
Appendix E

Covariant Classical and Quantum

Mechanins

E.1 Conventional Mechanics

E.1.1 Action Principle for Several Dependent variables

A dynamic system with m degrees of freedom describes the evolution in time t of m
Lagrangian variables qi, where i = 1, . . . , m. We denote the space in which the variables
qi take value is a m−dimensional configuration space C0.

The dynamics of the system is determined by the Lagrangian L which is a function of
several dependent variables q1(t), . . . , qm(t) and q̇1(t), . . . , q̇m(t) all of which depend on t,
the independent variable.

Given two times t1 and t2 and two points qi
1 and qi

2 in C0, physical motions are such that
the action

S[q] =

∫ t2

t1

dt L
(

qi(t),
dq(t)

dt

)

(E.1)

is an extremum in the space of motions qi(t) such that qi(t1) = qi
1 and qi(t2) = qi

2. Physical
motions satisfy the Euler-Lagrange equations, which we derive now.

We compare neighbouring paths by writing

qi(t;α) = qi(t; 0) + αηi(t), i = 1, 2, . . . , m, (E.2)

where the ηi are independent, but subject them to the condition
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ηi(t1) = ηi(t2) = 0, i = 1, 2, . . . , m. (E.3)

Differentiating with respect to α and setting α = 0 we obtain

∫ t2

t1

∑

i

[

∂L
∂qi

ηi(t) +
∂L
∂qi

t

dηi(t)

dt

]

dt = 0. (E.4)

Integrating by parts

∫ t2

t1

∑

i

[

∂L
∂qi

− d

dt

(

∂L
∂qi

t

)]

ηi(t)dt+
∑

i

[

∂L
∂qi

t

ηi(t)

]t2

t1

= 0. (E.5)

Inserting (E.3) into this we have

∫ t2

t1

∑

i

[

∂L
∂qi

− d

dt

(

∂L
∂qi

t

)]

ηi(t)dt = 0. (E.6)

Since the ηi are arbitrary and independent of each other, each of the terms vanishes
independently

∂L
∂qi

− d

dt

(

∂L
∂qi

t

)

= 0, i = 1, 2, . . . , m. (E.7)

These are the Euler-Lagrange equations. A dynamical system is therefore specified by
the couple (C0,L).

E.1.2 The Hamilton Equations

The Hamiltonian from a Lagrangian

The momenta are calculated by differentiating the Lagrangian via

pi(q
i, q̇i, t) =

∂L
∂q̇i

. (E.8)

Inverting the function pi(q
i, q̇i) yields the function q̇i(qi, pi). Defing the Hamiltonian by
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H0(q
i, pi) =

∂L
∂q̇i

q̇(qi, pi) − L(qi, q̇(qi, pi))

= piq̇(q
i, pi) −L(qi, q̇(qi, pi)). (E.9)

We derive Hamilton’s equations by considering the total derivative of the Lagrangian

dL =
∑

i

(

∂L
∂qi

dqi +
∂L
∂q̇i

dq̇i

)

+
∂L
∂t
dt. (E.10)

We substitute (E.8) into the total differential of the Lagrangian

dL =
∑

i

(

∂L
∂qi

dqi + pidq̇
i

)

+
∂L
∂t
dt. (E.11)

This can then be written as

dL =
∑

i

(

∂L
∂qi

dqi + d(piq̇
i) − q̇idpi

)

+
∂L
∂t
dt, (E.12)

which after rearangment becomes

d

(

∑

i

piq̇
i − L

)

=
∑

i

(

−∂L
∂qi

dqi + q̇idpi

)

− ∂L
∂t
dt. (E.13)

The term on the LHS is the Hamiltonian, therefore

dH0 =
∑

i

(

−∂L
∂qi

dqi + q̇idpi

)

− ∂L
∂t
dt. (E.14)

We now consider the total derivative of the Hamiltonian

dH0 =
∑

i

(

∂H0

∂qi
dqi +

∂H0

∂pi

dpi

)

+
∂H0

∂t
dt. (E.15)

Comparing the terms of (E.14) and (E.15) give Hamilton’s equations are then
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dqi(t)

dt
=

∂H0(q
i, pi)

∂pi

dpi(t)

dt
= −∂H0(q

i, pi)

∂qi
(E.16)

and

∂H0

∂t
= −∂L

∂t
. (E.17)

The 2m−dimensional space coordinatised by the coordinates qi and the momenta pi is
called the “conventional” phase space Γ0.

Legendre transformations

A function y = f(x) is convex if

d2f

dx2
> 0 (E.18)

The functional relationship specified by f(x) can be represented equally well as a set of
tangent lines specified by their slope and intercept values. The tangent line at x = x0

intersects the vertical axis at (0,−f ∗) and f ∗ is the value of the Legendre transform f ∗(p)
where p = ḟ(x0).

Hamilton’s equations from a variational principle

Hamilon’s canonical equations can be obtained from a variational principle where we re-
gard qi(t) and pi(t) are uncorrelated and independently adjustable functions. One aban-
dons the formula pi = ∂L(qi, q̇i, t)/∂q̇i. Now, variations will be over paths in the (qi, pi)
phase space, which have 2m dimensions.

L(qi, q̇i, pi, t) ≡
∑

i

q̇ipi −H0(q
i, pi, t) (E.19)

(E.19) is an extremum in the space of motions in phase space (qi, pi) such that qi(t1) = qi
1

and qi(t2) = qi
2. Physical motions satisfy the Hamilton equations equations, which we

derive now.

We compare neighbouring paths by writing
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q

p

t

q, t

q′, t′

Figure E.1: We consider variations in the path that extremises (E.19) subject to the
conditions that at initial time t the position is q and at final time t′ the position is q′.

qi(t;α) = qi(t; 0) + αηi
q(t) and pi(t;α) = pi(t; 0) + αηpi(t), i = 1, 2, . . . , m, (E.20)

where the ηi
q and ηpi are independent, but subject them to the condition

ηi
q(t1) = ηi

q(t2) = 0, i = 1, 2, . . . , m. (E.21)

Differentiating with respect to α and setting α = 0 we obtain

∫ t2

t1

∑

i

[

∂L
∂qi

ηi
q(t) +

∂L
∂qi

t

dηi
q(t)

dt
+
∂L
∂pi

ηpi(t)

]

dt = 0. (E.22)

Upon substituting the RHS of (E.19) we have

∫ t2

t1

∑

i

[

−∂H0

∂qi
ηi

q(t) + pi

dηi
q(t)

dt
+

(

q̇i − ∂H0

∂pi

)

ηpi(t)

]

dt = 0. (E.23)

Integrating by parts gives
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∫ t2

t1

∑

i

(

−∂H0

∂qi
− dpi

dt

)

ηi
q(t)dt+

∑

i

[

piη
i
q(t)
]t2

t1
+

∫ t2

t1

∑

i

(

q̇i − ∂H0

∂pi

)

ηpi(t)dt = 0.

(E.24)

Substituting in (E.21) gives

∫ t2

t1

∑

i

(

−∂H0

∂qi
− dpi

dt

)

ηi
q(t)dt+

∫ t2

t1

∑

i

(

dqi

dt
− ∂H0

∂pi

)

ηpi(t)dt = 0. (E.25)

Since the ηi
q and ηpi are arbitrary and independent of each other, each of the terms vanishes

independently,

dpi

dt
= −∂H0

∂qi
(E.26)

and

dqi

dt
=
∂H0

∂pi

. (E.27)

Recovery of Second order formulism from Hamilton’s equations

We now employ Hamilton’s equations,

dqi

dt
=
∂H0

∂pi

and
dpi

dt
= −∂H0

∂qi

and take L(qi, q̇i, pi, t) =
∑

i q̇
ipi − H0(q

i, pi, t) to recover pi = ∂L(qi, q̇i, t)/∂q̇i together
with the Euler-Lagrange equations for L = L(qi, q̇i, t). We write:

dL =
∑

i

∂L
∂qi

dqi +
∑

i

∂L
∂q̇i

dq̇i +
∑

i

∂L
∂pi

dpi +
∂L
∂t

=
∑

i

pidq̇
i +
∑

i

q̇idpi −
∑

i

∂H0

∂qi
dqi −

∑

i

∂H0

∂pi
dpi − ∂H0

∂t
. (E.28)

Comparing terms, and employing Hamilton’s equations, we obtain:
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∂L
∂pi

= q̇i − ∂H0

∂pi

= 0

∂L
∂q̇i

= pi

∂L
∂qi

= −∂H0

∂qi
= −ṗi (E.29)

The first equation implies L = L(qi, q̇i, t). From the second equation we recover the
formula pi = ∂L(qi, q̇i, t)/∂q̇i. From the second and third equations we obtain:

∂L
∂qi

(qi, q̇i, t) =
d

dt

(

∂L
∂q̇i

(qi, q̇i, t)

)

which is the Euler-Larange equation for L(qi, q̇i, t).

E.1.3 Sympletic Geometry

Unified coordinates on T ∗C0

Let

ξµ = (q1, q2 . . . qm, p1, p2 . . . pm) for (µ = 1, . . . , 2m) and

∂µ = (∂q1 , ∂q2 , . . . , ∂qm , ∂p1
, ∂p2

, . . . , ∂pm
). (E.30)

Then

dξµ

dt
=

2m
∑

ν=1

Ωµν∂νH (E.31)

{A,B} =

2m
∑

ν=1

∂µAΩµν∂
νB := ∂µA∂

µB (E.32)

It’s sort of like a scalar product. In Minkoskian spacetime the scalar product is
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aµbµ = aµηµνb
ν

=









1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1









. (E.33)

In Hamilton mecahanics the matrix

(

0m 1m

−1m 0m

)

(E.34)

plays the role η. Lorentzian tranformations leave scalar product aµbµ invariant. The
transformations that leave (E.32) invariant will be the subject of the next section and are
called canonical transformations.

Just as space and time can be treated on an equal footing in special relativity by using
Minkowskian spacetime notation, the q and p variables can be treated on an equal footing
by using the ξ notation introduced above.

Example 4-dimensiona phase space:

Let us check (E.30), (E.31) and (E.34) for m = 2:

dξµ

dt
=

4
∑

ν=1

Ωµν∂νH

reads











dξ1

dt
dξ2

dt
dξ3

dt
dξ4

dt











=









0 0 1 0
0 0 0 1
−1 0 1 0
0 −1 0 0

















∂1H
∂2H
∂3H
∂4H









, (E.35)

this gives the Hamilton equations:
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dξ1

dt
= ∂3H =⇒ dq1

dt
=
∂H0

∂p1

dξ2

dt
= ∂4H =⇒ dq2

dt
=
∂H0

∂p2

dξ3

dt
= −∂1H =⇒ dp1

dt
= −∂H0

∂q1

dξ4

dt
= −∂2H =⇒ dp2

dt
= −∂H0

∂q2
(E.36)

Let us check (E.32). We have

{A,B} =

4
∑

µ,ν=1

∂µAΩµν∂
νB (E.37)

which reads

4
∑

µ,ν=1

∂µAΩµν∂
νB = (∂1A, ∂2A, ∂3A, ∂4A)









0 0 1 0
0 0 0 1
−1 0 1 0
0 −1 0 0

















∂1B
∂2B
∂3B
∂4B









=
(

∂q1A, ∂q2A, ∂p1
A, ∂p2

A
)









0 0 1 0
0 0 0 1
−1 0 1 0
0 −1 0 0

















∂q1B

∂q2B

∂p1
B

∂p2
B









=
(

∂q1A, ∂q2A, ∂p1
A, ∂p2

A
)









∂p11
B

∂p2
B

−∂q1B

−∂q2B









=

(

∂A

∂q1

∂B

∂p1

− ∂A

∂p1

∂B

∂q1

)

+

(

∂A

∂q2

∂B

∂p2

− ∂A

∂p2

∂B

∂q2

)

= {A,B}. (E.38)

Now, let us define for an aribrary function on phase space, f ,

X0f = vi(q
i, pi)

∂f

∂qi
+ fi(q

i, pi)
∂f

∂pi

(E.39)
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where

vi(q
i, pi) =

∂H0(q
i, pi)

∂pi

fi(q
i, pi) = −∂H0(q

i, pi)

∂qi
. (E.40)

Note

X0q
j = vi(q

i, pi)
∂qj

∂qi
+ fi(q

i, pi)
∂qj

∂pi

=
∂H0(q

i, pi)

∂pi

δij

=
∂H0(q

i, pi)

∂pj

=
dqj

dt
(E.41)

and similarly

X0pj = vi(q
i, pi)

∂pj

∂qi
+ fi(q

i, pi)
∂pj

∂pi

= −∂H0(q
i, pi)

∂qj

=
dpj

dt
. (E.42)

Time evolution is a flow (qi(t), pi(t)) in this space; we see that the vector field on Γ0

tangent to this flow is X0. If f = f(qj, pj) then

X0f = vi(q
i, pi)

∂f(qj , pj)

∂qi
+ fi(q

i, pi)
∂f(qj , pj)

∂pi

=
dqj

dt

∂f(qj , pj)

∂qj
+
dpj

dt

∂f(qj , pj)

∂pj

=
df(qj, pj)

dt
. (E.43)
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E.1.4 Canonical Transformations

We can perform a change of variables on phase space

Qi = Qi(qi, pi, t)

P i = P i(qi, pi, t) (E.44)

such that

Q̇i =
∂K
∂Pi

, Ṗi = − ∂K
∂Qi

(E.45)

where K is the new Hamiltonian, that is it obeys Hamilton’s principle

δ

∫ t2

t1

(

∑

i

PiQ
i −K(Qi, Pi, t)

)

dt = 0. (E.46)

It is easily seen that two Lagrangians L and L′ that differ by a toal time derivative yield
exactly the same equations of motion,

S ′(q, q̇) =

∫ t2

t1

dt L =

∫ t2

t1

dt

(

L +
dF

dt

)

(E.47)

∑

i

piq̇i −H =
∑

i

PiQ̇i −K +
dF

dt
(E.48)

Which variables does F depend on?

4m variables {q, p, Q, P} 2m indices

Type 1. F1(q
i, Qi, t) (qi, Qi) are independent. (E.49)

Type 2. F2(q
i, Pi, t) (qi, Pi) are independent. (E.50)

Type 3. F3(pi, Q
i, t) (pi, Q

i) are independent. (E.51)

Type 4. F4(pi, Pi, t) (p, P ) are independent. (E.52)
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Canonical transformations: Type 1

Suppose we considre a generating function of type 1:

F = F1(q
i, Qi, t). (E.53)

Equation (E.48) is then

∑

i

piq̇i −H =
∑

i

PiQ̇i −K +
dF1

dt
(q, Q). (E.54)

We have

dF1

dt
(q, Q) =

∑

i

∂F1

∂qi
q̇i +

∑

i

∂F1

∂Qi

Q̇i +
∂F1

∂t
(E.55)

Substituting this into (E.54) gives

∑

i

piq̇i −H =
∑

i

PiQ̇i −K +
∑

i

∂F1

∂qi
q̇i +

∑

i

∂F1

∂Qi

Q̇i +
∂F1

∂t
(E.56)

So only two terms depend on q̇i (or H, K) and F1 do not depend on q̇i. So we may
compare coefficients and obtain

pi =
∂F1

∂qi
for i = 1, . . . , m. (E.57)

Now compare coefficients of Qi to obtain

Pi = −∂F1

∂Qi
for i = 1, . . . , m. (E.58)

We are then left with

K = H +
∂F1

∂t
. (E.59)

Equation (E.57) represents m relations defining the pi as a function of qi, Qi, and t.
Assuming that they can be inverted, we can then solve for the m Qi’s in terms of qi, pi,
and t, thus yielding the first equation of the transformation equations (E.44). We the
substitue Qi(qi, pi, t) into (E.58) so that they give the m Pi’s as functions of qi, pi, and t,
thus yielding the secong equation of the transformation equations (E.44).
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Canonical transformations: Type 2

Suppose we considre a generating function of type 2.

dF2

dt
(q, P ) =

∑

i

∂F2

∂qi
q̇i +

∑

i

∂F2

∂P i
Ṗ i +

∂F2

∂t
(E.60)

Inserting this into the RHS of (E.48) would not produce terms that are not likewise. So
we cannot simply compare. Instead we use a Legendre transform to change variables

F2(q, P, t) = F1(q, Q, t) +
∑

i

P iQi (E.61)

So replacing F1 by F2 −
∑

PQ, which represents a Legendre transformation, we see:

dF1

dt
=
∑

i

∂F2

∂qi
q̇i +

∂F2

∂P i
Ṗ i +

∂F2

∂t
−
∑

i

Ṗ iQi −
∑

i

P iQ̇i (E.62)

and so obtain

∑

i

piq̇i −H =
∑

i

PiQ̇i −K +
∑

i

∂F2

∂qi
q̇i +

∂F2

∂P i
Ṗ i +

∂F2

∂t
−
∑

i

Ṗ iQi −
∑

i

P iQ̇i.

(E.63)

This leads to the equations

pi =
∂F2

∂qi
for i = 1, . . . , m, (E.64)

Qi =
∂F2

∂Pi

for i = 1, . . . , m, (E.65)

and

K = H +
∂F2

∂t
. (E.66)
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Canonical transformations: Type 3 and 4

The type 3 generating function F3 depends only on the old generalised momenta and the
new generalised coordinates, in this case we use

F =
∑

i

qipi + F3(pi, Q
i, t). (E.67)

We then have the equations

qi = −∂F3

∂pi

Pi = −∂F3

∂Qi

K = H +
∂F3

∂t
. (E.68)

The type 4 generating function F3 depends only on the old and new momenta, in this
case we use

F =
∑

i

qipi −
∑

i

QiPi + F4(pi, Pi, t). (E.69)

We then have the equations

qi = −∂F4

∂pi

Qi = −∂F4

∂Pi

K = H +
∂F4

∂t
. (E.70)

E.1.5 The Hamilton-Jacobi Equation

Canonical transformations can be a way of picking phase space coordinates to simplify a
problem:

Q = Q(q, p, t)

P = P (q, p, t) (E.71)
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where Q,P are new variables and q, p are the old ones, or inversely

q = q(Q,P, t)

p = p(Q,P, t) (E.72)

Now, the solution to our problem is to express q and p in terms of the intial conditions
q0 and p0 (= q(t = 0), p(t = 0)) and time t.

q = q(q0, p0, t)

p = p(q0, p0, t). (E.73)

The obvious suggestion from a comparison of (E.72) and (E.73) is to make Q = q0 and
P = p0, i.e. the new variables equal the intial conditions. So the “motion” in the new
coordinates is the system remaining staionary at a point (q0, p0).

Thus Hamilton’s equations in the new variables are:

∂K
∂P

= Q̇ = q̇0 = 0 (E.74)

−∂K
∂Q

= Ṗ = ṗ0 = 0 (E.75)

This implies that K is equal to an arbitary functon of t - we will choose the simplest case:

K = 0 (E.76)

If K = 0, then the original Hamiltonian must obey :

K = 0 = H0(q, p, t) +
∂F

∂t
(E.77)

where F is the generating function of the transformation. We choose a canonical trans-
formation as Type 1:

F1(q, Q, t) (E.78)

(though it is often choosen to be of type 2). Recall for Type 1 we have
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∂F1

∂q
= p, (E.79)

∂F1

∂Q
= −P (E.80)

and conventually (and for reasons we will see in the next section) we denote F1 by S. To
write the Hamiltonian in (E.77) in terms of the same variables, one may use (E.79). Then
(E.77) becomes, with substitution of (E.79), what is called the Hamilton-Jacobi equation

∂S

∂t
+H0

(

q,
∂S

∂q

)

= 0. (E.81)

The Hamilton-Jacobi equation can be obtained from the classical limit of the Schrodinger
equation.

E.1.6 The Hamilton Function

Let us first give the simplest example of the Hamilton function, the one with the least
number of variables. The Hamilton function S(q, t, q′, t′) is a function of four variables,
q, t, q′, t′, defined as the action of a physical motion that starts at q at time t and ends at
q′ at time t′.

Let us denote qqt,q′t′(t̃) as a physical motion that starts at (q, t) and ends at (q′, t′). That
is, a function of time that solves the equantions of motion and such

qqt,q′t′(t) = q,

qqt,q′t′(t
′) = q′. (E.82)

Example : Free particle

The action is

S[q] =

∫ t′

t

dt̃
1

2
mq̇2(t̃). (E.83)

Physical motions are straight motions

v ≡ q̇ =
q′ − q

t′ − t
, (E.84)
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S(q, t, q′, t′) =

∫ t′

t

dt̃
1

2
m

(

q′ − q

t′ − t

)2

=
m(q′ − q)2

2(t′ − t)
(E.85)

where we have used that the integrand is not a function of t̃.

As a worked exercise, at the end of the appendix we calculate that the Hamilton function
of a harmonic oscillator is

S(q, t, q′, t′) = mω
(q2 + q′2)cosω(t′ − t) − 2qq′

2 sinω(t′ − t)
(E.86)

for motion that starts at (q, t) and ends at (q′, t′).

Definition : The Hamilton Function

Consider two points (t1, q
i
1) and (t2, q

i
2) in C. The function on G = C × C

S(t1, q
i
1, t2, q

i
2) =

∫ t2

t1

dt L
(

qi(t), q̇i(t)
)

, (E.87)

where qi(t) is the physical motion from qi
1(t1) to qi

2(t2).

Properties of the Hamilton Function

Recall that the momentum is

p(q, q̇) =
∂L(q, q̇)

∂q̇
(E.88)

We will prove:

∂S(q, t, q′, t′)

∂q
= −p(q, t, q′, t′), ∂S(q, t, q′, t′)

∂q′
= p′(q, t, q′, t′) (E.89)
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where p(q, t, q′, t′) = p(q, q̇(q, t, q′, t′)) and p′(q, t, q′, t′) = p′(q′, q̇′(q, t, q′, t′)) are the initial
and final momenta respectively, expressed as functions of initial and final positions and
times, via physical motions, determined by the initial and final data.

We also have

∂S(q, t, q′, t′)

∂t
= E(q, t, q′, t′),

∂S(q, t, q′, t′)

∂t′
= −E ′(q, t, q′, t′) (E.90)

Proof:

We first prove the second equation of (E.89) which refers to the final momemtum. We
vary the final point q′ while keeping the time fixed (see fig E.1). There will be a variation
along the way, δq(t), connecting the original physical motion to the new physical motion
with different final position. The change in the Hamilton function δS

q

t

δq′O P

Figure E.2: Variation in the Hamilton function.

δS =

∫ t1

t0

L(q(t) + δq(t), q̇(t) + δq̇(t), t)dt−
∫ t1

t0

L(q(t), q̇(t), t)dt

=

∫ t1

t0

(

∂L
∂q
δq +

∂L
∂q̇
δq̇

)

dt

=

∫ t1

t0

(

∂L
∂q

− d

dt

∂L
∂q̇

)

δqdt+

[

∂L
∂q̇
δq(t)

]t1

t0

=
∂L
∂q̇′

δq′ (E.91)

where we have put the quantity inside the parentheses of the integral to zero by the
Euler-Lagrange equation. So
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δS =
∂L
∂q̇′

δq′

and hence

∂S

∂q′
= p′. (E.92)

We first prove the second equation of (E.90) which refers to the final energy.

q

t

δt′

O

P

Figure E.3: Variation in the Hamilton function.

δS =

∫ t1+δt

t0

L(q(t) + δq(t), q̇(t) + δq̇(t), t)dt−
∫ t1

t0

L(q(t), q̇(t), t)dt

= Lδt′ +
∫ t1

t0

L(q(t) + δq(t), q̇(t) + δq̇(t), t)dt−
∫ t1

t0

L(q(t), q̇(t), t)dt

= Lδt′ + ∂L
∂q̇′

δq′ (E.93)

where

δq′ = −q̇′δt′

(see fig E.2). So

δS =

(

L − q̇′
∂L
∂q̇′

)

δt′
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and hence

∂S

∂t′
= −H0 = −E. (E.94)

In general we have

δS =
∂L
∂q̇′

δq′ −
(

q̇′
∂L
∂q̇′

− L
)

δt′ (E.95)

We have proved

∂S

∂q′
=
∂L(q′, q̇′, t)

∂q̇′
= p′ (E.96)

∂S

∂t′
= L − q̇′

∂L
∂q̇′

= −H0. (E.97)

The Hamilton Function solves the Hamilton-Jacobi equation

Solve the first equation for q̇ so that we have

q̇′ = q̇′(q′,
∂S

∂q′
, t′)

and substitute the value of q̇ into the second giving

∂S

∂t′
+H0

(

q′,
∂S

∂q′
, t′
)

= 0, (E.98)

that is, the Hamilton function solves the Hamiltonian-Jacobi equation. The Hamilton-
Jacobi equation is also solved in the initial variables (q, t) in the sense that

−∂S
∂t

+H0

(

q,−∂S
∂q
, t

)

= 0 (E.99)

where we have a minus signs in front of the partial derivatives.

If we know the Hamilton function, we have solved the equations of motion because we
obtain the general solution of the equations of motion in the form q′(q, p, t, t′) by simply
inverting the function

992



p(q, t, q′, t′) = −∂S(q, t, q′, t′)

∂q
(E.100)

with respect to q′. The resulting function q′(q, p, t, t′) is the general solution of the equa-
tions of motion where the initial coordinate and momentum are q, p at time t.

Example : Free particle

The (“conventional”) Hamiltonian is

H0(q, p) =
1

2m
p2. (E.101)

From the Hamilton function (E.85)

S(q, t, q′, t′) =
m(q′ − q)2

2(t′ − t)
(E.102)

We have

∂S

∂q′
= m

q′ − q

t′ − t
= mv = p′,

∂S

∂t′
= −m(q′ − q)2

2(t′ − t)2
= −E ′ (E.103)

So that

∂S

∂t′
+

1

2m

(

∂S

∂q′

)2

= 0 (E.104)

and therefore the Hamilton-Jacobi equation is solved.

Consider the derivative

∂S

∂q
= −mq

′ − q

t′ − t
= −mv = −p. (E.105)

Inverting this gives the general solution

q′ = q +
p

m
(t′ − t). (E.106)

993



A second example.

Example : Harmonic oscillator

The (“conventional”) Hamiltonian is

H0(q, p) =
1

2m
p2 +

1

2
mω2q2. (E.107)

The Hamilton function is (E.86)

S(q, t, q′, t′) = mω
(q2 + q′2)cosω(t′ − t) − 2qq′

2 sinω(t′ − t)
(E.108)

for motion that starts at (q, t) and ends at (q′, t′).

We have

∂S

∂q′
= mω

q′ cosω(t′ − t) − q

sinω(t′ − t)
= mv = p′,

∂S

∂t′
= −mω2 (q2 + q′2)

2 sin2 ω(t′ − t)
+mω2 qq

′ cosω(t′ − t)

sin2 ω(t′ − t)
= −E ′ (E.109)

So that

∂S

∂t′
+

1

2m

(

∂S

∂q′

)2

+
1

2
mω2q′

2
=

= −mω2 (q2 + q′2)

2 sin2 ω(t′ − t)
+mω2 qq

′ cosω(t′ − t)

sin2 ω(t′ − t)

+ mω2 q
2 + q′2 cos2 ω(t′ − t) − 2qq′ cosω(t′ − t)

2 sin2 ω(t′ − t)
+

1

2
mω2q′

2

= 0. (E.110)

and therefore the Hamilton-Jacobi equation is solved.

Consider the derivative
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∂S

∂q
= mω

q cosω(t′ − t) − q′

sinω(t′ − t)
= −p. (E.111)

Inverting this gives the general solution

q′ = q cosω(t′ − t) +
p

mω
sinω(t′ − t). (E.112)

E.1.7 Presympletic Formulation

A very elegant formulation of mechanics, and a crucial step in the direction of the generally
covariant formulism, is provided by the presympletic formulism.

Define the covariant configuration space

C = R× C0 (E.113)

coordinatised by the m+ 1 variables (t, qi).

The graph of the function (qi(t), pi(t)) is an unparametrised curve γ̃ in the (2m+1)−dimensional
space Σ = R×Γ0, with coordinates (t, qi(t), pi(t)); it is formed by all the points (t, qi(t), pi(t))
in this space. The vector field

X =
∂

∂t
+ vi(q

i, pi)
∂f

∂qi
+ fi(q

i, pi)
∂f

∂pi

(E.114)

E.2 Generally Covariant Mechanics

The purpose of this appendix is to express dynamics in the language more wildly used,
to give visual examples as well as to provide workings out. More details of ideas and
physical considerations should be sought from Rovelli’s book.

∂ν = (∂q1 , ∂q2 . . . ∂qm ; , ∂p1
, ∂p2

. . . , ∂pm
) (E.115)

X1 =
∂H
∂q

, X2 =
∂H
∂p

(E.116)
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X0g =
∂H
∂p

∂g

∂q
− ∂H

∂q

∂g

∂p
(E.117)

ωµν =
1

2

(

∂θµ

∂ξν
− ∂θν

∂ξµ

)

(E.118)

Ωµν

dξν

ds
= −∂µf (E.119)

(dθ0)(Xf) = −df (E.120)

Ωµν

dξν

dt
= −∂µH (E.121)

dθ0 = dxα ∂θ0
∂xα

dH0 = dxα ∂θ0
∂xα

(E.122)

(dθ0)(X) = −dH (E.123)

Presympletic

Extended phase space

C = R× C0 (E.124)

A simple harmonic oscillator can be viewed as a system with two partial observables,
q and t A motion of the system defines a relation between q and t. A given motion is
characterised by two constants A ∈ [0,∞] and φ ∈ [0, 2π], and is given by the equation

f(q, t) = q − A sin(ωt+ φ) = 0. (E.125)

E.2.1 Hamiltonian Mechanics

Definition : Variational principle. A curve γ connecting the events qa
1 and qa

2 is a
physical motion if γ̃ extremises the action

S[γ̃] =

∫

γ̃

padq
a (E.126)
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in the class of curves γ̃ satisfying

H(qa, pa) = 0 (E.127)

whose restriction γ to C connects qa
1 and qa

2 .

E.2.2 Relativistic Hamilton-Jacobi Equation

H

(

qa,
∂S(qa)

∂qa

)

= 0 (E.128)

defined on the extended configuration space C.

E.2.3 Double Timeless Pendulum - Classical Theory

Introduction to the Double Timeless Pendulum

The Double Timeless Pendulum is a mechanical model with two partial observables, a
and b. A given motion is characterised by two constants A ∈ [0,

√
2E] and φ ∈ [0, 2π],

and is given by the equation

f(a, b) =
( a

A

)2

+

(

b

B

)2

− 2
a

A

b

B
cos φ = sin2 φ. (E.129)

Whose dynamics is defined by the relativistic Hamiltonian

H(a, b, pa, pb) = −1

2
(p2

a + p2
b + a2 + b2 − 2E) = 0. (E.130)

The Hamilton-Jacobi equation

The Hamilton-Jacobi equation is

(

∂S(a, b)

∂a

)2

+

(

∂S(a, b)

∂b

)2

+ a2 + b2 − 2E = 0. (E.131)
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We solve this using method of separation of variables. We put:

S(a, b) = g(a) + h(b)

and substitute this into (E.131),

(

∂g(a)

∂a

)2

+ a2 = −
(

∂h(b)

∂b

)2

− b2 + 2E. (E.132)

Each side is equal to a constant, therefore we can write

(

dg(a)

da

)2

+ a2 = A2

−
(

dh(b)

db

)2

− b2 + 2E = A2. (E.133)

The first equation becomes,

dg(a)

da
=

√
A2 − a2 (E.134)

and so

g(a) =

∫ a √
A2 − ã2dã (E.135)

In order to arrive at the evaluation of this integral, we first write:

I =

∫ a √
A2 − ã2dã

= a
√
A2 − a2 −

∫ a

ã
d

dã

(√
A2 − ã2

)

dã

= a
√
A2 − a2 +

∫ a ã2

√
A2 − ã2

dã

= a
√
A2 − a2 −

∫ a A2 − ã2

√
A2 − ã2

dã+ A2

∫ a dã√
A2 − ã2

= a
√
A2 − a2 − I + A2

∫ a dã√
A2 − ã2

(E.136)
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where we used integration by parts in the first step. From this we have,

I =
a

2

√
A2 − a2 +

A2

2

∫ a dã√
A2 − ã2

. (E.137)

To solve the integral on the RHS we use the substitution ã = A sin u,

∫ a dã√
A2 − ã2

=

∫ arcsin(a/A) A cosudu
√

A2 −A2 sin2 u

=

∫ arcsin(a/A)

du

= arcsin
( a

A

)

= arctan

(

a√
A2 − a2

)

. (E.138)

Therefore

g(a) =
a

2

√
A2 − a2 +

A2

2
arctan

(

a√
A2 − a2

)

. (E.139)

The second equation, (E.133), can be written

(

dh(b)

db

)2

= 2E −A2 − b2 (E.140)

We immediately see that, in analogy to (E.139), that we have

h(b) =
b

2

√
2E − A2 − b2 +

2E −A2

2
arctan

(

b√
2E − A2 − b2

)

. (E.141)

So finally we have the one parameter family of solutions

S(a, b, A) =
a

2

√
A2 − a2 +

A2

2
arctan

(

a√
A2 − a2

)

+
b

2

√
2E −A2 − b2 +

2E −A2

2
arctan

(

b√
2E − A2 − b2

)

. (E.142)
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Derivation of the Evolution equation

The evolution equation can be obtained from

∂S(a, b, A)

∂A
− pA = 0. (E.143)

We define φ = pA/A, then we have

∂S(a, b, A)

∂A
− Aφ = 0. (E.144)

Calculating the derivative,

∂S(a, b, A)

∂A
=

∂

∂A
(g(a, A) + h(b, A))

=
∂

∂A

∫ a √
A2 − ã2dã+

∂

∂A

∫ b√

2E − A2 − b̃2db̃

= A

∫ a dã√
A2 − ã2

−A

∫ b db̃
√

2E − A2 − b̃2

= A arcsin
( a

A

)

− A arcsin

(

b√
2E − A2

)

. (E.145)

We then have

arcsin
( a

A

)

− arcsin

(

b

B

)

= φ. (E.146)

where B =
√

2E − A2. Using sin(x− y) = sin x cos y − cosx sin y on (E.146) gives

a

A
cos

[

arcsin

(

b

B

)]

− b

B
cos
[

arcsin
( a

A

)]

= sinφ (E.147)

Then squaring both sides gives

( a

A

)2

cos2

[

arcsin

(

b

B

)]

+

(

b

B

)2

cos2
[

arcsin
( a

A

)]

−2
a

A

b

B
cos
[

arcsin
( a

A

)]

cos

[

arcsin

(

b

B

)]

= sin2 φ (E.148)
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Using cos2 x = 1 − sin2 x this becomes

( a

A

)2
[

1 −
(

b

B

)2
]

+

(

b

B

)2 [

1 −
( a

A

)2
]

−2
a

A

b

B
cos
[

arcsin
( a

A

)]

cos

[

arcsin

(

b

B

)]

= sin2 φ. (E.149)

Using cos(x− y) = cosx cos y + sin x sin y on (E.146) we have

cos
[

arcsin
( a

A

)]

cos

[

arcsin

(

b

B

)]

+
a

A

b

B
= cosφ. (E.150)

Substituting this into (E.149) gives

( a

A

)2
[

1 −
(

b

B

)2
]

+

(

b

B

)2 [

1 −
( a

A

)2
]

− 2
a

A

b

B

[

cosφ− a

A

b

B

]

= sin2 φ. (E.151)

which easily simplifies to

( a

A

)2

+

(

b

B

)2

− 2
a

A

b

B
cos φ = sin2 φ. (E.152)

which is the evolution equation (E.129).

The Hamilton function

a′ = a′(τ ′) = A sin(τ ′ + φ)

b′ = b′(τ ′) = B sin(τ ′) (E.153)

a = a(τ ′ + τ) = A sin(τ ′ + τ + φ)

b = b(τ ′ + τ) = B sin(τ ′ + τ) (E.154)

We now derive the formula
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A2 =
a2 + a

′2 − 2aa′ cos τ

sin2 τ
(E.155)

and

E =
(a2 + a

′2 + b2 + b
′2) − 2(aa′ + bb′) cos τ

sin2 τ
. (E.156)

We first prove (E.155)

a2 + a
′2 − 2aa′ cos τ =

= A2{sin2(τ ′ + φ+ τ) + sin2(τ ′ + φ) − 2 sin(τ ′ + φ+ τ) sin(τ ′ + φ) cos τ}
= A2{[sin(τ ′ + φ) cos τ + cos(τ ′ + φ) sin τ ]2 + sin2(τ ′ + φ)

−2[sin(τ ′ + φ) cos τ + cos(τ ′ + φ) sin τ ] sin(τ ′ + φ) cos τ}
= A2{sin2(τ ′ + φ) cos2 τ + cos2(τ ′ + φ) sin2 τ + 2 sin(τ ′ + φ) cos τ cos(τ ′ + φ) sin τ

+ sin2(τ ′ + φ)[cos2 τ + sin2 τ ]

−2 sin2(τ ′ + φ) cos2 τ − 2 cos(τ ′ + φ) sin τ sin(τ ′ + φ) cos τ}
= A2 sin2 τ (E.157)

giving (E.155). Similarly

B2 =
b2 + b

′2 − 2aa′ cos τ

sin2 τ
(E.158)

Therefore

2E = A2 +B2 =
a2 + a

′2 + b2 + b
′2 − 2(aa′ + bb′) cos τ

sin2 τ
(E.159)

giving (E.156)? Rearanging gives

cos2 τ − (aa′ + bb′)

E
cos τ +

a2 + a
′2 + b2 + b

′2 − 2E

2E
= 0. (E.160)

So

cos τ =
aa′ + bb′ + ±

√

(aa′ + bb′)2 + 2E(2E − a2 − a′2 − b2 − b′2)

2E
. (E.161)
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and

τ(a, b, a′, b′) = arccos
aa′ + bb′ + ±

√

(aa′ + bb′)2 + 2E(2E − a2 − a′2 − b2 − b′2)

2E
.

(E.162)

E.2.4 Nonrelativistic Systems as a Special Case

E.3 Conventional Quantum Mechanics

E.3.1 Transition Amplitudes

Let q̂ be a set of operators that commute, are complete in the sense of Dirac (form a
maximally commuting set) and whose corresponding classical variables coordinatise the
configuration space. Consider the basis that diagonalises these operators q̂|q >= q|q >.
The transition amplitude is then given by

W (q, t, q′, t′) = < q′|e− i
~
H0(t′−t)|q > (E.163)

That is, the transition amplitude is given by the matrix elements of the evolution operator

U(t) = e−
i
~
H0t (E.164)

in the basis |q >.

Notice that the transition amplitude is a function of the same variables as the Hamilton
function. The transition amplitude gives the dynamics of quantum theory.

Example : Free particle For a free particle

W (q, t, q′, t′) = < q′|e− i
~

p̂2

2m
(t′−t)|q > (E.165)

Inserting the resolution of identity 1 =
∫

dp|p >< p|,

W (q, t, q′, t′) =

∫

dp

∫

dp′ < q′|p′ >< p′|e− i
~

p̂2

2m
(t′−t)|p >< p|q >

=
1

2π~

∫

dp e
i
~
p(q−q′)− i

~

p2

2m
(t′−t) (E.166)
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where we have used < p|q >= 1√
2π~
eipq/~. Evaluating the Gaussian integral we get

W (q, t, q′, t′) = A exp

{

i

~

m(q′ − q)2

2(t′ − t)

}

(E.167)

were the amplitude is A =
√

m
2π~i(t′−t)

. Recall that m(q′−q)2

2(t′−t)
was the Hamilton function of

this system. Therefore

W (q, t, q′, t′) ∝ e
i
~
S(q,t,q′,t′). (E.168)

E.3.2 The Feynman Path Integral

The above result is general via the construction given by Feynman. Start from

W (q, t, q′, t′) = < q′|U(t′ − t)|q > (E.169)

and using the fact that the evolution operator defines a group

U(t′ − t) = U(t′ − t′′)U(t′′ − t) (E.170)

to write it as a product of short-time evolution operators

W (q, t, q′, t′) = < q′|U(ǫ) . . . U(ǫ)|q > (E.171)

where

ǫ =
t′ − t

N
(E.172)

At each step we insert the resolution of the identity1 =

∫

dqn|qn >< qn|. (E.173)

The transition amplitude is then expressed by a multiple integral
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W (q, t, q′, t′) =

∫

dq1 . . . dqN−1

N
∏

n=1

< qn|U(ǫ)|qn−1 > (E.174)

where we take q = q0 and q′ = qN . This expression is true for any N . We take the limit
where N → ∞:

W (q, t, q′, t′) = lim
N→∞

∫

dq1 . . . dqN−1

N
∏

n=1

< qn|U(ǫ)|qn−1 > . (E.175)

Now, consider the particular case where the Hamiltonian is of the form

H0 =
p2

2m
+ V (q). (E.176)

The “infitesimal” evolution operator is then

U(ǫ) = e−
i
~

(

p2

2m
+V (q)

)

ǫ. (E.177)

For small ǫ we can make the replacement

U(ǫ) ∼ e−
i
~

p2

2m
ǫe−

i
~

V (q)ǫ, (E.178)

(see subsection on the Trotter product formula below). In the |q > basis the second
exponential gives just a number. The first was computed above in (E.166 - E.167).
Together they yeild

< qn|e−
i
~

p2

2m
ǫe−

i
~
V (q)ǫ|qn−1 > = < qn|e−

i
~

p2

2m
ǫ|qn−1 > e−

i
~

V (qn)ǫ

=

√

m

2π~iǫ
e

i
~

„

m(qn−qn−1)2

2(tn−tn−1)2
+V (qm)

«

ǫ
(E.179)

The exponent in the last expression is a discretisation of the classical action. The tran-
sition amplitude can therefore be written as a multiple integral of the discretisation of
the action in the limit that the discretisation is replaced by the continuous limit, namely
ǫ→ 0.

We then have for the tranistion amplitude
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W (q, t, q′, t′) = lim
N→∞

∫

dq1 . . . dqN−1

N
∏

n=1

< qn|U(ǫ)|qn−1 >

= lim
N→∞

( m

2π~iǫ

)N/2
∫

dq1 . . . dqN−1e
i
~

PN−1
n=1

„

m(qn−qn−1)2

2ǫ2
+V (qm)

«

ǫ

= lim
N→∞

N
∫

dq1 . . . dqN−1e
i
~

SN (qn). (E.180)

We now come to the reason why this object is called a “path integral” and can be seen as
a “sum over histories”. Imagine that the points q, q1, . . . , qN−1, q

′ are connected by lines.
The sum in the exponential of (E.180) interpreted as a Riemann sum of a certain integral
along the path - the action S.

The argument of the exponential in (E.180) is iS/~ evaluated along the broken path con-
necting q, q1, . . . , qN−1, q

′. The integrals over the quantities q1, . . . , qN−1 can be interpreted
as summing over all possible broken paths connecting q and q′.

The notation for the path integral is

W (q, t, q′, t′) =

∫

D[q(t)]e
i
~
S[q]. (E.181)

In the absence of a satifactory hamiltonian operator we can take an expression like (E.180)
as a tentative ansatz for defining the quantum theory.

Trotter product formula

We give an outline of the argument. Putting λ := i(t′ − t)/~ we can write

W (q, t, q′, t′) = < q′|e−λ(T+V )/N . . . e−λ(T+V )/N |q > (E.182)

It can be shown that

e−λ(T+V )/N = e−λT/Ne−λV/N + O
(

λ2

N2

)

(E.183)

(worked exercie). In the limit N → ∞. We wish to establish that we can replace the term

[

e−λ(T+V )/N
]N

(E.184)
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with the term

[

e−λT/Ne−λV/N
]N

(E.185)

We express the difference between (E.184) and (E.185) as

(

e−λT/Ne−λV/N
)N −

(

e−λ(T+V )/N
)N

=
[

e−λT/Ne−λV/N − e−λ(T+V )/N
]

(e−λ(T+V )/N )N−1

= +e−λT/Ne−λV/N
[

e−λT/Ne−λV/N − e−λ(T+V )/N
]

e−λ(T+V )(N−2)/N

+ · · ·+ (e−λT/Ne−λV/N )N−1
[

e−λT/Ne−λV/N − e−λ(T+V )/N
]

(E.186)

This is an identity. It containsN terms, each of which has the factor exp(−λT/N) exp(−λV/N)−
exp(−λ(T + V )/N), which by (E.183) is of order 1/N2. This justifies the replacement of
(E.182) by the expression

W (q, t, q′, t′) = lim
N→∞

< q′|(e−λT/Ne−λV/N)N |q > . (E.187)

E.3.3 General Properties of Transition Amplitudes

The transition amplitude gives the wavefunction ψ(q, t) given the intial wavefunction
ψ(q′, t′),

ψ(q′, t′) =

∫

dq ψ(q, t)W (q, t, q′, t′). (E.188)

The transition amplitude W (q, t, q′, t′) is then (as a function of q′) the wavefunction at
time t′ for a state that at time t was a delta function concentrated at q. Therefore it
satisfies the Schrodinger equation in the variables (q′, t′) (and the conjugate equation in
the variables (q, t)).

−i~ ∂

∂t′
W (q, t, q′, t′) +H0

(

q′,−i~ ∂

∂q′

)

W (q, t, q′, t′) = 0. (E.189)

Example : Free particle For a free particle

First we have
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−i~ ∂

∂t′
W (q, t, q′, t′) = −i~ ∂

∂t′

(
√

m

2π~i(t′ − t)
exp

{

i

~

m(q′ − q)2

2(t′ − t)

})

= −i~
(

− 1

2(t′ − t)
− i

~

m(q′ − q)2

2(t′ − t)2

)

W (q, t, q′, t′). (E.190)

Then

−H0

(

q′,−i~ ∂

∂q′

)

W (q, t, q′, t′)

= −A 1

2m

(

−i~ ∂

∂q′

)2

exp

{

i

~

m(q′ − q)2

2(t′ − t)

}

= ~
2A

1

2m

∂

∂q′

(

i

~

m(q′ − q)

(t′ − t)
exp

{

i

~

m(q′ − q)2

2(t′ − t)

})

= ~
2 1

2m

(

i

~

m

(t′ − t)
+

(

i

~

)2
m2(q′ − q)2

(t′ − t)2

)

W (q, t, q′, t′) (E.191)

and hence Schrodinger equation is solved. It is easy to see that W (q, t, q′, t′) satisfies the
conjugate Schrodinger equation in the variables (q, t),

+i~
∂

∂t
W (q, t, q′, t′) +H∗

0

(

q,−i~ ∂

∂q

)

W (q, t, q′, t′) = 0. (E.192)

Example : The SHO. Normalisation factor for the SHO transition amplitude:

Use the fact that

W (q, t, q′, t′) = A(t′ − t)e
i
~
S(q,t,q′,t′) (E.193)

satisfies the Schödinger equation in the variables t′, q′ and that S(q, t, q′, t′) satifies the
Hamilton-Jacobi equation in the variables t′, q′ to determine the normalisation factor
A(t′ − t).

Solution.

The Schödinger equation in the variables t′, q′ is
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−i~ ∂

∂t′
W (q, t, q′, t′) +

(

1

2m

(

−i~ ∂

∂q′

)2

+
1

2
mω2q′

2

)

W (q, t, q′, t′) = 0. (E.194)

or

−i~e i
~

S(q,t,q′,t′) ∂

∂t′
A(t′ − t) − i~A(t′ − t)

∂

∂t′
e

i
~

S(q,t,q′,t′)

+

(

− ~
2

2m

(

∂

∂q′

)2

+
1

2
mω2q′

2

)

W (q, t, q′, t′) = 0. (E.195)

This becomes

i~e
i
~

S(q,t,q′,t′) ∂

∂t′
A(t′ − t) −W (q, t, q′, t′)

∂

∂t′
S(q, t, q′, t′)

= A(t′ − t)

(

− ~
2

2m

(

∂

∂q′

)2

+
1

2
mω2q′

2

)

e
i
~
S(q,t,q′,t′)

= W (q, t, q′, t′)

(

− ~
2

2m

(

i

~

∂2S

∂q′2
− 1

~2

(

∂S

∂q′

)2
)

+
1

2
mω2q′

2

)

(E.196)

This is greatly simplified by substitution of the Hamilton-Jacobi equation,

∂S

∂t′
+

1

2m

(

∂S

∂q′

)2

+
1

2
mω2q′

2
= 0 (E.197)

to obtain

∂

∂t′
A(t′ − t) = − 1

2m
A(t′ − t)

∂2S

∂q′2
. (E.198)

Now inserting the explicit expression for the Hamilton function of a harmonic oscillator,
(E.86), which I reproduce here

S(q, t, q′, t′) = mω
(q2 + q′2) cosω(t′ − t) − 2qq′

2 sinω(t′ − t)
(E.199)

for motion that starts at (q, t) and ends at (q′, t′). Equation (E.198) becomes
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∂

∂t′
A(t′ − t) = −1

2
ωA(t′ − t) cotω(t′ − t) (E.200)

or

∂

∂t′
lnA(t′ − t) = −1

2

∂

∂t′
(ln sinω(t′ − t)) (E.201)

so that

lnA(t′ − t) = lnC − 1

2
(ln sinω(t′ − t)) (E.202)

or

A(t′ − t) = C exp

(

−1

2
(ln sinω(t′ − t))

)

= C

√

1

sinω(t′ − t)
. (E.203)

The overall constant of integration may be obtained from the free particle limit, i.e.
ω → 0, of the transition amplitude which we know is

√

m

2π~i(t′ − t)
exp

{

i

~

m(q′ − q)2

2(t′ − t)

}

.

Therefore for the SHO we have

W (q, t, q′, t′) =

√

mω

2π~i sinω(t′ − t)
exp

{

i

~
mω

(q2 + q′2) cosω(t′ − t) − 2qq′

2 sinω(t′ − t)

}

(E.204)

E.4 Generally Covariant Quantum Mechanics

We have
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< α′, t′| = < α|e−iH0t′ and |α, t > = eiH0t|α > (E.205)

The propagator is defined by

W (α, t, α′, t′) = < α′, t′|α, t >
= < α′|e−iH0(t′−t)|α >
=

∑

mn

< α′|m >< m|e−iH0(t′−t)|n >< n|α >

=
∑

n

Hn(α′)e−iEn(t′−t)Hn(α), (E.206)

where Hn(α) is the eigenfunction of H0 with eigenvalue En.

E.4.1 Boundary Formalism

The probability amplitude of measuring a state ψt at t if the state ψ0 was measured at
time t = 0 is

A = < ψt|e−iHt|ψ0 > (E.207)

Fix a time t and consider the non-relativistic boundary space

Kt = H∗
t ⊗H0 = L2[R2, dαdα′] (E.208)

where the notation H∗ indicates the dual of the Hilbert space H. The space Kt can be
called a kinematic Hilbert space.

Dynamical vacuum

The linear functional Wt defined by

Wt (ψt ⊗ ψ) := < ψt|e−iHt|ψ0 > (E.209)

is well defined on Kt. This functional captures the entire dynamics of the system. A
linear functional on a Hilbert space defines a state. We denote this state |0t > defined by
Wt
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Wt(ψ) = < 0t|ψ >Kt
(E.210)

and call it the “dynamical vacuum” state in boundary state space Kt.

The states

|α, α′ > = < α′|t ⊗ |α >0 (E.211)

represent a basis of the system for α at time t = 0 to α′ at time t.

Recall

W (α, t, α′, t′) = < α′|e−iH(t′−t)|α > . (E.212)

< 0t|α, α′ > = Wt (< α′| ⊗ |α >)

= < α|e−iHt|α′ >

= W (α, t, α′, 0) (E.213)

“Minkowski” vacuum

Denote |0M > the lowest eigenstate of H0 in H0,

< α|0M > = H0(α) =
1√
2π
e−

1
2
α2

(E.214)

Consider the analytic continuation in imaginary time of the propagator

W (α,−it, α′, 0) →t→∞ H0(α)e−E0tH0(α
′). (E.215)

This can be written

lim
t→∞

eE0t|0−it >= |0M > ⊗ < 0M |. (E.216)

This expression relates the dynamical vacuum |0t > and the Minkowski |0M >. This
equation can be used to find the quantum states corresponding to Minkowski spacetime
from the spinfoam formulation of quantum gravity.
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E.5 Conditional Probabilities

P(a when b) =
< s|P πaπbP|s >
< s|PπbP|s > (E.217)

E.5.1 Dolby

U(tn+1) = U(tn)ψ(tn)

In order to illustrate the diffculty with this definition of probability, consider the two-state
system introduced in Section 2.2, but let us imagine, for simplicity, that time is discrete.
That is, the states are ψS(tn), S =↑, ↓ where ψS(t) =< S, tn|ψ >, with integer n.

In the conventional formalism one focus on probabilities of the form

P (↑ when tn),

where the event (↑, tn) is considered as one element of the set of equal time alternatives
Stn

= {(↑, tn)(↓, tn)}.

But the general formalism does not privilege the time variable and therefore allows us to
consider also probabilities of the form

P(tn when ↑),

where the event (↑, tn) is considered as one element of the set of alternatives

S = {. . . , (↑, tn−1), (↑, tn), (↑, tn+1), . . . }.

ψ↑(tn) =

{

1, if n = 1, 2
0, otherwise

(E.218)

i.e. Pψ↑(tn) = ψ↑(tn)

then
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P(tn when ↑) =
< s|πtn

π↑|s >
< s|π↑|s >

=
∑

s′

< s|πtn
|s′ >< s′|π↑|s >
|ψs|2

=
∑

s′

< s|πtn
|s′ >< s′|π↑|s >
|ψs|2

(E.219)

where

U(t0) = U(t1) =









0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0









, U(t2) = U(t3) =
1√
2









0 0 1 −1
0 1 1 1
1 1 1 0
−1 1 0 0









(E.220)

E.5.2 Hamilton Function of GR

SGR[g] =

∫

R
dnx
√

det g R+

∫

Σ

√

det q k (E.221)

S[q] =

∫

Σ

√

det q k (E.222)

E.6 Schrödinger Representation of Field Theory

The action for the free scalar field theory is

∫

d4x L(x) =
1

2

∫

d4x
(

∂µϕ∂µϕ−m2ϕ2
)

. (E.223)

The conjugate field momentum is then

π(x) =
∂L
∂∂tϕ

= ϕ̇(x) (E.224)

The Hamiltonian density is the given in terms of the Lagrangian density via
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H0(x) = π(x)ϕ̇(x) −L(x) (E.225)

and so the Hamiltonian is

H0 =
1

2

∫

d3x
(

π2 + |∇ϕ|2 +m2ϕ2
)

. (E.226)

We go to a coordinate Scrödinger representation and work with a basis for Fock space
where the operator ϕ(~x), now time independent, is diagonal. Let |φ > be an eigenstate
of ϕ with eigenvalue φ.

ϕ(~x)|φ >= φ(~x)|φ > . (E.227)

note ϕ(~x) is an operator, while φ(~x) is just an ordinary scalar function.

[

δ

δφ(~x)
, φ(~y)

]

= δ(~x− ~y). (E.228)

therefore

π(~x) = −i δ

δφ(~x)
(E.229)

in terms of the coordinate basis

< φ′|π(~x)|φ >= −i δ

δφ(~x)
δ(φ− φ′). (E.230)

turn the Hamiltonian operator into a functional differential operator,

H0 =
1

2

∫

d3x

(

− δ2

δφ2(~x)
+ |∇φ(~x)|2 +m2φ2(~x)

)

, (E.231)

(where |∇φ| = ∂iφ∂
iφ) and the Schödinger

i
∂

∂t
|Ψ >= H|Ψ >, (E.232)

turns into a functional differential equation,
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i
∂

∂t
Ψ[φ, t] =

1

2

∫

d3x

(

− δ2

δφ2(~x)
+ |∇φ|2 +m2φ2

)

Ψ[φ, t]. (E.233)

whose solutions, the eigenfunctionals of the hamiltonian functional differential operator,
represent possible states of the system. For time-independent hamiltonians it is possible
to separate the variables

Ψ[φ, t] = e−iEtΨ[φ], (E.234)

obtaining a functional eigenvalue problem for the time-independent Schödinger equation

1

2

∫

d3x

(

− δ2

δφ2(~x)
+ |∇φ|2 +m2φ2

)

Ψ[φ] = EΨ[φ]. (E.235)

E.6.1 Ground State and Excited States

Creation and anihilation operators can be written

a†(~k) =

∫

d3xe−i~k·~x
(

ωkφ(~x) − δ

δφ(~x)

)

a(~k) =

∫

d3xei~k·~x
(

ωkφ(~x) +
δ

δφ(~x)

)

. (E.236)

The Minkowski vacuum state is determined by a
(

~k
)

|0M >= 0. In the functional repre-

sentation, this state reads

Ψ0M
[φ] ≡ < φ|0M > . (E.237)

and is determined by

a
(

~k
)

Ψ0M
[φ] =

~√
2ω

δ

δφ(~k)
Ψ0M

[φ] +

√

ω

2
φ(~k)Ψ0M

[φ] = 0. (E.238)

The solution of this equation gives the functional form of the vacuum state

Ψ0M
[φ] = Ne−

1
2~

R

d3k ω(~k)φ(~k)φ(~k). (E.239)
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The one-particle state with momentum ~k is created by a†(~k):

Ψ~k[φ] ≡ < φ|~k >= a†(~k)Ψ0M
[φ] =

√
2ωφ(~k)Ψ0M

[φ]. (E.240)

It has energy ~ω(~k) . Therefore, the time-dependent state

Ψ~k[t, φ] =
√

2ωe−iω(~k)tφ(~k)Ψ0M
[φ] (E.241)

is a solution of the Wheeler-DeWitt equation

(

i~
∂

∂t
−H0

)

Ψ = 0. (E.242)

A generic one-particle state with wave function f(~k) is defined by

|f >≡
∫

d3k√
2ω
f(~k)|~k >, (E.243)

and its functional representation is therefore

Ψf [φ] ≡ < φ|f >=

∫

d3kf(~k)φ(~k)Ψ0[φ] (E.244)

or

Ψf [φ] = φ[f ]Ψ0[φ], (E.245)

where

φ[f ] =

∫

d3kf(~k)φ(~k). (E.246)

The corresponding solution to the Wheeler-DeWitt equation is

Ψf [t, φ] =

∫

d3kf(~k)e−iω(~k)tφ(~k)Ψ0[φ] (E.247)

as follows from
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(

i~
∂

∂t
−H0

)

Ψf [t, φ] =

∫

d3k√
2ω
f(~k)

(

i~
∂

∂t
−H0

)√
2ωe−iω(~k)tφ(~k)Ψ0[φ]

= 0. (E.248)

or, in Fourier transform,

Ψf [t, φ] =

∫

d3xF (t, ~x)φ(~x)Ψ0[φ] (E.249)

where

F (x) = F (t, ~x) =
1

(2π)
3
2

∫

d3kei(~k·~x−ω(~k)t)f(~k) (E.250)

The n−(Fock)-particle state |k1, . . . , kn > can be obtained be repeated application of the

creation operator a†
(

~k
)

. They have energy ~(ω1 + · + ωn) where ωi(
~ki):

H0|k1, . . . , kn >= ~(ω1 + · + ωn)|k1, . . . , kn > . (E.251)

The general solution of the Wheeler-DeWitt equation is therefore

Ψ[t, φ] =
∑

n

∫

d3k1 . . . d
3kn

√

2ω1 . . . 2ωn

f(~k1 . . .
~kn)e−i(ω1+···+ωn)t

×a†(k1) . . . a
†(kn)Ψ0[φ]. (E.252)

Scalar product

E.7 Transition Amplitude on an Infinite Strip

We calculate the transition amplitude for the free real massive scalar field φ, both in the
Minkowskian space and in Euclidean space between t1 = 0 and t2 = T .
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E.7.1 Minkowskian case

WM [ϕ1, 0, ϕ2, T ] =

∫

ϕ1,0,ϕ2,T

Dφ exp

(

i

2

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ2
)

)

(E.253)

where

∫ T

0

d4x =

∫ T

0

∫ ∞

−∞
d3x. (E.254)

The classical equation is

(

�x +m2
)

φ(x) = 0. (E.255)

We must now solve this equation in the infinite strip bounded by the two hyperplanes
t = 0 and t = T , with boundary conditions

φ(~x, 0) = ϕ1(~x)

φ(~x, T ) = ϕ2(~x). (E.256)

We can solve this problem by considring the Fourier transform φ̃(~k, t) of the field φ(~x, t).
From equation (E.255) we have

(

�x +m2
)

φ(x) =

∫ ∞

−∞

d3k

(2π)3

(

�x +m2
)

e−i~k·~xφ̃(~k, t)

=

∫ ∞

−∞

d3k

(2π)3
e−i~k·~x

(

∂2

∂t2
+ ~k2 +m2

)

φ̃(~k, t) = 0. (E.257)

This implies

(

∂2

∂t2
+ ~k2 +m2

)

φ̃(~k, t) = 0. (E.258)

Solving this gives:

φ̃(~k, t) =
φ̃(~k, T ) sinωkt− φ̃(~k, 0) sinωk(t− T )

sinωkT
. (E.259)
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where ωk =
√

~k2 +m2 and

φ̃(~k, 0) =

∫ ∞

−∞
d3yei~k·~yϕ1(~y)

φ̃(~k, T ) =

∫ ∞

−∞
d3yei~k·~yϕ2(~y). (E.260)

Putting it altogether we have

φ(x) =

∫ ∞

−∞

d3k

(2π)3

∫ ∞

−∞
d3ye−

~k·(~x−~y)ϕ2(~y) sinωkt− ϕ1(~y) sinωk(t− T )

sinωkT
. (E.261)

Now the functional integral can be solved by substituting φ(x) = φ(x) + η(x) where η(x)
is a fluctuation:

WM [ϕ1, 0, ϕ2, T ] =

∫

ϕ1,0,ϕ2,T

Dφ exp

(

i

2

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ2
)

)

=

=

∫

ϕ1,0,ϕ2,T

Dφ exp

(

i

2

∫ T

0

d4x

(

(

∂µφ(x) + ∂µη(x)
)2

−m2
(

φ(x) + η(x)
)2
))

(E.262)

by using (E.255) and the boundary conditions for η(x), namely η(~x, t = 0) = 0 and
η(~x, t = T ) = 0. These imply for the integral in the exponetial:

∫ T

0

d4x
((

∂µφ(x) + ∂µη(x)
)

(

∂µφ(x) + ∂µη(x)
)

−m2
(

φ(x) + η(x)
)2
)

=

=

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ
2
)

+ 2
(

∂µφ(x)∂µη(x) −m2φ(x)η(x)
)

+

+
(

∂µη(x)∂
µη(x) −m2η

)

=

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ
2
)

− 2
(

∂µ∂µφ(x) +m2φ(x)
)

η(x) +

+
(

∂µη(x)∂
µη(x) −m2η

)

=

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ
2
)

+
(

∂µη(x)∂
µη(x) −m2η2

)

(E.263)

so that (E.262) becomes
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WM [ϕ1, 0, ϕ2, T ] = exp

(

i

2

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ
2
)

)

∫

0,t=0,0,t=T

Dη exp

(

i

2

∫ T

0

d4x
(

∂µη(x)∂
µη(x) −m2η2

)

)

(E.264)

Note the first term is eiScl/2 where Scl is the action evaluated for the classical field config-
uration φ(x) - i.e. the Hamilton functional.

We can make a simplification:

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) −m2φ
2
)

=

∫ T

0

dx0

∫ ∞

−∞
d3x

(

∂µ[φ(x)∂µφ(x)] − φ(x)∂µ∂
µφ(x) −m2φ

2
)

=

∫ T

0

dx0

∫ ∞

−∞
d3x

(

∂x0 [φ(x)∂x0φ(x)] − ∂xi [φ(x)∂xiφ(x)]
)

=

∫ ∞

−∞
d3xφ(x)∂x0φ(x)

∣

∣

T

0
−
∫ T

0

dx0φ(x)∂xiφ(x)
∣

∣

∞
−∞

=

∫ ∞

−∞
d3x φ(x)∂x0φ(x)

∣

∣

T

0
(E.265)

where we have made use of the classical equation (E.255) again and that the field φ(x)
falls off to zero at spatial infinity. Then inserting (E.261) we have

∫ ∞

−∞
d3x φ(x)∂x0φ(x)

∣

∣

T

0
=

=

∫ ∞

−∞
d3x

∫ ∞

−∞

d3k

(2π)3

∫ ∞

−∞
d3ye−

~k·(~x−~y)ϕ2(~y) sinωkt− ϕ1(~y) sinωk(t− T )

sinωkT

×
∫ ∞

−∞

d3k′

(2π)3

∫ ∞

−∞
d3ze−

~k′·(~x−~z)ωk′

ϕ2(~z) cosωk′t− ϕ1(~z) cosωk′(t− T )

sinωk′T

∣

∣

∣

T

0

=

∫ ∞

−∞

d3k

(2π)3

∫ ∞

−∞

d3k′

(2π)3

∫ ∞

−∞
d3xe−i~x·(~k+~k′)

∫ ∞

−∞
d3y

∫ ∞

−∞
d3zei~k·~yei~k′·~zωk′

(

ϕ2(~y)(ϕ2(~z) cotωk′T − ϕ1(~z)

sinωk′T
) − ϕ1(~y)(

ϕ2(~z)

sinωk′T
− ϕ1(~z) cotωk′T )

)

=

∫ ∞

−∞
d3y

∫ ∞

−∞
d3zei~k·~y

∫ ∞

−∞

d3k

(2π)3
e−i~k·(~y−~z)ωk ×

×
(

−ϕ1(~y)ϕ2(~z) + ϕ1(~z)ϕ2(~y)

sinωkT
+ cotωkT (ϕ2(~y)ϕ2(~z) + ϕ1(~y)ϕ1(~z))

)

(E.266)
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Now the second term in (E.264) becomes

∫

0,t=0,0,t=T

Dη exp

(

− i

2

∫ T

0

d4x
(

η(x)
(

�x +m2
)

η(x)
)

)

=
(

det(−� −m2)
)− 1

2 .

(E.267)

Substituting this and (E.266) into (E.264) we obtain for the transition amplitude

WM [ϕ1, 0, ϕ2, T ] =
1

√

det(−� −m2)
exp

(

i

2

∫ ∞

−∞
d3y

∫ ∞

−∞
d3z

∫ ∞

−∞

d3k

(2π)3
e−i~k·(~y−~z)ωk

(

−ϕ1(~y)ϕ2(~z) + ϕ1(~z)ϕ2(~y)

sinωkT
+ cotωkT (ϕ2(~y)ϕ2(~z) + ϕ1(~y)ϕ1(~z))

))

.

(E.268)

The inifinite factor (det(−� −m2))−
1
2 will be dealt with in a later subsection.

E.7.2 Euclidean case

We now explicitly calculate the transition amplitude for a free massive scalar field in
euclidean space, using a slightly different method that will be used again in the calculation
of the generalised Tomonaga-Schwinger equation.

WE [ϕ1, 0, ϕ2, T ] =

∫

ϕ1,0,ϕ2,T

Dφ exp

(

−1

2

∫ T

0

d4x
(

∂µφ(x)∂µφ(x) +m2φ2
)

)

(E.269)

classical equation

(

�x −m2
)

φ(x) = 0. (E.270)

We now solve this equation using the Green function technique. The Green’s function
satisfies the equation

(

�x −m2
)

G(x, y) = −δ4(x− y). (E.271)

This can be rewritten as
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∫ T

0

d4x
(

G(x, y)
(

�x −m2
)

φ(x) − φ(x)
(

�x −m2
)

G(x, y)
)

=

=

∫ T

0

d4xδ4(x− y)φ(x) (E.272)

that is

φ(y) =

∫ T

0

d4x
(

G(x, y)�xφ(x) − φ(x)�xG(x, y)
)

=

∫ T

0

dx0

∫ ∞

−∞
d3x

(

G(x, y)∂2
xiφ(x) − φ(x)∂2

xiG(x, y)+

+ G(x, y)∂2
x0φ(x) − φ(x)∂2

x0G(x, y)
)

=

∫ T

0

dx0

∫ ∞

−∞
d3x

[

∂xi

(

G(x, y)∂xiφ(x) − φ(x)∂xiG(x, y)
)

+

+ ∂x0

(

G(x, y)∂x0φ(x) − φ(x)∂x0G(x, y)
)]

=

∫ T

0

dx0

∫ ∞

−∞
d3x

[

∂xi

(

G(x, y)
↔
∂ xi φ(x)

)

+ ∂x0

(

G(x, y)
↔
∂ x0 φ(x)

)]

(E.273)

where G
↔
∂ φ = G∂φ − φ∂G. Supposing that G(x, y) and φ(x) go to zero fast enough at

spatial infinity the first term of the sum is zero, and so

φ(y) =

∫ ∞

−∞
d3x

∫ T

0

dx0∂x0

(

G(x, y)
↔
∂ x0 φ(x)

)

=

∫ ∞

−∞
d3x

[

G(x, y)
↔
∂ x0 φ(x)

]x0=T

x0=0

=

∫ ∞

−∞
d3x

[

G(~x, T, y) ∂x0φ(x)
∣

∣

x0=T
− ∂x0G(x, y)

∣

∣

x0=T
ϕ2(~x) +

− G(~x, 0, y) ∂x0φ(x)
∣

∣

x0=0
+ ∂x0G(x, y)

∣

∣

x0=0
ϕ1(~x)

]

(E.274)

To reproduce the boundary conditions φ(~x, 0) = ϕ1(~x) and φ(~x, T ) = ϕ2(~x) the Green
function G must be zero for x0 = 0 and x0 = T . Then

φ(y) =

∫ ∞

−∞
d3x (∂x0G(~x, 0, y) ϕ1(~x) − ∂x0G(~x, T, y) ϕ2(~x)) . (E.275)
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We solve (E.271) with a “spatial” Fourier transform:

G(x, y) =

∫

d3k

(2π)3
G̃(x0, y0)e

−i(~x−~y)

δ4(x− y) =

∫

d3k

(2π)3
δ(x0 − y0)e

−i(~x−~y) (E.276)

imposing the conditions

G̃(0, y0) = G̃(t, y0) = 0. (E.277)

Employing (E.276) in (E.271) we have:

∫

d3k

(2π)3

(

�x −m2
)

G̃(x0, y0)e
−i(~x−~y) = −

∫

dk

(2π)3
δ(x0 − y0)e

−i(~x−~y). (E.278)

Which gives

(

∂2
x0

− (~k2 +m2)
)

G̃(x0, y0) = −δ(x0 − y0). (E.279)

The general solution is of the form

G̃(x0, y0) = G̃p(x0, y0) +
[

A(~k, y0)f1(
~k, x0) +B(~k, y0)f2(

~k, x0)
]

(E.280)

where G̃p(x0, y0) is a solution (i.e., any solution) of the inhomogeneous equation and

f1(
~k, x0), f2(

~k, x0) are two linearly independent solutions of the homogeneous equation.
The homogeneous solutions are helpful in obtaing the correct boundary conditions.

A solution of the inhomogeneous equation is

1

2ωk

e−ωk|x0−y0|. (E.281)

We check this,

∂2
x0

[

1

2ωk

e−ωk |x0−y0|
]

= ∂x0

[

−ωk (2Θ(x0 − y0) − 1)
1

2ωk

e−ωk|x0−y0|
]

=

(

−δ(x0 − y0) + ω2
k

1

2ωk

e−ωk|x0−y0|
)

,
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which rearranged gives

(

∂2
x0

− (~k2 +m2)
) 1

2ωk

e−ωk |x0−y0| = −δ(x0 − y0). (E.282)

Two linearly independent homogeneous solutions are obviously eωkx0 and e−ωkx0 . There-
fore

G̃(x0, y0) =
1

2ωk

e−ωk|x0−y0| + A(~k, y0)e
ωkx0 +B(~k, y0)e

−ωkx0. (E.283)

We now impose the boundary conditions (E.277)

G̃(0, y0) =
1

2ωk

e−ωky0 + A(~k, y0) +B(~k, y0) = 0

G̃(T, y0) =
1

2ωk

e−ωk(T−y0) + A(~k, y0)e
ωkT +B(~k, y0)e

−ωkT = 0

(E.284)

which are solved by appropriate choices for A(~k, y0) and B(~k, y0). From these equations
we obtain

G̃(T, y0)− G̃(0, y0)e
−ωkT =

1

2ωk

e−ωk(T−y0) − 1

2ωk

e−ωky0e−ωkT +A(~k, y0)(e
ωkT − e−ωkT ) = 0

(E.285)

and

G̃(0, y0)e
ωkT − G̃(T, y0) =

1

2ωk

e−ωky0eωkT − 1

2ωk

e−ωk(T−y0) +B(~k, y0)(e
ωkT − e−ωkT ) = 0

(E.286)

so that

A(~k, y0) =
e−ωky0e−ωkT − e−ωk(T−y0)

2ωk(e
ωkT − e−ωkT )

(E.287)

B(~k, y0) =
e−ωk(T−y0) − e−ωky0eωkT

2ωk(e
ωkT − e−ωkT )

(E.288)

1025



Substituting these into (E.283), and expressing G(x, y) as the “spatial” Fourier transfor-
mation, we finally have for the Green function G(x, y):

G(x, y) =

∫

d3k

(2π)3
e−i~k·(~x−~y)

(

1

2ωk

e−ωk|x0−y0|+

+
e−ωky0e−ωkT − e−ωk(T−y0)

2ωk(e
ωkT − e−ωkT )

eωkx0 +
e−ωk(T−y0) − e−ωky0eωkT

2ωk(e
ωkT − e−ωkT )

e−ωkx0

)

.

(E.289)

We now wish to substitute this into (E.275). First we calculate

∂x0G̃(x0, y0) = −1

2
(2Θ(x0 − y0) − 1)e−ωk|x0−y0| +

+e−ωky0
eωkT e−ωkx0 + e−ωkT eωkx0

2(eωkT − e−ωkT )

−eωky0
eωkx0 + e−ωkx0

2(eωkT − e−ωkT )
e−ωkT (E.290)

Then

∂x0G̃(0, y0) =
1

2
e−ωky0 +

1

2
e−ωky0

coshωkT

sinhωkT
− 1

2
eωky0

e−ωkT

sinhωkT

= −sinhωk(y0 − T )

sinhωkT
(E.291)

and

∂x0G̃(T, y0) = −1

2
e−ωk(T−y0) +

1

2
e−ωky0

1

sinhωkT
− 1

2
e−ωk(T−y0) coshωkT

sinhωkT

= +
1

2
e−ωky0

1

sinhωkT
− 1

2
e−ωk(T−y0)

1

sinhωkT
eωkT

= −sinhωky0

sinhωkT
(E.292)

substituting this into (E.275), the formula that we repeat here
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φ(y) =

∫ ∞

−∞
d3x

∫

d3k

(2π)3
e−i~k·(~x−~y)

(

∂x0G̃(0, y0) ϕ1(~x) − ∂x0G̃(T, y0) ϕ2(~x)
)

(E.293)

we have

φ(x) =

∫ ∞

−∞
d3y

∫

d3k

(2π)3
e−i~k·(~x−~y) sinhωkt ϕ2(~y) − sinhωk(t− T )ϕ1(~y)

sinhωkT
. (E.294)

The functional integral can be soved exactly as in the minkowskian case, to obtain

WE [ϕ1, 0, ϕ2, T ] =
1

√

det(−� −m2)
exp

(

−1

2

∫ ∞

−∞
d3y

∫ ∞

−∞
d3z

∫ ∞

−∞

d3k

(2π)3
e−i~k·(~y−~z)ωk

(

−ϕ1(~y)ϕ2(~z) + ϕ1(~z)ϕ2(~y)

sinhωkT
+ cothωkT (ϕ2(~y)ϕ2(~z) + ϕ1(~y)ϕ1(~z))

))

.

(E.295)

E.7.3 Normalisation Factor

Minkowskian case

To find the correct normaqlisation factor for the transition amplitude, we sue that it satify
the functional Schrödinger equation

i
∂

∂T
WM [ϕ1, 0, ϕ2, 0, T ] =

1

2

(

− δ2

δϕ2
2(~x)

+ |∇ϕ2(~x)|2 +m2ϕ2
2(~x)

)

WM [ϕ1, 0, ϕ2, 0, T ]

(E.296)

By writing the transition amplitude asWM [ϕ1, 0, ϕ2, 0, T ] = M(T ) exp (iS[ϕ1, ϕ2]), (E.296)
reads as

i exp (iS[ϕ1, ϕ2])
∂

∂T
M(T ) −WM [ϕ1, 0, ϕ2, T ]

∂

∂T
S[ϕ1, ϕ2] = WM [ϕ1, 0, ϕ2, 0, T ] ·

·1
2

∫

d3x

((

−iδ
2S[ϕ1, ϕ2]

δϕ2
2(~x)

+

(

δS[ϕ1, ϕ2]

δϕ2(~x)

)2
)

+
(

|∇ϕ2(~x)|2 +m2ϕ2
2(~x)

)

)

(E.297)
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This is greatly simplified by substitution of the Hamilton-Jacobi equation, that is, the
classical action calculated on the boundary conditions, and as such obeys

0 =
∂S

∂T
+H0

(

ϕ2,
δS

δϕ2

)

=
∂S

∂T
+

1

2

∫

d3x

(

(

δS

δϕ2

)2

+ |∇ϕ2(~x)|2 +m2ϕ2
2(~x)

)

, (E.298)

to obtain

i exp (iS[ϕ1, ϕ2])
∂

∂T
M(T ) = − i

2
WM [ϕ1, 0, ϕ2, 0, T ]

∫

d3x
δ2S[ϕ1, ϕ2]

δϕ2
2(~x)

. (E.299)

From the exponent of (E.268),

S[ϕ1, ϕ2] =
1

2

∫ ∞

−∞
d3y

∫ ∞

−∞
d3z

∫ ∞

−∞

d3k

(2π)3
e−i~k·(~y−~z)ωk

(

−ϕ1(~y)ϕ2(~z) + ϕ1(~z)ϕ2(~y)

sinωkT
+ cotωkT (ϕ2(~y)ϕ2(~z) + ϕ1(~y)ϕ1(~z))

)

(E.300)

we obtain

∫

d3x
δ2S[ϕ1, ϕ2]

δϕ2
2(~x)

=

∫

d3x
1

2

∫ ∞

−∞
d3y

∫ ∞

−∞
d3z

∫ ∞

−∞

d3k

(2π)3
e−i~k·(~y−~z)

cotωkT (2δ(~x− ~y)δ(~x− ~z))

= V

∫ ∞

−∞

d3k

(2π)3
ωk cotωkT. (E.301)

where V is a volume. Substituting this into (E.299) we get

∂

∂T
M(T ) = −1

2
M(T )V

∫ ∞

−∞

d3k

(2π)3
ωk cotωkT (E.302)

or

∂

∂T
lnM(T ) = −1

2
V
∂

∂T

∫ ∞

−∞

d3k

(2π)3
ωk ln sinωkT (E.303)
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so that

M(T ) = C exp

(

−1

2
V

∫ ∞

−∞

d3k

(2π)3
ωk ln sinωkT

)

. (E.304)

E.7.4 Relation to the Vacuum State

Minkowski vacuum

Ψ0[φ] = exp

(

−1

2

∫

d3y

∫

d3z

∫

d3p

(2π)3
ei~p·(~y−~z)

√

~p2 +m2ψ(~z)ψ(~y)

)

(E.305)

This functional corresponds to the vacuum state defined as the state with the lowest
energy. In the following we call the Minkowski vacuum the vacuum state defined this
way, to distinguish it from another vacuum state that will be defined shortly.

Choose a basis |n > of eigenstates of H0 with eigenvalues En, and consider the operator

W (T ) =
∑

n

e−TEn|n >< n|. (E.306)

In the large T limit, this becomes the projector on the vacuum

lim
T→∞

W (T ) = |0M >< 0M |. (E.307)

Nonperturbative vacuum

We define a kinematic Hilbert space KΣT
, as the tensor product

KΣT
:= H∗

t=T ⊗Ht=0 (E.308)

where the notation H∗ indicates the dual of the Hilbert space H; which of course is
canonically isomorphic to H. We denote a field on ΣT by φ = (ϕ1, ϕ2). The field basis of
the Fock space induces in KΣT

the basis

|φ >= |ϕ1, ϕ2 > = < ϕ2|t=T ⊗ |ϕ1 >t=0, (E.309)

which in the language of wave functionals translates as
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Ψ[φ] = Ψ[ϕ1, ϕ2] = < ϕ1, ϕ2|Ψ > . (E.310)

In the kinematic Hilbert space KΣT
the transition amplitude W [ϕ1, 0;ϕ2, T ] defines a

preferred (bra) state

< 0KΣT
|Ψ > = W [ϕ1, 0;ϕ2, T ] (E.311)

is this Hilbert space. The state is referred to as the nonperturbative vacuum, or covariant
vacuum. This state expresses the dynamics from t = 0 to t = T . As a state in KΣT

, which
is the tensor product of two Hilbert spaces, it defines a linear mapping between the two
spaces Ht=0 and Ht=T . The linear mapping is precisely the (imaginary time) evolution
e−TH . We have by construction

< 0KΣT
| (< ψout| ⊗ |ψin >) = < ψout|e−TH|ψin > . (E.312)

Or

< 0KΣT
|ψin >= e−TH |ψin > . (E.313)

Notice that the bra/ket mismatch is apparent only, as the three states live in different
Hilbert spaces.

Equation (E.306) shows that in the limit T → ∞ we have the projector on the vacuum

lim
T→∞

< 0KΣT
| (< ψout| ⊗ |ψin >) = < ψout|0M > < 0M |ψin > . (E.314)

We can therefore write the relation the two notions of vacuum that we have defined as

lim
T→∞

|0KΣT
> = |0M > ⊗ < 0M |. (E.315)
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E.8 General Boundary Formulation

E.9 Generalised Schödinger Equation in Euclidean

Field Theory

E.9.1 Surfaces and Surface Derivatives

Consider a finite region R in the euclidean 4d space R4. we use cartesian coordinates
x, y, z, . . . on R4 where x = (xa), a = 1, 2, 3, 4. Let Σ = ∂RΣ be a compact 3d surface
that bounds a finite region RΣ. We denote s, t, u . . . coordinates on Σ, where s = (sq),
q = 1, 2, 3.

A line element is given by

dτ 2 = qqr(s)ds
qdsr = gab

(

∂xa

∂sq
dsq

)(

∂xb

∂sq
dsr

)

(E.316)

the induced metric is then

qab(s) =
∂xa(s)

∂sq

∂xa(s)

∂sr
(E.317)

The surface gradient is defined as

∇q :=
∂

∂sq
(E.318)

The normal one-form of the surface is

ña(s) = ǫabcd

∂xb(s)

∂s1

∂xc(s)

∂s2

∂xd(s)

∂s3
. (E.319)

We orient the coordinate system s so that ña is outward directed. Its norm is easily seen
to be the determinate of the induced metric qqr, (see append on measurement of area),

ñañ
a = det q. (E.320)

Proof.
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ñaña = ǫabcdǫab′c′d′
∂xb(s)

∂s1

∂xc(s)

∂s2

∂xd(s)

∂s3

∂xb′(s)

∂s1

∂xc′(s)

∂s2

∂xd′(s)

∂s3

= δbcd
b′c′d′

∂xb(s)

∂s1

∂xc(s)

∂s2

∂xd(s)

∂s3

∂xb′(s)

∂s1

∂xc′(s)

∂s2

∂xd′(s)

∂s3

= det





δb
b′ δc

b′ δd
b′

δb
c′ δc

c′ δd
c′

δb
d′ δc

d′ δd
d′





∂xb(s)

∂s1

∂xc(s)

∂s2

∂xd(s)

∂s3

∂xb′(s)

∂s1

∂xc′(s)

∂s2

∂xd′(s)

∂s3

= det







∂xb(s)
∂s1

∂xb(s)
∂s1

∂xb(s)
∂s1

∂xb(s)
∂s2

∂xb(s)
∂s1

∂xb(s)
∂s3

∂xb(s)
∂s2

∂xb(s)
∂s1

∂xb(s)
∂s2

∂xb(s)
∂s2

∂xb(s)
∂s2

∂xb(s)
∂s3

∂xb(s)
∂s3

∂xb(s)
∂s1

∂xb(s)
∂s3

∂xb(s)
∂s2

∂xb(s)
∂s3

∂xb(s)
∂s3







= det





q11(s) q12(s) q13(s)
q21(s) q22(s) q23(s)
q31(s) q32(s) q33(s)





= det q(s) (E.321)

where we have used (E.317).

In the following we use the normalised normal

na ≡ (det q)−
1
2 ña (E.322)

and the induced volume element on Σ

dΣ(s) ≡ (det q)
1
2 d3s. (E.323)

Given a functional F [Σ] that depends on the surface, we define the functional deriviative
with respect to the surface as the normal projection of the functional derivative with
respect to the embedding that defines the surface

δ

δΣ(s)
≡ na(s)

δ

δxa(s)
(E.324)

Here the functional derivative on the right hand side is defined in terms of the volume
element dΣ.

∫

dΣ(s)N(s)
δF [Σ]

δΣ(s)
=

∫

dΣN(s)
δF [Σ]

δxa(s)
na(s) = lim

ǫ→0

F [ΣǫN ] − F [Σ]

ǫ
(E.325)

where ΣǫN is the deformed surface defined by
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xa(s) + ǫN(s)na(s). (E.326)

Ff [Σ] :=

∫

R
d4xf(x) (E.327)

Then

δFf [Σ]

δΣ(s)
= f(x(s)). (E.328)

That is, the variation of the bulk integral under normal variation of the surface is the
integrand in the variation point.

E.10 Relation to the Vacuum State

corresponds to the state with the lowest energy.

E.11 Generalised Tomonaga-Swinger Equation

It was demonstrated that W [ϕ,Σ] satisfies a local functional equation governing the vari-
ation of W [ϕ,Σ] under arbitrary local deformations of Σ, namely

δW [ϕ,Σ]

δΣ(s)
= H0

(

ϕ(s),∇ϕ(s),
δ

δϕ(s)

)

W [ϕ,Σ] (E.329)

Equation (E.329) was derived on the basis of a lattice regularisation of the functional
integral

W [ϕ,Σ] =

∫

φ|Σ=ϕ

Dφe−S[φ] (E.330)

defining W [ϕ,Σ], and under certain hypotheses on the existence of the continuum limit.
In this section, working in context of the free euclidean theory, we show that this equation
can be derived from the functional integral definition of W [ϕ,Σ] directly in the continuum
setting, using a formula of Hadamard which expresses the variation of a Green function
under a variation of the boundary (V. Volterra, Theory of functionals and of integral and

integro-differential equations, Dover (1959)).
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E.11.1 Hadamard

∫

V

d4x∂µXµ =

∫

Σ

nµXµ (E.331)

(−∆x +m2)GΣ(x, y) = δ(4)(x− y), , GΣ(x(s), y) = 0,

(−∆x +m2)Φ(x) = 0, , x ∈ V, Φ(x(s)) = ϕ(s) (E.332)

Φ(y) =

∫

d4xδ(4)(x− y)Φ(x)

=

∫

d4xΦ(x)(−∆x +m2)GΣ(x, y)

=

∫

d4xΦ(x)(−∆x +m2)GΣ(x, y) −GΣ(x, y)(−∆x +m2)Φ(x)

= −
∫

d4x
(

Φ(x)∂µ∂µGΣ(x, y) −GΣ(x, y)∂µ∂µΦ(x)
)

= −
∫

d4x∂µ

(

Φ(x)∂µGΣ(x, y) −GΣ(x, y)∂µΦ(x)
)

= −
∫

dΣ(s)nµ(Φ(x)∂µGΣ(x, y) − 0) (E.333)

Φ(y) = −
∫

dΣ(s)nµϕ(s)nµ(s)
∂GΣ(x(s), y)

∂xµ
(E.334)

E.12 Local and Global Particles

E.12.1 Quick Reminder: the harmonic Oscillator

The SHO’s dynamics is governed by the Hamiltonian

H0 =
1

2m
(p2 +m2ω2q2). (E.335)

The state space of the quantum theory is H = L2[R, dq] formed by the functions ψ(q).

The time-independent Schödinger equation is

− ~
2

2m

d2ψ(q)

dq2
+
m

2
ω2q2ψ(q) = Eψ(q). (E.336)
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We introduce the variable

q =

√

~

mω
ζ (E.337)

the Schödinger equation is then

~ω

2

(

d2

dζ2
+ ζ2

)

ψ(ζ) = Eψ(ζ). (E.338)

If one defines

a† =
1√
2

(

− d

dζ
+ ζ

)

. (E.339)

as the creation operator and

a =
1√
2

(

d

dζ
+ ζ

)

. (E.340)

as the annihilator operator, the Schödinger equation for a harmonic oscillator reduces to

~ω

(

a†a+
1

2

)

ψ(ζ) = Eψ(ζ). (E.341)

Note

[a, a†] =
1

2
[

(

d

dζ
+ ζ

)

,

(

− d

dζ
+ ζ

)

]

=
1

2
([
d

dζ
, ζ ] + [ζ,− d

dζ
])

= 1. (E.342)

In general

|n >=
(a†)n

√
n!

(E.343)

The solutions of the corresponding time-independent Schödinger equation are
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ψn(q) = < q|n >=

(

1

πǫ2

)
1
4 1√

2nn!
Hn

(q

ǫ

)

e−q2/2ǫ2 (E.344)

where

ǫ =

√

~

mω
(E.345)

and Hn(ζ) are the Hermite polynomials, the first few being:

H0(ζ) = 1

H1(ζ) = 2ζ

H2(ζ) = 4ζ2 − 2. (E.346)

the first few wavefunctions being:

ψ0(q) =

(

1

πǫ2

)
1
4

e−q2/2ǫ2

ψ1(q) =

(

1

πǫ2

)
1
4 √

2
(q

ǫ

)

e−q2/2ǫ2

ψ2(q) =

(

1

πǫ2

)
1
4
(

1

2

)
3
2
(

4
(q

ǫ

)2

− 2

)

e−q2/2ǫ2 . (E.347)

The eigenvalues are

En =

(

n+
1

2

)

~ω n = 0, 1, 2, . . . (E.348)

The eigenmodes of H0, |n > form an orthonormal basis that diagonalises H0. In the
q−representation an arbitrary wavefunction can be written:

ψ(q) = < q|
∞
∑

n=0

an|n >

=

∞
∑

n=0

an < q|n >

=

∞
∑

n=0

anψn(q), (E.349)
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where

an =

∫ ∞

−∞
dqψ∗

n(q)ψ(q). (E.350)

So that

ψ(q) =
∞
∑

n=0

∫ ∞

−∞
dq′ψ∗

n(q′)ψ(q′)ψn(q)

=

∫ ∞

−∞
dq′

( ∞
∑

n=0

ψ∗
n(q′)ψn(q)

)

ψ(q′) (E.351)

implying the completeness relation

δ(q − q′) =

∞
∑

n=0

ψ∗
n(q′)ψn(q). (E.352)

E.12.2 Two Oscillators

To begin with, we consider two weakly coupled harmonic oscillators q1, q2 with unit mass
and with the same angular frequency ω; the dynamics is governed by the Hamiltonian

H0 = H1 +H2 + V =
1

2
(p2

1 + ω2q2
1) +

1

2
(p2

2 + ω2q2
2) + λq1q2. (E.353)

where p1, p2 are the momenta conjugate to q1, q2 and, say, λ ≪ ω2. The state space of
the system is H = L2[R2, dq1dq2] formed by the functions ψ(q1, q2). We can define an
orthonormal basis in this Hilbert space by diagonalising a complete set of commuting
self-adjoint operators. We choose the set formed by the operators H1 and H2. Denote
E1 and E2 the eigenvalues of the operators H1 and H2 respectively, and |n1, n2 >loc their
common eigenstates. The reason for the suffix “loc” will be clear in a moment. The
integers n1 and n2 are the quantum numbers of E1 and E2 and we can interpret them as
the number of quanta in the first and second oscillator respectively. More precisely, if we
measure H1 of the first oscillator we observe that the result of the measurement outcome
is quantised: E1 = ~ω(n1 + 1/2) and n1 can be interpreted as the number of quanta in
q1. It is suggestive to call these quanta “particles”. Call N12 = n1 + n2 the total particle
number. Introducing a Fock-like notation, we can write the state with no particles also
as
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|0 >loc= |0, 0 >loc; (E.354)

the two one-particle states with particles localised on each oscillator as

|1 >loc = |1, 0 >loc, (E.355)

|2 >loc = |0, 1 >loc, (E.356)

where |1 >loc represents a particle on the first oscillator and the state |2 >loc represents
a particle on the second oscillator. Notice that, according to standard Fock-space termi-
nology, any linear combination of one-particle states

|ψ >loc= c1|1 >loc +c2|2 >loc (E.357)

is also called a one-particle state.

Let us introduce normal coordinates:

qa =
q1 + q2√

2
, qb =

q1 − q2√
2

(E.358)

We are then able to factorise the hamiltonian as

H0 = Ha +Hb =
1

2
(p2

1 + ω2
1q

2
1) +

1

2
(p2

2 + ω2
2q

2
2). (E.359)

where

ω2
1 = ω2 + λ, ω2

2 = ω2 − λ. (E.360)

Let Ea (Eb) be the eigenvalues of Ha (Hb), and denote |na, nb > the common eigenstates
of Ha +Hb. The number na (nb) is the number of quanta (or “particles”) in the mode a
(b). Call Nab = na + nb the total number of these particles in the system. For instance
the no-particle state is

|0 >= |0, 0 >; (E.361)

the two one-particle states with particles localised on each mode are
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|a > = |1, 0 >,
|b > = |0, 1 > . (E.362)

A generic one-particle state is a state of the form

|ψ >= ca|a > +cb|b > . (E.363)

What is the relation between the one-particle states |ψ >loc defined by (E.357) and the
one-particle states |ψ > defined in (E.363)?

Denote itin

|1 >=
1√
2
|a > +

1√
2
|b > . (E.364)

Is this state equal to |1 >loc? No. If λ is small the two states differ slightly, but they
do differ. Both states are, in some sense, “one-particle states” and in both states the
“particle” is on the first oscillator. However, they are distininct states.

We illustrate the difference in two ways.

Explicit comparison

First, we can simply write both of them explicitly in the coordinate basis.

< q1, q2|1 >loc = < q1, q2|1, 0 >loc

= ψ1(q1)ψ0(q2)

=

(

1

πǫ2

)
1
4

2
(q1
ǫ

) 1√
2
e−q2

1/2ǫ2 ×
(

1

πǫ2

)
1
4

e−q2
2/2ǫ2

=

√

2ω2

π
q1e

−ω
2
(q2

1+q2
2) (E.365)

while
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< q1, q2|1 > =
< q1, q2|a > + < q1, q2|b >√

2

=
1√
2
(< q1, q2|1, 0 > + < q1, q2|0, 1 >)

=
1√
2
ψ

(ωa)
1

(

q1 + q2√
2

)

ψ
(ωb)
0

(

q1 − q2√
2

)

+
1√
2
ψ

(ωa)
0

(

q1 + q2√
2

)

ψ
(ωb)
1

(

q1 − q2√
2

)

=
1√
2
·
(ωa

π

)
1
4
2

(

√
ωa ·

q1 + q2√
2

)

1√
2
e−

ωa
4

(q1+q2)2 ×
(ωb

π

)
1
4
e−

ωb
4

(q1−q2)2

+
1√
2
·
(ωa

π

)
1
4
e−

ωa
4

(q1+q2)2 ×
(ωb

π

)
1
4
2

(

√
ωb ·

q1 − q2√
2

)

1√
2
e−

ωb
4

(q1−q2)2

=

√

2

π
(ωaωb)

1
4

(√
ωa +

√
ωb

2
q1 +

√
ωa −

√
ωb

2
q2

)

e−
1
2(

ωa+ωb
2

(q2
1+q2

2)+(ωa−ωb)q1q2)

(E.366)

If λ is small, ωa ∼ ωb ∼ ω and the two states are similar. In fact, we can compute that
their scalar product is

loc<1|1 >= 1 −O(λ2). (E.367)

(See worked exercises).

Comparison via perturbation theory in λ

Second, we can compare them using perturbation theory in λ. This is instructive because
we will be able to do the same in the context of field theory. Let us take H0 = H1 +H2

as the unperturbed hamiltonian. The two states |1 >loc and |2 >loc span a degenerate
eigenspace of H0.

Recall the theroem regarding simultaneous eigfunctions of operators that commute; if an
operator Q̂ commutes with V , i.e. [V, Q̂] = 0, then they have simultaneous eigenfunctions.
The interaction term λq1q2 has the “symmetry” under the exchange q1 ↔ q2. Let us call

the operator Ŝ where

Ŝψ(q1, q2) = ψ(q2, q1) (E.368)

Then
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ŜV (f(q1, q2)) = Ŝ(V f(q1, q2))

= Ŝ(λq1q2f(q1, q2))

= λq2q1f(q2, q1)

= V Ŝf(q1, q2) (E.369)

where f(q1, q2) is a test function. This implies that [Ŝ, V ] = 0. Obviously Ŝ2 = 1̂, and

therefore if Ŝψ = βψ, then

Ŝ2ψ(q1, q2) = β2ψ(q1, q2)

= ψ(q1, q2) (E.370)

and so β = ±1. If Ŝψ1(q1, q2) = ψ2(q1, q2) then

Ŝ
ψ1(q1, q2) ± ψ2(q1, q2)√

2
= ±(ψ1(q1, q2) ± ψ2(q1, q2)√

2
. (E.371)

Clearly V is diagonalised in the above degenerate eigensubspace by the two states

|a >0 =
|1 >loc +|2 >loc√

2

|b >0 =
|1 >loc −|2 >loc√

2
(E.372)

We can compute the first order correction to these states using first order perturbation
theory. It is convenient to use creation and annihilation operators. From (E.337), (E.339)
and (E.340) we have

q1,2 =
1√
2ω

(a1,2 + a†1,2),

p1,2 =
−i√ω√

2
(a1,2 − a†1,2) (E.373)

In terms of the which the perturbation reads

V =
λ

2ω
(a†1a

†
2 + a1a2 + a†1a2 + a1a

†
2). (E.374)
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Notice that the term a†1a
†
2 takes us out of the one particle sector, giving the non-vanishing

matrix elements

loc<2, 1|V |a >0 =
λ

2ω loc<2, 1|(a†1a†2 + a1a2 + a†1a2 + a1a
†
2)(

|1, 0 >loc +|0, 1 >loc√
2

)

=
λ

2ω
(E.375)

where we have used that

|2, 1 >loc=
(a†1)

2

√
2
a†2|0, 0 >loc= a†1a

†
2

1√
2
|1, 0 >loc, (E.376)

and similarly

loc<1, 2|V |a >0 =
λ

2ω

loc<2, 1|V |b >0 =
λ

2ω

loc<1, 2|V |b >0 = − λ

2ω
. (E.377)

To first order in λ, the hamiltonian eigenstates |a > and |b > are therefore

|a > = |a >0 + loc<2, 1|V |a >0

Ea0
−E(2,1)0

|2, 1 >loc + loc<1, 2|V |a >0

Ea0
− E(1,2)0

|1, 2 >loc

= |a >0 −
λ

4ω2
|2, 1 >loc −

λ

4ω2
|1, 2 >loc (E.378)

where we have used Ea0
= (3/2)ω + (1/2)ω and E(2,1)0

= E(1,2)0
= (5/2)ω + (3/2)ω.

Similarly,

|b > = |b >0 + loc<2, 1|V |b >0

Ea0
− E(2,1)0

|2, 1 >loc + loc<1, 2|V |b >0

Ea0
− E(1,2)0

|1, 2 >loc

= |b >0 −
λ

4ω2
|2, 1 >loc +

λ

4ω2
|1, 2 >loc . (E.379)

And therefore, to first order in λ
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|1 >= |1 >loc −
λ√
8ω2

|2, 1 >loc . (E.380)

Thus, the two states (E.355) and (E.364) are both “one-particle states” in which the
particle is concentrated on the oscillator q1, but they are distinct states. They represent
two distinct kinds of one-quantum states, or two distinct kinds of quanta. We call |1 >loc

a local particle state, and |1 > a global particle state. They represent the simplest example
of the distinction between the two classes of states.

More in general, we call “global patricle states” the eigenstates of the “global” number
operator

Nab|na, nb >= (na + nb)|na, nb >, (E.381)

and we call “local particle states” the eigenstates of the “local” number operator

N1|n1, n2 >loc= n1|n1, n2 >loc . (E.382)

Let us illustrate the different properties that these states have. The state |1 >loc is an
eigenstate of H1, which is an observable that depends just on q1 and its momentum,
namely just on the variable associated to the first oscillator. If we want to measure how
many local particles are in the first oscillator, namely to measure n1, we can make a
measurement that involves solely variables of the q1 oscillator. In this sense |1 >loc is
“local”.

The state |1 >, on the other hand, describes a single particle “on the first oscillator”, but
is not an eigenstate of observables that depend on variables of the sole first oscillator.
This can be seen from the fact that it is a state in which the two oscillators are (weakly)
correlated. The source of these correlations can be traced to the vacuum state: local
particles are excitation over the local vacuum (E.354) which has no correlations:

< q1, q2|0 >loc=

√

ω

π
e−

ω
2

q2
1e−

ω
2

q2
2 = ψ0(q1)ψ0(q2) (E.383)

while global particles are excitations over the global vacuum (E.361)

< q1, q2|0 >=
(ωaωb)

1/4

√
π

e−
1
2

ωa+ωb
2

q2
1e−

1
2

ωa+ωb
2

q2
2e−

1
2
(ωa−ωb)q1q2 = ψ

(ωa)
0

(

q1 + q2√
2

)

ψ
(ωb)
0

(

q1 − q2√
2

)

(E.384)

which does not factorise (i.e. cannot be put in the form ψ(q1)φ(q2)), and therefore repre-
sents vacuum correlations between the two oscillators.

1043



What is the physical relevance of the state |1 >?

Notice that |1 >loc is not an energy eigenstate, because of the interaction term V , but
|1 > isn’t an energy eigenstate either, because |1, 0 > and |0, 1 > have different energies:

H|1 > = H

(

1√
2
|1, 0 > +

1√
2
|0, 1 >

)

= (Ha +Hb)

(

1√
2
|1, 0 > +

1√
2
|0, 1 >

)

= 2ωa

1√
2
|1, 0 > +2ωb

1√
2
|0, 1 >

6∝ |1 > . (E.385)

Its defining property is just the fact of being a linear combination of one-quantum exci-
tations of the normal modes of the system. What then is the physical relevance of the
state |1 >? It is the following: the one-particle Fock states of QFT are precisely states
of the same kind as |1 >. To see this, consider the following: one-particle Fock states of
QFT are precisely states of the same kind as |1 >. To see this, consider a Fock particle
localised in a region R. This state can be described by means of a function f(x) with
compact support in R, as

|f >=

∫

dkf̃(k)|k > (E.386)

where f̃(k) is the Fourier transform of f(x) and the states |k > are the one-particle
Fock states with momentum k. They are energy eigenstates (with different energies) and
they are single-particle excitations of the normal modes of the system. Therefore they
are the analog of the states |1, 0 > and |0, 1 >of the two-oscillator model. The linear
combination (E.386) is the analog of the linear combination (E.364), which picks the
one-particle global state maximally concentrated in the region chosen (the oscillator q1
in the model, the region R in the QFT). Thus, Fock particles are global particles. No
measurement in a finite region R can count these particles, because Fock particles are not
eigenstates of local field operators, precisely in the same sense in which |1 > is not an
eigenstate of an observable localised on the q1 oscillator. If we make a measurement with
an apparatus located in a region R, we can count the number of particles the apparatus
detect. However, these particles are not global particles. They are local particles, that can
be described by appropriate QFT states which are close, but not identical, to n− particle
Fock states, like |1 >loc is close, but not identical to |1 >. Later on we will discuss local
particle states, analogous to the |n1, n2 >loc states, in the context of QFT.
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Probability of detector measuring the first oscillator measuring a particle on

the first oscillator

Suppose now the state of the system is |0 > and we measure whether a particle is on the
first oscillator by measuring the energy E1. The probability of not seeing any particle is
not determined by the sole scalar product (E.367), because we are in fact tracing over n2.
Rather it is given by

P =

∣

∣

∣

∣

∣

∑

n2

loc < 0, n2|0 >
∣

∣

∣

∣

∣

2

=< 0|P0loc|0 > (E.387)

where

P0loc =
∑

n2

|0, n2 >loc loc<0, n2| (E.388)

is the projection on the lowest eigenspace of H1. A strightforward calculation gives

P =< 0|P0loc|0 >= 1 − 1

16

λ2

ω4
+ O(λ4) (E.389)

(see worked exercise).

E.12.3 Chain of Oscillators

As an intermediate step before moving on to field theory, we consider a chain of harmonic
oscillators. This system allows one to emphasise several important points regarding the
relation between local and global particle states.

We study a system of n harmonic oscillators q = (qi), i = 1, . . . , n with the same fre-
quencies ω = 1 and coupled by a constant λ. Each oscillator is coupled with its two
neighbouring (except for the first and last oscillator that have only one coupling)

H =
1

2

(

|p|2 + |q|2
)

+ λ
n−1
∑

i=1

qiqi+1 (E.390)

where |q|2 =
∑

i(q
i)2. Notice that we are not considering a ring but an open chain of

oscillators. Diagonalising the hamiltonian of the system we obtain the normal frequencies

ωa =
√

1 + 2λ cos θa, where θa =
aπ

n + 1
, and a = 1, . . . , n. (E.391)
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The normal modes Q = (Qa), a = 1, . . . , n are given by Q = U (n)q, where U (n) is the
orthogonal n× n matrix

U
(n)
ai =

√

2

n+ 1
sin

(

aiπ

n+ 1

)

. (E.392)

The vacuum state is

< q|0 >=

n
∏

a=1

(ωa

π

)1/4

e−
1
2
qiD

(n)
ij qj

, (E.393)

where

D
(n)
ij =

∑

a

U
(n)
ai ωaU

(n)
aj . (E.394)

(See worked exercises).

A basis that diagonalises H is given by the states |n >= |n1, . . . , nn > with na quanta in
the a−th mode. The number operator is

N |n >=

(

n
∑

a=1

na

)

|n > . (E.395)

Denote |a > the one particle state |0, . . . , 1, . . . , 0 > in which the vacuum state except for
the a−th mode which is in its first excitation. The state

|i >=
n
∑

a=1

U−1
ia |a > (E.396)

is the one particle state maximally concentrated on the i−th oscillator. It is the analog of
the global one particale states (E.364) and (). This is the global one-particle state, with
the particle on the i−th oscillator.

Partitioning the chain

Now, consider a partition of the chain in two regions R1 and R2. Let the region R1

be formed by the first n1 oscillators, and the region R2 be formed by the remaining n2

oscillators, with n1 +n2 = n. We write q = (q1,q2), where q1 (respectively q2) is a vector
with n1 (n2) components. We regard the first region of oscillators as a generalisation

1046



of the oscillator q1 in the previous section, and the second region as the analog of the
oscillator q2 . The total Hilbert space of the system factorises as H = H1 ⊗H2. We can
rewrite the hamiltonian (E.390) in the form

H = H1 +H2 + V

=

(

1

2

(

|p1|2 + |q1|2
)

+ λ

n1−1
∑

i=1

qi
1q

i+1
1

)

+

(

1

2

(

|p2|2 + |q2|2
)

+ λ

n2−1
∑

i=1

qi
2q

i+1
2

)

+ λqn1
1 q

1
2.

(E.397)

E.12.4 Convergence Between Local and Global States

E.13 Worked Exercises and Details

Hamilton Function

Proposition: Hamilton function for a harmonic oscillator

Prove that the Hamilton function of a harmonic oscillator is

S(q, t, q′, t′) = mω
(q2 + q′2)cosω(t− t′) − 2qq′

2 sinω(t′ − t)

for motion that starts at (q, t) and ends at (q′, t′).

Solution

First we need the solution of

q̈ = − k

m
q(t̃) = −ω2q(t̃)

with boundary conditions q = q(t̃ = t) and q′ = q(t̃ = t′). It is well know the general solution is
of the form A cos(ωt̃) +B sin(ωt̃). The solution with correct boundary conditions is easily seen
to be

qqtq′t′(t̃) =
q sin(ωt′) − q′ sin(ωt)

sinω(t′ − t)
cos(ωt̃) +

q′ cos(ωt) − q cos(ωt′)
sinω(t′ − t)

sin(ωt̃) (E.398)

This simplifies
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qqtq′t′(t̃) =
q[sin(ωt′) cos(ωt̃) − cos(ωt′) sin(ωt̃)] + q′[sin(ωt̃) cos(ωt) − cos(ωt̃) sin(ωt)]

sinω(t′ − t)

=
q sinω(t′ − t̃) + q′ sinω(t̃− t)

sinω(t′ − t)
.

(E.399)

The velocity is then

q̇qtq′t′(t̃) =
−q cosω(t′ − t̃) + q′ cosω(t̃− t)

sinω(t′ − t)
. (E.400)

The Hamilton function is

S(q, t, q′, t′) =

∫ t′

t
dt̃

(

1

2
mq̇2qtq′t′ −

1

2
kq2qtq′t′

)

=
mω2

2 sin2 ω(t′ − t)

∫ t′

t
dt̃
[

{−q cosω(t′ − t̃) + q′ cosω(t̃− t)}2

−{q sinω(t′ − t̃) + q′ sinω(t̃− t)}2
]

=
mω2

2 sin2 ω(t′ − t)

∫ t′

t
dt̃
[

q2(cos2 ω(t′ − t̃) − sin2 ω(t′ − t̃))

+q′2(cos2 ω(t̃− t) − sin2 ω(t̃− t))

−2qq′
(

cosω(t′ − t̃) cos ω(t̃− t) + sinω(t′ − t̃) sinω(t̃− t)
)

]

=
mω2

2 sin2 ω(t′ − t)

∫ t′

t
dt̃
[

q2 cos 2ω(t′ − t̃) + q′2 cos 2ω(t̃− t) − 2qq′ cosω(2t̃− t− t′)
]

=
mω2

2 sin2 ω(t′ − t)

(

q2
1

2ω

[

− sin 2ω(t′ − t̃)
]t′

t
+ q′2

1

2ω

[

sin 2ω(t̃− t)
]t′

t

−2qq′
1

2ω

[

sinω(2t̃− t− t′)
]t′

t

)

=
mω2

2 sin2 ω(t′ − t)

(

(q2 + q′2)
1

2ω
sin 2ω(t′ − t) − 2qq′

1

2ω
(2 sinω(t′ − t))

)

=
mω2

2 sin2 ω(t′ − t)

(

(q2 + q′2)
1

2ω
2 sinω(t− t′) cosω(t− t′) − 2qq′

1

2ω
(2 sinω(t′ − t))

)

= mω
(q2 + q′2)cosω(t− t′) − 2qq′

2 sinω(t′ − t)
. (E.401)
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Expansion in λ.

Idenity: Expansion in λ.

Prove that

e−λ(T+V )/N = e−λT/Ne−λV/N + O
(

λ2

N2

)

(E.402)

where T and V are operators and that the coefficent of λ2/N2 is given by the commutator
1
2 [V, T ].

Solution

We define the operator-valued function of the parameter λ

F (λ) := eλT/Ne−λ(T+V )/NeλV/N (E.403)

It can be expanded as a Taylor series about λ = 0

F (λ) := 1 +

∞
∑

n=1

1

n!

(

dnF

dλn

)

λ=0

λn (E.404)

where we have used F (0) = 1. Taking the first derivative gives

d

dλ
F (λ) =

d

dλ

{

eλT/Ne−λ(T+V )/NeλV/N
}

=
1

N

(

eλT/NTe−λ(T+V )/NeλV/N − eλT/N (T + V )e−λ(T+V )/NeλV/N

+eλT/Ne−λ(T+V )/NV eλV/N
)

=
1

N
eλT/N [e−λ(T+V )/N , V ]eλV/N (E.405)

Putting λ = 0 we have:

d

dλ
F (λ)

∣

∣

∣

λ=0
= 0 (E.406)

as [1, V ] = 0. Now consider the second derivative of F (λ):
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d2

dλ2
F (λ) =

1

N

d

dλ

{

eλT/N [e−λ(T+V )/N , V ]eλV/N
}

=
1

N2
(eλT/NT [e−λ(T+V )/N , V ]eλV/N

+eλT/N [e−λ(T+V )/N , V ]V eλV/N

+eλT/N [−e−λ(T+V )/N (T + V )V + V (T + V )e−λ(T+V )/N ]eλV/N ). (E.407)

Putting λ = 0 and dividing by 2! gives the coefficient of the third term in the Taylor expansion,

1

2!

d2

dλ2
F (λ)

∣

∣

∣

λ=0
=

1

N2

1

2
[V, T ]. (E.408)

Therefore we have:

eλT/Ne−λ(T+V )/NeλV/N = 1+
λ2

N2

1

2
[V, T ] + O

(

λ3

N3

)

. (E.409)

Multiplying by the left with e−λT/N and by the right by e−λV/N gives:

e−λ(T+V )/N = e−λT/Ne−λV/N +
λ2

N2
e−λT/N

(

1

2
[V, T ]

)

e−λV/N + O
(

λ3

N3

)

= e−λT/Ne−λV/N +
λ2

N2

(1− λT

N
+ . . .

)

1

2
[V, T ]

(1− λV

N
+ . . .

)

+ O
(

λ3

N3

)

= e−λT/Ne−λV/N +
λ2

N2

1

2
[V, T ] + O

(

λ3

N3

)

(E.410)

which is the desired result.

Spacetime Smeared States

Proposition: Spacetime Smeared States
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Functional Integral

Proposition: Functional Integral

SE
T [φ] =

1

2

∫ T

0
dt

∫

d3x
[

(∂µφϕ,Σ)2 +m2φ2
ϕ,Σ

]

(E.411)

The gausian integral

W [ϕ1, ϕ2, T ] =

∫ φ|t=T =ϕ1

φ|t=0=ϕ2

Dφ eSE
T [φ] (E.412)

can be solved by finding the extremal value of the exponent, that is, by solving the classical
equation with boundary conditions

(a) Find the classical solution corresponding to Eq.(E.411).

(b) Do the integral to Eq.(E.412).

W [ϕ1, ϕ2, T ] = N exp

{

−1

2

∫

d3k

(2π)3
ω

( |ϕ̃1|2 + |ϕ̃2|2
tanh(ωT )

− 2ϕ̃1ϕ̃2

sinh(ωT )

)}

(E.413)

where ω =
√
k2 +m2

ϕ̃(k) =

∫

d3xeikxϕ(x) (E.414)

Solutions

(a)

δSE

δφ

∣

∣

∣

∣

φ=φcl

= 0 (E.415)

δSE

δφ
=

1

2

δ

δφ

∫ T

0
dt

(∫

d3x
[

(∂tφ)2 − (∂iφ)2 +m2φ2
]

)

=

∫

d3x
[

−∂2
t φ+ ∂2

i φ+mφ
]

= 0 (E.416)

φcl(x, t) =

∫

d3kd3y

(2π)3
e−i~k(~x−~y) ϕ2(~y) sinh(ωt) − ϕ1(~y) sinh(ω(t− T ))

sinh(ωT )

=

∫

d3k

(2π)3
e−i~k~x ϕ̃2(~k) sinh(ωt) − ϕ̃1(~k) sinh(ω(t− T ))

sinh(ωT )
(E.417)
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φ̃cl(k, t) =
ϕ̃2(~k) sinh(ωt) − ϕ̃1(~k) sinh(ω(t− T ))

sinh(ωT )
(E.418)

(b)

SE[φ, T ] = SE [φ, T ] +
δSE

δφ

∣

∣

∣

∣

φ=φcl

(φ− φcl) +
δ2SE

δφ2

∣

∣

∣

∣

φ=φcl

(φ− φcl)
2 (E.419)

Taylor expansion

φcl = ϕ2
sinh(ω(T − t))

sinh(ωT )
+ ϕ1

sinh(ωt)

sinh(ωT )
(E.420)

so that the first term in the Taylor expansion is

SE [φcl] =
1

2

ω

sinh(ωT )
((ϕ2

2 + ϕ2
1) cosh(ωT ) − 2ϕ1ϕ2) (E.421)

W [ϕ1, ϕ2, T ] = N exp

(

−1

2

ω

sinh(ωT )
((ϕ2

2 + ϕ2
1) cosh(ωT ) − 2ϕ1ϕ2)

)

(E.422)

where

N =

∫

Dφ exp() (E.423)

Lorentzian case

Elementary geometry of an equilateral tetrahedron

Elementary geometry of an equilateral tetrahedron

sin
θa

2
=

b√
4c2 − a2

, sin
θb

2
=

a√
4c2 − b2

, sin
θc

2
=

ab
√

(4c2 − a2)(4c2 − b2)
(E.424)
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b

c

a

Figure E.4: equiltetra.

Factorising chain of two oscillators

Show that

H0 =
1

2
(p2

1 + ω2q21) +
1

2
(p2

2 + ω2q22) + λq1q2 (E.425)

factorises to

H0 =
1

2
(p2

a + ω2
aq

2
a) +

1

2
(p2

b + ω2
bq

2
b ) (E.426)

via the normal coordinates

qa =
q1 + q2√

2
, qb =

q1 − q2√
2

. (E.427)

Proof:

First

1

2
(ω2

aq
2
a + ω2

bq
2
b ) =

1

2

{

ω2
a

(

q1 + q2√
2

)2

+ ω2
b

(

q1 − q2√
2

)2
}

=
1

2

{

ω2
a + ω2

b

2
(q21 + q22) + (ω2

a − ω2
b )q1q2

}

≡ 1

2
ω2(q21 + q22) + λq1q2 (E.428)

Implying

ω2 =
ω2

a + ω2
b

2
, λ =

1

2
(ω2

a − ω2
b ) (E.429)

We find
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ω2
a = ω2 + λ, ω2

b = ω2 − λ. (E.430)

Now we turn to the momenta operators

p1 = −i~ ∂

∂q1

= −i~
(

∂qa
∂q1

∂

∂qa
+
∂qb
∂q1

∂

∂qb

)

= −i~ 1√
2

(

∂

∂qa
+

∂

∂qb

)

(E.431)

similarly

p2 = −i~ 1√
2

(

∂

∂qa
− ∂

∂qb

)

. (E.432)

Then

p2
1 + p2

2 = −~
2 1

2

{

(

∂

∂qa
+

∂

∂qb

)2

+

(

∂

∂qa
− ∂

∂qb

)2
}

= −~
2 ∂

2

∂q2a
+ −~

2 ∂
2

∂q2b

= p2
1 + p2

2. (E.433)

Comparison of local and global states for two oscillators.

Take

ω2
a = ω2 + λ, ω2

b = ω2 − λ (E.434)

and attempt an expansion of

< q1, q2|0 >=

√

2

π
(ωaωb)

1
4

(√
ωa +

√
ωb

2
q1 +

√
ωa −

√
ωb

2
q2

)

e
− 1

2

“

ωa+ωb
2

(q2
1+q2

2)+(ωa−ωb)q1q2

”

(E.435)

in λ. How does it compare to
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√

2ω2

π
q1e

−ω
2
(q2

1+q2
2)?. (E.436)

Proof:

Note:

(ωaωb)
1
4 = (ω4 − λ2)

1
8

=
√
ω

(

1 − 1

8

λ2

ω4
+ O(λ4)

)

(E.437)

√
ωa +

√
ωb

2
=

1

2

(

ω2 + λ
)

1
4 +

1

2

(

ω2 − λ
)

1
4

=

√
ω

2

(

1 +
1

4

λ

ω2
− 3

42

1

2!

λ2

ω4
+ O(λ3)

)

+

√
ω

2

(

1 − 1

4

λ

ω2
− 3

42

1

2!

λ2

ω4
+ O(λ3)

)

=
√
ω

(

1 − 3

42

1

2!

λ2

ω4
+ O(λ4)

)

=
√
ω

(

1 − 3

32

λ2

ω4
+ O(λ4)

)

(E.438)

√
ωa −

√
ωb

2
=

√
ω

(

1

4

λ

ω2
+ O(λ3)

)

(E.439)

ωa + ωb

2
=

1

2
(ω2 + λ)

1
2 +

1

2
(ω2 − λ)

1
2

=
ω

2

(

1 +
1

2

λ

ω2
− 1

22

1

2!

λ2

ω4
+ O(λ3)

)

+
ω

2

(

1 − 1

2

λ

ω2
− 1

22

1

2!

λ2

ω4
+ O(λ3)

)

= ω

(

1 − 1

22

1

2!

λ2

ω4
+ O(λ4)

)

= ω

(

1 − 1

8

λ2

ω4
+ O(λ4)

)

(E.440)

ωa − ωb = (ω2 + λ)
1
2 − (ω2 − λ)

1
2

= ω

(

1 +
1

2

λ

ω2
− 1

22

1

2!

λ2

ω4
+ O(λ3)

)

− ω

(

1 − 1

2

λ

ω2
− 1

22

1

2!

λ2

ω4
+ O(λ3)

)

= ω

(

1

2

λ

ω2
+ O(λ3)

)

(E.441)
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Inserting these into (E.435) we see

< q1, q2|0 > =

√

2

π
×√

ω

(

1 − 1

8

λ2

ω4
+ O(λ4)

)

×
{√

ω

(

1 − 3

42

1

2!

λ2

ω4
+ O(λ3)

)

q1+

√
ω

(

1

4

λ

ω2
+ O(λ3)

)

q2

}

× exp

{

−1

2
ω

(

1 − 1

22

1

2!

λ2

ω4
+ O(λ3)

)

(q21 + q22)

}

× exp

{

−1

2
ω

(

1

2

λ

ω2
+ O(λ3)

)

q1q2

}

(E.442)

and with further simplification

< q1, q2|0 > =

√

2ω2

π

{(

1 − 3

32

λ2

ω4
+ O(λ3)

)

q1+

(

1

4

λ

ω2
+ O(λ3)

)

q2

}

× exp

{

−1

2
ω

(

1 − 1

8

λ2

ω4
+ O(λ3)

)

(q21 + q22)

}

exp

{

−1

2
ω

(

1

2

λ

ω2
+ O(λ3)

)

q1q2

}

(E.443)

Comparison of local and global states for two oscillators: scalar product.

Calculate the scalar product

loc<0|0 > (E.444)

as an expansion in λ.

Proof:

loc<1|1 > =

∫

dq1dq2 loc < 1|q1, q2 >< q1, q2|1 >

=

∫

dq1dq2

√

2ω2

π
q1e

−ω
2
(q2

1+q2
2) ×

×
√

2

π
(ωaωb)

1
4

(√
ωa +

√
ωb

2
q1 +

√
ωa −

√
ωb

2
q2

)

e
− 1

2

“

ωa+ωb
2

(q2
1+q2

2)+(ωa−ωb)q1q2

”

=
2

π
ω(ωaωb)

1
4

∫

dq1dq2

(√
ωa +

√
ωb

2
q21 +

√
ωa −

√
ωb

2
q1q2

)

×e−
1
2

“

ωa+ωb+2ω

2
(q2

1+q2
2)+(ωa−ωb)q1q2

”

. (E.445)
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We need to evaluate integrals of the form:

I1 =

∫

dq1dq2 q
2
1e

− 1
2(α(q2

1+q2
2)+2βq1q2) (E.446)

and

I2 =

∫

dq1dq2 q1q2e
− 1

2(α(q2
1+q2

2)+2βq1q2). (E.447)

Note that (E.446) is equal to

1

2

∫

dq1dq2 (q21 + q22)e
− 1

2(α(q2
1+q2

2)+2βq1q2). (E.448)

If we define

I0(α, β) =

∫

dq1dq2 e
− 1

2(α(q2
1+q2

2)+2βq1q2) (E.449)

then

I1 = − ∂

∂α
I0(α, β), I2 = − ∂

∂β
I0(α, β). (E.450)

It is easy to evaluate I0(α, β):

I0(α, β) =

∫

dq1dq2 e
− 1

2(α(q2
1+q2

2)+2βq1q2)

=

∫

dq1dq2 e
−α

2 ((q2
1+q2

2)+2(β/α)q1q2)

=

∫

dq1e
−α

2
q2
1

∫

dq2 e
−α

2 (q2
2+2(β/α)q1q2)

=

∫

dq1e
−α

2
q2
1

∫

dq2 e
−α

2 ((q2+q1(β/α))2−q2
1(β/α)2)

=

∫

dq1e
− 1

2

„

α2
−β2

α

«

q2
1

∫

dq2 e
−α

2
q2
2

=

√

2πα

α2 − β2
·
√

2π

α

=
2π

√

α2 − β2
. (E.451)

Inserting this into (E.450) we have
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I1 =
2πα

(α2 − β2)3/2
, I2 = − 2πβ

(α2 − β2)3/2
. (E.452)

As α = ωa+ωb+2ω
2 and β = ωa−ωb

2 ,

α2 − β2 =
(ωa + ωb + 2ω)2 − (ωa − ωb)

2

4

=
(ωa + ωb)

2 − (ωa − ωb)
2 + 4ω(ωa + ωb) + 4ω2

4

= ω2 + ω(ωa + ωb) + ωaωb (E.453)

and

I1 =
π(2ω + ωa + ωb)

(ω2 + ω(ωa + ωb) + ωaωb)3/2
,

I2 = − π(ωa − ωb)

(ω2 + ω(ωa + ωb) + ωaωb)3/2
. (E.454)

Then

loc < 1|1 >=
1

π
ω(ωaωb)

1
4
(

(
√
ωa +

√
ωb)I1 + (

√
ωa −

√
ωb)I2

)

(E.455)

Let us expand

ω2 + ω(ωa + ωb) + ωaωb = ω2 + ω
(

(ω2 + λ)1/2 + (ω2 − λ)1/2
)

+ (ω4 − λ2)1/2

= ω2

[

1 +

(

1 +
λ

ω2

)1/2

+

(

1 − λ

ω2

)1/2

+

(

1 − λ2

ω4

)1/2
]

= (2ω)2
[

1 − 3

16

λ2

ω4
+ O(λ4)

]

(E.456)

and thus

(

ω2 + ω(ωa + ωb) + ωaωb

)−3/2
= (2ω)−3

[

1 − 3

16

λ2

ω4
+ O(λ4)

]−3/2

= (2ω)−3

[

1 +
9

32

λ2

ω4
+ O(λ4)

]

. (E.457)

1058



As well

2ω + ωa + ωb = 4ω

[

1 − 1

16

λ2

ω4
+ O(λ4)

]

(E.458)

and

ωa − ωb = ω

(

1

2

λ

ω2
+ O(λ3)

)

. (E.459)

So that

I1 = π × 4ω

[

1 − 1

16

λ2

ω4
+ O(λ4)

]

× (2ω)−3

[

1 +
9

32

λ2

ω4
+ O(λ4)

]

= π
1

2ω2

[

1 +
7

32

λ2

ω4
+ O(λ4)

]

(E.460)

and

I2 = −π × ω

[

1

2

λ

ω2
+ O(λ3)

]

× (2ω)−3

[

1 +
9

32

λ2

ω4
+ O(λ4)

]

= −π 1

ω2

[

1

16

λ

ω2
+ O(λ3)

]

(E.461)

Putting it all together

loc<1|1 > =
1

π
ω(ωaωb)

1
4
{

(
√
ωa +

√
ωb)I1 + (

√
ωa −

√
ωb)I2

}

=
1

π
ω ×√

ω

(

1 − 1

8

λ2

ω4
+ O(λ4)

)

×
{

2
√
ω

(

1 − 3

32

λ2

ω4
+ O(λ4)

)

× π
1

2ω2

[

1 +
7

32

λ2

ω4
+ O(λ4)

]

−

√
ω

(

1

2

λ

ω2
+ O(λ3)

)

× π
1

ω2

[

1

16

λ

ω2
+ O(λ3)

]}

=

(

1 − 1

8

λ2

ω4
+ O(λ4)

)

×
{(

1 +
1

8

λ2

ω4
+ O(λ4)

)

−
(

1

32

λ2

ω4
+ O(λ4)

)}

= 1 − 1

32

λ2

ω4
+ O(λ4) (E.462)
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Probability of seeing a local particle on first oscillator.

P =< 0|P0loc|0 >= 1 − 1

16

λ2

ω4
+ O(λ3). (E.463)

Proof:

P =

∫

dq1dq2

∫

dq′1dq
′
2

∑

n2

< 0|q >< q1, q2|0, n2 >loc loc<0, n2|q′1, q′2 >< q′|0 >

=

∫

dq1dq2

∫

dq′1dq
′
2ψ

global∗
0 (q1, q2)ψ0(q1)

(

∑

n2

ψn2(q2)ψ
∗
n2

(q′2)

)

ψ∗
0(q

′
1)ψ

global
0 (q′1, q

′
2)

=

∫

dq1dq2

∫

dq′1dq
′
2ψ

global∗
0 (q1, q2)ψ0(q1)

(

δ(q2 − q′2)
)

ψ∗
0(q

′
1)ψ

global
0 (q′1, q

′
2)

=

∫

dq1dq2

∫

dq′1ψ
global∗
0 (q1, q2)ψ0(q1)ψ

∗
0(q′1)ψ

global
0 (q′1, q2) (E.464)

Let us perform the q′1 integration. We see from (E.449) and (E.451) that we have

∫

dq′1ψ0(q
′
1)ψ

global
0 (q′1, q2) =

∫

dq′1ψ0(q
′
1)ψ

(ωa)
0

(

q′1 + q2√
2

)

ψ
(ωb)
0

(

q′1 − q2√
2

)

=
(ω

π

)1/4 (ωaωb)
1/4

√
π

e−
1
2

ωa+ωb
2

q2
2

∫

dq′1e
− 1

2

ωa+ωb+2ω

2
q
′2
1 e−

1
2
(ωa−ωb)q

′

1q2

=
(ω

π

)1/4 (ωaωb)
1/4

√
π

e
1
2
ωq2

2

∫

dq′1e
− 1

2

ωa+ωb+2ω

2
(q

′2
1 +q2

2)e−
1
2
(ωa−ωb)q

′

1q2

=
(ω

π

)1/4 (ωaωb)
1/4

√
π

e
1
2
ωq2

2e
− 1

2

„

α2
−β2

α

«

q2
2

∫

dq′1e
−α

2
q
′2
1

=
(ω

π

)1/4 (ωaωb)
1/4

√
π

√

2π

α
e−

1
2

α2
−β2

−ωα
2α

q2
2 (E.465)

where α = ωa+ωb+2ω
2 and β = ωa−ωb

2 . Then
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P =

√

ω

π

√

(ωaωb)

π

√

2π

α

∫

dq1dq2e
− 1

2

“

ωa+ωb
2

(q2
1+q2

2)+2βq1q2

”

e−
1
2
ω2q2

1 · e− 1
2

α2
−β2

−ωα
2α

q2
2

=

√

ω

π

√

(ωaωb)

π

√

2π

α

∫

dq2

∫

dq1e
− 1

2(α(q2
1+q2

2)+2βq1q2)e
1
2
ωq2

2 · e− 1
2

α2
−β2

−ωα
2α

q2
2

=

√

ω

π

√

(ωaωb)

π

2π

α

∫

dq2e
−

„

α2
−β2

−αω
α

«

q2
2

=

√

ω

π

√

(ωaωb)

π

2π

α

√

απ

(α2 − β2 − αω)

= 4
√
ω
√
ωaωb

(

1

2α

)
1
2

√

1

2(α2 − β2 − αω)
. (E.466)

Now

√
ωaωb = (ω4 − λ2)1/4

= ω

(

1 − 1

4

λ2

ω4
+ O(λ4)

)

(E.467)

and

(2α)−1/2 =
(

2ω + (ω2 + λ)1/2 + (ω2 − λ)1/2
)−1/2

= ω−1/2

[

2 +

(

1 +
λ

ω2

)1/2

+

(

1 − λ

ω2

)1/2
]−1/2

= (4ω)−1/2

[

1 − 1

16

λ2

ω4
+ O(λ4)

]−1/2

= (4ω)−1/2

[

1 +
1

32

λ2

ω4
+ O(λ4)

]

(E.468)

and
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2(α2 − β2 − αω) = 2(ω2 + ω(ωa + ωb) + ωaωb − ωα)

= 2

(

ω2 + ω(ωa + ωb) + ωaωb −
ω(ωa + ωb) + 2ω2

2

)

= ω(ωa + ωb) + 2ωaωb

= ω
(

(ω2 + λ)1/2 + (ω2 − λ)1/2
)

+ 2(ω4 − λ2)1/2

= ω2

[

1 +

(

1 +
λ

ω2

)1/2

+

(

1 − λ

ω2

)1/2

+ 2

(

1 − λ2

ω4

)1/2
]

= (2ω)2
[

1 − 5

16

λ2

ω4
+ O(λ4)

]

(E.469)

so that

[

2(α2 − β2 − αω)
]−1/2

= (2ω)−1

[

1 +
5

32

λ2

ω4
+ O(λ4)

]

. (E.470)

Substituting these results into (E.466) we obtain

P = 4
√
ωω

(

1 − 1

4

λ2

ω4
+ O(λ4)

)

(4ω)−1/2

[

1 +
1

32

λ2

ω4
+ O(λ4)

]

×

×(2ω)−1

[

1 +
5

32

λ2

ω4
+ O(λ4)

]

= 1 − 1

16

λ2

ω4
+ O(λ4). (E.471)

Factorising chain of four oscillators

Show that

H0 =
1

2

4
∑

i=1

(p2
i + q2i ) + λ

3
∑

i=1

qiqi+1 (E.472)

factorises to

H0 =
1

2

4
∑

a=1

(p2
a + ω2

aQ
2
a). (E.473)

Hint: Consider an eigenvector problem. Use the trig-identity:
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2 cos x sin y = sin(y − x) + sin(y + x). (E.474)

Proof:

We wish to equate

1

2
(q21 + q22 + q23 + q24) + λq1q2 + λq2q3 + λq3q4 =

=
1

2
(q1, q2, q3, q4)









1 λ 0 0
λ 1 λ 0
0 λ 1 λ
0 0 λ 1

















q1
q2
q3
q4









=
1

2
(Q1, Q2, Q3, Q4)









ω2
1 0 0 0
0 ω2

2 0 0
0 0 ω2

3 0
0 0 0 ω2

4

















Q1

Q2

Q3

Q4









(E.475)

where the Q = (Qa), a = 1, . . . , 4.

We look at the eigenvector problem:









1 λ 0 0
λ 1 λ 0
0 λ 1 λ
0 0 λ 1



















e
(a)
1

e
(a)
2

e
(a)
3

e
(a)
4











= β(a)











e
(a)
1

e
(a)
2

e
(a)
3

e
(a)
4











(E.476)

From the trig-identity:

2 cos x sin y = sin(y − x) + sin(y + x) (E.477)

we have:

λ sin

(

0 × aπ

5

)

+ sin
(aπ

5

)

+ λ sin

(

2aπ

5

)

=
(

1 + 2λ cos
(aπ

5

))

sin
(aπ

5

)

λ sin
(aπ

5

)

+ sin

(

2aπ

5

)

+ λ sin

(

3aπ

5

)

=
(

1 + 2λ cos
(aπ

5

))

sin

(

2aπ

5

)

λ sin

(

2aπ

5

)

+ sin

(

3aπ

5

)

+ λ sin

(

4aπ

5

)

=
(

1 + 2λ cos
(aπ

5

))

sin

(

3aπ

5

)

λ sin

(

3aπ

5

)

+ sin

(

4aπ

5

)

+ λ sin

(

5aπ

5

)

=
(

1 + 2λ cos
(aπ

5

))

sin

(

4aπ

5

)

(E.478)

where a = 1, 2, 3, 4. From which we see the eigenvector problem, (E.476), is solved for
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e
(a)
i = C(4) sin

(

iaπ

4 + 1

)

(E.479)

with eigenvalue:

β(a) = 1 + 2λ cos

(

aπ

4 + 1

)

. (E.480)

We define a scalar product by e(b)T e(a) =
∑

i e
(b)
i e

(a)
i . Obviously, e(a)T e(a) > 0. It is easy to

prove that, because the eigenvalues are distinct, that the eigenvectors e(a) are orthogonal; denote
the matrix in (E.476) by M . First we have

e(b)TMe(a) = β(a)e(b)T e(a). (E.481)

Since the matrix M is symmetric the LHS can also be written as

(e(b)TMe(a))TT = (e(a)TMTe(b))T

= (e(a)TMe(b))T

= (β(b)e(a)T e(b))T

= β(b)e(b)T e(a). (E.482)

The difference between the last two equations is

0 = (β(a) − β(b))e(b)T e(a). (E.483)

Thus,

e(b)T e(a) = 0 if a 6= b. (E.484)

which is what we wished to establish.

We need to normalise e
(a)
i :
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1 =

4
∑

j=1

e
(a)
j e

(a)
j

= C2
(4)

4
∑

j=1

sin2

(

πaj

4 + 1

)

= C2
(4)

1

2

4
∑

j=1

(

1 − cos

(

2πaj

4 + 1

))

= C2
(4)





4

2
− 1

4

4
∑

j=1

exp

(

i
2πaj

4 + 1

)

− 1

4

4
∑

j=1

exp

(

−i 2πaj
4 + 1

)





= C2
(4)





4

2
− 1

4

exp
(

i 2πa
4+1

)

− exp
(

i2πa(4+1)
4+1

)

1 − exp
(

i 2πa
4+1

) − 1

4

exp
(

−i 2πa
4+1

)

− exp
(

−i2πa(4+1)
4+1

)

1 − exp
(

−i 2πa
4+1

)





= C2
(4)





4

2
− 1

4

exp
(

i 2πa
4+1

)

− 1

1 − exp
(

i 2πa
4+1

) − 1

4

exp
(

−i 2πa
4+1

)

− 1

1 − exp
(

−i 2πa
4+1

)





= C2
(4)

4 + 1

2
. (E.485)

Therefore we have

e
(a)
i =

√

2

4 + 1
sin

(

iaπ

4 + 1

)

. (E.486)

Construction of the orthogonal matrix:

(U
(4)T
ia ) :=











e
(1)
1 e

(2)
1 e

(3)
1 e

(4)
1

e
(1)
2 e

(2)
2 e

(3)
2 e

(4)
2

e
(1)
3 e

(2)
3 e

(3)
3 e

(4)
3

e
(1)
4 e

(2)
4 e

(3)
4 e

(4)
4











= (e
(a)
i ). (E.487)

We have (U
(4)
ai )(U

(4)T
ib ) = e(a)T e(b) = δab. We then have
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









e
(1)
1 e

(1)
2 e

(1)
3 e

(1)
4

e
(2)
1 e

(2)
2 e

(2)
3 e

(2)
4

e
(3)
1 e

(3)
2 e

(3)
3 e

(3)
4

e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4



















1 λ 0 0
λ 1 λ 0
0 λ 1 λ
0 0 λ 1



















e
(1)
1 e

(2)
1 e

(3)
1 e

(4)
1

e
(1)
2 e

(2)
2 e

(3)
2 e

(4)
2

e
(1)
3 e

(2)
3 e

(3)
3 e

(4)
3

e
(1)
4 e

(2)
4 e

(3)
4 e

(4)
4











=











e
(1)
1 e

(1)
2 e

(1)
3 e

(1)
4

e
(2)
1 e

(2)
2 e

(2)
3 e

(2)
4

e
(3)
1 e

(3)
2 e

(3)
3 e

(3)
4

e
(4)
1 e

(4)
2 e

(4)
3 e

(4)
4





















β(1)e
(1)
1 β(2)e

(2)
1 β(3)e

(3)
1 β(4)e

(4)
1

β(1)e
(1)
2 β(2)e

(2)
2 β(3)e

(3)
2 β(4)e

(4)
2

β(1)e
(1)
3 β(2)e

(2)
3 β(3)e

(3)
3 β(4)e

(4)
3

β(1)e
(1)
4 β(2)e

(2)
4 β(3)e

(3)
4 β(4)e

(4)
4











=









β(1) 0 0 0

0 β(2) 0 0

0 0 β(3) 0

0 0 0 β(4)









. (E.488)

Write

(Dab) =









ω2
1 0 0 0
0 ω2

2 0 0
0 0 ω2

3 0
0 0 0 ω2

4









=









β(1) 0 0 0

0 β(2) 0 0

0 0 β(3) 0

0 0 0 β(4)









. (E.489)

We have

QaDabQb = Qa(U
(4)
ai )Mij(U

(4)
jb )Qb

= qiMijqj (E.490)

giving the original equation (E.475), implying qi = (U
(4)
ib )Qb or (U (4))aiqi = (U

(4)
ai )(U

(4)
ib )Qb =

δabQb = Qa.

Thus the normal coordinates are given by

Qa = U
(4)
ai qi, (E.491)

with the normal frequencies

ωa =
√

1 + 2λ cos θa, where θa =
aπ

4 + 1
, and a = 1, . . . , 4. (E.492)

We check the momenta remain in a “diagonalised” form: First
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pi = −i~ ∂

∂qi

= −i~
∑

a

∂Qa

∂qi

∂

∂Qa

= −i~
∑

a

∂(
∑

j U
(4)
aj q

j)

∂qi

∂

∂Qa

= −i~
∑

a

U
(4)
ai

∂

∂Qa
(E.493)

then

4
∑

i=1

(pi)
2 = −~

2
n
∑

i=1

(

∑

a

U
(4)
ai

∂

∂Qa

)2

= −~
2
∑

a,b

(

n
∑

i=1

U
(4)
ai U

(4)
bi

)

∂

∂Qa

∂

∂Qb

≡
4
∑

a=1

(Pa)
2. (E.494)

Chain of oscillators

(a) Diagonilisation of the hamiltonian.

The hamiltonian

H =
1

2
(|p|2 + |q|2) + λ

n−1
∑

i=1

qiqi+1 (E.495)

where |q|2 =
∑

i(q
i)2 is diagonalised in the coordinates Q = U (n)q, where U (n) is an orthogonal

n× n matrix

U
(n)
ai =

√

2

n+ 1
sin

(

aiπ

n+ 1

)

(E.496)

with normal frequencies

ωa =
√

1 + 2λ cos θa, where θa =
aπ

n+ 1
, and a = 1, 2, . . . , n. (E.497)
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(b) The vacuum state.

Prove that the vacuum state is

< q|0 >=

n
∏

a=1

(ωa

π

)1/4
e−

1
2
qiD

(n)
ij qj

(E.498)

where

D
(n)
ij =

∑

a

U
(n)
ai ωaU

(n)
aj . (E.499)

proof:

Part (a)

pi = −i~ ∂

∂qi

= −i~
∑

a

∂Qa

∂qi

∂

∂Qa

= −i~
∑

a

∂(
∑

j U
(n)
aj q

j)

∂qi

∂

∂Qa

= −i~
∑

a

U
(n)
ai

∂

∂Qa
(E.500)

n
∑

i=1

(pi)
2 = −~

2
n
∑

i=1

(

∑

a

U
(n)
ai

∂

∂Qa

)2

= −~
2
∑

a,b

(

n
∑

i=1

U
(n)
ai U

(n)
bi

)

∂

∂Qa

∂

∂Qb

≡
n
∑

a=1

(Pa)
2 (E.501)

implying
∑n

i=1 U
(n)
ai U

(n)
bi = δab or

n
∑

i=1

U
(n)
ai (U (n)T )ib = δab. (E.502)

We remind a bit of matrix properties...if matrices A and B are square matices such that AB is
non-singular then det(AB) = detAdetB 6= 0, implying detA 6= 0 and detB 6= 0, meaning A
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and B are both non-singular. If A and B are square matrices such that AB = 1 then A = B−1

and B = A−1; if BA = 1 then AB is non-singular and hence A and B are both non-singular,
and hence both invertible. Now multiply the equation AB = 1 on the left by A−1

A−1(AB) = A−11
(A−1A)B = A−1

B = A−1 (E.503)

Similarly, we can find A = B−1.

Implying

(U (n)T )ia = ((U (n))−1)ia. (E.504)

Which means

∑

a

((U (n))−1)iaUaj = δij . (E.505)

Now turn to...

n
∑

a=1

ω2
a(Qa)

2 =

n
∑

a=1

ω2
a

(

n
∑

i=1

U
(n)
ai q

i

)2

=

n
∑

i,j=1

(

n
∑

a=1

ω2
aU

(n)
ai U

(n)
aj

)

qiqj

≡
n
∑

i=1

(qi)2 + λ

n−1
∑

i=1

qiqi+1 (E.506)

We require
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(q1, q2, q3, q4, · · · , qn−1, qn)























1 λ 0 0 · · · 0 0
λ 1 λ 0 · · · 0 0
0 λ 1 λ · · · 0 0
0 0 λ 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1 λ
0 0 0 0 · · · λ 1













































q1
q2
q3
q4
...

qn−1

qn























= (Q1, Q2, Q3, Q4, · · · , Qn−1, Qn)























ω2
1 0 0 0 · · · 0 0
0 ω2

2 0 0 · · · 0 0
0 0 ω2

3 0 · · · 0 0
0 0 0 ω2

4 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · ω2
n−1 0

0 0 0 0 · · · 0 ω2
n













































Q1

Q2

Q3

Q4
...

Qn−1

Qn























(E.507)

where Qa = U
(n)
ai q

i. We are led to the eigenvector problem:























1 λ 0 0 · · · 0 0
λ 1 λ 0 · · · 0 0
0 λ 1 λ · · · 0 0
0 0 λ 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1 λ
0 0 0 0 · · · λ 1













































ea1
ea2
ea3
ea4
...

ean−1

ean























= βa























ea1
ea2
ea3
ea4
...

ean−1

ean























(E.508)

From the trig-identity:

2 cos x sin y = sin(y − x) + sin(y + x) (E.509)

we have:
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λ sin

(

0 × aπ

n+ 1

)

+ sin

(

aπ

n+ 1

)

+ λ sin

(

2aπ

n+ 1

)

=

(

1 + 2λ cos

(

aπ

n+ 1

))

sin

(

aπ

n+ 1

)

λ sin

(

aπ

n+ 1

)

+ sin

(

2aπ

n+ 1

)

+ λ sin

(

3aπ

n+ 1

)

=

(

1 + 2λ cos

(

aπ

n+ 1

))

sin

(

2aπ

n+ 1

)

λ sin

(

2aπ

n+ 1

)

+ sin

(

3aπ

n+ 1

)

+ λ sin

(

4aπ

n+ 1

)

=

(

1 + 2λ cos

(

aπ

n+ 1

))

sin

(

3aπ

n+ 1

)

λ sin

(

3aπ

n+ 1

)

+ sin

(

4aπ

n+ 1

)

+ λ sin

(

5aπ

n+ 1

)

=

(

1 + 2λ cos

(

aπ

n+ 1

))

sin

(

4aπ

n+ 1

)

... =
...

λ sin

(

(n− 1)aπ

n+ 1

)

+ sin

(

naπ

n+ 1

)

+ λ sin

(

(n + 1)aπ

n+ 1

)

=

(

1 + 2λ cos

(

aπ

n+ 1

))

sin

(

naπ

n+ 1

)

(E.510)

where a = 1, 2, . . . , n. From which we see the eigenvectors are

e
(a)
i = C(n) sin

(

iaπ

n+ 1

)

(E.511)

where the eigenvalues are

β(a) = 1 + 2λ cos

(

aπ

n+ 1

)

. (E.512)

As these eigenvalues are distinct, we have

e(b)T e(a) = 0 for a 6= b. (E.513)

We need the e
(a)
i to be normalised:
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1 =

n
∑

j=1

e
(a)
j e

(a)
j

= C2
(n)

n
∑

j=1

sin2

(

πaj

n+ 1

)

= C2
(n)

1

2

n
∑

j=1

(

1 − cos

(

2πaj

n+ 1

))

= C2
(n)





n

2
− 1

4

n
∑

j=1

exp

(

i
2πaj

n+ 1

)

− 1

4

n
∑

j=1

exp

(

−i 2πaj
n+ 1

)





= C2
(n)





n

2
− 1

4

exp
(

i 2πa
n+1

)

− exp
(

i2πa(n+1)
n+1

)

1 − exp
(

i 2πa
n+1

) − 1

4

exp
(

−i 2πa
n+1

)

− exp
(

−i2πa(n+1)
n+1

)

1 − exp
(

−i 2πa
n+1

)





= C2
(n)





n

2
− 1

4

exp
(

i 2πa
n+1

)

− 1

1 − exp
(

i 2πa
n+1

) − 1

4

exp
(

−i 2πa
n+1

)

− 1

1 − exp
(

−i 2πa
n+1

)





= C2
(n)

n+ 1

2
. (E.514)

Therefore we have

e
(a)
i =

√

2

n+ 1
sin

(

iaπ

n+ 1

)

. (E.515)

Construction of the orthogonal matrix:

(U
(n)T
ia ) :=



























e
(1)
1 e

(2)
1 e

(3)
1 e

(4)
1 · · · e

(n−1)
1 e

(n)
1

e
(1)
2 e

(2)
2 e

(3)
2 e

(4)
2 · · · e

(n−1)
2 e

(n)
2

e
(1)
3 e

(2)
3 e

(3)
3 e

(4)
3 · · · e

(n−1)
3 e

(n)
3

e
(1)
4 e

(2)
4 e

(3)
4 e

(4)
4 · · · e

(n−1)
4 e

(n)
4

...
...

...
...

. . .
...

...

e
(1)
n−1 e

(2)
n−1 e

(3)
n−1 e

(4)
n−1 · · · e

(n−1)
n−1 e

(n)
n−1

e
(1)
n e

(2)
n e

(3)
n e

(4)
n · · · e

(n−1)
n e

(n)
n



























= (e
(a)
i ). (E.516)

From (E.513) and e(a)T e(a) = 1 for all a, we have

∑

i

U
(n)
ai (U

(n)T
ia ) = δab. (E.517)
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(b) The vacuum state

ψ0(Q) =

n
∏

a=1

(ωa

π

)1/4
e−

1
2

P

a ωaQ2
a (E.518)

but

∑

a

ωaQ
2
a =

∑

a

ωa

(

U
(n)
ai q

i
)2

=
∑

a

qi
(

U
(n)
ai ωaU

(n)
aj

)

qj. (E.519)

Gaussian integral with source

If the matrix A is symmetric and strictly positive, prove that

∫ n
∏

i=1

dxi exp

(

−1

2
xTAx+ JTx

)

=

(

det

(

A

2π

))−1/2

exp

(

1

2
JTA−1J

)

(E.520)

where xTAx =
∑n

i,j=1 xiAijxj and JTx =
∑n

i=1 Jixi

Proof:

Make a change of variables

x = x′ +A−1J (E.521)

then

−1

2
xTAx+ JTx = −1

2
x

′TAx′ +
1

2
JTA−1J (E.522)

and

∫ n
∏

i=1

dxi exp

(

−1

2
xTAx+ JTx

)

=

∫ n
∏

i=1

dxi exp

(

−1

2
xTAx

)

exp

(

1

2
JTA−1J

)

. (E.523)

We need to evaluate the integral
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∫ n
∏

i=1

dxi exp

(

−1

2
xTAx

)

. (E.524)

Let O be an orthogonal transformation (OOT = 1) diagonalising A:

A = OTDO, D =











d1

d1 0

0
. . .

dn











, di > 0 for all i. (E.525)

Make the following change of variables with unit Jacobian:

x′ = Ox (detO = 1), (E.526)

then

∫ n
∏

i=1

dxi exp

(

−1

2
xTAx

)

=

∫ n
∏

i=1

dx′i exp

(

−1

2
x

′TDx′
)

. (E.527)

The integral is the product of n independent gaussian integrals, and is given by

(2π)2/n
n
∏

i=1

di =

(

det

(

A

2π

))−1/2

. (E.528)

Thus

∫ n
∏

i=1

dxi exp

(

−1

2
xTAx+ JTx

)

=

(

det

(

A

2π

))−1/2

exp

(

1

2
JTA−1J

)

. (E.529)

Note that this implies:

∫ n
∏

i=1

dxi exp
(

−xTMx+ JTx
)

=

(

det

(

M

π

))−1/2

exp

(

1

4
JTM−1J

)

. (E.530)

Projection for a chain of oscillators split into two regions.

Prove
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P =< 0|P0loc|0 >=

(

n
∏

a=1

√

ωa

π

n1
∏

a=1

√

ω̃a

π

)

(

det

(

A

2π

))−1(

det

(

B

2π

))−1/2

(E.531)

where A and B are defined by

Aij := D
(n1)
ij +D

(n)
ij , i, j = 1, . . . , n1;

Bkl := 2D
(n)
kl − 2

(

D(n)A−1D(n)
)

kl
, k, l = n1 + 1, . . . , n. (E.532)

Proof:

Denote by |n{I} >= |n(2)
1 , . . . , n

(2)
n > the eigenmodes of H2 from (E.397), then in analogy to

(E.464)

< 0|P0loc|0 > =

∫

dq < 0|q >
∑

{I}

(

< q1| ⊗ < q2|
)(

|0 >1 ⊗ |n{I} >
)

∫

dq′(
1<0| ⊗ < n{I}|

)(

|q′
1 > ⊗ |q′

2 >
)

< q′|0 >

=

∫

dq ψ∗
0(q) < q1|0 >1

∫

dq′

1<0|q′
1 >

(

∑

{I}
< q2|n{I} >< n{I}|q′

2 >
)

< q′|0 >

=

∫

dq ψ∗
0(q) < q1|0 >1

∫

dq′
1dq

′
2 1<0|q′

1 >
(

δ(q2 − q′
2)
)

< q′
1,q

′
2|0 >

=

∫

dq1dq2 ψ
∗
0(q) < q1|0 >1

∫

dq′
1 1<0|q′

1 >< q′
1,q2|0 > .

(E.533)

Inserting in the vacuum states, given by (E.498),

< 0|P0loc|0 > =

∫

dq1dq2

(

n
∏

a=1

(ωa

π

)1/4
)

e−
1
2
qT D(n)q

(

n1
∏

a=1

(

ω̃a

π

)1/4
)

e−
1
2
qT
1 D(n1)q1

∫

dq′
1

(

n1
∏

a=1

(

ω̃a

π

)1/4
)

e−
1
2

Pn1
i,j=1 q

′i
1 D

(n1)
ij q

′j
1

(

n
∏

a=1

(ωa

π

)1/4
)

e−
1
2

Pn1
i,j=1 q

′i
1 D

(n)
ij q

′j
1 −

Pn
i=n1+1

Pn1
j=1 qi

2D
(n)
ij q

′j
1 − 1

2

Pn
i,j=n1+1 qi

2D
(n)
ij qj

2

(E.534)
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where ω̃a is the eigenfrequencies of H1. Let us perform the q′
1 integration using the result

(E.529):

∫

dq′
1e

− 1
2

Pn1
i,j=1 q

′i
1

“

D
(n1)
ij +D

(n)
ij

”

q
′j
1 +

Pn1
j=1

“

−
Pn

i=n1+1 qi
2D

(n)
ij

”

q
′j
1

=

∫

dq′
1e

− 1
2

Pn1
i,j=1 q

′i
1 Aijq

′j
1 +

Pn1
i=1 Jiq

′i
1

=

(

det

(

A

2π

))−1/2

exp
1

2
JTA−1J

=

(

det

(

A

2π

))−1/2

exp





1

2

n1
∑

i,j=1

(

n
∑

k=n1+1

qk
2D

(n)
ki

)

A−1
ij

(

n
∑

l=n1+1

D
(n)
jl q

l
2

)





=

(

det

(

A

2π

))−1/2

exp





1

2

n
∑

k,l=n1+1

qk
2





n1
∑

i,j=1

D
(n)
ki A

−1
ij D

(n)
jl



 ql
2



 (E.535)

Inserting this into (E.534)

< 0|P0loc|0 > =

(

n
∏

a=1

√

ωa

π

n1
∏

a=1

√

ω̃a

π

)

∫

dq1dq2 e
− 1

2
qT D(n)qe−

1
2
qT
1 D(n1)q1

(

det

(

A

2π

))−1/2

e−
1
2
qT
2 [D(n)−(D(n)A−1D(n))]q2. (E.536)

Performing the q1 integration is identical to the previous integration and so gives

∫

dq1e
− 1

2

Pn1
i,j=1 qi

1

“

D
(n1)
ij +D

(n)
ij

”

qj
1+

Pn1
j=1

“

−Pn
i=n1+1 qi

2D
(n)
ij

”

qj
1

=

(

det

(

A

2π

))−1/2

exp





1

2

n
∑

k,l=n1+1

qk
2





n1
∑

i,j=1

D
(n)
ki A

−1
ij D

(n)
jl



 ql
2



 . (E.537)

Inserting this into (E.536) we obtain

< 0|P0loc|0 > =

(

n
∏

a=1

√

ωa

π

n1
∏

a=1

√

ω̃a

π

)

(

det

(

A

2π

))−1 ∫

dq2 e
− 1

2
qT
2 [2D(n)−2(D(n)A−1D(n))]q2

=

(

n
∏

a=1

√

ωa

π

n1
∏

a=1

√

ω̃a

π

)

(

det

(

A

2π

))−1(

det

(

B

2π

))−1/2

(E.538)

where we have used the result (E.529) again but, this time, with J = 0.
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Repeat the previous for the case n1 = 1 and n = 2 for ω = 1.

Proof:

First

(U
(2)
ai ) =

(

1√
2

1√
2

1√
2

− 1√
2

)

(E.539)

so that

(D
(2)
ij ) = (

∑

a

U
(2)
ai ωaU

(2)
aj ) =

1

2

(

ω1 + ω2 ω1 − ω2

ω1 − ω2 ω1 + ω2

)

, (E.540)

where

ω2
1 = 1 + λ, ω2

2 = 1 − λ. (E.541)

Whereas for the D(n1) there is just the one component

(D
(n1)
11 ) = 1. (E.542)

Then

< 0|P0loc|0 > =

∫

dq1dq2 ψ
∗
0(q) < q1|0 >1

∫

dq′
1 1<0|q′

1 >< q′
1,q2|0 >

=

∫

dq1dq2

(ω1

π

)1/4 (ω2

π

)1/4
exp

(

−1

2
(q1, q2)

1

2

(

ω1 + ω2 ω1 − ω2

ω1 − ω2 ω1 + ω2

)(

q1
q2

))

(

1

π

)1/4

exp

(

−1

2
q21

)∫

dq′
1

(

1

π

)1/4

exp

(

−1

2
q
′2
1

)

(ω1

π

)1/4
(

1

π

)1/4

exp

(

−1

2
(q′1, q2)

1

2

(

ω1 + ω2 ω1 − ω2

ω1 − ω2 ω1 + ω2

)(

q′1
q2

))

(E.543)

Let us perform the q′1 integration
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∫

dq′
1e

− 1
2
q′1

“

D
(n1)
11 +D

(n)
11

”

q′1+
“

−q2D
(n)
21

”

q′1 =

∫

dq′
1e

− 1
2
q′1A11q′1+

“

−q2D
(n)
21

”

q′1

=

∫

dq′
1e

− 1
2
A11

“

q
′2
1 −2q2D

(n)
21 q′1/A11

”

=

∫

dq′
1e

− 1
2
A11q

′2
1 + 1

2
q2

“

D
(n)
21

1
A11

D
(n)
21

”

q2

=

(

A11

2π

)−1/2

e
1
2
q2

“

D
(n)
21

1
A11

D
(n)
12

”

q2 (E.544)

where we have defined

A11 = D
(n1)
11 +D

(n)
11 . (E.545)

Inserting this into (E.543) we obtain

< 0|P0loc|0 > =

(

√

ω1

π

√

ω2

π

√

1

π

)

∫

dq1dq2 exp

(

−1

2
(q1, q2)

1

2

(

ω1 + ω2 ω1 − ω2

ω1 − ω2 ω1 + ω2

)(

q1
q2

))

exp

(

−1

2
q21

)(

A11

2π

)−1/2

exp−
(

1

2
q2

(

D
(2)
22 −D

(2)
21

1

A11
D

(2)
12

)

q2

)

=

(

√

ω1

π

√

ω2

π

√

1

π

)

∫

dq2e
− 1

2
q2D

(2)
22 q2

∫

dq1e
− 1

2
q1

“

D
(n1)
11 +D

(n)
11

”

q1+
“

−q2D
(n)
21

”

q1

(

A11

2π

)−1/2

exp−
(

1

2
q2

(

D
(2)
22 −D

(2)
21

1

A11
D

(2)
12

)

q2

)

=

(

√

ω1

π

√

ω2

π

√

1

π

)

(

A11

2π

)−1 ∫

dq2 exp−
(

1

2
q2

(

2D
(2)
22 − 2D

(2)
21

1

A11
D

(2)
12

)

q2

)

=

(

√

ω1

π

√

ω2

π

√

1

π

)

(

A11

2π

)−1 ∫

dq2 exp−
(

1

2
q2B22q2

)

=

(

√

ω1

π

√

ω2

π

√

1

π

)

(

A11

2π

)−1(B22

2π

)−1/2

=
√
ω1ω2

(

A11

2

)−1(B22

2

)−1/2

(E.546)

where we have defined

B22 = 2D
(2)
22 − 2D

(2)
21

1

A11
D

(2)
12 . (E.547)

We have
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√
ω1ω2 =

(

1 − 1

4
λ2 + O(λ4)

)

=

(

1 − n1 + n− 2

4
λ2 + O(λ4)

)

. (E.548)

Now

(

A11

2

)−1

= 4(ω1 + ω2 + 2)−1

= 4
(

2 + (1 + λ)1/2 + (1 − λ)1/2
)−1

=

(

1 − 1

16
λ2 + O(λ4)

)−1

= 1 +
1

16
λ2 + O(λ4)

= 1 +
8n1 − 7

16
λ2 + O(λ4) (E.549)

and

(

B22

2

)−1/2

=

[

D
(2)
22 −D

(2)
21

1

A11
D

(2)
12

]−1/2

=

[

1

2
(ω1 + ω2) −

1

2
(ω1 − ω2)

(

1

A11

)

1

2
(ω1 − ω2)

]−1/2

=

[

1 − 1

8
λ2 + O(λ4) − 1

4
(λ+ O(λ3))

(

1

2
+ O(λ2)

)

(λ+ O(λ3))

]−1/2

=

[

1 − 1

4
λ2 + O(λ4)

]−1/2

= 1 +
1

8
λ2 + O(λ4)

= 1 +

(

n2

4
− 1

8

)

λ2 + O(λ4) (E.550)

Putting it all together, we obtain

< 0|P0loc|0 > =

(

1 − 1

4
λ2 + O(λ4)

)(

1 +
1

16
λ2 + O(λ4)

)(

1 +
1

8
λ2 + O(λ4)

)

= 1 − λ2

16
+ O(λ4). (E.551)
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Expansions in λ

Given

ω̃a =
√

1 + 2λ cos θn1 , where θ̃a =
aπ

n1 + 1
, a = 1, . . . , n1,

Aij := D
(n1)
ij +D

(n)
ij , i, j = 1, . . . , n1;

Bkl := 2D
(n)
kl − 2

(

D(n)A−1D(n)
)

kl
, k, l = n1 + 1, . . . , n (E.552)

establish the following expansions in λ:

n1
∏

a=1

√

ω̃a ≈ 1 − λ2n1 − 1

4
(E.553)

(

det

(

A

2

))−1

≈ 1 + λ2

(

n1

2
− 7

16

)

(E.554)

(

det

(

B

2

))−1/2

≈ 1 + λ2

(

n2

4
− 1

8

)

(E.555)

Hint:

det (1 + h) = exp {ln det (1+ h)}
= exp {tr ln (1+ h)}

= exp

{

tr

(

h− h2

2
+ O(h3)

)}

= exp

{(

trh− 1

2
trh2 + O(h3)

)}

. (E.556)

Proof:

Part (a) Expression (E.553).
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n1
∏

a=1

√

ω̃a =

n1
∏

a=1

(

1 + 2λ cos

(

aπ

n1 + 1

))1/4

=

n1
∏

a=1

(

1 +
λ

2
cos

(

aπ

n1 + 1

)

− 3

8
λ2 cos2

(

aπ

n1 + 1

)

+ O(λ3)

)

= 1 +
λ

2

n1
∑

a=1

cos

(

aπ

n1 + 1

)

+
λ2

4

n1
∑

a<b=1

cos

(

aπ

n1 + 1

)

cos

(

bπ

n1 + 1

)

−3

8
λ2

n1
∑

a=1

cos2

(

aπ

n1 + 1

)

+ O(λ3) (E.557)

Let us take each term at a time

λ

2

n1
∑

a=1

cos

(

aπ

n1 + 1

)

=
λ

4

(

n1
∑

a=1

exp

(

i
aπ

n1 + 1

)

+

n1
∑

a=1

exp

(

−i aπ

n1 + 1

)

)

=
λ

4





exp
(

i π
n1+1

)

+ 1

1 − exp
(

i π
n1+1

) +
1 + exp

(

i π
n1+1

)

exp
(

i π
n1+1

)

− 1





= 0. (E.558)

A result that should have been obvious. Next

λ2

4

n1
∑

a<b=1

cos

(

aπ

n1 + 1

)

cos

(

bπ

n1 + 1

)

=

=
1

2







λ2

4

n1
∑

a,b=1

cos

(

aπ

n1 + 1

)

cos

(

bπ

n1 + 1

)

− λ2

4

n1
∑

a=1

cos2

(

aπ

n1 + 1

)







=
λ2

8

n1
∑

a=1

cos

(

aπ

n1 + 1

) n1
∑

b=1

cos

(

bπ

n1 + 1

)

− λ2

8

n1
∑

a=1

cos2

(

aπ

n1 + 1

)

= −λ
2

8

n1
∑

a=1

cos2
(

aπ

n1 + 1

)

= −λ
2

16

n1
∑

a=1

{

1 + cos

(

a2π

n1 + 1

)}

= −λ
2

16
(n1 − 1) (E.559)

where we used (E.558), and a result from (E.514) in the last line. The last term in (E.557) is
then
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−3

8
λ2

n1
∑

a=1

cos2
(

aπ

n1 + 1

)

= − 3

16
λ2(n1 − 1). (E.560)

Therefore, putting these results together, we have

n1
∏

a=1

√

ω̃a ≈ 1 − λ2n1 − 1

4
. (E.561)

Part (b) Expression (E.554).

D
(n1)
ij =

n1
∑

a=1

√

2

n1 + 2
sin

(

aiπ

n1 + 1

)

√

1 + 2λ cos

(

aπ

n1 + 1

)
√

2

n1 + 2
sin

(

ajπ

n1 + 1

)

=
2

n1 + 2

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

+
2

n1 + 2
λ

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

− 2

n1 + 2

1

2
λ2

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos2

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

+ O(λ3). (E.562)

First

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

= δij for i, j = 1, . . . , n1; (E.563)

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

(

ajπ

n+ 1

)

= δij for i, j = 1, . . . , n. (E.564)

which easily follows from (E.511), (E.513) and (E.514) (where here we have swapped around the
roles of i, j and a, b, which we can obviously do). So D(n1) = 1n1 +O(λ). Also, D(n) = 1+O(λ).
We can write

D(n1) = 1n1 + λM (n1) − 1

2
λ2M̃ (n1) + O(λ3), (E.565)

D(n) = 1n1 + λM (n) − 1

2
λ2M̃ (n) + O(λ3) (E.566)

(here in part (b) the D(n) is understood as a matrix whose indices i, j = 1, . . . , n1) where
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M
(n1)
ij =

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

, (E.567)

M̃
(n1)
ij =

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos2

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

, (E.568)

M
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

, (E.569)

M̃
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos2
(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

. (E.570)

From the definition of the matrix A, we have

A

2
=

1

2
(D(n1) +D(n))

= 1n1 +
1

2
λ
(

M (n1) +M (n)
)

− 1

4
λ2
(

M̃ (n1) + M̃ (n)
)

+ O(λ3)

=: (1n1 + h). (E.571)

A similar calculation to (E.556) gives

(

det

(

A

2

))−1

= (det(1n1 + h))−1

= exp {− ln det ((1n1 + h))}
= exp {−trn1 ln (1n1 + h)}

= exp

{

−trn1

(

h− h2

2
+ O(h3)

)}

= exp

{

−trn1h+
1

2
trn1h

2 + O(h3)

}

=

(

1 − trn1h+
1

2
trn1h

2 +
1

2!
(trn1h)

2 + O(h3)

)

.

(E.572)

The matrix h defined in (E.571) is

h =
1

2
λ
(

M (n1) +M (n)
)

− 1

4
λ2
(

M̃ (n1) + M̃ (n)
)

+ O(λ3). (E.573)

Inserting this expression for h into (E.572) we have
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(

det

(

A

2

))−1

=

(

1 − trn1h+
1

2
trn1h

2 +
1

2
(trn1h)

2 + O(h3)

)

=

= 1 − 1

2
λ
(

trn1M
(n1) + trn1M

(n)
)

+
1

4
λ2
(

trn1M̃
(n1) + trn1M̃

(n)
)

+
1

8
λ2trn1

(

M (n1) +M (n)
)2

+
1

8
λ2
(

trn1M
(n1) + trn1M

(n)
)2

+ O(λ3). (E.574)

In the following (E.564) will be extensively employed.

First, from

M
(n1)
ij =

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

=
1

2

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

){

sin

(

a(j − 1)π

n1 + 1

)

+ sin

(

a(j + 1)π

n1 + 1

)}

=
1

2
(δi,j−1 + δi,j+1) (E.575)

(where δi,0 = δi,n1+1 = 0) we obviously have

trn1M
(n1) =

1

2

n1
∑

i=1

(δi,i−1 + δi,i+1)

= 0. (E.576)

Consider

M
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)(

sin

(

a(j − 1)π

n+ 1

)

+ sin

(

a(j + 1)π

n+ 1

))

=
1

2
(δi,j−1 + δi,j+1) (E.577)

(where δi,0 = 0) then

trn1M
(n) =

1

2

n1
∑

i=1

(δi,i−1 + δi,i+1)

= 0. (E.578)
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Substituting these results into (E.578) we see that trn1M
(n) = 0. The expression (E.574) then

simplifies to

(

det

(

A

2

))−1

= 1 +
1

4
λ2
(

trn1M̃
(n1) + trn1M̃

(n)
)

+
1

8
λ2trn1

(

M (n1) +M (n)
)2

+ O(λ3). (E.579)

Now we turn to the matrix (E.568). We will consider the special case first where n1 = 1. Then
trn1M̃

(n1) is given by

trn1M̃
(n1) =

1
∑

i=1

2

1 + 1
sin

(

iπ

1 + 1

)

cos2

(

π

1 + 1

)

sin

(

iπ

1 + 1

)

=
2

1 + 1
sin

(

π

1 + 1

)

cos2

(

π

1 + 1

)

sin

(

π

1 + 1

)

= 0. (E.580)

Now assume n1 6= 1. We calculate

M̃
(n1)
ij =

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos2
(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

=
1

2

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

){

1 + cos

(

2aπ

n1 + 1

)}

sin

(

ajπ

n1 + 1

)

=
1

2

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

+
1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

){

sin

(

a(j − 2)π

n1 + 1

)

+ sin

(

a(j + 2)π

n1 + 1

)}

=
1

2
δi,j +

1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

a(j − 2)π

n1 + 1

)

+
1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

a(j + 2)π

n1 + 1

)

(E.581)

We now look at the remaining summations. Consider the first summation. For 1 ≤ j − 2
equations (E.563) apply. For j = 2 this summation obviously vanishes. For j = 1 we have:
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1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

( −aπ
n1 + 1

)

= −1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

aπ

n1 + 1

)

= −1

4
δi,1 (E.582)

by (E.563) - this will contribute −1
4δi,1δj,1.

We now consider the second summation. For j+2 ≤ n1 equations (E.563) apply. For j = n1−1
the summation obviously vanishes. The case j = n1 needs special consideration. First consider
the case where i = n1, then

1

4

2

n1 + 1

n1
∑

a=1

sin

(

an1π

n1 + 1

)

sin

(

a(n1 + 2)π

n1 + 1

)

=
1

4

1

2

2

n1 + 1

n1
∑

a=1

{

cos

(

a2π

n1 + 1

)

− cos

(

a2(n1 + 1)π

n1 + 1

)}

=
1

4

1

2

2

n1 + 1

{

−1 −
n1
∑

a=1

cos (a2π)

}

= −1

4
δi,n1. (E.583)

This will contribute −1
4δi,n1δj,n1. Now consider the case where i < n1. We write

1

4

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

sin

(

a(n1 + 2)π

n1 + 1

)

=
1

4

2

n1 + 1

n1
∑

a=1

{

cos

(

a(n1 − i+ 2)π

n1 + 1

)

− cos

(

a(n1 + i+ 2)π

n1 + 1

)}

. (E.584)

We now prove that for 1 < i < n1

n1
∑

a=1

cos

(

a(n1 − i+ 2)π

n1 + 1

)

=

{

0 n1 − i even
1 n1 − i odd

(E.585)

We have
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n1
∑

a=1

cos

(

a(n1 − i+ 2)π

n1 + 1

)

=
1

2

n1
∑

a=1

{

exp i
a(n1 − i+ 2)π

n1 + 1
+ exp−i

(

a(n1 − i+ 2)π

n1 + 1

)}

=
1

2

n1
∑

a=1







1 − exp i(n1 − i+ 2)π

1 − exp i
(

(n1−i+2)π
n1+1

) +
1 − exp−i(n1 − i+ 2)π

1 − exp−i
(

(n1−i+2)π
n1+1

)







(E.586)

This is obviously zero for n1 − i even. Now say n1 − i is odd then

n1
∑

a=1

cos

(

a(n1 − i+ 2)π

n1 + 1

)

=
1

2

n1
∑

a=1







2

1 − exp i
(

(n1−i+2)π
n1+1

) +
2

1 − exp−i
(

(n1−i+2)π
n1+1

)







=

n1
∑

a=1







1

1 − exp i
(

(n1−i+2)π
n1+1

) +
exp i

(

(n1−i+2)π
n1+1

)

exp i
(

(n1−i+2)π
n1+1

)

− 1







= 1. (E.587)

Similar calculations give that for 1 ≤ i < n1

n1
∑

a=1

cos

(

a(n1 + i+ 2)π

n1 + 1

)

=

{

0 n1 − i even
1 n1 − i odd.

(E.588)

Substituting (E.585) and (E.588) into (E.584) we have for 1 < i < n1 the summation (E.584)
vanishes.

Lastly we calculate the summation (E.584) for i = 1.

1

4

2

n1 + 1

n1
∑

a=1

sin

(

aπ

n1 + 1

)

sin

(

a(n1 + 2)π

n1 + 1

)

=
1

4

2

n1 + 1

n1
∑

a=1

{

cos (aπ) − cos

(

a(n1 + 3)π

n1 + 1

)}

=
1

4

2

n1 + 1

{

−1 − 0 n1 − 1 even
0 − 1 n1 − 1 odd

.

= − 1

2(n1 + 1)
(E.589)

This will contribute − 1
2(n1+1)δi,1δj,n1. Putting it together we obtain
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M̃
(n1)
ij =

1

2
δi,j +

1

4
(δi,j−2 + δi,j+2) −

1

4
δi,1δj,1 −

1

4
δi,n1δj,n1 −

1

2(n1 + 1)
δi,1δj,n1 (E.590)

(where δi,−1 = δi,0 = δi,n1+1 = δi,n1+2 = 0) so that

trn1M̃
(n1) =

n1
∑

i=1

(
1

2
δi,i −

1

4
δi,1 −

1

4
δi,n1)

=
1

2
(n1 − 1), (E.591)

which combined with the result (E.580) establishes this result holds in general.

Now we turn to the matrix (E.570).

M̃
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos2

(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

){

1 + cos

(

2aπ

n+ 1

)}

sin

(

ajπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

(

ajπ

n+ 1

)

+
1

4

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

){

sin

(

a(j − 2)π

n+ 1

)

+ sin

(

a(j + 2)π

n+ 1

)}

=
1

2
δi,j +

1

4

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

(

a(j − 2)π

n+ 1

)

+

+
1

4

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

(

a(j + 2)π

n+ 1

)

(E.592)

We now look at the remaining summations. Consider the first summation. For 1 ≤ j − 2
equations (E.564) apply. For j = 2 this summation obviously vanishes. For j = 1 we have:

1

4

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

( −aπ
n+ 1

)

= −1

4

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

sin

(

aπ

n+ 1

)

= −1

4
δi,1 (E.593)

by (E.564) - this will contribute −1
4δi,1δj,1.

We now consider the second summation. For j + 2 ≤ n equations (E.564) apply. For j = n− 1
the summation obviously vanishes. We do not need to consider the case j = n at this point
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as we are considering M̃
(n)
ij for i, j = 1, . . . , n1 at the moment and n1 < n. We can already

calculate the trace trn1M̃
(n). We have

M̃
(n)
ij =

1

2
δi,j +

1

4
(δi,j−2 + δi,j+2) −

1

4
δi,1δj,1 for i, j = 1, . . . , n1 (E.594)

(where δi,−1 = δi,0 = δi,n+1 = 0) so that

trn1M̃
(n) =

n1
∑

i=1

(
1

2
δi,i −

1

4
δi,1)

=
1

4
(2n1 − 1). (E.595)

We will need the general expression for M̃ (n) later on. The case j = n works out in a similar
way to how M̃ (n1) worked out. We obtain in general that

M̃
(n)
ij =

1

2
δi,j +

1

4
(δi,j−2 + δi,j+2) −

1

4
δi,1δj,1 −

1

4
δi,nδj,n − 1

2(n + 1)
δi,1δj,n (E.596)

(where δi,−1 = δi,0 = δi,n+1 = δi,n+2 = 0).

Next, we easily see

((M (n1))2)ij =

n1
∑

k=1

M
(n1)
ik M

(n1)
kj

=

(

2

n1 + 1

)2 n1
∑

a,b=1

sin

(

aiπ

n1 + 1

)

cos

(

aπ

n1 + 1

) n1
∑

k=1

sin

(

akπ

n1 + 1

)

sin

(

bkπ

n1 + 1

)

×

× cos

(

bπ

n1 + 1

)

sin

(

bjπ

n1 + 1

)

=
2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos2

(

aπ

n1 + 1

)

sin

(

ajπ

n1 + 1

)

= (M̃ (n1))ij (E.597)

and thus

trn1((M
(n1))2) = trn1M̃

(n1) =
1

2
(n1 − 1) . (E.598)

Next
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((M (n))2)ij =

n1
∑

k=1

M
(n)
ik M

(n)
kj

=

n1
∑

k=1

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

akπ

n+ 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bkπ

n+ 1

)

cos

(

bπ

n+ 1

)

sin

(

bjπ

n+ 1

)

=
1

4

n1
∑

k=1

2

n+ 1

n
∑

a=1

{

sin

(

a(i− 1)π

n+ 1

)

+ sin

(

a(i+ 1)π

n+ 1

)}

sin

(

akπ

n+ 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bkπ

n+ 1

){

sin

(

b(j − 1)π

n+ 1

)

+ sin

(

b(j + 1)π

n+ 1

)}

=
1

4

n1
∑

k=1

(δi−1,k + δi+1,k)(δk,j−1 + δk,j+1)

=
1

4
(δi−1,j−1 + δi−1,j+1 + δi+1,j−1 + δi+1,j+1) (E.599)

so

trn1((M
(n))2) =

1

4

n1
∑

i=1

(δi−1,i−1 + δi−1,i+1 + δi+1,i−1 + δi+1,i+1)

=
1

2
(n1 − 1). (E.600)

Next
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(M (n1)M (n))ij =

n1
∑

k=1

M
(n1)
ik M

(n)
kj

=

n1
∑

k=1

2

n1 + 1

n1
∑

a=1

sin

(

aiπ

n1 + 1

)

cos

(

aπ

n1 + 1

)

sin

(

akπ

n1 + 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bkπ

n+ 1

)

cos

(

bπ

n+ 1

)

sin

(

bjπ

n+ 1

)

=
1

4

n1
∑

k=1

2

n1 + 1

n1
∑

a=1

{

sin

(

a(i− 1)π

n1 + 1

)

+ sin

(

a(i+ 1)π

n1 + 1

)}

sin

(

akπ

n1 + 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bkπ

n+ 1

){

sin

(

b(j − 1)π

n+ 1

)

+ sin

(

b(j + 1)π

n+ 1

)}

=
1

4

n1
∑

k=1

(δi−1,k + δi+1,k)(δk,j−1 + δk,j+1)

=
1

4
(δi−1,j−1 + δi−1,j+1 + δi+1,j−1 + δi+1,j+1) (E.601)

so

2trn1(M
(n1))(M (n)) = 2

n1
∑

i=1

n1
∑

k=1

M
(n1)
ik M

(n)
ki

=
1

2

n1
∑

i=1

(δi−1,i−1 + δi−1,i+1 + δi+1,i−1 + δi+1,i+1)

= (n1 − 1). (E.602)

The expression (E.574) then gives

(

det

(

A

2

))−1

= 1 +
1

4
λ2
(

trn1M̃
(n1) + trn1M̃

(n)
)

+
1

8
λ2
(

trn1(M
(n1))2 + 2trn1(M

(n)M (n1)) + trn1(M
(n))2

)

+ O(λ3)

= 1 +
1

4
λ2

(

1

2
(n1 − 1) +

1

4
(2n1 − 1)

)

+
1

8
λ2

(

1

2
(n1 − 1) + (n1 − 1) +

1

2
(n1 − 1)

)

+ O(λ3)

= 1 + λ2

(

n1

2
− 7

16

)

+ O(λ3). (E.603)

Part (c): Expression (E.555).

1091



Now

D(n) = 1+ λM (n) − 1

2
λ2M̃ (n) + O(λ3) (E.604)

where

M
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

, (E.605)

M̃
(n)
ij =

2

n+ 1

n
∑

a=1

sin

(

aiπ

n+ 1

)

cos2
(

aπ

n+ 1

)

sin

(

ajπ

n+ 1

)

, (E.606)

and we have

A−1 =
1

2
1n1 + O(λ2). (E.607)

Note

n1
∑

i,j=1

δkiδijδjl = 0 for k, l = n1 + 1, . . . , n,

n1
∑

i,j=1

Nkiδijδjl = 0 for k, l = n1 + 1, . . . , n,

n1
∑

i,j=1

δkiδijÑjl = 0 for k, l = n1 + 1, . . . , n,

n1
∑

i,j=1

PkiLijδjl = 0 for k, l = n1 + 1, . . . , n,

n1
∑

i,j=1

δkiLijP̃jl = 0 for k, l = n1 + 1, . . . , n, (E.608)

for arbitrary matrices N , Ñ , L, P and P̃ . As such
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Bkl

2
= D

(n)
kl −

(

D(n)A−1D(n)
)

kl

= δkl + λM
(n)
kl − 1

2
λ2M̃

(n)
kl − λ2

n1
∑

i,j=1

M
(n)
ki

(

1

2
δij

)

M
(n)
jl + O(λ3)

= δkl + λM
(n)
kl − 1

2
λ2





n1
∑

i,j=1

M
(n)
ki δijM

(n)
jl + M̃

(n)
kl



+ O(λ3)

= δkl + bkl (E.609)

A similar calculation to (E.556) gives

(

det

(

B

2

))−1/2

= (det(1n2 + b))−1/2

= exp {−(1/2) ln det ((1n2 + b))}
= exp {−(1/2)trn2 ln (1n2 + b)}

= exp

{

−(1/2)trn2

(

b− b2

2
+ O(b3)

)}

= exp

{

−1

2
trn2b+

1

4
trn2b

2 + O(h3)

}

= 1 − 1

2
trn2b+

1

4
trn2b

2 +
1

8
(trn2b)

2 + O(b3).

(E.610)

where

b = λM (n) − 1

2
λ2
(

M (n)1n1M
(n) + M̃ (n)

)

+ O(λ3). (E.611)

Substituting this into (E.609) gives

(

det

(

B

2

))−1/2

= 1 − 1

2
λtrn2M

(n) +
1

4
λ2
(

trn2(M
(n)1n1M

(n)) + trn2M̃
(n)
)

+
1

4
λ2trn2(M

(n))2 +
1

8
λ2(trn2M

(n))2 + O(λ3). (E.612)

Note
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M
(n)
kl =

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

alπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)(

sin

(

a(l − 1)π

n+ 1

)

+ sin

(

a(l + 1)π

n+ 1

))

=
1

2
(δk,l−1 + δk,l+1) (E.613)

(where δk,n+1 = 0) so that

trn2M
(n) =

n
∑

k=n1+1

1

2
(δk,k−1 + δk,k+1) = 0. (E.614)

Next

n1
∑

i,j=1

M
(n)
ki δijM

(n)
jl =

n1
∑

i,j=1

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

aiπ

n+ 1

)

δij
2

n+ 1

n
∑

b=1

sin

(

bjπ

n+ 1

)

cos

(

bπ

n+ 1

)

sin

(

blπ

n+ 1

)

=
1

4

n1
∑

i=1

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

){

sin

(

a(i− 1)π

n+ 1

)

+ sin

(

a(i+ 1)π

n+ 1

)}

×

2

n+ 1

n
∑

b=1

{

sin

(

b(i− 1)π

n+ 1

)

+ sin

(

b(i+ 1)π

n+ 1

)}

sin

(

blπ

n+ 1

)

=
1

4

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

sin

(

a(n1 + 1)π

n+ 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

b(n1 + 1)π

n+ 1

)

sin

(

blπ

n+ 1

)

=
1

4
(δk,n1+1 × δn1+1,l) (E.615)

so that

trn2(M
(n)1n1M

(n)) =
1

4

n
∑

k=n1+1

(δk,n1+1 × δn1+1,k)

=
1

4
. (E.616)

Next, for k, l = n1 + 1, . . . , n, we have
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M̃
(n)
kl =

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

cos2
(

aπ

n+ 1

)

sin

(

alπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

){

1 + cos

(

2aπ

n+ 1

)}

sin

(

alπ

n+ 1

)

=
1

2

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

sin

(

alπ

n+ 1

)

+
1

4

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

){

sin

(

a(l − 2)π

n+ 1

)

+ sin

(

a(l + 2)π

n+ 1

)}

=
1

2
δk,l +

1

4
(δk,l−2 + δk,l+2) −

1

4
δk,nδl,n (E.617)

(here δl,−1 = δl,0 = δk,n+1 = δk,n+2 = 0) where we have used (E.596), so that

trn2M̃
(n) =

1

2

n
∑

k=n1+1

δk,k +
1

4

n
∑

k=n1+1

(δk,k−2 + δk,k+2) −
1

4

=
1

2
n2 −

1

4
. (E.618)

Next

((M (n))2)kl =

n
∑

p=n1+1

M
(n)
kp M

(n)
pl

=
n
∑

p=n1+1

2

n+ 1

n
∑

a=1

sin

(

akπ

n+ 1

)

cos

(

aπ

n+ 1

)

sin

(

apπ

n+ 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bpπ

n+ 1

)

cos

(

bπ

n+ 1

)

sin

(

blπ

n+ 1

)

=
1

4

n
∑

p=n1+1

2

n+ 1

n
∑

a=1

{

sin

(

a(k − 1)π

n+ 1

)

+ sin

(

a(k + 1)π

n+ 1

)}

sin

(

apπ

n+ 1

)

×

× 2

n+ 1

n
∑

b=1

sin

(

bpπ

n+ 1

){

sin

(

b(l − 1)π

n+ 1

)

+ sin

(

b(l + 1)π

n+ 1

)}

=
1

4

n
∑

p=n1+1

(δk−1,p + δk+1,p)(δp,l−1 + δp,l+1)

=
1

4
(δk−1,l−1 + δk−1,l+1 + δk+1,l−1 + δk+1,l+1) (E.619)

so that
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trn2(M
(n))2 =

1

4

n
∑

k=n1+1

(δk−1,k−1 + δk−1,k+1 + δk+1,k−1 + δk+1,k+1)

=
1

2
(n2 − 1). (E.620)

We have

(

det

(

B

2

))−1/2

= 1 +
1

4
λ2
(

trn2(M
(n)1n1M

(n)) + trn2M̃
(n)
)

+
1

4
λ2trn2(M

(n))2 + O(λ3)

= 1 +
1

4
λ2

(

1

4
+ (

1

2
n2 −

1

4
)

)

+
1

4
λ2

(

1

2
(n2 − 1)

)

= 1 + λ2

(

n2

4
− 1

8

)

+ O(λ3). (E.621)

Repeat the previous for the case n1 = 1 and n = 2 for ω = 1.

Proof:

First

(D
(2)
ij ) = (

∑

a

U
(2)
ai ωaU

(2)
aj ) =

1

2

(

ω1 + ω2 ω1 − ω2

ω1 − ω2 ω1 + ω2

)

, (E.622)

where

ω2
1 = 1 + λ, ω2

2 = 1 − λ. (E.623)

Whereas for the D(n1) there is just the one component

(D
(n1)
11 ) = 1. (E.624)

M (1) = 0, M̃ (1) = 0. (E.625)

We expand D(2) in λ
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D(2) =

(

1 0
0 1

)

+
1

2
λ

(

0 1
1 0

)

− 1

8
λ2

(

1 0
0 1

)

+ O(λ3). (E.626)

We can then read off

M (2) =
1

2

(

0 1
1 0

)

, M̃ (2) =
1

4

(

1 0
0 1

)

(E.627)

We have, for i, j = 1 part of the matrices,

trn1M
(1) = 0,

trn1M̃
(1) = 0,

trn1(M
(1))2 = 0,

trn1(M
(2)M (1)) = 0,

trn1M
(2) = 0,

trn1M̃
(2) =

1

4

trn1(M
(2))2 = 0 (E.628)

and have, for k, l = 2 part of the matrices,

trn2M
(2) = 0,

trn2M̃
(2) =

1

4
,

trn2(M
(2)1n1M

(2)) = M
(2)
21 M

(2)
12 =

1

4
,

trn2(M
(2))2 = 0. (E.629)

So that

(

det

(

A

2

))−1

= 1 +
1

4
λ2
(

trn1M̃
(1) + trn1M̃

(2)
)

+
1

8
λ2
(

trn1(M
(1))2 + 2trn1(M

(2)M (1)) + trn1(M
(2))2

)

+ O(λ3)

= 1 +
1

4
λ2

(

0 +
1

4

)

+
1

8
λ2 (0 + 0 + 0) + O(λ3)

= 1 +
1

16
λ2 + O(λ3)

= 1 +
1

4
λ2

(

1

2
(n1 − 1) +

1

4
(2n1 − 1)

)

+
1

8
λ2

(

1

2
(n1 − 1) + (n1 − 1) +

1

2
(n1 − 1)

)

+ O(λ3). (E.630)
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And

(

det

(

B

2

))−1/2

= 1 +
1

4
λ2
(

trn2(M
(2)1n1M

(2)) + trn2M̃
(2)
)

+
1

4
λ2trn2(M

(2))2 + O(λ3)

= 1 +
1

4
λ2

(

1

4
+

1

4

)

+
1

4
λ2 × 0 + O(λ3)

= 1 +
1

8
λ2 + O(λ3)

= 1 +
1

4
λ2

(

1

4
+ (

1

2
n2 −

1

4
)

)

+
1

4
λ2

(

1

2
(n2 − 1)

)

+ O(λ3). (E.631)

Expansions in λ of correlation function.

Prove that

(

D(n1)
)−1

ij
≈
(

1 +
3

4
λ2

)

δi,j −
1

2
λδi,j±1 +

3

8
λ2δi,j±2 + . . . (E.632)

Proof:

If D(n1) = (1n1 + b) then

(

D(n1)
)−1

= (1n1 + b)−1

= 1n1 − b+ b2 − b3 + O(b4). (E.633)

Recall

D(n1) = 1n1 + λM (n1) − 1

2
λ2M̃ (n1) + O(λ3). (E.634)

Substituting this into (E.633)
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(

D(n1)
)−1

ij
= (1n1 + b)−1

ij

= δi,j −
(

λM
(n1)
ij − 1

2
λ2M̃

(n1)
ij

)

+ λ2
(

M (n1)
)2

ij
+ O(λ3)

= δi,j − λ
1

2
(δi,j−1 + δi,j−1) +

1

2
λ2

(

1

2
δi,j +

1

4
(δi,j−2 + δi,j+2) −

1

2
δi,1

)

+λ2

(

1

2
δi,j +

1

4
(δi,j−2 + δi,j+2) −

1

2
δi,1

)

+ O(λ3)

=

(

1 +
3

4
λ2

)

δi,j −
1

2
λ(δi,j−1 + δi,j−1) +

3

8
λ2(δi,j−2 + δi,j+2) −

3

4
λ2δi,1 + O(λ3)

(E.635)

where we have used (E.575), (E.590) and (E.597).
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