(x) by a pushforward

T̃ ′a(x′) := T a (xc + ǫXc(x)) = T a(x) + ǫXc(x)∂cT
ab(x) + O(ǫ2). (C.391)

We now wish to transform this tensor to the x−coordinates so we can compare it with
the original tensor T ab(x). Using (C.390) we have

∂xa

∂x′c
= δa

c − ǫ∂cX
a + O(ǫ2) (C.392)

The parameter distance derivative of an object along the vector field is the Lie derivative.

T̃ a(x) =
∂xa

∂x′c
T̃ ′c(x′)

= (δa
c − ǫ∂cX

a)(T c(x) + ǫXe∂eT
c) + O(ǫ2)

= T a(x) + [Xe∂eT
a − ∂cX

aT c(x)]ǫ+ O(ǫ2) (C.393)

LXT
a = lim

ǫ→0

T̃ a(x) − T a(x)

ǫ
(C.394)

LXTa(x) = Xc∂cTa + Tb∂cX
a (C.395)
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What is the Lie derivative for a tensor T ab(x)? We generate a new tensor (with tensor
components in the x′ coordinates). By definition its components are related to T ab(x) by
a pushforward

T̃ ′ab(x′) := T ab (xc + ǫXc(x)) = T ab(x) + ǫXc(x)∂cT
ab(x) + O(ǫ2). (C.396)

We now wish to transform this tensor to the x−coordinates so we can compare it with
the original tensor T ab(x). Using (C.392) again. The parameter distance derivative of an
object along the vector field is the Lie derivative.

T̃ ab(x) =
∂xa

∂x′c
∂xb

∂x′d
T̃ ′cd(x′)

= (δa
c − ǫ∂cX

a)(δb
d − ǫ∂dX

b)(T cd(x) + ǫXe∂eT
cd) + O(ǫ2)

= T ab(x) + [Xe∂eT
ab − ∂cX

aT cb(x) − ∂dX
bT ad(x)]ǫ+ O(ǫ2) (C.397)

LXT
ab = lim

ǫ→0

T̃ ab(x) − T ab(x)

ǫ
(C.398)

LXT
ab = Xc∂cT

ab − T ac∂cX
b − T cb∂cX

a. (C.399)

LXTa(x) = Xc∂cTa + Tb∂cX
a, LXTab(x) = Xc∂cTab + Tcb∂aX

c + Tac∂bX
c

The first term of the Lie derivative, Xc∂c, corresponds to the pushforward, shifting the
tensor to another point in the manifold. The remaining terms arise from the coordinate
transformation back to the original coordinates. Is it coordinate invariant? Does it have
the same form in all coordinate systems? In fact (C.395) is equivalent to:

Xc∇cT
a − T c∇cX

a (C.400)

since

LXT
a(x) = Xc∂cT

a − T c∂cX
a

= Xc(∂cT
a + Γa

dcT
d) − T c(∂cX

a + Γa
dcX

d)

= Xc∇cT
a − T c∇cX

a (C.401)

where we have used that the connection is symmetric in its lower indices. Similarly,
(C.399) is equivalent to:
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Xc∇cT
ab − T ac∇cX

b − T cb∇cX
a

= Xc(∂cT
ab + Γa

dcT
db + Γb

dcT
ad) − T ac(∂cX

b + Γb
dcX

d) − T cb(∂cX
a + Γa

dcX
d)

= Xc∂cT
ab − T ac∂cX

b − T cb∂cX
a + T dbXc(Γa

dc − Γa
cd) + T adXc(Γb

dc − Γb
cd)

= Xc∂cT
ab − T ac∂cX

b − T cb∂cX
a (C.402)

In general, the partial derivatives appearing in Lie derivatives can be replaced by covariant
derivatives. Hence, the combination of pushback and coordinate transformation make the
Lie derivative a tensor in the tangent space at xa.

T̃ ′(q) = T (hǫ(p)) T̃ (p) = hǫ∗[T (hǫ(p))] (C.403)

We can write down the coordinate free equation

(LXT )(p) =
hǫ∗[T (hǫ(p))] − T (p)

ǫ
(C.404)

φt(p)

p

T (p)

T (φt(p))

φ∗
t [T (φt(p))]

Figure C.25: .

the original tensor components at a different point. distinguishes the Lie derivative from
the directional derivative.

the curve passing through P is given by x1 varying, with x2, x3, x4 all constant along the
curve, and such that

Xα ∗
= δα

1 = (1, 0, 0, 0) (C.405)

along this curve. The notation used in means that the equation holds only in a particular
coordinate system. Then it follows that

X = Xα∂α = ∂1, (C.406)
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and equation reduces to

LXTαβ

∗
= ∂1Tαβ (C.407)

Thus, in this special coordinate system, Lie differentiation reduces to ordinary differenti-
ation.

If we have a map φ from a manifold M to another manifold N , and we choose a point
x ∈ M, we can push forward a vector from TMx to TNφ(x), by a head-to-head and tail-to-
tail map. If the vector has components Xµ and the map takes the point with coordinates
xµ to one with coordinates ξ(x), the vector φ∗X has components

(φ∗X)µ =
∂ξµ

∂xν
Xν . (C.408)

This looks like the transformation formula for contravariant vector components under a
coordinate transformation, but we are doing an active transformation, changing a vector
into a different one.

M N

x

X

x+X

φ(x)

φ(x+X)

φ
φ∗X

Figure C.26: pullbackDef0. Pushing forward a vector X from TMx to TNφ(x).

X

M N
p

h(p)
γ

h

h∗X

h ◦ γ

Figure C.27: The push-forward map h∗ that maps the tangent spaces of M linearly
into the tangent spaces of N .

796



pushforward φ∗ (??)

Recall that a one-form maps a vector to a number. Given a one-form ω on N , we define
φ∗ω as a one-form on M by specifying what we get when we plug the vector X at x ∈ M
into it. This we do by pushing the X forward to TNφ(x), plugging it into ω, and declaring
the result to be the evaluation of φ∗ω on the X. Symbolically

[φ∗ω](X) = ω(φ∗X). (C.409)

or in components

[φ∗ω]aX
a = ωa[φ∗X]a. (C.410)

We work a coordinate system (x1, . . . , xm), such that x1 is the parameter along the integral
curves and the other coordinates are choosen any way. In this coordinate system and the
components of the tensor pulled back from φt(p) to p are simply

φt⋆[T
a1...ak

b1...bl
(φt(p))]

∗
= T a1...ak

b1...bl
(x1 + t, x2, . . . , xn). (C.411)

In this coordinate system the Lie derivative becomes

LV T
a1...ak

b1...bl

∗
=

∂

∂x1
T a1...ak

b1...bl
, (C.412)

Coordinate-Free Description

We will prove

LXY = [X, Y ]. (C.413)

σb(ǫ, p) = xb(p) + ǫXb(p) + O(ǫ2) (C.414)

for any f
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Yσ(ǫ)f =
∑

a

Y b(σ(ǫ))
∂

∂xa

∣
∣
∣
σ(ǫ)

f

=
∑

a

(Y b + ǫXc∂cY
a)
∣
∣
∣
σ(ǫ)

f + O(ǫ2)

=
∑

a

(Y b + ǫXc∂cY
a)(∂f + ǫXc∂a∂cf) + O(ǫ2)

=
∑

a

(Y b∂a + ǫXc∂cY
a∂a + ǫY aXc∂c∂a)f + O(ǫ2) (C.415)

Therefore

σ(−ǫ)∗Yσ(ǫ)f = Yσ(ǫ)(f ◦ σ(−ǫ)∗)

=
∑

a

Y a (h ◦ σ(ǫ))
∂

∂xa

∣
∣
∣
p
(h ◦ σ(−ǫ)) + O(ǫ2)

=
∑

a

(Y b∂a + ǫXc∂cY
a∂a + ǫY aXc∂c∂a)(f − ǫ∂bfX

b) + O(ǫ2)

=
∑

a

Y b∂af + ǫ(∂cY
aXc − Y c∂cX

a)∂af + O(ǫ2) (C.416)

From which

σ(−ǫ)∗Yσ(ǫ)(f) − Y (f)

ǫ
= (∂cY

aXc − Y c∂cX
a)∂af + O(ǫ2)

= [X, Y ]a∂af + O(ǫ2)

= [X, Y ]a(f) + O(ǫ2) (C.417)

The Lie derivative of a covariant tensors

LXY
α = Xβ∂βY

α − Y β∂βX
α (C.418)

The Lie derivative of a covariant vector field Yα is given by

LXYα = Xβ∂βYα + Y β∂αX
β (C.419)

The Lie Derivative
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there is a coordinate system in which

L ~N
~M = Na∂aMb −Ma∂aNb (C.420)

It satisfies the Leibniz rule

LX(Y aZbc) = Y a(LXZbc) + (LXY
a)Zbc. (C.421)

It is type-preserving; that is, the Lie derivative of s tensor of type(p,q) is again a tensor
of type (p,q).

The Lie derivative of a scalar field φ is simply an ordinary derivative in the direction of
X

LXφ = Xφ = Xa∂aφ (C.422)

Now, given the Lie derivative of a vector and a scalar, we can apply the Leibniz rule to
deduce the Lie derivative of a covariant vector field Ya: consider the Lie derivative of the
scalar formed by the contraction of an arbitrary vector Za with an arbitrary covector Ya.

LX(YcZ
c) = Xb∂b(YcZ

c) = ZcXb∂bYc + YcX
b∂bZ

c (C.423)

whereas the Leibniz rule gives

LX(YcZ
c) = YcLXZ

c + (LXYc)Z
c. (C.424)

ZcLXYc = ZcXb∂bYc + ZcYb∂aX
c. (C.425)

but as Zc is arbitrary this means

LXYa == Xb∂bYa + Yb∂aX
b. (C.426)

T̄ := φ∆λT (p0) xa(P ) = xa(P0) (C.427)

LξT := lim
∆λ

φ∆λT (x) − T (x)

∆λ
(C.428)

LXT
a...
b... = Xc∂cT

a...
b... − T c...

b...∂cX
a − · · ·+ T a...

c...∂bX
c + · · · (C.429)
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C.8.3 Pull-back and Lie Derivative of a co-vector

The pullback of the function f by φ, denoted φ∗f , is defined by

φ∗f = (f ◦ φ). (C.430)

f

Rm
Rn

R

M N

φ∗f = f ◦ φ

φ

xa yα

Figure C.28: The pullback map φ∗ of a function f from N to M by a map φ : M → N
is the composition of φ with f .

Suppose we have a smooth map h : M → N as in section C.7.1. We saw that we could
push-forward a vector Xp ∈ TpM to a vector h∗Xh(p) ∈ Th(p)N by

h∗Xh(p)(g) = Xp(g ◦ h) (C.431)

There should be a dual map which maps co-vectors in N to co-vectors in M.

h∗pω(Xp) =< h∗ω,Xp > = < ω, h∗Xh(p) > = ω(h∗Xh(p)) (C.432)

Let h : M → N , (y1, . . . ym) be local coordinates on V ⊂ N and (x1, . . . xn) be local
coordinates on U ∩ h−1(V ) ⊂ M. If

ω =

n∑

b=1

ωbdy
b
∣
∣
∣
p

(C.433)

We have
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X

M N

p
h(p)h

h∗X

R

ω

h∗ω = ω ◦ h

Figure C.29: pushLie. The maps the co-tangent spaces of M linearly into the co-tangent
spaces of N .

< ω, h∗Xf(p) > =

n∑

b=1

ωb(f
∗ωXf(p))

b (C.434)

C.8.4 More on Lie Derivative

Definition A one-parameter group of diffeomorphisms. A one-parameter family of maps
{φt}t∈R

is said to be a one parameter group of diffeommorphism if:

(i) Each φt : M → M is a diffeomorphism;

(ii) φ0 = id;

(iii) φs+t = φs ◦ φt for all s, t ∈ R.

That is we have a group action of R on M.

Lemma C.8.1 Let ϕt be the one parameter group of diffeomorphisms generated by the
complete vector field X on the manifold M, and ψ : M → M is a diffemorphism on M.
Then ψ ◦ ϕt ◦ ψ−1 is the one-parameter group of diffeomorphisms generated by ψ∗X.

Proof: We show that the tangent to the curve φp(t) := (ψ ◦ ϕt ◦ ψ−1)(p)
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(ψ∗X)pf := Xq(f ◦ ψ) =
d

dt
f ◦ ψ(ϕt(q))

∣
∣
∣
t=0

=
d

dt
f
(
ψ ◦ ϕt ◦ ψ−1(ψ(q))

)
∣
∣
∣
t=0

=
d

dt
f
(
ψ ◦ ϕt ◦ ψ−1(p)

)
∣
∣
∣
t=0

=
d

dt
f
(
φp(t)

)
∣
∣
∣
t=0

(C.435)

Corollary C.8.2 A complete tangent vector field is invariant under a diffeomorphism
ψ : M → M if and only if the one-parameter group of diffeomorphisms ϕt generated by
X commutes with ψ.

Proof:

C.8.5 Isometries and Killing Vector Fields

when the metric is the same. If you move along the direction of a Killing vector field, the
metric diesn’t change.

A space time possess a symmetry if there exists a coordinate system such that the com-
ponents of the components gab(x) of the metric are independent of at least one or more of
the coordinates. Then the metric has a symmetry under translations by this coordinate
holding the remaining coordinates fixed.

see M. Gockeler, T. Schucker, Differential geometry, gauge theories, and gravity

in general these symmetries go when we go to curved space-time with fixed metric and
cannot exist in general relativity where the metric becomes a dynamical variable.

Then a transformation leaving gab(x) invariant is called an isometry.

The Lie derivative is natural to express the invariance of a tensor under a change of
position. The vector ξa that generates the symmetry is called a Killing vector. In the
original coordinates the components of the Killing vector are simply ξa = δa

b . A coordinate
covariant characterization of a

Killing vector is
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gab(x) =
∂x′c

∂xa

∂x′d

∂xb
g′ab(x

′) (C.436)

will be an isometry if

gab(x) =
∂x′c

∂xa

∂x′d

∂xb
gab(x

′) (C.437)

There is a coordinate system in which gab(x) is the same function that g′ab(x
′), where

x′a = xa + ǫKa

For example

dl2 = dr2 + r2 dθ2

gab(r, θ) = D(1, r2) and gab(1, θ
′) = D(1, r′2) where θ′ = θ + ǫKα

and give curves along which the geometrical environment is unchanged.

p

Figure C.30: The Killing vector field resulting from a congruence of curves.

Fig.(C.8.5). The first two are the “infinitesimal generators” of horizontal and vertical
translations. The third is the generator of counter-clockwise rotations centered at p.

The three dimensional rotation group O(3) is the isometry group for of the ordinary round
sphere S2.

∂xa

∂xc

∂xb

∂xd
(C.438)

∂x′a

∂xb
= dα

b + ǫ∂bK
a (C.439)

g′ab(x
′) = gab(x) when x′ = xKa. (C.440)
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g′ab(x
a + ǫKa) = gab(x) (C.441)

g′αβ(x′) = (δγ
α + ∂αK

γ)(δδ
β + ∂βK

δ)gγδ(x
σ + ǫKσ) (C.442)

= (δγ
α + ∂αK

γ)(δδ
β + ∂βK

δ)[gγδ(x
σ) + ǫKσ∂σgγδ + . . . ]

= gαβ(x) + ǫ[gαδ∂βK
δ + gβδ +Kσ∂σgαβ] + O(ǫ2). (C.443)

LX = Xσ∂σgαβ + gαδ∂βX
δ + gβδ∂αX

δ. (C.444)

LKgαβ(x) = 0 (C.445)

LKgαβ(x) = ∇αKβ + ∇βKα = 0, ∇(βKα) = 0 (C.446)

An isometry is generated by a Killing vector field Kα satisfying LKgαβ(x) = 0

C.8.6 Conserved Quantities

∇(akb) = 0

Consider a freely falling particle whose worldline has tangent vector X. Define the quan-
tity E = Xaka, where k is a Killing vector. Then

Xa∇a(X
ckc) = XaXb∇akb + kbX

a∇aX
b

︸ ︷︷ ︸

=0

= XaXb∇akb = 0

= XaXb∇(akb) = 0 (C.447)

Thus E is conserved along the worldline of X. Given the energy-momentum tensor of a
continuous distribution of matter, satisfying ∇bT

ac = 0. Define Ja := T ackc. Then
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∇c(T
bckb) = kb ∇cT

bc

︸ ︷︷ ︸

=0

+ T bc∇ckb

= T bc∇ckb

= T bc∇(ckb) = 0 (C.448)

Thus ∇aJ
a = 0, i.e., the current is conserved.

Notion of energy and angular momentum have played a key role in analyzing behaviour
of physical theories. For theories of fields on a fixed, background spacetime, a locally
conserved stress-energy tensor, Tab, normally can be defined. If the background spaceime
has a Killing field, ka, then Ja = T a

bk
b is a locally conserved current. If Σ is a Cauchy

surface, then q =
∫

Σ
JadΣa defines a conserved quantity associated with ka; if Σ is a

timelike or null surface, then
∫

Σ
JadΣa has the interpretation of the flux of this quantity

through Σ.

However, in diffeomorphism covariant theories such as general relativity, there is no notion
of the local stress-energy tensor of the gravitational field, so conserved quantities () cannot
and their fluxes cannot be defined by the above procedures, even when Killing fields are
present.

C.8.7 Adapted Coordinates

These symmetries are removed by active diffeomorphisms, symmetries help us find simple
solutions to Einstein’s equation but strictly it is only those properties shared by all the
spacetimes in the symmetry class that have physical meaning.

However, if we are neglecting the dynamics of gravity and only consered with dynamical
theories over curved spacetime, then the particulary simple spacetime in the equivalence
class can be used to get your physical properties.

Spherically symmetric spacetimes

ds2 = g00dt
2 + 2goidtdx

i + dr2 + r2 sin2 θdθ2 + r2dφ2. (C.449)

Axisually symmetric spacetimes

ds2 = dr2 + r2 sin2 θdθ2 + r2dφ2. (C.450)

A gravitational field is said to be sationary when a reference frame exists in which all the
components g are independent of the time coordinate gab. This coordinate, by the way,
is usually referred to as coordinate time. Sationary spacetimes.

805



ds2 = g00dt
2 + 2goidtdx

i + gijdx
idxj. (C.451)

Static spacetimes we when changing dt→ −dt ds should remain unchanged.

ds2 = g00dt
2 + gijdx

idxj. (C.452)

C.8.8 Properties of Killing Fields

A very important and immediate result is the following. If kbkb = 0, then from ∇akb =
∇bka we have kb∇bka = −kb∇akb = ∇a(k

bkb) = 0, i.e., the curve to which k is tangent is
a null geodesic.

∇a∇bvc = R d
abc vd (C.453)

Proof:

∇a∇bvc −∇b∇avc = −R d
abc vd, (C.454)

which on using Killing’s equation, gives

∇a∇bvc + ∇b∇cva = −R d
abc vd (C.455)

Rabcd +Radbc +Racdb = 0, (C.456)

we have that

2∇b∇cva = −(R d
abc +R d

bca − R d
cab )vd

= 2R d
cab vd. (C.457)

C.8.9 Diffeomorphism Gauge Group - Symmetry of GR Under

Active Diffeomorphisms

It is often stated that coordinate transformations are the gauge symetries of GR. Then
move onto the diffeomorphism group, however, the diff group is formed by active dif-
feomorphisms not coordinate transformations! The gauge symmetry referred to is GR’s
invariance under active diffeomorphisms!
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Let us consider an infinitessimal point transformation

x′
a

= xa + ξa(x) (C.458)

We have already proven that the metric gab(x) gets mapped to the metric gab(x)−2D(aξb)
under this point transformation.

Lie algebra of vector fields ξ

A vector space V with elements x, y, z, . . . and bilinear bracket [· · · , ·], that takes two
elements of V and returns another element of V , is a Lie algerbra if the bracket is anti-
symmetric and the Jacobi identity holds for all elements in V .

vector field ξa(x) generates an infinitesimal active diffeomorphism. Has a Lie algebra

[ξ(1), ξ(2)]f = (C.459)

C.9 Frame Fields

That is absolutely crucial to the loop quantum gravity programme is that GR can be put
into a form that strongly resembles gauge theories in particle physics.

In appendix we introduced a natural basis for the tangent space TP at a point P that
were induced by the coordinates. We consider a set of basis vectors not derived from any
coordinate system. Say we are given a time-like vector field vα which defines a congruence
of curves. For each of these curves, take any point P . We introduce a orthonormal frame
of three unit space-like vectors.

eα
I = (eα

1 , e
α
2 , e

α
3 ) (C.460)

which are orthogonal to vα and where I is a label running from 0 to 3.

We define

eα
0 := vα (C.461)

orthonomality relations
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ea
1e1a = ea

2e2a = ea
3e3a = −ea

0e0a = 1

ea
0e1a = ea

0e2a = ea
0e3a = ea

1e2a = ea
1e3a = ea

2e3a = 0 (C.462)

The four vectors are said to form a frame or tetrad at P, and the orthonormality relations
can be succinctly summarized as

ea
i eja = ηij (C.463)

C

α
1e

α
2e

α
0e

Figure C.31: Framefield or tetrad with one spatial dimension suppressed.

C.10 The Spin Connection

The triad is not a vector basis induced by a coordinate system. It turns out that the use
of such frame fields brings out a different point of view on the connection and curvature,
one in which GR has a strong resemblance to particle physics field theories.

Instead of a basis determined by coordinates, ∂/∂xa, we may choose any other n linearly
independent vectors eα(α = 1, . . . , n), with components ea

α(α = 1, . . . , n) with respect to
the coordinate basis.

We have the freedom to choose a different basis. The metric gab(x) is left invariant under
local SO(3, 1) transformations such that

ea
I(x

a) → e′
a
I(x

a) = OJ
i(x

a)ea
J(xa), (C.464)

where Oj
i(x

a) is a matrix in SO(3, 1) which depends on position in space. When “Physical
quantities” are left invariant, such transformations are known as gauge transformations,
and theories invariant under them are called gauge theories.
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Now we have introduced these frame fields we now need to know how to compare vectors
in frames at different points. Put another way; a difficulty arise when one considers partial
derivatives, ∂aV

i. Because the matrix Oj
i (x

a) depends on spacetime, it will contribute an
inhomogeneous term to the transformation of the partial derivative,

∂aV
′I(x) = ∂a

(
OI

J(xa)V J(xa)
)

= OIj(xa)∂aV
J(xa) + V J(xa)∂aO

I
J(xa) (C.465)

The same sort of problem is encountered when considering the transformation of the
partial differentiation of vector fields ∂aV

b(x). The solution there is to add the connection
Γa

bc(x) to correct for the inhomogeneous term in the transformation law, giving us the
covariant derivative, ∇aVb = ∂aVb + Γc

abVc. The same remedy is applied to ∂aV
i(xa) and

we introduce a connection

ω I
a J(x) (C.466)

with two tetrad indicies and one spacetime index.

DaV
I(x) = ∂aV

I(x) + ω I
a JV

J(x) (C.467)

We require DaV
i(x) to transform as a vector in internal space,

D′
aV

′I(x) = OI
JDaV

I(x). (C.468)

Therefore the connection transforms as

ω′ I
a J = OI

Kω
K

a J − ∂aO
I
J (C.469)

DaV
I = ∂aV

I + ωI
aJV

J (C.470)

DaV
I
b = ∂aV

I
b + Γc

abV
I
c + ωI

aJV
J
b (C.471)

This covariant derivative is said to be compatible to the tetrad metric ηIJ if,

DaηIJ = 0 (C.472)

This implies,
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∂aη
IJ + ωI

aKη
JK + ωI

aKη
KJ = 0, (C.473)

This implying that the connection is antisymmetric in its tetrad indices,

ωIJ
a = −ωJI

a . (C.474)

C.10.1 The Spin Connection in terms of the Tetrads

The connection Γα
µν is uniquely determined by the requirement

Dµe
I
ν(x) = 0 (C.475)

that is,

∂µe
I
ν + ωI

αJe
j
b + Γγ

αβe
I
γ = 0 (C.476)

It is said to be compatible to the co-triad.

The connection field Γα
µν can be calculated in much the same way as the Γγ

αβ was calculated.

Consider the anti-symmetrized covariant derivative of the tetrad

D[ae
I
b] = ∂[ae

I
b] + ω IL

[a eb]L = 0 (C.477)

We can solve for ω in the same kind of way we derive the Christoffel connection. First we
contract the above expression with ea

Je
b
K to obtain

ea
Je

b
K

(

∂[ae
I
b] + ω IL

[a eb]L

)

= 0. (C.478)

Let us define

ΩIJK = ea
Ie

b
J∂[aeb]K .

This is obviously anti-symmetric in the first ttwo indices. Performing rotations of indices
in (C.477) we get three equations,
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ΩJKI + ea
Je

b
Kω

L
[a|I|eb]L = 0

ΩIJK + ea
Ie

b
Jω

L
[a|K|eb]L = 0

ΩKIJ + ea
Ke

b
Iω

L
[a|J |eb]L = 0 (C.479)

Adding the first two and subtracting the last,

ΩJKI + ΩIJK − ΩKIJ

+ ea
Je

b
K

1

2
(ω L

aI ebL − ω L
bI eaL)

+ ea
Ie

b
J

1

2
(ω L

aK ebL − ω L
bK eaL)

− ea
Ke

b
I

1

2
(ω L

aJ ebL − ω L
bJ eaL) = 0 (C.480)

This simplifies to

ΩJKI + ΩIJK − ΩKIJ

+
1

2
(ea

JωaIK − eb
KωbIJ)

+
1

2
(ea

IωaKJ − eb
JωbKI)

− 1

2
(ea

KωaJI − ebIωbJK) = 0 (C.481)

Using ωaIJ = −ωaJI the above reduces to

ΩJKI + ΩIJK − ΩKIJ + ea
JωaIK = 0. (C.482)

Let us swap the dummy variables J and K and replace a with b, then contract with eK
a

gives

ωaIJ = eK
a (−ΩKJI − ΩIKJ + ΩJIK). (C.483)

or by using the anti-symmetry of ωaIJ ,

ωaIJ = eK
a (ΩKIJ + ΩJKI − ΩIJK). (C.484)
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We now wish to use this to express ω IJ
a in terms of the tetrads. Note

ω IJ
a = eK

a [Ω IJ
K + ΩJ I

K − ΩIJ
K ]

and

Ω IJ
K = eb

Ke
cI∂[be

J
c]

ΩJ I
K = ebJec

K∂[be
I
c]

ΩIJ
K = ebIecJ∂[bec]K . (C.485)

Using these we get:

ω IJ
a = eK

a

(

eb
Ke

cI∂[be
J
c] + ebJec

K∂[be
I
c] − ebIecJ∂[bec]K

)

= ecI∂[ae
J
c] + ebJ∂[be

I
a] − ebIecJeK

a ∂[bec]K

= ebI∂[ae
J
b] − ebJ∂[ae

I
b] − eb[Ie|c|J ]eK

a ∂[bec]K

= eb[I
(

2∂[ae
J ]
b] + e|c|J ]eK

a ∂cebK

)

(C.486)

So finally we arrrive at

ω IJ
a = ec[I

(

2∂[ae
J ]
c] + e|b|J ]eK

a ∂becK

)

(C.487)

C.10.2 Curvature Associated with the Spin Connection.

Let us work out the commutator in the case of a vector λI .

We will need the covariant derivative of DβλI . This is a tensor with one internal space
index I and one space-time index β. For covariant derivative of such an object is the
standard formula is,

DαTβI = ∂αTβI + Γρ
αβTρI + ωJ

βITβJ . (C.488)

Applying this to DβλI gives

Dα(DβλI) = ∂α(DβλI) + ωJ
βI(DβλJ) + Γρ

αβ(DρλI)

= ∂α[∂βλI + ωJ
βI ] + ωK

αI [∂βλI + ωJ
βI ] + Γρ

αβDρλI (C.489)
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DαDβλI −DβDαλI = Γρ
αβDρλI − Γρ

βαDρλI

= ∂α∂βλI − ∂β∂αλI

+ ∂α(ωJ
βIλI) − ∂β(ωJ

αIλI)

+ ωK
αI∂βλK − ωK

βI∂αλK

+ ωK
αIω

J
βKλJ − ωK

βIω
J
αKλJ (C.490)

The first line is zero as we assume partial derivatives commute. The terms in the third
line are cancelled by terms in the second line. So we obtain the result

DαDβλI −DβDαλI = R J
αβ I λJ (C.491)

where R J
αβ I is defined by

R J
αβ I = ∂αω

J
βI − ∂βω

J
αI + ω K

αI ω J
βK − ω K

βI ω J
αK (C.492)

which can be written in the more compact form

R IJ
αβ = ∂[αω

IJ
β] + ω IK

[α ω J
β]K (C.493)

By considering the covariant derivative of Kα = eI
αλI we can find the relation between

the spin curvature with the

Rα
βγρ(e

J
αλJ) = Rα

βγρKα = DβDρKγ −DρDβKγ

= DβDρ(e
I
γλI) −DρDβ(eI

γλI)

= eI
γ [DβDρλI −DρDβλI ]

= eI
γR

J
βρI λJ (C.494)

this becomes

Rα
βγρe

J
α = eI

γR
J

βρI (C.495)

which implies

Rα
βγρ = R J

βρI eI
γe

α
J (C.496)

R = R IJ
µν eµ

I e
ν
J (C.497)
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C.10.3 Palantini action for GR

Using R = R IJ
µν Eµ

I E
ν
J and

√−g = E we can write the Einstein Hilbert action in terms
of the connection and tetrad:

SEH [e, ω] =
1

4κ

∫

d4xǫµναβǫIJKLE
I
νE

J
ν F

KL
αβ (C.498)

where FKL
γδ is the curvature of the spin-connection.

Variation with respect to ω IJ
ν gives

ǫµναβǫIJKLDν(E
I
αE

J
β ) = 0 (C.499)

and variation with respect to Eν
I gives

ǫµναβǫIJKLE
J
ν F

KL
αβ = 0 (C.500)

(C.497)

ǫµναβ =
1

4!
ǫPQRSE

P
[νE

Q
ν E

R
α e

S
β] (C.501)

Hamiltonian constraints in the Palatini formalism

We can do the 3+1 split for the Palantini action (C.498) and obtain a Hamiltonian
constraint and other constraints. While seems simpler than the of the metric variables

There are second class constraints which when solved give back the same set of constraints
as obtained from the ADM framework. And so their not much improvement over the ADM
formalism when it comes to quantizing it.

C.10.4 Ashtekar’s New Variables

In the Palantini formalism the phase space variables are (Ea
i ,Γ

i
a) (from these we get the

intrinsic metric of the spacelike manifold Σ and its extrinsic curvature respectively).

We consider a canonical transformation from the phase space variables in the Palantini
formalism (Ea

i ,Γ
i
a) Ashtekar’s variables
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Γi
a → Γi

a + βKi
a Ea

i → 1

β
Ea

i (C.502)

GR action written as

SEH[E, ω] =
1

2κ

∫

d4xẼµ
I Ẽ

ν
JF [ω] IJ

µν (C.503)

C.10.5 Cartan Structure Equations

Let {êi} be the non-coordinate basis and {θ̂i} the dual basis. The vector fields satisfy

[êi, êj] = c k
ij êk. (C.504)

The connection coefficients with respect to the basis {êi} by

∇iêj ≡ ωk
ij êk (C.505)

ωi
j := ωi

kj θ̂
k. (C.506)

The 2−forms of torsion are given by the first Cartan’s equations of structure, which
read

T k = dθ̂ + ωk
i ∧ θ̂i, (C.507)

and the 2-forms of curvature by the second Cartan’s equations of structure

Ωk
i = dωk

i + ωk
j ∧ ωj

i. (C.508)

where T i ≡ 1
2
T i

jkθ̂
j ∧ θ̂k is the torsion two-form and Ri

j ≡ 1
2
Ri

jkℓθ̂
k ∧ θ̂ℓ the curvature

two-form

Proof. Let the LHS of (C.507) act on the basis vectors êk and êℓ,

dθ̂i(êk, êℓ) + [< ωi
j , êk >< θ̂j , êℓ > − < θ̂j , êk >< ωi

j , êℓ >]

= {êk[< θ̂i, êℓ >] − êk[< θ̂i, êk >]− < θ̂i, [êk, êℓ] >} + {< ωi
ℓ, êk > − < ωi

k, êℓ >}
= −c i

kℓ + ωi
kℓ − ωi

ℓk = T i
kℓ (C.509)
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where we have made use of (??). The RHS acting on êk and êℓ yields

1

2
T i

jm[< θ̂j , êk >< θ̂m, êℓ > − < θ̂m, êk >< θ̂j, êℓ >] = T i
kℓ

which completes the proof. Equation may be proven similarly.

Taking the exterior derivatives of (C.507) and (C.10.5), we have the Bianchi identities

dT i + ωi
j ∧ T j = Ri

j ∧ θ̂j (C.510)

dRi
j + ωi

k ∧Rk
j −Ri

k ∧ ωk
j = 0. (C.511)

These are the non-coordinate basis versions of Ra
[bcd] = 0 and ∇[e|R

a
b|cd] = 0.

C.10.6 A Differential Geometry Translator

dA = (
∂Ax

∂x
dx+

∂Ay

∂x
dy +

∂Az

∂x
dz) ∧ dx

=
∂Ay

∂x
dy ∧ dx+

∂Az

∂x
dz ∧ dx (C.512)

The gravitational field e

eI(x) = eI
adx

a (C.513)

The spin connection

ωI
J(x) = ωI

aJ(x)dxa (C.514)

DvI = dvI + ωI
Jv

J (C.515)

RI
J = RI

J abdx
a ∧ dxb (C.516)

T (X, Y ) = T a
bcX

bY c
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T a =
1

2
T a

bcω
b ∧ ωc (C.517)

T (X, Y ) = ∇XY −∇YX − [X, Y ] (C.518)

R(X, Y )Z = Ra
bcdX

cY dZb

R(X, Y )Z = ∇X∇Y Z −∇Y ∇XZ + ∇[X,Y ]Z (C.519)

Hodge-Star operation:

S[eI , ωIJ ] =
1

4κ

∫

M

ǫIJKLe
I
ae

J
b

(

RKL
σρ − Λ

6
eK

σ e
L
ρ

)

dxµdxνdxσdxρ (C.520)

S[eI , ωIJ ] =
1

4κ

∫

M

ǫIJKL(eI ∧ eJ ∧ R[ω]KL +
Λ

6
eI ∧ eJ ∧ eK ∧ eL) (C.521)

C.11 More on Lie groups

For g ∈ G we define the adjoint isomorphism adg : G→ G by

adg(h) := ghg−1 = Lg ◦Rg−1h, (C.522)

for all h ∈ G.

It is a group homomorphism as

ad[g1,g2]
(g3) = [[g1, g2], g3]

= [g1, [g2, g3]] + [g2, [g3, g1]]

= ad(g1)(ad(g2)(g3)) − ad(g2)(ad(g1)(g3))

= [ad(g1), ad(g2)](g3) (C.523)

To see this is an isomorphism write adg(h) = g′ for any g′ ∈ G, this has the solution

h = g−1g′g. This solution is unique as adg(h) = adg(h
′) implies h = h′. This is called the

adjoint representation of the Lie group G

The map adg fixes the neutral element e therefore the adjoint isomorphism adg on the Lie
group G induces an isomorphism on Te(G)
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h

f
g

ghg−1

hg−1

fg−1
gfg−1

geg−1 = e

G

Figure C.32: A curve through e under the map h 7→ ghg−1, first a right action Rg−1 as

h 7→ hg−1 followed by the left action Lg as hg−1 7→ ghg−1. The identity e is mapped to
itself but points h and f near it are generally changed, so that a tangent vector at e, in
Te(G), is mapped to another one in Te(G).

Adg := (adg)∗ : Te(G) → Te(G)

or

Adg : G → G

on the Lie algebra G.

Te(G)

X (adg)∗(X)

G

Figure C.33: A vector X ∈ Te(G) is mapped to another one in Adg(X) ∈ Te(G). Written
formally as (adg)∗ : Te(G) → Te(G).

This is a group homomorphism between groups
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Ad(g1g2) = (adg1g2
)∗ = (adg1

◦ adg2
)∗

= (adg1
)∗ ◦ (adg2

)∗ = Ad(g1) ◦ Ad(g2) (C.524)

Note by injectivety that Ad(g) maps any vector X ∈ Te(G) to a non-zero vector for all
g ∈ G. Also we have Ad(g)(X + Y ) = Ad(g)(X) + Ad(g)(Y ). We thus have the map

Ad : G→ GL(n,R), (C.525)

where n = dimG.

This homomorphisms in turn induces a homomorphism between Lie algebras

Ad := Ad∗ : G → GL(n,R), n = dimG (C.526)

called the adjoint representation of the Lie algebra G.

If G is a matrix group, the adjoint representation becomes a simple matrix operation.

Definition The kernel of a group homomorphism ϕ : G→ H is defined by

ker ϕ := ϕ−1({eH}) = {x ∈ G : ϕ(x) = eH}.

Proposition C.11.1 A group homomorphism ϕ : G → H is injective if and only if its
kernel is trivial, i.e., ker ϕ = {eG}.

Proof:

Assume ϕ is injective. Since we must have eG ∈ ker ϕ, ker ϕ = {eG}. Assume ker
ϕ = {eG}. Say ϕ is not injective, i.e., there is x 6= y such that ϕ(x) = ϕ(y). Then
ϕ(xy−1) = eH , implying xy−1 = eG or x = y.

If G is a group, then by an automorphism of G we mean an isomorphism of G onto itself.
The collection of such automorphisms, denoted Aut(G), is a subgroup of Sym (G).

The kernel of adx is the subgroup of G consisting of the elements x ∈ G with the property
that xyx−1 = y for all y ∈ G, or, equivalently that xy = yx for all y ∈ G. Thus the kernel
of I equals the center Z(G) of G.
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C.11.1 Discrete Groups

A discrete group is a group with the discrete topology.

For example any finite group is a discrete group.

G1

G2

G3

GN+1

γ1

γ2

γN

Figure C.34: If a Lie group is a direct product of the proper subgroup and some discrete
subgroup then each connected component Gi is obtained from the proper subgroup G1

by applying some discrete transformation γi of a discrete subgroup Γ.

C.11.2 Universal Covering Group

Two curves g(τ) and g′(τ) connecting the elements g0 and g1 are said to be homotomic if
there exists a continuous deformation of one curve into the another, which leaves the end
points g0 and g1 unaltered, i.e., there exists a continous function h(τ, s) of two parameters
τ and s such that

h(0, s) = g0, h(1, s) = g1

h(τ, 0) = g(τ), h(τ, 1) = g′(τ).

A Lie group is said to be simply connected if every loop is homotopic to the null loop,
i.e., every loop is contractable to one point.

A topological set not able to be partitioned into non-empty open subsets each of which has
no points in common with the closure of the other. A topological space X is connected
if ∅ and X are the only subsets of X that are both open and closed.
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C.11.3 Decomposition of a Lie Group into Abelian and Non-
Abelian Parts

The result of this subsection is employed in the proof of the uniqueness of Ashtekar-
Lewandenski representation in LQG and the irreducibility of this representation.

Every connected compact Lie group is a quotient by a finite central subgroup of the
product of a connected compact semisimple Lie group with a torus.

for a compact connected Lie group the exponential map is onto.

We prove it for the case of SU(2).

Let G be any compact connected Lie group and T a maximal torus in G. We claim first
that the following two statements are equivalent.

(a) the exponential map exp : L(G) → G is surjective.

(b) every element of G lies in a conjugate of T , i.e., the map ψ : G × T → G given by
ψ(g, t) = gtg−1 is surjective.

The prove the result it is enough to establish (b) for SU(2).

Proof: If (a) holds, for any g ∈ G we have g = exp(ξ) for some ξ ∈ L(G). Therefore, g
lies in the one-parameter subgroup {exp(tξ) : t ∈ R}. The closure of this one-parameter
subgroup is a torus in G. Therefore it is contained in a maximal torus T ′ in G.

. . .

Lemma C.11.2 Let G be a connected compact Lie group. Let h be an ideal in L(G).
Then L(G) is the product of h with the complementary ideal h⊥.

by () there exists an invariant inner product on L(G), i.e., Ad is a Lie group homomor-
phism of G into O(L(G)). This implies that Ad is a Lie algebra morphism of L(G) into the
Lie algebra of O(L(G)), i.e., all linear transformations Ad(ξ), ξ ∈ L(G), are skewadjoint.

Let h be an ideal in L(G). Then it is invariant under all Ad(ξ), ξ ∈ L(G). This implies...

On the other hand, for ξ ∈ h and η ∈ h, we have [ξ, η] ∈ h ∩ h⊥ = {0}, that is, L(G) is
the product of h and h⊥ as a Lie algebra.

Lemma C.11.3 Every compact connected Lie group, G is isomorphic to a quotient G̃/M ,
where M is a central discrete subgroup of G̃, and G̃ is a simple product
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G̃ = T × P,

(that is, any h ∈ G̃ can be written as tp where t ∈ T and p ∈ P ), of an abelian group T
and a semisimple group P .

Proof:

Recall that each Lie group possesses a Lie algebra g isomorphic to the tangent vector space
at the identity element of the Lie group. An ideal in a Lie algebra is a Lie subalgebra
h ⊂ g such that [X, Y ] ∈ h for all X ∈ h, Y ∈ g. An ideal is said to be an invariant
subalgebra.

An ideal is the Lie algebra equivalent of a closed, normal subgroup of a connected Lie
group.

A connected Lie group can be defined to be simple if its Lie algebra is simple, or equiva-
lently, if it contains no non-trivial, closed, connected normal subgroups. Under this def-
inition, a simple connected Lie group can possess non-trivial, closed, normal subgroups,
but if they exist they must be discrete.

A semisimple Lie algebra can be defined as a Lie algebra which has no non-trivial abelian
ideals, but here we wish to characterise it as a Lie algebra which is the direct sum of
simple Lie algebras. Semisimple Lie groups arae the direct products of simple Lie groups.

Clearly, a simple Lie algebra is semisimple.

Lemma C.11.4 The ideal [L(G),L(G)] in L(G) is a semisimple Lie algebra.

Proof:

Let G be a compact connected Lie group.

Let h be an ideal in L(G). Then it is invariant under all ad(ξ), ξ ∈ L(G). This implies
that the orthogonal complement h⊥ of h is invariant under all ad(ξ), ξ ∈ g, i.e., h⊥ is an
ideal in g. It follows that L(G) = h ⊕ h⊥ as a linear space. On the other hand, for ξ ∈ h

and η ∈ h⊥, we have [ξ, η] ∈ h ∩ h⊥ = {0}, i.e., L(G) is the product of h and h⊥ as a Lie
algebra.

Let a be an abelean ideal in [L(G),L(G)]. Then a⊥ is an ideal in L(G) and L(G) is the
product of a and a⊥. This implies that a is in the center L(Z) of L(G). It follows that
a = {0}. Therefore [L(G),L(G)] in L(G) is semisimple.
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Proposition C.11.5 Let G be connected compact Lie group. Let C = K ∩ Z0 and D =
{(c, c−1 ∈ K×Z0 : c ∈ C}. Then ϕ : K×Z0 given by ϕ(k, z) = kz induces an isomorphism
of the Lie group (K ∩ Z0)/D with G.

Consider the connected compact lie groupK×Z0 and the differentiable map ϕ : K×Z0 →
G given by ϕ(k, z) = kz for k ∈ K and z ∈ Z0. ϕ is a Lie group homomorphism and L(ϕ)
is an isomorphism of lie algebras. Therefore, ϕ is a covering projection.

The kernel of ϕ is a finite central subgroup of K × Z0.

ker ϕ = {(k, z) ∈ K × Z0 : kz = 1} = {(c, c−1) ∈ K × Z0 : c ∈ K ∩ Z0}.

Therefore, any connected compact Lie group is a quotient by a finite central subgroup of
the product of a connected compact semisimple Lie group with a torus.

C.12 Group Actions on Sets

Action of a group

σ(g, x) = y (C.527)

σ(t, x) (C.528)

if the flow σ(t, x) is periodic with period T .

We can construct a new action whose group is U(1)

σ(exp(2πit/T )y, x) = σ(t, x) (C.529)

and one whose group is SO(2)

σ̃(

(
cos(2πt/T ) sin(2πt/T )
− sin(2πt/T ) cos(2πt/T )

)

, x) = σ(t, x). (C.530)

The action of GL(n,R) on Rn

σ(M, x) = M · x (C.531)
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where · is the usual matrix multiplication on a vector. The action of subgroups ofGL(n,R)
is defined similarly. O(n) acts on S(n−1)(r), an (n− 1)−sphere of radius r,

σ : O(n) × S(n−1)(r) → S(n−1)(r). (C.532)

Formal definition of the action of a group on a manifold:

Definition Let G be a Lie group and M be a manifold. The action of G on M is a
differentional map σ : G×M → M which satisfies the conditions

(i) σ(e, p) = p for any p ∈ M

(ii) σ(g1, σ(g2, p)) = σ(g1g2, p) .

We as well define the orbit of a point x of M as

orb(x) = {gx | g ∈ G} (C.533)

i) The action of the group is transitive if any orbit is the whole of X.

ii) The action is effective, or faithful, if the trivial action on X, i.e.,if σ(g, p) = p for all
p ∈ X, implies g = e.

If the action is not effective, the set of g corresponding to the trivial action is an invariant
subgroup H of G, and we can take G/H as having a faithful action.

iii) The action is free if the existence of an p such that gp = p implies that g = p.

The stabalizer of x as

Stab(x) = {g ∈ G | gx = x} (C.534)

The orbits are equivalence classes - we are often interested in the quotient space.

Isotropy group

The identity element e is obviously in H(p). Now, let g1, g2 ∈ H(p)

σ(g1g2, p) = σ(g1, σ(g2, p)) = σ(g1, p) = p

g−1 ∈ H(p) because

p = σ(e, p) = σ(g−1g, p) = σ(g−1, σ(g, p)) = σ(g−1, p)
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One can consider the quotient G/H(p)

Example SO(3)/SO(2)

we have

SO(3)/SO(2) ∼= S2

Definition A group action is effective if the identity element is the only element that,
that is, if σ(g, x) = x for all x ∈ M, then g = e.

C.12.1 Transitive Actions

Properties:

i) Orbits are disjoint,

ii) M is the union of of the orbits.

Example. Let G = O(n) and M = Sn.

Definition A group action is transitive if, for any x1, x2 ∈ M, there exists a g ∈ G such
that σ(g, x1) = x2.

There is only one orbit!

G

ga

gb

a

b

Figure C.35: leftTran. The left translation along g maps a neighbourhood of e onto one
of g. There is a natural map of a vector at e to one at g.

C.12.2 Faithful Actions

The action of G on X is said to be faithful if gx = hx for all x ∈ X implies that g = h.

825



C.12.3 Free Actions

The action of G on X is said to be free if for all g ∈ G, g 6= e, and for all x ∈ X, gx 6= x.

Definition A group action is free if every element apart from the identity of G has no
fixed points in M , that is, if there exists an element x ∈ M such that σ(g, x) = x, then
g = e.

C.12.4 Introduction to Gauge Invariance of the Yang-Mills Equa-
tions

Û = exp

(
i

2
a · T

)

(C.535)

Minimal coupling term is

Lint = g
3∑

i=1

ΨγµT
i

2
Ai

µΨ

= gΨγµAµ · T

2
Ψ (C.536)

Ψ → Ψ′ = ÛΨ = exp
(

ia(x) · T̂
)

Ψ(x) (C.537)

∂µΨ → Û∂µΨ = Û∂µ(Û−1ÛΨ)

= ∂µ(ÛΨ) + Û(∂µÛ
−1)ÛΨ

= ∂µΨ′ + Û(∂µÛ
−1)Ψ′

=
[

∂µ + Û(∂µÛ
−1)
]

Ψ′ (C.538)

By adding the coupling (C.536) to the free Dirac equation the additional term Û(∂µÛ
−1),

occurring for ∂µa, can be obsorbed by gauging the fields Ai
µ simultaneously. The Dirac

Lagrangean is the cast into a gauge invariant form

L(Ψ,Aµ) = iΨγµ∂µΨ + gΨγµAµ · T̂Ψ (C.539)

and the gauged density
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L′ = iΨ
′
γµ∂µΨ′ + gΨ

′
γµA′

µ · T̂Ψ′ (C.540)

L = iΨγµ∂µΨ + gΨγµAµ · T̂Ψ

= iΨÛ−1Ûγµ∂µ(Û−1ÛΨ) + gΨÛ−1ÛγµAµ · T̂Û−1ÛΨ

= iΨ
′
Ûγµ∂µ(Û−1Ψ′) + gΨ

′
ÛγµAµ · T̂Û−1Ψ′

= iΨ
′
γµÛ∂µ(Û−1Ψ′) + gΨ

′
γµÛAµ · T̂Û−1Ψ′

= iΨ
′
γµ∂µΨ′ + iΨ

′
γµ[Û(∂µÛ

−1)]Ψ′ + gΨ
′
γµ(ÛAµ · T̂Û−1)Ψ′

= iΨ
′
γµ∂µΨ′ + gΨ

′
γµ

[

ÛAµ · T̂Û−1 +
i

g
Û(∂µÛ

−1)

]

Ψ′ (C.541)

for this to be identical to the original action we must have:

A′
µ · T̂ = ÛAµ · T̂Û−1 +

i

g
Û(∂µÛ

−1). (C.542)

We are forced to incorporate the term Û(∂µÛ
−1), which is generated by gauging the

kinematic energy of the field Ψ into the gauge transformation of the Aµ fields. Let us look

at the significance of this term in electrodynamics. In that case Û is just Û = exp(ia(x)).
Then the gauge transformation reads

A′
µ(x) = Aµ(x) +

1

g
∂µa(x).

We can write the Lagrangean in the concise form

L = iΨ(∂µ − igAµ · T̂)Ψ

≡ iΨ∇µΨ (C.543)

Here we have introduced tha covariant derivative

∇µ = ∂µ − igAµ · T̂ (C.544)

The gauge transformation properties of Aµ can be summarised as follows

∇µ → ∇′
µ = Û∇µÛ

−1 (C.545)
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The kinetic energy term of the Aµ fields is missing. By analogy with electrodynamics we
write

Fµν = ∇µAν −∇νAµ (C.546)

Consider

F̂µν = Fµν · T̂ =
3∑

i=1

F i
µν T̂

i

= ∇µ(Aν · T̂) −∇ν(Aµ · T̂)

= ∂µ(Aν · T̂) + ig(Aµ · T̂)(Aν · T̂) − ∂ν(Aµ · T̂) − ig(Aν · T̂)(Aµ · T̂)

= (∂µAν) · T̂ − (∂νAν) · T̂ − ig
[
Aµ · T̂,Aν · T̂

]
(C.547)

From (C.545) we also have

[∇′
µ,∇′

ν ] = Û [∇µ,∇ν ]Û
−1

An explicit calculation of the commutator yields

[∇µ,∇ν ] = [∂µ − igAµ · T̂, ∂ν − igAν · T̂]

= [∂µ, ∂ν ] + ∂µ(−igAµ · T̂) − (−igAµ · T̂)∂µ

+ ∂ν(−igAν · T̂) − (−igAν · T̂)∂ν

+ (−ig)2[Aµ · T̂,Aν · T̂]

= −ig{(∂µAν · T̂ ) − (∂νAµ · T̂ ) − ig[Aµ · T̂,Aν · T̂]} (C.548)

Notice that in the last line the derivatives act only on the gauges fields.

Fµν =
i

g
[∇µ,∇ν ] (C.549)

Then Fµν transforms as

F′
µν = ÛFµνÛ

−1 (C.550)

We obtain a gauge invariant Lagrangian by performing the trace over the internal indices
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L′
A = −1

2
Tr{(F′

µν · T̂)(F′µν · T̂)}

= −1

2
Tr{Û(F′

µν · T̂)Û−1Û(F′µν · T̂)Û−1}

= −1

2
Tr{Û−1Û(F′

µν · T̂)(F′µν · T̂)}
= LA (C.551)
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C.13 Principle Bundles and Connections

A principle bundle is a fibre bundle π : P → E with fibre F equal to the structure group
G and having the property that for all Ua and Ub with Ua ∩ Ub 6= ∅,

ϕba : Ua ∩ Ub → Left(F ) ⊂ Diff(F ),

where Left(F ) = {Lg|Lg(h) = gh, for all h ∈ G, g ∈ G}. In other words, changing
coordinates corresponds to multiplying the fibre on the left by some element of G.

Lemma C.13.1 For every G−principle bundle, G acts naturally on P on the right.

Given u ∈ P , we want to define ug, for each g ∈ G. Let U be a neighbourhood about π(u)
that has a trivialization. Using these coordinates, represent u as (π(u), h) where h ∈ G.
Then define ug to be a point of P that has the coordinates (π(u), hg). It is not hard to
check that this definition is independent of coordinates, and then it is clear that it is a
right action.

To place gauge theory in a more general perspective, it is helpful to consider fibre bundle
formulism. The idea in gauge theory is to consider group bundles, where each fibre is a
copy of the internal symmetry group, and where the base space corresponds to spacetime.

think about gauge theory geometrically - to understand the gauge field as a connection
on the principal bundle.

We have already encountered one fibre bundle, from general relativity: the tangent space
at a point in spacetime is a fibre, with the fibre bundle

the gauge fields play the same role in gauge theory as the Christoffel symbols play in the
tangent in general relativity.

A principal fibre bundle allows one to simultaneously view the physical space, M, referred
to as the base space, and the bundle space E, where the bundle space generally reflects
the symmetry group of the theory by associating with each point x ∈ M a fibre in E
diffeomorphic to some Lie Group G, refined to as the gauge group or structure group.

Bundles

A principal bundle P (M, G), where G is a Lie group and M is a compact manifold.

covering M with topological trivial open subsets Ua and giving a set of transition functions
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tab : Ua ∩ Ub → G. (C.552)

The transition functions are to satisfy three conditions:

taa(x) = 1,

tab(x)tba(x) = 1,

tab(x)tbc(x)tca(x) = 1, (C.553)

for all points x ∈ M where the functions are all defined.

A gauge transformation is defined to be a collection of maps

λa : Ua → G. (C.554)

acting on transition functions in the following way,

tab(x) 7−→ λ−1
a (x)tab(x)λb(x). (C.555)

Gauge-transformed transition functions define the same bundle. A bundle is characterized
by a gauge equivalence class of transition functions satisfying (C.553).

A connection ω is defined globally is represented by a connection one-form ωa on each Ua,
with values in the Lie algebra of G, where, on each overlap Ua ∩ Ub,

ωa = Adt−1

ab
ωb + t−1

ab dtab (C.556)

where Ad is the adjoint representation.

[Ta, Tb] = CabcTc, (C.557)

Cabc forms a representation of (D.256), the matrix T a with components given by

(T a)bc = iCabc (C.558)

This representation is called the regular representation or the adjoint representation.
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C.14 Fibre Bundles

We have seen that a manifold has an associated with it a tangent space at each point p
in the manifold. One can combine these spaces with the underlying manifold M to make
one big manifold. Mathematically this combining (union) is expressed as,

TM =
⋃

p∈M

TpM. (C.559)

This is known as the tangent bundle space. In fact we can combine spaces other than
the tangent space with the manifold M to make a bigger topological space. These other
spaces need not be vector spaces as the the tangent space is. The other space is, generally,
referred to as the fibre. The whole space is known as a fibre bundle.

The simplest example of a fibre bundle, which is not a vector bundle, is the cylinder
formed by choosing M as the real line R1 and A as the circle S1; one constructs the
cylinder as a product between these two spaces, (actually, one should really say: one
constructs the cylinder as a product over the base manifold R1). This product bundle,
also referred to as a trivial bundle, is denoted (M×A,M, π).The first entry refers to the
fibre bundle, and the second refers to the base manifold. The third is a π : M×A→ M.
The projection map π : E → M associates each fibre with a point in the base manifold.
The inverse of the projection map π−1 associates a copy of the internal symmetry group
(a fibre) with each point in the base manifold.

U

π
= R1
M

Figure C.36: Fibre bundle, TS1 = S1 ×R. The base manifold M (the real line R1). The
circle is the fibre. The fibre bundle consists of a manifold and a projection map π. π−1(U)
is the local product space.

A fibre bundle is locally a product bundle. A fibre bundle which is not a product bundle
known as a non-trivial bundle. We give an example which shows that if a manifold
is locally the direct product of two other manifolds, it is nevertheless not, in general, a
product manifold. Möbius strip

The tangent bundle TM is locally of the form U ×M. A section of this tangent bundle
is simply a vector field w̃ on M. In the coordinate patch (U, u1, . . . , u

n), w̃ is given by
its component functions w1

U(u), . . . , wn
U(u) with respect to the coordinate basis ∂/∂u, but
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(U)
-1π

U
1= RM

Figure C.37: The inverse map π−1(U) is the local product space.

E

U

E

M
U

π-1
U

Figure C.38: tangent bundle, TS1 = S1×R. The base manifold M (the circle S1) consists
of a manifold and a projection map π. π−1(U) is the local product space.

of course these functions are defined on U only, not on all of M. In another patch V ,
the same field is described by another set of component functions w1

V (u), . . . , wn
V (u). At

a point p in the overlap U ∩ V these two sets of vector component functions transform as

wa
V (p) = [cUV (p)]abw

b
U(p) (C.560)

where cUV = ∂v/∂u the Jacobian matrix.

cotangent fibre bundle

T ∗M =
⋃

p∈M

T ∗
p M. (C.561)

Phase space is the cotangent fibre bundle.

wa
V (p) = [cUV (p)T ]abw

b
U(p) (C.562)
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Figure C.39: Möbius.

U

V V

U

Figure C.40: tangent bundle, TS1 = S1 ×R. The curved line is a section.

Some examples:

π ≈ Rn

Sn−1 ⊂ π−1(p) (C.563)

T0M is atypical, since it is a subbundle of the vector bundle TM.

Let M(n × n) be the set of all n × n real matrices. We associate to the matrix x the
point in the n2-dimensional Euclidean space whose coordinates are x11, x12, . . . xnn. The
topological of the parameter space is Rn. The general linear group Gl(n,R) is the
group of all real n× n matrices x = (xij) with determinate det x 6= 0.

X ie
i
= x11e11

+ x12e12
+ x21e21

+ x22e22
+ · · ·+ xnnenn

. (C.564)

It is clear from (xy)ij =
∑

k xikykj that the product matrix has coordinates that are
smooth functions of the coordinates of x and y
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a vector tangent to G is itself a matrix

Definition The left (right) translation is G 7→ G, la(g) = ag, and the right trans-
lation

p

π

Figure C.41: Travelling up fibre.

ϕU : U ×GL(R, n) → π−1(U) (C.565)

a local trivialization, such for any x ∈ U and (Xk
i ) ∈ GL(R, n),

ϕU(x, (Xk
i )) = (x; e1, . . . , en) (C.566)

ya = ya(x1, . . . , xn), i = 1, . . . , n (C.567)

ϕV : V ×GL(R, n) → π−1(V ) (C.568)

e
i
= Xk

i

∂

∂xk
= Y k

i

∂

∂yk
(C.569)

or

Y k
i = Xk

i

(
∂yk

∂xj

)

x

(C.570)

by () the right translation of X is given by the Jacobian matrix
(

∂yk

∂xj

)

x

one can identify a family of transition functions
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cUV : U ∩ V → GL(R, n) (C.571)

given by

cUV (x) = ϕ−1
V ◦ ϕU (C.572)

In fact ϕ−1
V ◦ ϕU is precisely the right translation of X

Details

Lg1
◦ Lg2

= Lg1g2
(C.573)

or

Lg1
◦ Lg2

= Lg1
(x; (g1e)1, . . . , (g1e)n)

= (x; (g1(g2e))1, . . . , (g1(g2e))n)

= (x; (g1g2e)1, . . . , (g1g2e)n) (C.574)

The left translation along g maps a neighborhood of e onto one of g. There is a natural
map of a vector at e to one on g. a vector tangent to G is itself a matrix

The one-parameter subgroup generated by any matrix A is the integral curve through e
of the left-invariant vector field whose tangent at e is A.

As matrices

g(t+ s) = g(t)g(s), ⇔ gij(t+ s) =
∑

k

gik(t)gkj(s) (C.575)

gA(t+ ∆t) = gA(t)gA(∆t) (C.576)

dgA

dt
= gA(t)A (C.577)

Differentiate both sides with respect to s and put s = 0

g′(t) = g(t)g′(0). (C.578)
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Since g′(0) is a constant matrix, the solution to this is

g(t) = g(0) exp(tg′(0)) (C.579)

1 + tg +
1

2!
t2g2 + . . . (C.580)

is the most general form for a 1-parameter subgroup of a matrix group G.

Φ(x, y) = expp(xe + yf) (C.581)

∂

∂x
Φ(x, y)

∣
∣
∣
∣
(x,y)

=
∂

∂x
expp(xe)

∣
∣
∣
∣
(x,y)

= e. (C.582)

Theorem Let X, Y be a pair of left (right) invariant vector fields. Then [X, Y ] is left
(right) invariant.

Proof:

[X ′, Y ′]i = X ′
j∂

′jY ′
i − Y ′

j∂
′iX ′

i

= Xj∂
jY ′

i − Yj∂
jX ′

i

= Xj∂
j

(
∂yi

∂xk

Yk

)

− Yj∂
j

(
∂yi

∂xk

Yk

)

=
∂yi

∂xk

(Xj∂
jYk − Yj∂

jXk) +
∂2yi

∂xj∂xk

(XjYk − YjXk). (C.583)

C.14.1 The Structure Group of a Bundle

In a vector bundle each cUV ∈ Gl(n). We have seen that for a Riemannian manifold M
of dimension n, we may choose cUV (x) ∈ O(n) by using orthonormal frames. In a general
bundle it may be possible to choose the cUV (x) such that they all lie in a specific Lie
group G

cUV : U ∩ V → G (C.584)

We then say that G is the structure group of the bundle.
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cUV =

(
cosα(x) − sinα(x)
sinα(x) cosα(x)

)

∈ SO(2). (C.585)

The orthonormal frames have allowed us to reduce the structure group from Gl(2, R) to
SO(2).

C.14.2 Frame Bundle

Frame bundles are fundamental because from this we can construct the tangent bundle,
and by a similar construction the cotangent bundle and all the tensor bundles.

If {v1, . . . , vn} is a local field of linear frames on a neighbourhood U in M, and {e1, . . . , en}
is a frame at x ∈ U , then λb

aVbx, where the number λb
a are the entries of a non-singular

matrix λ. Thus relative to the local field, each linear frame determines an element of
GL(n,R); and each element of GL(n,R) determines a linear frame. We therefore take
GL(n,R) as the typical fibre bundle.

The frame bundle is clearly not a vector bundle. Its typical fibre has instead the structure
of a group.

C.14.3 The Idea of a Principal Bundle

If we have a connection in a principle bundle P → M then a choice of a horizontal
subspace at u is equivalent to a choice of projection

proju : TuP → Vu.

Then the vertical space (i.e. a fiber of the vertical bundle) may be viewed as the tangent
space to the fibre, G. In turn, this an be viewed as g, the Lie algebra of G, so we really
have

proJu : TuP → g.

Therefore a connection is equivalent to having a g valued 1-form on P which is invariant
under the right action of G.

Let G be a Lie group and M a smooth manifold. A principle G bundle is over M is
a manifold which locally looks like M×G.

We have already found the transition functions for this fibre bundle. We consider the
intersection of two coordinate patches, and a point p
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The transition functions are given by the Jacobian matrix. They are elements of the group
GL(n,R), the general linear transformations on an n dimensional real vector space.

The bundles T (M) and T ∗(M) are vector bundles. a tangent bundle and a co-tangent
bundle. Phase space is an example of a co-tangent bundle.

A principal bundle is a bundle whose fibres are the transition functions themselves - points
in the fibre are elements of the structure group. We have just considered a principal fibre
bundle, that of a frame space.

Definition The right action of G on π−1(U) is defined by φ−1
i (ua) = (p, gia), that is, (fig

C.14.3)

ua := φi(p, gia) (C.586)

for any a ∈ G and u ∈ π−1(p).

p

p

π

Ui

Ui

φi

G

u

ua

gi

gia

Figure C.42: Defintion of the right action of G on the principal fibre bundle P .

Definition Principal fibre bundle.

i) A differentiable manifold E called the total space;

ii) A differentiable manifold M called the base space;
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iii) A surjection π : E → M called the projection. The inverse image π−1(x) ≡ Gx ≃ G
called the fibre at x;

iv) A Lie group G called the structure group, which acts on the fibre G on the left;

v) An open covering {UI} of M with a diffeomorphism φi : Ui ×G → π−1(Ui) such that
πφi(x, g) = x. The map is called the local gauge or local trivialisation since φ−1

i maps
π−1(Ui) onto the direct product Ui ×G;

vi) If we write φi(x, g) = φi,x(g), the map φi,x : G → Gx is a diffeommorphism. On

Ui ∩ Uj 6= ∅, we require that tij(x) ≡ φ−1
i,xφj,x : G → G be an element of the structure

group G. The φi and φj are related by a smooth map tij : Ui ∩ Uj → G such that
φj(x, g) = φi(x, tij(x)g). {tij} are the transition functions.

C.14.4 Principal Bundle

We are now ready to state the precise definition of a principal bundle.

We will say that a fibre bundle

{P,M, π, F,G} (C.587)

is a principal bundle if the fibre F is the same as the group G and if the transition
functions cUV (x) act on F = G by left translations.

and

C.14.5 Action of the structure Group on a Principal Bundle

In practical situations transition functions are the gauge transformations required for
pasting local charts together.

C.14.6 Connections on Principal Bundles

When we make comparison of objects in two different spaces is made by a prescribed
mapping, and the mappings that connect the various spaces are called connections.

The first definition of a connection has a clear geometric meaning,

1. a G−invariant horizontal distribution HuP ⊂ TuP .
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An equivalent, less geometric definition of a connection consistent with the first definition
is:

2. a one-form ω ∈ Ω1(P ; g) satisfying ω(s(X)) = X.

We come to the final definition of the connection on a principal bundle, expressed in the
form of G−valued one-forms on the base manifold M, instead of one-forms on the total
space P . This definition is most suitable in physics applications.

3. a family of one-forms Ai ∈ Ω1(P ; g) satisfying equation (for simplicity here in the case
of matrix groups G):

Aj = tijAit
−1
ij + t−1

ij dtij.

Definition (1): A connection on a principal bundle π : P → M with group G is a
smooth assignment to each u ∈ P of an n−dimensional subspace H(p) ⊂ TuP of the
tangent space to P (n = dimM) such that

TuP = H(p) ⊕ V(p), (C.588)

where V(p) is the subspace

V(p) := {X ∈ TuP : π∗(X) = 0}. (C.589)

The subspace field H is also required to be invariant under the left action Lg (g ∈ G):

(Lg)∗H(p) = H(gp), (C.590)

for all g ∈ G. V(p) and H(p) are called the vertical and horizontal subspace of TuP ,
respectively.

Definition (2): Suppose G is the Lie algebra of a Lie group G, which is the structure
group of a principal fibre bundle π : P → M. Let A ∈ G, and A♯, called a fundamental
field, be the vector field on P defined by

A♯(p) :=
d

dt
exp(At)p

∣
∣
∣
t=0
. (C.591)
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p

π

P

u

gu

HguP

HuP

VguP

VuP

Figure C.43: The horizontal subspace HguP , defining by the connection in definition (1),
is obtained from HuP by the left action.

A connection on the principal bundle π : P → M is a G−valued one for satisfying the
following two properties:

(i) ω(A♯(p)) = A (C.592)

(ii) (Lg)
∗(ω) = Ad(g)(ω). (C.593)

Definition (3): A connection on a principal bundle is an assignment to each local trivi-
alisation φi : π−1(Ui) → Ui×G (a choice of gauge in physics terms) a Lie algebra one-form
ωi on Ui which satisfies the following rule between different local trivialisations,

ωj(Xp) = (Rt−1

ij (p))∗((tij)∗(Xp)) + Ad(tij(p))(ωi(Xp)), (C.594)

for all Xp ∈ TpM and p ∈ U ∩ V .

p

e
Ui Uj

tij tij(p)

Xp tij∗(Xp)

G

Figure C.44:
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Since a non-trivial principal bundle does not admit a global section, the pull-back Ai = s∗iω
exists locally but not necessarily globally.

Lemma C.14.1 The two definitions (1) and (2) of a connection on a principal fibre
bundle are equivalent.

Proof:

(2) ⇒ (1):

Suppose we are given a G−valued connection one-form ω, as in definition (2). Consider
the field of subspaces defined by

H(u) = {X ∈ TuP : ωu(X) = 0}.

By (), ω(Y)A ∈ G for any Y ∈ V(p). Hence V(p)∩H(p) 6= ∅ and TpP = V(p)⊕H(p). We
must prove that

Lg∗H(u) = H(gu).

Fix a point u ∈ P and define H(u) as above. Take X ∈ H(u) and construct Lg∗X ∈ Tgu.
We find

ωgu(Lg∗X) = L∗
gωu(X) = gωu(X)g−1 = 0

since ω(X) = 0. Therefore, Lg∗X ∈ H(gu). Note that Lg∗ is an invertible linear map.
Hence any vector Y ∈ H(gu) is expressed as Y = Lg∗X for some X ∈ H(u). Thus
Lg∗H(u) = H(gu).

(1) ⇒ (2):

We define a G−valued one-form ω by

ω(A♯ +X) = A (C.595)

Note 0 ∈ H(u) and setting X = 0, we have ω(A♯) = A, and as the connection is linear
this implies ω(X) = 0 for all X ∈ H(u).

To complete the proof we must establish property (ii) (C.593). Any X ∈ TuP can be
written X = aH + bV, where H ∈ H(u) and V ∈ V(u). This allows us to need only verify
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(C.593) separetly for arbitrary horizontal and vertical vectors. Suppose H ∈ H(u). Then
ω(H) = 0. By (C.590), ω((Lg)∗H) = 0 and (C.593) is verified for H ∈ H(u). Consider

V = A♯(u) ∈ V(u), for some A ∈ G. We compute

ωgp((Lg)∗A
♯(u)) = ωgp

(

(Lg)∗
d

dt
(exp(At)u)

∣
∣
∣
t=0

)

= ωgu

(
d

dt
(g exp(At)u)

∣
∣
∣
t=0

)

= ωgu

(
d

dt
(g exp(At)g−1 · gu)

∣
∣
∣
t=0

)

= ωgu

(
d

dt
(adg(exp(At)) gu)

∣
∣
∣
t=0

)

= ωgu

(
d

dt
(exp(Ad(g)At) gu)

∣
∣
∣
t=0

)

= ωgu( (Ad(g)A)♯ gu) (C.596)

As ω(A♯) = A

ωgu( (Ad(g)A)♯ gu) = Ad(g)A

and then

Ad(g)A = (Ad(g))(ω(A♯(u)))

therefore we have

ωgp((Lg)∗A
♯(u)) = (Ad(g))(ω(A♯(u))),

that is, we have verified (C.593) for vertical vectors A♯(u) as well.

In the next section provide the proof of the equivalence between of definitions (2) and (3).

C.14.7 Gauge Fields

We now make contact with the more familiar notion of gauge fields as used in physics,
which live on M instead of P .
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Theorem C.14.2 Given a g−valued one-form Ai on Ui and a local section si : Ui →
π−1(Ui), there exists a connection one-form ω such that Ai = s∗iω on Ui

Proof:

(2) ⇒ (3):

.....

Let ω be a G−valued connection one-form as given in definition (2), and φi : π−1(U) →
U × G be a local trivialisation. Associated with φi there is a local section given by
si(p) = φ−1

i (p, e). We define a G−valued one-form Ai on U by

Ai = s∗iω,

then we show that it is the connection one-form in the sense of definition (3). To do this
we have to show that the gauge transformation

ωi → ωj = s∗jω

is given by (C.594).

.......

Recall that we have local sections si : Ui → π−1(Ui) associated canonically to the trivial-
isation of the bundle. gi is the canonical local trivialisation defined by φi(u) = (p, gi) for
u = si(p)gi. Let us define a g−valued one-form ωi on P by

ωi = g−1
i π∗Aigi + g−1

i dPgi (C.597)

where dP is the exterior derivative on P .

We first show that s∗iωi = Ai. For X ∈ TpM . Note

s∗iω(X) = ωi(si∗X)

As gi = e at si

s∗iω(X) = π∗Ai(si∗X) + dP gi(si∗X)

= Ai(πi∗si∗X) + dPgi(si∗X) (C.598)

845



p

p

π

Ui

Ui

si∗X

TpP

TpM

φi

G
e

X

s(Ui)

Figure C.45:

We have

dPgi(si∗X) =
d

dt
gi(si(t))

∣
∣
∣
t=0

= 0

as g ≡ e along si(t). Thus we have obtained s∗iωi(X) = Ai(X).

Next we show that ωi satisfies the axioms of a connection one-for given in definition...

We consider the subspace of TuP tangent to the fibres. Let X = A ∈ VuP , A ∈ g. It
follows from π∗X = 0. Now we have from g(u exp(tA)) = g(u) exp(tA)

ωi(A
♯) = g−1

i (dPgi)(A
♯)

= gi(u)
−1dg(u exp(tA))

dt

∣
∣
∣
t=0

= gi(u)
−1gi(u)

dg exp(tA)

dt

∣
∣
∣
t=0

= A.

Take X ∈ TPP and h ∈ G. We have

R∗
hωi(X) = ωi(Rh∗X)

= g−1
i (uh)Ai(πi∗Ri∗X)gi(uh) + g−1

i (uh)(dPgi(uh))(Rh∗X)

Since gi(uh) = gi(u)h and πi∗Ri∗X = πi∗X the first term above can be written
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h−1g−1
i (u)Ai(πi∗X)gi(u)h

For the second term we work out

g−1
i (uh)(dPgi(uh))(Rh∗X) = g−1

i (uh)
d

dt
gi(γ(t)h)

∣
∣
∣
t=0

= h−1g−1
i (u)

d

dt
gi(γ(t))h

= h−1g−1
i (u)(dPgi(u))(X)h.

Here γ(t) is a curve through u = γ(0) , whose tangent vector at u is X. Therefore

R∗
hωi(X) = h−1ωi(X)h.

Hence the g−valued one-form ωi defined by () satisfies Ai = s∗iω and the axioms of a
connection one-form.

Global one-form on P?

Suppose we are given local one-forms Ai, Aj , etc., on M that satify the gauge transfor-
mation given in definition (3). First we will construct local one-forms ωU , ωV , . . . , on P
from the local one-forms AU ,AV , . . . , on M. We then need to show that ωU = ωV on
π−1(U ∩ V ), in order for the local one-forms ωU , ωV , etc., to collectively define a global
connection one form ω as in definition (2).

.....

(3) ⇒ (2):

We first define the map ω̃i : TuP → G by

ω̃i((si)∗Xp + A♯) = Ai(Xp) + A. (C.599)

A local G−valued one-form on all of π−1(Ui) can be constructed from this map via

ωi(Xgu) = (Ad(g)) ω̃i ((Lg−1)∗Xgu) (C.600)

for Xgu ∈ TguP . This one-form reduces to the one form ω̃i on TuP for g = e. The one-form

ωi satifies condition (ii) of definition 2 on the restricted bundle π−1(U)
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ωigu((Lg)∗Xu) = Ad(g)) ω̃iu ((Lg−1)∗((Lg)∗Xu))

= Ad(g)) ω̃iu (Xu)

= Ad(g)) ωiu (Xu),

and thus is a connection in the sense of definition (2) on this restricted bundle.

Suppose sj is another local trivialisation, where Ui ∩ Uj 6= ∅. We can similarly define a

local connect ωj on sUj
(Ui ∩Uj), as then they would agree on all of π−1(U ∩ V ) by virtue

of (C.600). That is, we wish to show that

ω̃i((sj)∗Xp + A♯) = ω̃j((sj)∗Xp + A♯)

Now since ωi(A
♯) = A = ωj(A

♯), it is sufficient to check that ω̃i((sj)∗Xp) = ω̃j((sj)∗Xp),
for x ∈ U ∩ V and Xp ∈ TpM.

suppose γ(t) is a curve in M with p = γ(0) and Xp = γ′(0). We compute (sj)∗(Xp) by

(sj)∗(Xp) =
d

dt
sj(γ(t))

∣
∣
∣
t=0

=
d

dt

(
tij(γ(t))sj(γ(t))

)
∣
∣
∣
t=0

=
d

dt

(
tij(p)sj(γ(t))

)
∣
∣
∣
t=0

+
d

dt

(
tij(γ(t))sj(p)

)
∣
∣
∣
t=0

= (Ltij (p))∗(si)∗(Xp) +
d

dt

(
tij(γ(t))t

−1
ij (p)sj(p)

)∣∣
∣
t=0

= (Ltij (p))∗(si)∗(Xp) +
(
(Rt−1

ij (p))∗(tij)∗(Xp)
)♯

sj(p)
.

Using this and by using the gauge transformation formula we then have

ω̃i((sj)∗Xp) = ω̃i

((
(Rt−1

ij
(p))∗(tij)∗(Xp)

)♯

sj(p)
+ (Ltij (p))∗(si)∗(Xp)

)

= (Rt−1

ij (p))∗(tij)∗(Xp) + Ad(tij) (Ai(Xp))

= ω̃i((sj)∗Xp) = Aj(Xp) (C.601)

By () ω̃j((sj)∗Xp) = Aj(Xp) the proof is complete.
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If the principal bundle is non-trivial, it is not generally possible to describe the connection
ω on P in terms of a single Yang-Mills Aµ(x) field on M. Instead, one must cover M
with local trivalising charts, and then local Yang-Mills fields associated with any pair of
overlapping charts Ui, Uj will be related on Ui ∩ Uj by

A(j)
µ (x) = Ω(x)−1A(i)

µ (x)Ω(x) + Ω(x)−1∂µΩ(x)

with the corresponding local gauge function Ωij(x) satifying the si(x) = sj(x)Ωij(x). Note
that these functions Ωij : Ui ∩ Uj → G are precisely the bundle transition functions.

Let P (M, G) be a principal bundle over M and U a chart of M. Take two local sections
s1 and s2 over U such that s2(p) = s1(p)g(p). The corresponding local forms A1 and A2

are related as

A2 = g−1A1g + g−1dg. (C.602)

In components, this reads

A2µ(p) = g−1(p)A1µ(p)g(p) + g−1(p)∂µg(p). (C.603)

which is simply the gauge transformation ().

Example Electrodynamics:

Let P be a U(1) bundle over M. Take overlapping charts Ui and Uj . Let Ai (Aj) be a
local connection form on Ui (Uj). The transition function tij : Ui ∩Uj → U(1) is given by

tij(p) = exp(iθ(p)) θ(p) ∈ R. (C.604)

Ai and Aj are related by

Aj(p) = tij(p)
−1Ai(p)tij(p) + tij(p)

−1dtij(p)

= Ai(p) + idθ(p) (C.605)

In components, we have

Ajµ = Aiµ+ i∂µθ. (C.606)
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Example General relativity:

The important example is a connection in the principal GL(n,R)−bundle B(M) of
frames on a n−dimensional manifold M. Any local coordinate chart (U, ϕ) on M pro-
vides a local section s : U → B(M) by associating with x ∈ U ⊂ M, the local frame
(∂1, ∂2, . . . , ∂n)x. If ω is a connection one-form on B(M), let Γ := s∗ω denote the asso-
ciated L(GL(n,R))−valued one-form on U , and consider the relation between Γ and the
local one-form Γ′ associated with another coordinate chart (U ′, ϕ′) such that U ∩U ′ 6= ∅.

The local section of B(M) associated with s′ is (∂/∂x
′1, . . . , ∂/∂x

′m), and the transition
function J : U ∩ U ′ → GL(n,R) is just the Jacobian of the coordinatre transformations:

(∂µ′)x = (∂ν)xJ
ν
µ(x)

where

Jν
µ(x) := ∂xν/∂x

′µ.

Then,

Γ′
µ(x) = (s∗ω)x(∂µ′)

= Jα
µ(x)(s

′∗ω)x(∂α)

= Jα
µ(x)

(
J−1(x)Γα(x)J(x) + J−1(x)∂αJ(x)

)
(C.607)

where we have used the result () for a connection in a bundle whose srtucture group is a
matrix group. The second term reads

Jα
µ(x)(J

−1(x)∂αJ(x))ǫ
δ =

∂xα

∂x′µ

(
∂x

′ǫ

∂xλ

∂

∂xα

(
∂xλ

∂x′δ

))

=
∂x

′ǫ

∂xλ

∂2xλ

∂x′µ∂x′δ
.

If G ρ
λ is some basis for the Lie algebra M(n,R) (the set of all n × n real matrices) of

GL(n,R) then we can write the matrix-valued one-form Γµ as

(Γµ)
ǫ
δ = Γλ

µρ(G
ρ

λ )ǫ
δ.

The first term in () is then
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Jα
µ(x)(J−1(x)Γα(x)J(x))ǫ

δ =
∂xα

∂x′µ

(
∂x

′ǫ

∂xβ
(Γα)β

λ(x)
∂xλ

∂x′δ

)

=
∂xα

∂x′µ

(
∂x

′ǫ

∂xβ
(G ρ

γ )β
λ

∂xλ

∂x′δ

)

Γγ
αρ(x).

In particular, if we pick the natural basis set (G ρ
γ )β

λ = δβ
γ δ

ρ
λ then () becomes the well

known transformation law for the components Γǫ
µδ of an affine connection on M:

Γ
′ǫ
µδ(x) =

∂xα

∂x′µ

∂xρ

∂x′δ

∂x
′ǫ

∂xγ
Γγ

αρ(x) +
∂x

′ǫ

∂xλ

∂2xλ

∂x′µ∂x′δ
.

C.14.8 Parallel Transport in a Principal Bundle

Parallel transport was defined as transport without change.

What is parallel transport of an element of a principal bundle along a curve in M?

We use the notion of a horizontal lift.

Horizontal vector fields are fields whose flow lines move from one fibre into another.

Definition Let P be a principal fibre bundle and let γ[0, 1] → M be a curve in M. A
curve γ̃[0, 1] → P is said to a horizontal lift of γ if πγ̃ = γ and the tangent vector to γ̃(t)
always belongs to Hγ̃(t)P

C.14.9 Curvature on a Principal Bundle

Suppose a connection is given on a principal bundle π : P → M, with group G. Then
X ∈ TuP can be written uniquely as the sum of a vertical and a horizontal vector

Dϕ ≡ (dϕ)H

where
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(dϕ)H(X1, . . . ,Xi+1) ≡ dϕ(H1, . . . ,Hi+1)

and H1, . . . ,Hi+1 are the horizontal vectors of X1, . . . ,Xi+1 ∈ TuP .

Lemma C.14.3 If A,B ∈ G, the map ♯ preserves the Lie algebra structure:

[A♯, B♯] = [A,B]♯ (C.608)

Proof:

[A♯, B♯]p = lim
t→0

1

t
{B♯ − (Lg(t))∗B

♯}

[A♯, B♯]p = lim
t=0

{(♯)∗B − (♯)∗Ad(g(t))B}

= (♯)∗

(

lim
t=0

1

t
{B −Ad(g(t))B}

)

(C.609)

Ad(g(t))B = (Lg(t))∗(Rg−1(t))∗B.

by (Rg−1(t))∗B = B,

Ad(g(t))B = (Lg(t))∗B

[A♯, B♯]p = (♯p)∗

(

lim
t→0

1

t
{B − (Lg(t))∗B}

)

= (♯p)∗([A,B]) = [A,B]♯(p),

C.14.10 Extension and Reduction of Principal Bundles

Given any bundle E we can construct a principal bundle P (E), by replacing the fibres in
E with the transition functions, while keeping the transition functions the same.

Let H ⊂ G be a closed subgroup. P is reduced to a principal H bundle Q if:

(i) Q ⊂ P is a submanifold,

852



(ii) qh ∈ Q for all q ∈ Q, h ∈ H , such that

(1) π(Q) = M ,

(2) H acts transitively in each fibre Qx = π−1(x) ∩ Q, (remember π−1(x) ⊂ P ); by acts
transitively we mean given any two points p, q ∈ Qx there exists at least one h ∈ H such
that hp = q.

{v ∈ H(P )| < ω|v >= 0} (C.610)

< dxν | ∂
∂xµ

>= δµν , < dgkj|
∂

∂glm

>= δklδjm, < dxν | ∂

∂glm

>=< dgkj|
∂

∂xµ
>= 0.

(C.611)

< ωij |Xµ > = < i(g−1)ikdgkj + (g−1Aa
νT

ag)ijdx
ν | ∂
∂xµ

+ iBµlm

∂

∂glm

>

= (ig−1)ik < dgkj|
∂

∂glm

> iBµlm + (g−1Aa
νT

ag)ν < dxν | ∂
∂xµ

>

= (g−1Aa
µT

ag − g−1Bµ)ij (C.612)

Hence

Bµij =
(

Ab
µT

bg
)

ij
. (C.613)

Dµ =
∂

∂xµ
+ i
(

Ab
µT

bg
)

ij

∂

∂gij

(C.614)

Dµ(gWg−1) =
∂

∂xµ
W̃ + iAb

µT
bgWg−1 − igWg−1Ab

µT
b = [∂µ + Aa

µT
a, W̃ ], (C.615)

ig−1dg + g−1Ag = ig−1h−1d(hg) + g−1h−1A′hg. (C.616)

This gives

A′ = −idhh−1 + hAh−1 (C.617)
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[Dµ, Dν ] = i(∂µAν − ∂νAµ)g
∂

∂g
−Aa

µA
b
ν

(

T ag
∂

∂g
T bg

∂

∂g
− T bg

∂

∂g
T ag

∂

∂g

)

. (C.618)

[Dµ, Dν] = i(∂µAν − ∂νAµ − i[Aµ, Aν ])g
∂

∂g
= iFµνg

∂

∂g
(C.619)

Thus we see that the curvature of the principal bundle is associated with the field strength
tensor.

C.14.11 The Complex Line Bundle

z = a + ib ↔ ae
1

+ be
2
, or in component form

(
a
b

)

(C.620)

We multiply a complex number z = a + ib by i, −b + ia

Je1 = e2, Je2 = −e1, J2 = −I (C.621)

J =

(
0 −1
1 0

)

(C.622)

iz = −b+ ia ↔
(

−b
a

)

=

(
0 −1
1 0

)(
a
b

)

(C.623)

z1z2 = (x1 + iy1)(x2 + iy2) = (x1x2 − y1y2) + i(x1y2 + x2y) (C.624)

Of course, this can be expressed entirely in real terms

(
x1

y1

)

◦
(
x2

y2

)

=

(
x1x2 − y1y2

x1y2 + x2y1

)

(C.625)

C.15 Summary of Differential Geometry

• Coordinate independent formalism.

• Anti-symmetric objects are important - unifying notations.
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C.16 Some Algebraic Geomerty

C.16.1 Homology

boundaries ⊂ cycles .

We are interested in things that do not have boundaries, but are not themselves boundaries
of anything. In other words, we are interested in chains that are elements of Zn(K) but
not in Bn(K).

We define the n− th Homology group, denoted Hn(K), as

The following theorem simplifies calculations of Homology groups.

Hn(K) ≡ Zn(K)/Bn(K). (C.626)

Lemma C.16.1 Let f : G1 → G2 be a homomorphism.

(i) ker(f) = {x : x ∈ G1, f(x) = 0} is a subgroup of G1

(ii) im(f) = {x : x ∈ f(G1) ⊂ G2} is a subgroup of G2.

Proof: (i) Let x, y ∈ ker(f). Then x+y ∈ ker(f) since f(x+y) = f(x)+f(y) = 0+0 = 0.
Now 0 ∈ ker(f) as f(0) = f(0 + 0) = f(0) + f(0). We also have −x ∈ ker(f) since
f(0) = f(x− x) = f(x) + f(−x) = 0.

(ii) Let y1 = f(x1), y2 = f(x2) ∈ im(f) where x1, x2 ∈ G1. Since f is a homomorphism
we have y1 + y2 = f(x1) + f(x2) = f(x1 + x2) ∈ im(f).

Note that G1/ker(f) is a quotient group. In fact we have the following.

Theorem C.16.2 Fundamental theorem of homomorphisms. Let f : G1 → G2 be
a homomorphism. Then

G1/ker(f) ≃ im(f) (C.627)

where im(f) is the image of f in G2.

Proof: Define a map ϕ : G1 → im(f) by
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ϕ([x]) = f(x)

This map is well defined since for x′ ∈ [x], there exists h ∈ ker(f) such that x′ = x + h
and

Now we show that ϕ is an isomorphism. Firstly ϕ is a homomorphism,

ϕ([x] + [y]) = ϕ([x+ y])

= f(x+ y)

= f(x) + f(y) = ϕ([x]) + ϕ([y]). (C.628)

Next we show that it is one-to-one. If ϕ([x]) = ϕ([y]), then f(x) = f(y) or f(x)− f(y) =
f(x− y) = 0. This shows that x− y ∈ ker(f) and [x] = [y]. Finally, we show ϕ is onto.

If we can express Bn(K) as the kernel of some map f , then

Hn(K) = Zn(K)/Bn(K) = Zn(K)/ ker(f) ≃ im(f) (C.629)

which is generally much easier to calculate.

Examples

Let K = {p0, p1, (p0p1)}. We have

C0(K) = {ip0 + jp1 : i, j ∈ Z}
C1(K) = {k(p0p1) : k ∈ Z}.

Since (p0p1) is not the boundary of any simplex in K, B1(K) = 0, and

H1(K) = Z1(K)/B1(K) = Z1(K).

If z = m(p0p1) ∈ Z1(K), it satifies

∂1z = m∂1(p0p1) = m{p1 − p0} = mp1 −mp0 = 0.
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Thus we must have m = 0 and so Z1(K) = 0, hence

H1(K) = {0} (C.630)

Theorem C.16.3 Let K be a connected simplicial complex. Then

H0(K) = Z. (C.631)

Proof: Since K is connected, for any pair of 0-simplexies pi and pj, there exists a sequence
of 1-simplexies (pipk), (pkpl), . . . , (pmpj) such that ∂1((pipk)+(pkpl)+· · ·+(pmpj)) = pi−pj .
It follows

pi = pj + ∂1(pij).

where pij is a 1-simplex.

Suppose

z =
I0∑

i

nipi

where I0 is the number of 0-simplexies in K. Then

z =

I0∑

i

nipi =

I0∑

i

nip1 +

I0∑

i

ni∂1(p1j)

=

I0∑

i

nip1 + ∂1[

I0∑

i

nip1j ] (C.632)

It is clear that z ∈ B0(K) if
∑
ni = 0.

Let σj = (pj,1pj,2) (1 ≤ j ≤ I1) be 1-simplexies in K, I1 being the number of

B0(K) = im∂1

= {∂1[n1σ1 + · · ·+ nI1
σI1

] : n1, . . . , nI1
∈ Z}

= {n1(p1,2 − p1,1) + · · · + nI1
(pI1,2 − pI1,1) : n1, . . . , nI1

∈ Z} (C.633)
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z =
∑

i

nipi

We have proved for a connected complex K that z =
∑
nipi ∈ B0(K) if and only if

∑
ni = 0.

Define a surjective homomorphism f : Z0(K) → Z by

f(n1p1 + · · · + nI0
pI0

) =

I0∑

i=1

ni.

We then have ker(f) = f−1(0) = B0(K). From theorem , it follows that H0(K) =
Z0(K)/B0(K) = Z0(K)/ker(f) = Z.

If also

H1(K) = {0} (C.634)

then it is a simply connected complex K.

Meaning of the nth−homology group

H0(K) = Z (C.635)

for any connected complex K.

C.16.2 De’Rham Cohomology

Two gauge potentials are gauge equivalent if they differ by a gauge potential

Bµ(x) = Aµ(x) + ∂µφ(x) (C.636)

we write

Aµ(x) ∼ Bµ(x) = Aµ(x) + ∂µφ(x) (C.637)
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We denote a gauge equivalence class [Aµ(x)] where Aµ(x) is a representative of the equiv-
alence class. Say the gauge potentials Aµ(x) and A′

µ(x) are not related to each by a gauge
transformation then their sum

A′′
µ ≡ Aµ + A′

µ (C.638)

A′′
µ cannot be related to either Aµ or A′

µ by a gauge transformation and hence belongs
to another distinct equavalence class, [A′′

µ]. [A′′
µ] = [Aµ] + [A′

µ]. With this definition
class addition, it is not hard to see that these classes form an addative abelian group with
the identity [∂µφ(x)]. We need to establish this we need to show that that the addittion
operation is independent representative choosen.

Also can have aAµ + bA′
µ where a and b are real numbers.

ǫµν∂ν∂µφ(x) ≡ 0 (C.639)

In differential geometry notation Eq (C.636) is written

A ∼ B = A+ dφ (C.640)

Hp(M) =
Zp(M)

Bp(M)
(C.641)

Two closed forms (elements of Zp(M)) define the same cohomology class (elements of
Hp(M)) if they differ by an exact form (an element of Bp(M)).

Consider all r−forms λ that satisfy dλ = 0. Such forms are called closed. Certainly forms
that satisfy λ = dΦ are themselves closed bacause of the niloptence of d. Such forms are
called exact. not all closed forms are exact. We will denote Zr(M) refers to all closed
forms and Br(M) refers to all exact r−forms.

we consider all closed forms modded out by exact forms. In other words two forms are
said to be equivalent if

λ1 = λ2 + dΦ → [λ1] = [λ2] (C.642)

for any Φ. two closed forms are called cohomology. Elements of the cohomology are the
closed forms modded out by all exact forms. This we write as

Hr(M,R) = Zr(M)/Br(M), (C.643)
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Definition (i) An n-form is called a cocycle if it is closed, that is, dω = 0.

(ii) An n-form is called a coboundary if it is exact, that is, if there is an (n − 1)-form σ
such that ω = dσ.

(iii) The vector spaces of closed (exact) n-forms are denoted Zn(M) and Bn(M) respec-
tively.

(iv) The de Rham cohomology group (under addition) is given by

Hn(M) := Zn(M)/Bn(M).

Examples

(i) We first take the example M = R. First let us find H0(R). The set B0(R) has no
meaning since there are no (−1)-form. We define Ω−1(M) to be empty, hence H0(R) =
Z0(R). The set Z0(R) is the set of all 0-forms f that are closed, i.e. df = 0. The only
way to have df = df

dx
dx = 0 is if f is constant and so the set of 0-forms are isomorphic to

R. So

H0(R) = Z0(R)/B0(R) ≃ R/{0} = R.

In 1-dimension a 1-form is f(x)dx, if we take the differential operator we get

d(f(x)dx) =
∂f

∂x
dx ∧ dx = 0.

So in 1-dimension, any 1-form on R is closed. Furthermore, we can take any 1-form fdx
and integrate it:

F =

∫

fdx

so that

f = dF.

Therefore all 1-forms are exact. So, all one forms are closed and all one forms are exact
therefore the quotient is the identity:
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H1(R) = Z1(R)/B1(R) = {0}.

Obviously there can be no 2-forms, 3-forms, ... etc in one dimension so that Hn(R) = 0
for n ≥ 2.

Summarising:

H0(S1) = R

H1(S1) = {0}
Hn(S1) = 0, n ≥ 2. (C.644)

(ii) M = S1. Let S1 = {eiθ : 0 ≤ θ < 2π}. Again the only way to have df = df
dθ
dθ = 0 is

if f is constant and so the set of 0-forms are isomorphic to R. Therefore

H0(S1) = R.

This is always the case when M is connected. Next we compute H1(S1). Let ω = f(θ)dθ
be a 1-form. Is it possible to, as in the previous example, to write any closed form as dF ?
If ω = dF , then F must be given by

F (θ) =

∫ θ

0

f(θ′)dθ′.

Any such F must be uniquely defined on S1. For this to be the case F must satisfy the
periodicity: F (θ) = F (θ + 2π). F (2π) = F (0) =

∫ 0

0
f(θ′)dθ′ = 0. Namely F must satisfy

F (2π) =

∫ 2π

0

f(θ′)dθ′ = 0.

Conversely, let ω is a closed form whos integration is zero. Define

g(θ) = c+

∫ 2π

0

ω

We have
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g(θ + 2π) = c+

∫ θ+2π

0

ω

= c+

∫ θ

0

ω +

∫ θ+2π

θ

ω

= g(θ) +

∫ 2π

0

ω = g(θ). (C.645)

Therefore g is well defined with ω = dg. We find that a one form is exact if and only if
its integration is zero. As with the computation of homology groups, we can employ the
fundamental theorem of homomorphisms to simplify the calculation. Let us define the
map λ : Ω1(S1) → R

λ : ω = fdθ 7→
∫ 2π

0

f(θ′)dθ′

We then have ker(λ) = λ−1(0) = B1(S1). By theorem (C.16.2),

H1(S1) = Ω1(S1)/ker(λ) ≃ im(λ) = R.

Just as in the case of M = R there can be no 2-forms, 3-forms, ... etc in one dimension
so that Hn(S1) = 0 for n ≥ 2. Summarising:

H0(S1) = R

H1(S1) = R

Hn(S1) = 0, n ≥ 2. (C.646)

(iii) M = S2.

H0(S2) = R

H1(S2) = {0}
H2(S2) = R

Hn(S2) = {0}, n ≥ 3 (C.647)

(iv) M = Sn.
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H0(S1) = R

Hn(S1) = R

Hj(S1) = {0}, j 6= 0, n (C.648)

Meaning of nth−cohomology group

The Duality of Homology and Cohomology

As the name suggests, the cohomology group is a dual space of the homology group.

To do with how Stokes’ theorem can be used to study those properties of a manifold which
determine the relation between closed and exact forms.

Stokes’ theorem establishes a precise duality between Hn(M) and Hn(M) via

(ω,M) :=

∫

M

ω (C.649)

∫

M

ω = (dω,M)
∫

∂M

ω = (ω, ∂M) (C.650)

(dω,M) = (ω, ∂M) (C.651)

C.16.3 Cohomology and Homology

One can determine if two principals are equivalent or not with the use of something called
characteristic classes.

second chern class

Roughly speaking, the cohomology Hp(M,R) counts the number of noncontractable p-
dimensional surfaces in M .

[384] )
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bp = dimHp(M) = dimHp(M). (C.652)

Ω(cp, ωq) =

∫

cp

ωq. (C.653)

Ω period matrix.

χ(M) =

n∑

i=0

(−1)ibi. (C.654)

Definition The set U is smoothly contractible to po if there exists a smooth map F :
U × I → U such that

F (x, 0) = x, F (x, 1) = p0 for x ∈ U.

Figure C.46: .

Theorem C.16.4 (Poincare’s lemma). If a coordinate neighbourhood U of a manifold
M is contractible to a point p0 ∈M , any closed r-form on U is also exact.

Proof: We may choose coordinates such that x(p0) = 0 and use F (x, t) := tx. We claim
that

σ(p) :=

∫ 1

0

dt
tn−1

(n− 1)!
xνωνµ2...µn

(tx(p)) dxµ2(p) ∧ · · · ∧ dxµn(p) (C.655)

satifies dσ = ω. We compute
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Figure C.47: .

dσ(p) =

∫ 1

0

dt
tn−1

(n− 1)!
[ωµ1...µn

(tx(p)) + tnxν(p)(∂µ1
ωνµ2...µn

)(tx(p))]

×dxµ1(p) ∧ · · · ∧ dxµn(p). (C.656)

As the r-form ω is closed we have ∂[νωµ1...µn] = 0, from which we see that

0 = (∂[νωµ1...µn])dx
µ1(p) ∧ · · · ∧ dxµn(p)

=
1

n!
[∂νωµ1...µn

− ∂µ1
ωνµ2...µn

+ ∂µ2
ωνµ1...µn

− ∂µ3
ωνµ1µ2...µn

+ . . . ]

×dxµ1(p) ∧ · · · ∧ dxµn(p)

=
1

n!
[∂νωµ1...µn

− n∂µ1
ων...µn

]dxµ1(p) ∧ · · · ∧ dxµn(p). (C.657)

Using this, (C.656) simplifies to

dσ(p) =

∫ 1

0

dt
1

n!
[ntn−1ωµ1...µn

(tx(p)) + tnxν(p)(∂νωµ1...µn
)(tx(p))]

×dxµ1(p) ∧ · · · ∧ dxµn(p)

=

[∫ 1

0

dt
1

n!

d

dt
[tnωµ1...µn

(tx(p))]

]

dxµ1(p) ∧ · · · ∧ dxµn(p)

=

[
1

n!
[tnωµ1...µn

(tx(p))]

]1

0

dxµ1(p) ∧ · · · ∧ dxµn(p)

= ω(p). (C.658)
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The theroem shows that every closed form is locally exact. The de Rham cohomology
obstructs the global exactness of closed forms and giving us global information about M .
For instance, if M is not simply connected (not all points are contractable to a point -
homology is non-trivial) then the cohomology will be non-trivial.

C.16.4 Homotopy

two spaces homeomorphic need invariant so that spaces that are homeomorphic have the
same result

3

2
1σ σ

σ

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

Figure C.48: σ1 and σ2 are homotopic to each other but not to σ3.

(a · b)(t) :=

{
a(t), 0 ≤ t ≤ ‖a‖

b(t− ‖a‖) ‖a‖ ≤ t ≤ ‖a‖ + ‖b‖ (C.659)

The product of two paths is not defined if the terminal point of the first is the same as
the intial point of the other.

For any path α, we denote by α−1 the inverse path formed by transversing α in the
opposite direction.

Classes of Paths and Loops

Homotopy1.fig

Figure C.49: Homotopy1A.

Proposition C.16.5 The relation ∼ is

(i) a ∼ a (reflexive)
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hs(0) = p

hs(| hs‖) = q = ks(| 0‖)
h1(t)

h0(t)

ks(| ks‖) = r

k1(t)
k0(t)

Figure C.50: Homotopy2. The product of two equivalence classes of paths [a] and [b].

(ii) a ∼ b implies b ∼ a (symmetric)

(iii) a ∼ b and b ∼ c imply a ∼ c (transitive).

js(t) =

{
h2s(t), 0 ≤ s ≤ 1

2
,

k2s−1(t),
1
2
≤ s ≤ 1,

(C.660)

hs(0) = p

hs(| hs‖) = q

ks(0) = p

ks(| ks‖) = q

js(0) = p

js(| ks‖) = q

h1(t) h0(t)
k1(t) k0(t) j1(t)

j0(t)
j1/2(t)

(a) (b) (c)

Figure C.51: transitivity. (a) 0 ≤ s ≤ 1 . (b) 0 ≤ s ≤ 1/2. (c) 1/2 ≤ s ≤ 1.

paths a and b are equivalent if and only if one can be continuously deformed into the
other in X. a ∼ b. We denote the equivalence class containing the path a by [a].

[a] = [b] if and only if a ∼ b (C.661)
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The collection of all equivalence classes of paths in a topological space X is called the
fundamental groupoid, denoted Γ(X).

The fundamental Homotopy group

Proposition C.16.6 For any paths a, a′, b, b′ in X, if a · b is defined and a ∼ a′ and
b ∼ b′, then a′ · b′ is defined and a · b ∼ a′ · b′.

[a] · [b] = [a · b]. (C.662)

Proposition C.16.7 For any path a in X, there exist identity paths e1 and e2 such that
a · a−1 ∼ e1 and a−1 · a ∼ e2.

h0 = e1

h1(t) =

{
a(t), 0 ≤ t ≤ ‖a‖

a(2‖a‖ − t), ‖a‖ ≤ t ≤ 2‖a‖

=

{
a(t), 0 ≤ t ≤ ‖a‖

a−1(t− ‖a‖), ‖a‖ ≤ t ≤ 2‖a‖
= (a · a−1)(t), (C.663)

a(t)

h0 = e1h1(t)

h0 = e2h1(t)

(a) (b) (c)

Figure C.52: (a) a(t). (b) For decreasing s, a · a−1 ∼ e1. (c) a−1 · a ∼ e2.

Proposition C.16.8 The set π(X, p), together with the multiplication defined, is a group.

This is the fundamental group of X relative to the basepoint p.

Sets and a binary operation. The minimal requirement
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Type identity inverse associative closed all products
defined

group yes yes yes yes yes
groupoid no no no yes no
semi-group no no yes yes
monoid yes no yes yes

Obviously a group qualifies as a semi-group, a monoid and groupoid. A monoid is a
semi-group with identity.

C.16.5 Homeomorphisms

So that all surfaces that can be obtained from rectangle and gluing together are homeo-
morphic.

Figure C.53: HomeoFigDef.

Two genometric objects are homeomorphic if there exists a continuous one-to-one mapping
f : X → Y such that the inverse mapping f−1Y :→ X is also continuous.

Twist homeomorphisms

canonical homology basis {a1, a2, b1, b2}

C.17 Summary

• Tensor Calculus

• Group theory
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(c)(a) (b)

Figure C.54: homeoClylind.

Figure C.55: homDehnfig1.
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Manifolds at Dr Neil Lambert Department of Mathematics King’s College

C.19 Worked Exercises and Details

Commutativity of exterior derivative and Lω.

Use the fact that Xa
; b transforms as a tensor to deduce the transformation law of the connection

given by (C.300).

Proof. Γa
cbX

c = Xa
; b − Xa

,b we get

Γ′a
cbX

′c =
∂x′a

∂xd

∂xe

∂x′b
Γd

feX
f − ∂x′b

∂xe

∂2xa

∂x′f∂x′b
Xf . (C.664)
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Expressing X ′a in terms of Xf and since Xf is an arbitrary vector field, we have

Γ′a
cb

∂x′c

∂xf
=

∂x′a

∂xd

∂xe

∂x′b
Γd

fe −
∂x′b

∂xe

∂2xa

∂x′f∂x′b
. (C.665)

Multiplying through by ∂xc/∂g and rearranging the indices, we arrive at

Γ′a
cb =

∂x′a

∂xd

∂xe

∂x′b

∂xe

∂x′c
Γd

fe −
∂x′b

∂xe

∂xe

∂x′c

∂2xa

∂x′f∂x′b
. (C.666)

Commutativity of exterior derivative and Lω.

C.19.1 Dynamical and Non-Dynamical Symmetries

Dynamical symmetries constrain the solutions of the equations of motion. Non-Dynamical sym-

metries are redundantcies of the mathematical formulation of the theory - these are often referred
to as Gauge symmetries.

Example:

(a) Dynamical symmetry: Time translation invariance.

The Lagrangian does not explicitly depend on time

L = L(qn, q̇n). (C.667)

From this it follows that

dL
dt

=
∂L
∂qn

q̇n +
∂L
∂q̇n

q̈n (C.668)

Now, at this point we make use of the Euler-Lagrange equations of motion

d

dt

(
∂L
∂q̇n

)

− ∂L
∂qn

= 0 (C.669)

one finds
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dL
dt

= q̇n
d

dt

(
∂L
∂q̇n

)

+
∂L
∂q̇n

q̈n

=
d

dt

(

q̇n
∂L
∂q̇n

)

(C.670)

or

d

dt

(

q̇n
∂L
∂q̇n

− L
)

(C.671)

That is, the Hamiltonian is conserved in time

H =
∂L
∂q̇i

q̇i −L. (C.672)

This reflects the conservation of energy E for isolated systems. Note that, as we needed to use
the equations of motion this condition only holds for trajectories that extremalize the action.

(b) Non-dynamical symmetry: reparameterization invariance.

S[q(t + ǫ)] − S[q(t)] =

∫ t2

t1

[
∂L
∂t

ǫ +
∂L
∂qi

q̇iǫ +
∂L
∂q̇i

d

dt
(q̇iǫ)

]

dt

=

∫ t2

t1

[
∂L
∂t

ǫ +

(
∂L
∂q̇i

)
dǫ

dt

]

dt

= [Lǫ]t2t1 +

∫ t2

t1

(
∂L
∂q̇i

− L
)

dǫ

dt
dt (C.673)

Parameterization-invariance means that the integral must vanish for arbitrary dǫ/dt, so that we
have

H =
∂L
∂q̇i

q̇i − L = 0. (C.674)

Even if the action is not extremal for some trajectory, it is still invariant under reparameterization
of that trajectory.
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Example: Diff (S1) - the Virasoro algebra

As will be explained in chapter M.-19, in closed string theory there is an invariance under
active diffeomorphisms acting on a circle, the corresponding group is denoted Diff (S1).
If θ ∈ (0, 2π] is a coordinate on S1,

τ(θ) → τ ′(θ) = τ(θ) + f(τ(θ)) (C.675)

where f is periodic, i.e., f(τ + 2π) = f(τ). There is a complete Fourier series expansion

f(τ(θ)) =
∞∑

n=0

An cosnτ(θ) +Bn sin nτ(θ)

For an infinitesmal form transformation

τ(θ) → τ ′(θ) = τ(θ) + V (θ)
∂

∂θ
(τ(θ)) (C.676)

where V (θ) is the vector generating the infinitesmal diffeomorphism. As V (θ) = V (θ+2π)
we can expand V (θ),

V (θ)
∂

∂θ
= (

∞∑

n=0

bn cosnθ + cn sinnθ)
∂

∂θ

=

∞∑

n=0

[(bn − icn)

2
einθ +

(bn + icn)

2
e−inθ

] ∂

∂θ

=

∞∑

n=−∞

anie
inθ ∂

∂θ
(C.677)

where an = (cn − ibn)/2 and a−n = a∗n for n > 0.

τ ′(θ) = τ(θ) +
∑

n∈Z

anie
inθθα∂ατ (C.678)

Therefore one has a basis indexed by n ∈ Z

Dn = ieinθ ∂

∂θ
(C.679)

The Lie algebra of Diff (S1) is
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[Dn, Dm]f = [ieinθθα∂αie
imθθβ∂β − ieimθθα∂αie

inθθβ∂β]f

= ei(n+m)θ
[
(in− im)θα∂αf + i(θα∂αθ

β∂β − θβ∂βθ
α∂α)f

]

= (n−m)Dm+nf (C.680)

or

[Dn, Dm] = (n−m)Dm+n. (C.681)
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