Appendix E

Covariant Classical and Quantum
Mechanins

E.1 Conventional Mechanics

E.1.1 Action Principle for Several Dependent variables

A dynamic system with m degrees of freedom describes the evolution in time ¢ of m
Lagrangian variables ¢', where ¢ = 1,...,m. We denote the space in which the variables
¢' take value is a m—dimensional configuration space C,,.

The dynamics of the system is determined by the Lagrangian £ which is a function of
several dependent variables ¢'(t),...,¢™(t) and ¢'(¢),...,¢™(¢) all of which depend on ¢,
the independent variable.

Given two times ¢, and ¢, and two points ¢; and ¢} in C,, physical motions are such that
the action

stal- [ it (a0, “20) (£1)

is an extremum in the space of motions ¢(¢) such that ¢'(¢,) = ¢! and ¢*(¢,) = ¢&. Physical
motions satisfy the Euler-Lagrange equations, which we derive now.

We compare neighbouring paths by writing
¢'(ta) =q'(0) +an'(t), i=1,2,...,m, (E.2)
where the 7, are independent, but subject them to the condition
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n'(t,) =n'(t,) =0, i=1,2,...,m. (E.3)

Differentiating with respect to a and setting o = 0 we obtain

/; Z Bﬁ 7i(t) + gci d"(;ft)] dt = 0. (E.4)

4y

Integrating by parts

/: Z {gé - % (gi)} ' (t)dt + Z {géni(t)} : =0. (E.5)

Inserting (E.3) into this we have

[ x5 -5 ()| rom=o o

Since the 1 are arbitrary and independent of each other, each of the terms vanishes
independently

oL d (oL
- — — - | = ,=1,2,...,m. E.

These are the Euler-Lagrange equations. A dynamical system is therefore specified by
the couple (Cy, £).

E.1.2 The Hamilton Equations
The Hamiltonian from a Lagrangian

The momenta are calculated by differentiating the Lagrangian via

oL
g

pi(q',q'st) = (E.8)

Inverting the function p;(¢’, ¢*) yields the function ¢'(¢*, p;). Defing the Hamiltonian by
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‘ oc . il
Hy(q',p;) = o (¢",p;) — L(¢",4(d", p;))

= p;i(qd' p;) — L(¢',4(d",p;)).

(E.9)

We derive Hamilton’s equations by considering the total derivative of the Lagrangian

0[, oL
i = Z ( ) + Edt

We substitute (E.8) into the total differential of the Lagrangian

oL . D\ oC
e = Z (a—qidq’ + p,dg ) + 5ot

This can then be written as

oL . oL
L = Z (a—qidqz +d(p,d') — g dpi) + gdt,

which after rearangment becomes

i

. oL ; oL
d(Zpiq —E) :Z( 3qu + g'dp >_§dt'

The term on the LHS is the Hamiltonian, therefore

oL oL
dHO:Z( aqu + ¢'dp )—Edt.

i

We now consider the total derivative of the Hamiltonian

H . 0H H,
dHO:Z<a 0 dq' +% Odp)+%dt

Comparing the terms of (E.14) and (E.15) give Hamilton’s equations are then
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dt apz.
dp,(t) oH,(q',p;)
v - _72 E.l
dt aq (E.16)
and
OH, O
TR (E.17)

The 2m—dimensional space coordinatised by the coordinates ¢ and the momenta, p; is
called the “conventional” phase space I'.

Legendre transformations

A function y = f(x) is convex if

d2

The functional relationship specified by f(x) can be represented equally well as a set of
tangent lines specified by their slope and intercept values. The tangent line at z = x,
intersects the vertical axis at (0, —f*) and f* is the value of the Legendre transform f*(p)
where p = f(z,).

Hamilton’s equations from a variational principle

Hamilon’s canonical equations can be obtained from a variational principle where we re-
gard ¢'(t) and p,(t) are uncorrelated and independently adjustable functions. One aban-
dons the formula p, = dL(¢", 4", t)/d¢". Now, variations will be over paths in the (¢*, p,)
phase space, which have 2m dimensions.

L(¢, ¢ pit) = qu — Hy(q', p;, 1) (E.19)

(E.19) is an extremum in the space of motions in phase space (¢, p,) such that ¢'(¢,) = ¢}
and ¢'(t,) = ¢5. Physical motions satisfy the Hamilton equations equations, which we
derive now.

We compare neighbouring paths by writing
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p

Figure E.1: We consider variations in the path that extremises (E.19) subject to the
conditions that at initial time ¢ the position is ¢ and at final time ¢’ the position is ¢'.

¢'(t;a) = ¢'(t;0) + om;(t) and p,(t; ) =p,(t0) +an,t), i=1,2,...

where the 772 and 7, are independent, but subject them to the condition

né(tl) :né(tQ) =0, i=1,2,...,m.

Differentiating with respect to o and setting o = 0 we obtain

¥

Upon substituting the RHS of (E.19) we have

oL . oL dn(t) oL
‘() + ——L 2 4 “Zp ()| dt = 0.

" oH, dn;(t) . O0H,
/t1 ; [_ g nq(t) + D dt + (q - %> ﬁpi(t) dt = 0.

[

Integrating by parts gives
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[ 25

) dt+z pn

/ Z (q' —~ —) n,;(t)dt = 0.

0q’ Cdt
(E.24)
Substituting in (E.21) gives
’ OH, _ dp, b (dg  OH,

7

Since the 772 and 7, are arbitrary and independent of each other, each of the terms vanishes

independently,

and

dp, O0H,

b= E.26
dt 0q* ( )
dq'  0H,

— = E.27
dt Op; ( )

Recovery of Second order formulism from Hamilton’s equations

We now employ Hamilton’s equations,

dg'  0H,
dt — Op,
and take L£(¢",¢",p;,t) = >, d'p; —

i _

dt

o,
oq’

H,(¢",p;,t) to Tecover p; = = 0L(q¢%, ¢*,t)/0¢" together

with the Euler-Lagrange equations for L= L(q", ¢, t). We write:

dﬁz

—Zpdq +qup -

_d _|__

aH OH,

op’

i OH,
ot~

(E.28)

Comparing terms, and employing Hamilton’s equations, we obtain:
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or _ o, _

hdadR -0
Op, 4 Op,
oc
g i
oL 0H, )
- = — L= 9 E.29
aq oq* Pi ( )

The first equation implies £ = £(¢’,¢',t). From the second equation we recover the
formula p; = 9L(q", ¢',t)/d¢". From the second and third equations we obtain:

anQ7q7 —dt aqlq7Q7

which is the Euler-Larange equation for £(q¢', 4", t).

E.1.3 Sympletic Geometry

Unified coordinates on 77C,

Let
¢ = (¢",¢...q"p,py-..p,,) for (u=1,...,2m) and
8M = (8q1,8q2,...,8qm,8p1, m,...,apm). (E.30)
Then
ae” 3 Qo E.31
— = ; H (E.31)
2m
{A,B} =) 0"AQ,,0"B := 9,A0"B (E.32)
v=1

It’s sort of like a scalar product. In Minkoskian spacetime the scalar product is

979



m
10 0 O
0O -1 0 O

= 0 0 -1 0 (E.33)
0O 0 0 -1

In Hamilton mecahanics the matrix

(_of gm) (B.34)

plays the role 7. Lorentzian tranformations leave scalar product a“bu invariant. The
transformations that leave (E.32) invariant will be the subject of the next section and are
called canonical transformations.

Just as space and time can be treated on an equal footing in special relativity by using
Minkowskian spacetime notation, the ¢ and p variables can be treated on an equal footing
by using the £ notation introduced above.

Example 4-dimensiona phase space:

Let us check (E.30), (E.31) and (E.34) for m = 2:

I~
S aaH
v=1

reads

de!

. 0 0 1 0\ [0,H

ez 0 0 01| |oH

dt . 2

1l -1 01 of|aK |’ (E-35)
de* 0 -1 0 0/ \gH

this gives the Hamilton equations:
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de! dg'  OH,
ot o oy,
de? dg®>  OH,
= = O o o,
e’ dp,  OH,
dt dt - ogt
et dp,  0OH,

% )y - %%
dt =y g2

~ O,H

— _OH

(E.36)

Let us check (E.32). We have

4
{A,B} =) 0"AQ,0"B (E.37)

Hyv=1

which reads

0,B
0,B
0,B
0,B

4
S" 0040, "B = (9,A,0,A,0,A,0,A)

p,r=1

O O = O

e R o SIS, —
O RO /M

KRR

=}
|
—_
O O O SO = O =

QO QO Q S~

= (9,4.0,4.0,4.0,4) | "

P Ep1t T Up2
0 -1

9,.B
9,,B
_aql B

~0,.B

_ (0408 0A0BY (0408 0408
— \9¢! Op,  Op, 0¢! 0q¢? Op,  Op, Og?

= {A,B}. (E.38)

P1

R

2

SV

— <aq1 A, aq2A7 aplA’ aP? A)

L]

Now, let us define for an aribrary function on phase space, f,

Xof =v;(d',p;) of

i\ Of
o0 + fi(q ’pi)ﬁ—z)i (E.39)
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where

Note

and similarly

v,(q

7pi) =

quj

Xopj

OH,(q', p;)

_O0Hy(q',p,)

fi(qiapi) = (E.40)

. od . od
v,(q' p;) 3Zi + fi(qzvpi)%

OHy(d',p,) 5

= (E.41)

Ip; -~
B + fz(q 7]%)%

oq?

Ui(qi7 pz)

[

dpj

. (E.42)

Time evolution is a flow (¢*(t),p;(t)) in this space; we see that the vector field on T,
tangent to this flow is X. If f = f(qj,pj) then

Xof

= Uz’(qiapi)

af (¢, p,)

of (¢, p,)
oq’

- Of(dpy)

+ Zj 7/ -~
f.(d',p;) o

oq? dt op.

J

[

(E.43)
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E.1.4 Canonical Transformations

We can perform a change of variables on phase space

Q = Q(¢.pyt)

P = Pi(qi,pi,t) (E.44)
such that
. 0K . oK
Q" = 9P b, = T 0 (E.45)

7

where K is the new Hamiltonian, that is it obeys Hamilton’s principle

5/: (Z PQ' — K(Q, Pl.,t)> dt = 0. (E.46)

It is easily seen that two Lagrangians £ and £ that differ by a toal time derivative yield
exactly the same equations of motion,

t t dF
S'(g,4) = / aL— | d (c+—) (B.4T)
t t dt
. dF
G -H=N"PO, - Kk+Z B4
Xl:m H Z Q=K+ — (E.48)

Which variables does F' depend on?

4m variables {q,p, @, P} 2m indices

Type 1. F,(¢",Q",t) (¢, Q") are independent. (E.49)
Type 2. F,(¢", P,,t) (¢', P,) are independent. (E.50)
Type 3. Fy(p;, @, t) (p;, Q") are independent. (E.51)
Type 4. F,(p,, P, t) (p, P) are independent. (E.52)
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Canonical transformations: Type 1

Suppose we considre a generating function of type 1:

P = F(d. Q') (E.53)
Equation (E.48) is then
qu ~H= ZPQ K+—<q Q). (E.54)
We have
dF,
—(@Q) = a—q Z (E.55)
Substituting this into (E.54) gives
8F
ZPQ—H ZPQ /C+Z—q+ aQQ (E.56)

So only two terms depend on ¢, (or H, K) and F} do not depend on ¢,. So we may
compare coefficients and obtain

OF’

P, = 3qil fori=1,...,m. (E.57)

Now compare coefficients of (), to obtain

OF'
Pi:—ani fori=1,...,m. (E.58)
We are then left with
oF,

K= 1 E.59
H+ 5% (E.59)

Equation (E.57) represents m relations defining the p, as a function of ¢*,Q", and .
Assuming that they can be inverted, we can then solve for the m Q"s in terms of ¢', p,,
and t, thus yielding the first equation of the transformation equations (E.44). We the
substitue Q'(¢*, p;, t) into (E.58) so that they give the m P,’s as functions of ¢', p;, and ¢,
thus yielding the secong equation of the transformation equations (E.44).
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Canonical transformations: Type 2

Suppose we considre a generating function of type 2.

dF, OF, . OF, 1 OF,

Inserting this into the RHS of (E.48) would not produce terms that are not likewise. So
we cannot simply compare. Instead we use a Legendre transform to change variables

Fy(q, P,t) = Fy(q,Q,t) + Y P'Q, (E.61)

So replacing F| by F, — ) PQ, which represents a Legendre transformation, we see:

dF, _~OF,, | OF; O,
o2 aq+aPZP at—ZPQi—;PQi (E.62)

and so obtain

qu—H ZPQ K+Za apipl ZPZQ ZPZ

(E.63)
This leads to the equations
OF.
pi:a—q? fori=1,...,m, (E.64)
. OF.
Ql:a—Pj fori=1,...,m, (E.65)
and
OF,
K= 2 E.66
H+ 2 (E.66)
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Canonical transformations: Type 3 and 4

The type 3 generating function F; depends only on the old generalised momenta and the
new generalised coordinates, in this case we use

F = Z qipi + Fg(pia Qia t)' (E67)
We then have the equations
, OF.
¢ = _8—3
p;
p - 95
i 8@2
OF.
= H+ —3. E.
K + BT (E.68)

The type 4 generating function F, depends only on the old and new momenta, in this
case we use

F: Zqipi _ZQiPi+F4(pi7Pi7t)' (E69)

We then have the equations

i aF4
i aF4
Q _@—Pi
OF
K = H+ 8—154‘ (E.70)

E.1.5 The Hamilton-Jacobi Equation

Canonical transformations can be a way of picking phase space coordinates to simplify a
problem:

Q(q.p 1)

P = P(g,p,t) (E.71)
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where (), P are new variables and ¢, p are the old ones, or inversely

q = Q(Q>P>t)
= p(Q,P,t) (E.72)

Now, the solution to our problem is to express ¢ and p in terms of the intial conditions
q, and p, (= ¢(t = 0),p(t = 0)) and time t¢.

q = q(qy Py t)
= p(qy,Py: t)- (E.73)

The obvious suggestion from a comparison of (E.72) and (E.73) is to make @ = ¢, and
P = p,, i.e. the new variables equal the intial conditions. So the “motion” in the new
coordinates is the system remaining staionary at a point (g, p,)-

Thus Hamilton’s equations in the new variables are:

o . .
3_P_Q_q0_0 (E.74)
oK : .

This implies that K is equal to an arbitary functon of ¢ - we will choose the simplest case:

K=0 (E.76)

If I = 0, then the original Hamiltonian must obey :

o

where F'is the generating function of the transformation. We choose a canonical trans-
formation as Type 1:

Fi(g:Q:) (E.78)

(though it is often choosen to be of type 2). Recall for Type 1 we have
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OF,

— E.
OF,
50 — T (E.80)

and conventually (and for reasons we will see in the next section) we denote F| by S. To
write the Hamiltonian in (E.77) in terms of the same variables, one may use (E.79). Then
(E.77) becomes, with substitution of (E.79), what is called the Hamilton-Jacobi equation

oS oS
5 +Ho (q, a_q) = 0. (E.81)

The Hamilton-Jacobi equation can be obtained from the classical limit of the Schrodinger
equation.

E.1.6 The Hamilton Function

Let us first give the simplest example of the Hamilton function, the one with the least
number of variables. The Hamilton function S(q,t,q’,t') is a function of four variables,
q,t,q',t', defined as the action of a physical motion that starts at ¢ at time ¢ and ends at
¢ at time t'.

Let us denote g, ..\ (t) as a physical motion that starts at (¢,¢) and ends at (¢/,¢'). That
is, a function of time that solves the equantions of motion and such

Qv (D) = 4,
Ggrgv(t) = d (E.82)
Example : Free particle
The action is
t/ ~1 B
Slq] :/ dt §mq'2(t). (E.83)
t

(E.84)



/ 2
S(q,t,q,,t/) _ /t dflm ql_q
t 2 t/_t

where we have used that the integrand is not a function of .

L]

(E.85)

As a worked exercise, at the end of the appendix we calculate that the Hamilton function

of a harmonic oscillator is

(¢* + q’2)cosw(t’ —t) — 2qq
2sinw(t —t)

S(q,t,q,t") =mw
for motion that starts at (¢,¢) and ends at (¢, ).
Definition : The Hamilton Function

Consider two points (¢,,¢}) and (,,45) in C. The function on G =C x C

Sty di oty i) = / dt £ (g (), §' (1))

t1
where ¢(t) is the physical motion from ¢! (¢,) to ¢4(t,).

L]

Properties of the Hamilton Function

Recall that the momentum is

. 0L(q,q)
p(g.d) = — ;
We will prove:
0S(q,t, ¢t 0S(q,t, ¢t
(q—q) — —p(q,t,q',t'), (C]—C]) zp'(q,t,q',t')

dq oq’
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where p(q,t,¢,t') = p(q,4(q,t, ¢, t")) and p'(q,t,q',¥') = (¢, ¢'(q,t, ¢, 1)) are the initial
and final momenta respectively, expressed as functions of initial and final positions and
times, via physical motions, determined by the initial and final data.

We also have

95(q,t,¢,t')
ot

05(q,t, ¢, 1)

=F(q,t,q,t
(q,t,4,1), v

=—FE'(q,t,q,1t) (E.90)

Proof:

We first prove the second equation of (E.89) which refers to the final momemtum. We
vary the final point ¢’ while keeping the time fixed (see fig E.1). There will be a variation
along the way, d¢q(t), connecting the original physical motion to the new physical motion
with different final position. The change in the Hamilton function 45

t“

5/
0

Figure E.2: Variation in the Hamilton function.

t1

55 = [ ety +sa0.) + si0.nat — [ et ito),

to to

bhroL oL )
- g4+ ==8g ) dt
/to (861 1 q 1
hraL  d oL oL f
= = 2" Sqdt 4 | == 5q(t
/to (aq dtaQ) ¢ |:aq Q( ):|to

= —iq (E.91)

where we have put the quantity inside the parentheses of the integral to zero by the
Euler-Lagrange equation. So
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and hence

oL

58 = =5q

S 3q"q

oS

— =79 E.92
o P (E.92)

We first prove the second equation of (E.90) which refers to the final energy.

t

P

/o
O

/7
)/

/

[/

Figure E.3: Variation in the Hamilton function.

t1+0t t1
55 = / Cq(t) + 5q(t), 4(t) + 5a(t), D)t — / Llqlt), 4(2), t)dt

to

t1

— Lot / " L(a(t) + 8a(t), d(t) + 8(t), Dt — / Clqt), 4(0), t)de

to

= Lot + a—?éq’
aq’

where

(see fig E.2). So

to

(E.93)
(5(], _ _q-/(st/

5S = (E - q’%) 5t/
q
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and hence

08
= —H,=—F. (E.94)
In general we have
oL oL
0S=—=6¢ — ({=— — ot’ E.
5= 5~ (75~ ©) (42)

We have proved

05 _0L(d.d\t) _

- = E.
o7 o7 p (E.96)
oS oL
— =L—-j— =—-H, E.
at/ E q aq/ 0 ( 97)

The Hamilton Function solves the Hamilton-Jacobi equation

Solve the first equation for ¢ so that we have

o -/( ! a_s t/)
q _q q?@q,a

and substitute the value of ¢ into the second giving
oS oS
w + H, (q’, — t’) =0, (E.98)

that is, the Hamilton function solves the Hamiltonian-Jacobi equation. The Hamilton-
Jacobi equation is also solved in the initial variables (¢, t) in the sense that

oS oS
H = = E.
ot 0 (q, 0q ’t) 0 (E-59)

where we have a minus signs in front of the partial derivatives.

If we know the Hamilton function, we have solved the equations of motion because we
obtain the general solution of the equations of motion in the form ¢'(q, p,¢,t') by simply
inverting the function
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05(q,t, ¢, t)

E.1
o (E.100)

p(Q? ta q/> t/) = -

with respect to ¢’. The resulting function ¢'(q, p,t,t') is the general solution of the equa-
tions of motion where the initial coordinate and momentum are ¢, p at time t.

Example : Free particle

The (“conventional”) Hamiltonian is

1
Hy(a,p) = 5—p". (E.101)
From the Hamilton function (E.85)
! 2
Sqtq,¢) = L =4S E.102
(¢:t.¢.t) 20— 1) ( )
We have
oS 7 —q /
a—q/ = m t/ — t = MmnMv = p y
) m(q' —q)*
- S—— E.103
o' 2t — )2 (E.103)
So that
as 1 [3S\’
4 [ZEZ) =0 E.104
ot * 2m (0q’) ( )
and therefore the Hamilton-Jacobi equation is solved.
Consider the derivative
oS h—
5 = _mz/ _;’ — —mw = —p. (E.105)
Inverting this gives the general solution
r_ D
¢ =q+—(t'—1). (E.106)

m
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L]

A second example.

Example : Harmonic oscillator

The (“conventional”) Hamiltonian is

1 1
Hy(q,p) = %pZ + §mWQq2' (E.107)

The Hamilton function is (E.86)

(¢*+ q’2)cosw(t’ —t) —2q¢

S(q.t,q,t") = E.108
(q7 4, ) mw zsinw(t,_t) ( )
for motion that starts at (¢,¢) and ends at (¢, ).
We have
oS q cosw(t' —t) —q ,
— = mw— =mv =7,
aq sinw(t' —t)
S , (@47 ,qq cosw(t' —t)
P L) S E.109
ot T sin? w(t' —t) T i w(t' —t) ( )
So that
08 1 (0s 2+1 s
- _— _ —MmMw =
ot 2m \a¢ g
2
) et
2sin” w(t’ —t) sin“w(t’ —t)
+omw? @+ ¢ cos>w(t —t) — 2qq cosw(t' —t) N lmwzq’Q
2sin® w(t —t) 2
— 0. (E.110)

and therefore the Hamilton-Jacobi equation is solved.

Consider the derivative
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9S  qeosw(t' —t)—¢

Dl = —n. E.111
Jq e sinw(t’' —t) b ( )

Inverting this gives the general solution
q :qcosw(t’—t)%—isinw(t’—t). (E.112)

mw

L]

E.1.7 Presympletic Formulation

A very elegant formulation of mechanics, and a crucial step in the direction of the generally
covariant formulism, is provided by the presympletic formulism.

Define the covariant configuration space

C=RxC, (E.113)

coordinatised by the m + 1 variables (¢, ¢*).

The graph of the function (¢*(t), p,(t)) is an unparametrised curve 4 in the (2m+1)—dimensional
space ¥ = RxT', with coordinates (¢, ¢*(t), p,(t)); it is formed by all the points (¢, ¢*(¢), p;(t))
in this space. The vector field

9 i 19

+ fi(qi,pi)g—]{ (E.114)

E.2 Generally Covariant Mechanics

The purpose of this appendix is to express dynamics in the language more wildly used,
to give visual examples as well as to provide workings out. More details of ideas and
physical considerations should be sought from Rovelli’s book.

a,/: (aq1,aq2...aqm;,apl,aPQ...,apm) (E115)
OH OH
X'=— X’=—= E.11
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Presympletic

Extended phase space

_OHdg O0HOIg
9= Bpaq g op

_ L (%0,
“w =5\ oer T aer

@ _

mwods

~0,f
(dbo)(Xy) = —df

e _ —0,H

B gy = O

00
o, = dx®—2 dH, = dx®—4%

ox™

(deo)(X) = —dH

C=RxC(,

(E.117)

(E.118)

(E.119)

(E.120)

(E.121)

(E.122)

(E.123)

(E.124)

A simple harmonic oscillator can be viewed as a system with two partial observables,
g and t A motion of the system defines a relation between ¢ and t. A given motion is
characterised by two constants A € [0, 00] and ¢ € [0, 27], and is given by the equation

f(q,t) = ¢ — Asin(wt + ¢) = 0.

E.2.1 Hamiltonian Mechanics

(E.125)

Definition : Variational principle. A curve v connecting the events ¢ and ¢ is a
physical motion if 4 extremises the action

S = /7 p.dq"
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in the class of curves 7 satisfying

H(q",p,) =0 (E.127)

whose restriction v to C connects ¢ and ¢f.
[

E.2.2 Relativistic Hamilton-Jacobi Equation

H (qa, aggza)) =0 (E.128)

defined on the extended configuration space C.

E.2.3 Double Timeless Pendulum - Classical Theory

Introduction to the Double Timeless Pendulum

The Double Timeless Pendulum is a mechanical model with two partial observables, a
and b. A given motion is characterised by two constants A € [0,v2E] and ¢ € [0, 27},
and is given by the equation

a b b

2 2 a
fla,b) = <Z> + (E) — 25— cos ¢ = sin’ . (E.129)

Whose dynamics is defined by the relativistic Hamiltonian

1
H(a,b,p,,p,) = —a(pﬁ +pf +a*+ b —2E) = 0. (E.130)

The Hamilton-Jacobi equation

The Hamilton-Jacobi equation is

8S(a,b)\>  [9S(a,D)\* , B
( 5a )+( 5 +a® + b —2E =0. (E.131)
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We solve this using method of separation of variables. We put:

S(a,b) = g(a)+ h(b)

and substitute this into (E.131),

(O - ()

Each side is equal to a constant, therefore we can write

da
dh(b)\>
——==) -V +2E = A?
() -+
The first equation becomes,
dg(a)
— VA2 _ 2
da “
and so
= / VA% —a?da

In order to arrive at the evaluation of this integral, we first write:

I:(/VM—@@
“ g
:cwﬁ—ﬁ—/&%QML@ﬂm

- J_i?+/\m;a2

N =y g

= aVA IJHAP/\/AQi_CL2
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(E.133)

(E.134)

(E.135)

(E.136)



where we used integration by parts in the first step. From this we have,

_ 0T A_Q/QL
I=gVA —a? 4 = (E.137)

To solve the integral on the RHS we use the substitution a = Asinu,

/arcsin(a/A) A cosudu

VA2 — A%sin®u
arcsin(a/A)
= / du
" (%)
= arcsimm | —
A

= arctan (\/ﬁ) . (E.138)

/“ da
VE_@

Therefore

a A? a
g(CL) = 5\/ A2 — CL2 + 7 arctan (T_GQ) . (E139)

The second equation, (E.133), can be written

(%25))2 = 2F — A2 —p? (E.140)

We immediately see that, in analogy to (E.139), that we have

b 2F — A? b
= —V2E — A2 —p2 4 — . E.141
h(b) 5 vV b? + 5 arctan T ( )

So finally we have the one parameter family of solutions

AQ
S@Wﬂ:%ﬂiﬁ+7mm67%7)
—a

b
V2FE — A2 — 1?

A2
+g\/ 2FE — A2 - b2 4+ % arctan ( ) . (E.142)
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Derivation of the Evolution equation

The evolution equation can be obtained from

d0S(a,b, A) B
—oq  Pa=0
We define ¢ = p,/A, then we have
0S(a,b, A)
ARG ) Ay =0,
0A ¢=0
Calculating the derivative,
0S(a,b, A 0
@b )~ D (ga 4) + ho, )

a b
= a%/ \/mczmﬁ/ V2E — A2 — b2db

0A

a ~ b
A/ da B A/ db ]
VA2 —a? V2E — A2 — p?
. [a ) b
= Aarcsin <Z) — Aarcsin (\/ﬁ) .

We then have

arcsin <%> — arcsin (%) = ¢.

(E.143)

(E.144)

(E.145)

(E.146)

where B = v/2F — A2, Using sin(z — y) = sinx cosy — coszsiny on (E.146) gives

%cos {arcsin (%)] — %cos [arcsin <%)} = sin ¢

Then squaring both sides gives

<%)2 cos? {arcsin (%)] + (%)2 cos? [arcsin <%)}
—2%% coS [arcsin (%)] coS {arcsin (%)] = sin® ¢
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Using cos? x = 1 — sin? = this becomes

() () -

ab . a . b )
_2Z§ Ccos [arcsm <Z)] Cos {arcsm (E)] = sin” ¢. (E.149)

Using cos(z — y) = cosxcosy + sinxsiny on (E.146) we have

Ccos [arcsin <%>} Ccos [arcsin (%)] + %% = oS ¢. (E.150)

Substituting this into (E.149) gives

Y -]t st
B A AB AB ' .

2
(ﬁ)Q n (3) _ 2%% cos ¢ = sin? ¢. (E.152)

which is the evolution equation (E.129).

The Hamilton function

ad = d(7') = Asin(7' + ¢)
vV = V(7)) = Bsin(r') (E.153)

S
|

a(t'+ 1) = Asin(7 + 1 + ¢)
b(t"+ 1) = Bsin(7' + 1) (E.154)

S8
|

We now derive the formula
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!
a’ +a?—2ad cost

A=

(E.155)

sin® 7
and

(a®> +a?+ b +b?) —2(aa’ +bb') cos T

E = —
sin” T

(E.156)

We first prove (E.155)

a? 4+ a'* — 2ad cosT =
= A {sin®*(7' + ¢ + 1) +sin’* (7' + @) — 2sin(7’ + ¢ + 7) sin(7’ + @) cos T}
= A*{[sin(7’ + ¢) cos T + cos(7’ + ¢) sin7]? + sin®*(7’ + ¢)
—2[sin(7" + ¢) cos T + cos(7’ + ¢) sin 7] sin(7’ + @) cos T}
= A*{sin®(7' + ¢) cos® T + cos? (7' + ¢) sin® 7 + 2sin(7’ + ¢) cos T cos(7’ + ¢) sinT
+sin®*(7" + ¢)[cos® T + sin® 7]
—2sin*(7' + ¢) cos® 7 — 2 cos(7' + ¢) sin 7 sin(7' + ¢) cos 7}
= A’sin® 1 (E.157)

giving (E.155). Similarly

B b +b? —2aa cosT (E.158)

sin? 7

Therefore

a®>+a? +0*+b%—2(ad +bb') cosT

2F = A* + B* = — (E.159)
sin” 1
giving (E.156)7 Rearanging gives
e 2+a?+0*+0? - 2F
COS2T—L;:)COST+CL o +2E+ = 0. (E.160)
So
"+ bb + £ '+ 002+ 2E(2E — a2 —a'? — b? — b2
cosr — 28 + bt + \/(aa + b0 )% 4+ 2FE( a* —a ) (E.161)

2F
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and

aa' + bV + £+/(ad + 002 +2E(2E — a2 — a2 — b2 — b"?)
2K

7(a,b,a’,b") = arccos :
(E.162)

E.2.4 Nonrelativistic Systems as a Special Case
E.3 Conventional Quantum Mechanics

E.3.1 Transition Amplitudes

Let ¢ be a set of operators that commute, are complete in the sense of Dirac (form a
maximally commuting set) and whose corresponding classical variables coordinatise the
configuration space. Consider the basis that diagonalises these operators ¢|¢ >= q|q >.
The transition amplitude is then given by

W(g,t,q 1) = < e #Ho@D|g > (E.163)

That is, the transition amplitude is given by the matrix elements of the evolution operator

U(t) = e~ ntot (E.164)

in the basis |¢ >.

Notice that the transition amplitude is a function of the same variables as the Hamilton
function. The transition amplitude gives the dynamics of quantum theory.

Example : Free particle For a free particle

. A2 ,
Wig,t,q,t') =< q/|e’ﬁ2an(t ’t)|q > (E.165)

Inserting the resolution of identity 1 = [ dp|p >< p|,

. A2 ,
Wi(g,t,¢',t') = /dp/dp’ <dlp ><ple " Dp >< plg >
1 7 / in t/ t
= 57 | enPla=a) =5 3 ('=1) (E.166)
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1

where we have used < plg >= —L_¢4/" Evaluating the Gaussian integral we get

Varh
Wi(g,t,q',t') = Aexp imle —af (E.167)
T h 2(t —1t)

were the amplitude is A =, /m Recall that ™\ —a)° was the Hamilton function of

2( 1)
this system. Therefore

W(g,t,q 1) o erSata ), (E.168)
[]

E.3.2 The Feynman Path Integral

The above result is general via the construction given by Feynman. Start from

Wig,t,qd,t')=<d|U{H —1t)|q > (E.169)
and using the fact that the evolution operator defines a group
Ut —t)=U{' —t"\U{" — 1) (E.170)
to write it as a product of short-time evolution operators
Wig,t,qd,t')=<dU(e)...U(e)|lq > (E.171)
where

t—t
N

(E.172)

€ =

At each step we insert the resolution of the identity

_ /dqn|qn s<ql. (E.173)

The transition amplitude is then expressed by a multiple integral
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N
Wi(g,t,qt") = / dg,...dgy_, || <a.lU)lg, . > (B.174)

n=1

where we take ¢ = ¢, and ¢’ = ¢,. This expression is true for any N. We take the limit
where N — oo:

N
Wig.td,t) = lim / dg, .- day_, [] < a,JU@lg, , > - (E.175)

n=1

Now, consider the particular case where the Hamiltonian is of the form

H, = Py V(g). (E.176)

2m

The “infitesimal” evolution operator is then

2

U(e) = @_% (;—m—l—V(q))e‘ (E].77)
For small € we can make the replacement

.2

Ue) ~ e 7ame 7V (@e, (E.178)

(see subsection on the Trotter product formula below). In the |¢ > basis the second
exponential gives just a number. The first was computed above in (E.166 - E.167).
Together they yeild

.2 . .2 .
—iDc iy (gl o _ip” — 1V (gn)e
< qn|€ h2m-e h |qn71 > = K qn‘e h 2m ‘qnfl > e h
i (( mlan—an_1)>
m eﬁ(m+‘/(qm))e
2mhie

(E.179)

The exponent in the last expression is a discretisation of the classical action. The tran-
sition amplitude can therefore be written as a multiple integral of the discretisation of
the action in the limit that the discretisation is replaced by the continuous limit, namely
e — 0.

We then have for the tranistion amplitude
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N
Wig.t.q,t) = lim [dq.. doy ,[] <a.lU@E)lg_,>

N—o0 1
m N2 F (e ) )
N J\}Enoo (27rhie> /dq1 Ay e
= lim N [ dg,...dgy_er™@). (E.180)
—00

We now come to the reason why this object is called a “path integral” and can be seen as
a “sum over histories”. Imagine that the points ¢, q,,...,qy_;,¢ are connected by lines.
The sum in the exponential of (E.180) interpreted as a Riemann sum of a certain integral
along the path - the action S.

The argument of the exponential in (E.180) is i.S/h evaluated along the broken path con-
necting ¢, q,, ..., qy_;,¢ - The integrals over the quantities ¢, ..., gy _, can be interpreted
as summing over all possible broken paths connecting ¢ and ¢'.

The notation for the path integral is

W(g.t.q.t) = / Dlg(t)]et 5. (E.181)

In the absence of a satifactory hamiltonian operator we can take an expression like (E.180)
as a tentative ansatz for defining the quantum theory.

Trotter product formula

We give an outline of the argument. Putting A := (¢’ — t)/h we can write

W(g,t, ¢ t) =< ¢|e X TTVIN A THIN g > (E.182)

It can be shown that

e MT+V)/N _ (=XT/N =\V/N | ) (W) (E.183)

(worked exercie). In the limit N — oco. We wish to establish that we can replace the term

[eXT+VI/N]Y (E.184)
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with the term

[ XT/N g AVIN] Y (E.185)

We express the difference between (E.184) and (E.185) as

<€—>\T/N€—>\V/N)N _ (6—/\(T+V)/N)N

_ [ef)\T/Nef)\V/N _ ef)\(TJrV)/N} ( f)\(TJrV)/N)Nfl

e
_ _i_ef)\T/Nef)\V/N [ef)\T/Nef)\V/N _ ef)\(TJrV)/N} efA(TJrV)(N*?)/N

Fooo (e T/NmAVINYN-1 [e—AT/Ne—AV/N _ e—A(T+V)/N} (E.186)

This is an identity. It contains NV terms, each of which has the factor exp(—AT/N) exp(—AV/N)—
exp(—A\(T' 4+ V)/N), which by (E.183) is of order 1/N?. This justifies the replacement of
(E.182) by the expression

Wig,tod 1) = lim < (e Ve VNN > (E.187)

E.3.3 General Properties of Transition Amplitudes

The transition amplitude gives the wavefunction (q,t) given the intial wavefunction

U(q', 1),

U(d,t') Z/dq V(g )W (g, t,q',t). (E.188)

The transition amplitude W(q,t,¢’,t') is then (as a function of ¢’) the wavefunction at
time t' for a state that at time ¢ was a delta function concentrated at q. Therefore it
satisfies the Schrodinger equation in the variables (¢’,¢") (and the conjugate equation in
the variables (g, t)).

0
—ih—W(q,t,¢'.t") + H, (q’, —ih

o' i,) Wi(g,t,q,t) =0. (E.189)

Jdq

Example : Free particle For a free particle

First we have
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) a /gl - . 8 m 7 m(q/ o q)g
gttt = gy ( 2mhi(t —1) {n 20— 1)
) 1 ¢ m(q/ - (])2 1oyl
- T -7 t,d.t). (E.1
ih ( 200 —t)  h 2t —t)2 W(q,t,¢,t). (E.190)

Then

and hence Schrodinger equation is solved. It is easy to see that W(q,t,q’,t’) satisfies the
conjugate Schrodinger equation in the variables (g, t),

—H’h%W(q,t, ¢, t")+ H; (q, —zhé%) Wi(q,t,q¢,t'")=0. (E.192)

L]

Example : The SHO. Normalisation factor for the SHO transition amplitude:

Use the fact that

W(g,t,q,t) = At — t)erS@td ) (E.193)

satisfies the Schodinger equation in the variables t',¢" and that S(q,t,q,t") satifies the

Hamilton-Jacobi equation in the variables t', ¢’ to determine the normalisation factor
At —t).

Solution.

The Schodinger equation in the variables t/, ¢ is
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1 2
—ih%W(q,t, q,t) + (— (—ih—) + —mw q/2> Wiq,t,q¢,t')=0. (E.194)
m

or

i /4 3 a % /4
32 LS(qtqt / . / LS(q,tq t
—Zheh (q 4 )_ﬂA(t - t) - ZFLA(t - t)—ﬂeh (q 4 )

2o\ 1
+ (—— ( ) + —mqu’Q) W(g,t,q,t") = 0. (E.195)

om \ dq' 2

This becomes

0 0
) -~ /oyl
at/ at,S(CLtuq 7t)

2o\ 1 . o
= Al -9 <_% (a_q/) + imw2q/2) e S (@td )

s P [iPS 1 (oSN 1
=Wi(q,t,q,1t) <—% (ﬁ@ T (3—(1’) ) + imuﬂq 2) (E.196)

This is greatly simplified by substitution of the Hamilton-Jacobi equation,

iherSatd .t

At —t) —Wi(q,t,q,t)

s 1 [8S\°® 1 4
Z - E.1
BT + o (@q’) + 5w 0 (E.197)
to obtain
0 1 925
— At —t)=——A{t' —t)—. E.1

Now inserting the explicit expression for the Hamilton function of a harmonic oscillator,
(E.86), which I reproduce here

(¢* + q’2) cosw(t' —t) — 2qq
2sinw(t’ —t)

S(q,t,¢',t'") = mw (E.199)

for motion that starts at (¢,¢) and ends at (¢/,#'). Equation (E.198) becomes
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%A(t’ —t) = —%wA(t’ —t)cotw(t' —t) (E.200)
or

0 , 190 . ,

g InA{t' —t) = ~59 (Insinw(t’ —t)) (E.201)
so that

1

At —t)=InC — 3 (Insinw(t" —t)) (E.202)

or

(Insinw(t’ — t)))

N —

AW —t) = Cexp (—

- C . (E.203)

¥

sinw(t' —t

The overall constant of integration may be obtained from the free particle limit, i.e.
w — 0, of the transition amplitude which we know is

Therefore for the SHO we have

e i (¢* + q’2) cosw(t' —t) — 2qq
Wiat.d t) — v E.204
(qa 4 ) \/QWhiSiDW(t/_t) eXp{th QSinw(t/—t) ( ! )

L]

E.4 Generally Covariant Quantum Mechanics

We have
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<o U] =<ale”™ and |a,t>=ea > (E.205)
The propagator is defined by
Wia,t, o' t") = <o tat>
= < o]e” g >

= Z < a'lm >< m|e” D |p > < nja >

= Y H () PUIH (a), (E.206)
where H () is the eigenfunction of H,, with eigenvalue E, .

E.4.1 Boundary Formalism

The probability amplitude of measuring a state v, at ¢ if the state 1), was measured at
time ¢ = 0 1s

A=<q,le My, > (E.207)

Fix a time ¢ and consider the non-relativistic boundary space

K,=H ®@H,= L,[R* dada] (E.208)

where the notation H* indicates the dual of the Hilbert space H. The space K, can be
called a kinematic Hilbert space.

Dynamical vacuum

The linear functional W, defined by

W, (1, @ ) = < g le” |y, > (E.209)

is well defined on K,. This functional captures the entire dynamics of the system. A
linear functional on a Hilbert space defines a state. We denote this state |0, > defined by
w

t
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W, () = < 0Ju> >, (E.210)

and call it the “dynamical vacuum” state in boundary state space IC,.

The states

la, 0 > =<d|, ®|a>, (E.211)

represent a basis of the system for v at time ¢t = 0 to o at time t.

Recall
W(a,t, o, t") = < o|e HED|a > . (E.212)
<Ola, 0/ > = W, (<d|®]|a>)
= <ale”#d >
= Wi(a,t, o', 0) (E.213)

“Minkowski” vacuum
Denote |0,, > the lowest eigenstate of H, in H,,

1 2
<al0,, > = Hy(a) = me—%a (E.214)

Consider the analytic continuation in imaginary time of the propagator

W(a, —it, o', 0) — Hy(a)e "' H (). (E.215)

t—o0

This can be written

lim e™'|0_,, >= [0,, > ® < 0,,]. (E.216)

t—o0

This expression relates the dynamical vacuum [0, > and the Minkowski [0,, >. This
equation can be used to find the quantum states corresponding to Minkowski spacetime
from the spinfoam formulation of quantum gravity.
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E.5 Conditional Probabilities

< s|P m mP|s >

P(a when b) = <SP, Pls >

(E.217)

E.5.1 Dolby

In order to illustrate the diffculty with this definition of probability, consider the two-state

system introduced in Section 2.2, but let us imagine, for simplicity, that time is discrete.
That is, the states are ¥4(t,), S =1, | where 4(t) =< S,t,[1) >, with integer n.

In the conventional formalism one focus on probabilities of the form
P(1 whent ),

where the event (1, ) is considered as one element of the set of equal time alternatives

But the general formalism does not privilege the time variable and therefore allows us to
consider also probabilities of the form

P(t, when T),

where the event (T,¢,) is considered as one element of the set of alternatives

S = { T (T?tnfl)v (Tutn)v (Tatn+1)7 Tt }

1, ifn=12
¢T(t”) - { 0, otherwise (E.218)
ie.
[P¢T (tn) = 7,/)T (tn)
then
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< slm, mls >
P(tn When T) W
T

< slm, [ ><s'|m|s >

2T

Sl

< slm, [ ><s|m|s >

— E.219
2. g (E219)
where
00 01 0O 01 -1
01 00 1 0O 1 1 1
u(t0> :u(t1> - 0 O 1 O ) u(tZ) :u(tB) = ﬁ 1 1 1 0
1 0 0O -1 1 0 0
(E.220)
E.5.2 Hamilton Function of GR
Sapldl :/ d"zy/det g R+/ Vdetqk (E.221)
R b))
Slgl = / Jdetq k (F.222)
>

E.6 Schrodinger Representation of Field Theory

The action for the free scalar field theory is

1
/d4a: L(z) = 5 /d4a: ((9“@8ug0 - m2g02) . (E.223)

The conjugate field momentum is then

m(x) = Gaﬁﬁcp = p(x) (E.224)

The Hamiltonian density is the given in terms of the Lagrangian density via
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Ho(x) = m(a)¢(x) — L(x) (E.225)
and so the Hamiltonian is
1
H, = 3 /d% (7° + |Vl + m*¢?) . (E.226)

We go to a coordinate Scrodinger representation and work with a basis for Fock space
where the operator ¢(Z), now time independent, is diagonal. Let |¢ > be an eigenstate
of ¢ with eigenvalue ¢.

o(T)[¢ >= o(T)[¢ > . (E.227)

note () is an operator, while ¢(Z) is just an ordinary scalar function.

)
——,0(y)| =0(F — 7). E.228
{M(m) d)(y)] (7 —9) ( )
therefore
(@ =i (£.220)
(%) = —i—— .
59(Z)
in terms of the coordinate basis
< FIr(@)l6 >= —i—o=d(6 — &) (E.230)
s =— — — ). )
59(Z)
turn the Hamiltonian operator into a functional differential operator,
H., = l/d?’a; __” + V() |> + m?*¢*(Z) (E.231)
"7 3 66%(7) ’ |
(where |V¢| = 9,¢00"¢) and the Schodinger
.0
zahﬂ >=H|V >, (E.232)

turns into a functional differential equation,
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0 1 52
ZE\IJ[QIS] =3 /d?’x (_W + |Vo|* + m2¢>2) g, 1]. (E.233)

whose solutions, the eigenfunctionals of the hamiltonian functional differential operator,
represent possible states of the system. For time-independent hamiltonians it is possible
to separate the variables

g, t] = e F10g], (E.234)

obtaining a functional eigenvalue problem for the time-independent Schédinger equation

1 3 52 ) » B
§/d ! (_5¢2(f) +IVo[ +m7e ) V(o) = EV[g]. (E.235)

E.6.1 Ground State and Excited States

Creation and anihilation operators can be written

= [t (00 - )

a(k) = / dBre®® (wk¢(f>+ 5 d)(zf))‘ (E.236)

The Minkowski vacuum state is determined by a <l€) |0,, >= 0. In the functional repre-
sentation, this state reads

U, [¢] =< 6l0, > . (E.237)
and is determined by
- h ) W -
o (R Woulol = i ol + om0 (2

The solution of this equation gives the functional form of the vacuum state

U, [¢] = Ne~on J @k w®)e®ek), (E.239)

Onr
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The one-particle state with momentum & is created by aT(E):

Vile] = < olk >=a' (k) ¥, [¢] = V2wo(k)¥, [4].

It has energy fw(k) . Therefore, the time-dependent state

V[t 6] = V2we “ @ (k) e, [g]

is a solution of the Wheeler-DeWitt equation

0

A generic one-particle state with wave function f (lg) is defined by

d*k

mf(k)lk >,

|f >=

and its functional representation is therefore

W, [0) = < o|f >= / LR (R) Y, [0

or

where

oLf) = / R (R)(R).

The corresponding solution to the Wheeler-DeWitt equation is

Wt ] = / L (R)e =P (F) U0

as follows from

1017
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0 &k - (.0 iRV LT
(ma—ﬂo) Ut ¢ = \/T_wf(k) (ma—ﬂo) V2we @ Wlo(k) W [¢]
= 0. (E.248)
or, in Fourier transform,
W[t 6] = / PrF(t, F)p(2),[6) (E.249)
where
_ = 1 37, i(k-F—w(k)t) g/
F(z)=F(t,%) (27r)%/d ke f(k) (E.250)

The n—(Fock)-particle state |k, ...,k > can be obtained be repeated application of the
creation operator a (k) They have energy h(w, + - +w,,) where w,(k;):

Hylky, ... k, >=h(w, +-+w,)|k,,....k, > (E.251)

n

The general solution of the Wheeler-DeWitt equation is therefore

By By o
X

3
a'(k,)...a'(k )V,[g]. (E.252)
Scalar product

E.7 Transition Amplitude on an Infinite Strip

We calculate the transition amplitude for the free real massive scalar field ¢, both in the
Minkowskian space and in Euclidean space between ¢, = 0 and ¢, =T
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E. 7.1 Minkowskian case

W10, 0,04, T) = / Do exp (% /O "t <8M¢(x)8“¢(x) - m2¢2)) (E.253)

9017073027T

where

T T 00
/ d'r = / / dz. (E.254)
0 0 —o0

The classical equation is

(O, +m?) ¢(x) = 0. (E.255)

We must now solve this equation in the infinite strip bounded by the two hyperplanes
t =0 and t =T, with boundary conditions

O(5,0) = ¢,(@
BET) = (@) (E:256)

We can solve this problem by considring the Fourier transform &(E, t) of the field ¢(Z,t).
From equation (E.255) we have

< L
(O, + m?) 6(z) = / (@, +m?) e FE(E 1)

—o (2)
oo 3 - 2 -, ~
B / (gﬁl;ge_m (% LR +m2) S(F,1)=0. (E.257)
This implies
82 = ~ =
(@ +E m2) ¢(k 1) = 0. (E.258)

Solving this gives:

N 913(/2, T)sinw,t — gf;(lg, 0)sinw, (t — 1)
B(F.1) = BT B )
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where w, = V/ k2 - m? and

5(F,0) = / Py ()

SET) = / By (7). (E.260)

Putting it altogether we have

3(a) = /oo B /oo B F D) 0o () sinw, t — o, () sinw, (t — T)‘ (.261)

ye ;
w (2m)3 sinw, T’

Now the functional integral can be solved by substituting ¢(z) = ¢(x) + n(z) where n(x)
is a fluctuation:

Wiley, 0,05, T1 / , _Dexp (% 2)0"p(x) — 2¢2)):
©1,U,p2,

:/Mwmexp (5/ (( B(2) + O,n(a >) —m? ($<x>+n<x>)2))

by using (E.255) and the boundary conditions for n(z), namely n(Z,t = 0) = 0 and
n(Z,t =T) = 0. These imply for the integral in the exponetial:

[ (3,560 + 8,00) (@5(0) + 00(w) - m Bo) + 0(0)") =
= [t (3,599 - m*8) +2 (8,500 () - m¥Ban(@)) +
+ (9m(@)on(x) = m*n)
= [t (3,50%0) - m*8) 2 (340,80 + m*B)) i) +
+ (9m(@)0"n(w) —m*n)
= [t (3,500950) ") + (30000(0) - mi) (E.263)

so that (E.262) becomes
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. T
. eT
/O,tzo,o,t:T Dipexp (%/0 d'z (3//](@8#77(%) — m27]2>)
(E.264)

Note the first term is e"Set/2 where S, is the action evaluated for the classical field config-
uration ¢(x) - i.e. the Hamilton functional.

We can make a simplification:

_ / 0z /_°° 02 (8,0[6(2)0,00(2)] — 0, [3(2)2,:B(x)])
- /00 0z B()0,09(2)|" (E.265)

where we have made use of the classical equation (E.255) again and that the field ¢(z)
falls off to zero at spatial infinity. Then inserting (E.261) we have

/ 0 §(2)0,03(x)| T =

/ o /oo Bk /oo dyeF D @, (Y) sinw,t — ¢, (¥) sinw, (t = T)

sinw, T’
> Ak /OO Bre R @2, /902(5) coswy,t — ¢, (2) coswk,(t—T) r
o (2m)3 J_o k sinw,, T’

Bk [ PR [T s G 3 8 ik ik 2,
‘/_w<2w>3/_w<2w>3/_ dre /d / el Ty

(esiion(@rcot, = 2O — 22— ) corw, 7))

sinw,, T’ sin w,,
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Now the second term in (E.264) becomes

N

/0 oner Dnexp (—% /0 ' d'z (n(z) (3, +m?) n(a:))) = (det(-0 —m?))~

(E.267)

Substituting this and (E.266) into (E.264) we obtain for the transition amplitude

1% 0,0, T = ! d3 d3 = d?’/f ik -2)
M[(')Op 79027 ] - \/det(—D—m2 wk

(_%(ﬂ)%(i) + ¢, (2 )sog(y) 1 cotw, T (e, (§)ey(2) + @l(g)gpl(z)))) :

sin wkT
(E.268)

The inifinite factor (det(—C] — m?2))~2 will be dealt with in a later subsection.

E.7.2 Euclidean case

We now explicitly calculate the transition amplitude for a free massive scalar field in
euclidean space, using a slightly different method that will be used again in the calculation
of the generalised Tomonaga-Schwinger equation.

Wil 0,0, T] = / D¢ exp (—% /O Td4x <8N¢(x)3“¢(x)+m2¢2>) (E.269)

»1,0,p02,T

classical equation

(O, —m?) ¢(z) = 0. (E.270)

We now solve this equation using the Green function technique. The Green’s function
satisfies the equation

(0, —m?) G(z,y) = =6*(z — y). (E.271)
This can be rewritten as
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:/o d*zo*(z — y)o(x) (E.272)

that is

(E.273)

where G 5 ¢ = GOp — ¢0G. Supposing that G(z,y) and ¢(z) go to zero fast enough at
spatial infinity the first term of the sum is zero, and so

s = [ r [ a9, (G 5 00)
- /Z Az [G(x, ) 510 E(x)] -

_ / &3 [G(F,T,y) 0,00(2)] 0y — Or0C(@, )| o_y (@) +

—00

— G(Z,0,y) 01,05(1’)}:60:0 + 0,0G(x, y)}xozo gpl(f)] (E.274)

20=0

To reproduce the boundary conditions ¢(#,0) = ¢, (%) and ¢(Z,T) = ¢,(Z) the Green
function G must be zero for x, = 0 and x, =T". Then

oy) = /oo d°z (0,0G(7,0,y) ¢, (¥) — 0,0G (T, T, y) ¢,()) - (E.275)

—00
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We solve (E.271) with a “spatial” Fourier transform:

& ey
G(z,y) = / sl )™ 7
&k e
54('77_3/) = /(27T)35(-T0_y0)6 (79

imposing the conditions

G(Ov yo) - G(tv yO) =0.

Employing (E.276) in (E.271) we have:

&k 2) & ) d* )
on)? (Dx -m ) G(xy,y,)e = — (2w)3(5(1’0 —Yp)e )

Which gives

(350 — (/;:2 + m2)) é(xo,yo) = —0(zy — y)-

The general solution is of the form

é@myo) = ép(x07 yo) + [A(E, yo)f1(E7 xo) + B(E, yo)fg(Ea xo)]

(E.276)

(E.277)

(E.278)

(E.279)

(E.280)

where ép(a:o,yo) is a solution (i.e., any solution) of the inhomogeneous equation and

fl(E, z,), fQ(IZ, z,) are two linearly independent solutions of the homogeneous equation.
The homogeneous solutions are helpful in obtaing the correct boundary conditions.

A solution of the inhomogeneous equation is

6*Wk|x0*y0‘ .
2w,

We check this,

1 —Wg[T0—Yo 1
350 {2—%6 lzo=y q = 0, [—wk (20(zy, —y,) — 1) 5, ¢

Wi

1
= (_5(% —Yy) + Wl%ﬂe_w‘wo_m

k
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which rearranged gives

- 1
(08, = (B my) e = —day = ) (1282
k

Two linearly independent homogeneous solutions are obviously e“**® and e~“**°. There-
fore

1 , ,
G(xg,,) = ﬂe‘“’k“’”‘“‘ + Ak, yy)e”s™ + B(k, y,)e ™. (E.283)
k

We now impose the boundary conditions (E.277)

~ 1 —w — —
G0.9y) = 2w e 0 + Ak, y,) + B(k,y,) =0
k
N 1 . .
G(T,y,) = 5 e~wrT=w0) L A(k, Yo)e*T + B(k,y,)e " =0
k

(E.284)

which are solved by appropriate choices for A(IZ, Yy,) and B (l;, Y,)- From these equations
we obtain

- - 1 1 -
G(T,y,) —G(0, yo)e_w’“T = — e wnT=v0) _ _— owitoo—wrT | Ak, yo)(ew’“T —e Ty =0

2w, 2w,
(E.285)
and
. . 1 .
G(O, y0>ewkT o G(T, yo) _ Ee*wwoewkT . Eeﬂuk(T*yo) + B(k, yo)(e“”“T . efwkT) -0
k k
(E.286)
so that
. e~ wryoo—wi T _ p=wr(T—yo)
Ak = E.287
( 7y0) ka(e‘”kT _ @*WkT) ( )
. —wi(T—=y0) __ ,—wrYo pwiT
B(k,y,) = - S (E.288)

2w, (ewrT — e=wrT)
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Substituting these into (E.283), and expressing G(z,y) as the “spatial” Fourier transfor-
mation, we finally have for the Green function G(z,y):

3 R
Gloy) — / d’k o~ iF(E-7) (ie—wkxo—yo_}_

3
(2m) 2w,
—wrYo p—wrT _ ,—wi(T—%0) —wp(T—y0) _ o—wryo pwiT
L€ e e gnzo 4 € e et
2wk(ewkT _ efwkT) 2wk(6wkT _ 67wkT)

(E.289)

We now wish to substitute this into (E.275). First we calculate

~ 1
axoG(xoa yo) - —5(2@(1‘0 — yo) — 1)e—wk\$o—yo| +
ewkTe—UJkIL’O +e—wkT6wk$0

2(ewkT _ efwkT)
ewkTo + e~ wkTo

w —wiT
—en 2 Ty (E.290)

+€—ka0

Then
~ 1 1 coshw, T 1 e~ wrT
0..,G(0 — e WkYo 4 " omwWrYo U kT T owkYo_
wG0y0) = e e e T T2 smhan T
sinhw, (y, — 1)
= — E.291
sinh wkT ( )
and
~ 1 1 1 1 coshw, T
O G(T — _ ~,wk(T=yo) 4 — ,~wkyo _ Z —wr(T—yo) k
2 G(T %) 2¢ T3¢ e, 2° sinhw, T
_ _‘_lefwkyo 1 _ lefwk(T*yo) 1 e“rT
2 sinh wkT 2 sinh wkT
sinh w, 1,
= -2 E.292
sinh wkT ( )

substituting this into (E.275), the formula that we repeat here
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> = s d’k —ik-(Z—7 ~ o ~ .
o) = [ e T (0.6(0.1) 1)~ 0T () (B299

o)

we have

B o0 Bk ;- asinhw, t o, () — sinhw, (t — T, (7)
o(x) :/ d3y/ e D) et . t (E.294)
. (27)3 sinh w, T

The functional integral can be soved exactly as in the minkowskian case, to obtain

1 1 00 [e8) o0 d3k o
S 1 B 3 / —ik-(j—Z)
Wgle, 0,95, T N e eXp( 5 /OO y/oo z . (27r)3€ wy,

(_mm%@ + ¢, (s (@) wl@)))) |

sinhw, T + cothw, T(p,(§)9y(2) + ¢, (¥

(E.295)

E.7.3 Normalisation Factor
Minkowskian case

To find the correct normaglisation factor for the transition amplitude, we sue that it satify
the functional Schrodinger equation

.0 1 52 . S
Za—TWM[QOl,O;%,QT] =3 <_W + |V, (7)]* + m290§($)) Wirle1, 0,45, 0,T]
(E.296)

By writing the transition amplitude as W,,[¢,,0, ¢,,0,T] = M(T) exp (iS[¢,, ¢,]), (E.296)
reads as

iexp (iS[py, v,)) a%M(T) — Wyl 0, @Q,T]%S[wl, Po] = Wiley, 0,05, 0,77 -
Ll ([ _8Sleneal | (0Slen ool I
Z/d << dp3(%) +( 04p,(T) ) )+ (Vo @I +ma( )))

(E.297)
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This is greatly simplified by substitution of the Hamilton-Jacobi equation, that is, the
classical action calculated on the boundary conditions, and as such obeys

28 59
e [ H _
0 = gp+tH ((’02’5%)

05 1 [, 55 \? N2 L2 2
— _ E.2
i Q/d ((&%) + [V, (@) + mP(@) | (5.298)

to obtain

o %, i 02S[ipy, o]
S — M(T)=—=W 0,0,,0,T] | dPr—"2 E.299
ZeXp(Z [@17@2]) aT ( ) 2 M[@l? 7@27 9 ]/ (5@2( ) ( )
From the exponent of (E.268),
1 * * d k; o iF-(F-2
Sley, ,] 5/ d3y/ 4’z w0 _')W/g
0y(2) + ¢ ( )90 (y) N L
( o w,ﬂi + cot w, T(0,(9) 5 (2) + ¢, (D, ()
(E.300)
we obtain
/d3x525[9§17f72] _ /d3 / dy - 3 - d3k —z‘lZ- (7—2)
6902('%) —00 —00
cot w, T'(20(Z — 7)6(z — 2))
-V / Tk ot T (E.301)
= . (QW)Bwk‘ cotw, T .
where V' is a volume. Substituting this into (E.299) we get
0 1 * Bk
M(T)=—=M(T — T E.302
M) = —sMTV [ S cota (F.302)
or
0 1.0 [ dk i
3T In M(T) = _évﬁ—T /_Oo ka Insinw, T’ (E.303)
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so that

1 * Pk
M(T) = Cexp (—51// ka Insin wkT) . (E.304)

E.7.4 Relation to the Vacuum State

Minkowski vacuum

W, (6] = exp (-% / iy / e / %eiﬁ~<ﬁ—f>¢m¢(z>¢(g>) (E.305)

This functional corresponds to the vacuum state defined as the state with the lowest
energy. In the following we call the Minkowski vacuum the vacuum state defined this
way, to distinguish it from another vacuum state that will be defined shortly.

Choose a basis |n > of eigenstates of H with eigenvalues £ , and consider the operator

W(T) =Y e ™ n><n. (E.306)

n

In the large T' limit, this becomes the projector on the vacuum

lim W(T) = 1[0,, >< 0,,]- (E.307)

T—oo

Nonperturbative vacuum

We define a kinematic Hilbert space ’CzT> as the tensor product

Ky, = Hip ©H,_, (E.308)

where the notation H* indicates the dual of the Hilbert space H; which of course is
canonically isomorphic to H. We denote a field on ¥, by ¢ = (¢,, ¢,). The field basis of
the Fock space induces in Ky, = the basis

‘¢ >= ‘9017902 >=<< 902‘t:T ® |901 >0 (E'309)

which in the language of wave functionals translates as
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V(o] = Wlp,, @] = < 0y, 0,|V > . (E.310)

In the kinematic Hilbert space Ky, the transition amplitude Wipy,0;0,,T] defines a
preferred (bra) state

<Oy [W > =Wy, 050, T (E.311)

is this Hilbert space. The state is referred to as the nonperturbative vacuum, or covariant
vacuum. This state expresses the dynamics from ¢t = 0tot =T. As a state in Ky, which
is the tensor product of two Hilbert spaces, it defines a linear mapping between the two
spaces ‘H,_, and H,_,. The linear mapping is precisely the (imaginary time) evolution
e~TH_ We have by construction

< Oy, | (< Vol @ 13, >) = < Wple™ [y, > (E.312)

< Ogy, [y >= ey, > (E.313)

Notice that the bra/ket mismatch is apparent only, as the three states live in different
Hilbert spaces.

Equation (E.306) shows that in the limit 7" — oo we have the projector on the vacuum

A < Okeg | (S Youtl @ 1950 >) = <00y > < Opgltyyy > (E.314)

We can therefore write the relation the two notions of vacuum that we have defined as

lim [0 > =10, >® <0yl (E.315)
T

T—o00

1030



E.8 General Boundary Formulation

E.9 Generalised Schodinger Equation in Euclidean
Field Theory

E.9.1 Surfaces and Surface Derivatives

Consider a finite region R in the euclidean 4d space RY. we use cartesian coordinates
z,y,z,... on R* where z = (2%), a = 1,2,3,4. Let ¥ = 9Ry, be a compact 3d surface
that bounds a finite region Ry,. We denote s,t,u... coordinates on ¥, where s = (s9),
q=1,2,3.

A line element is given by

ox® ox®
dr? = G, (s)ds?ds” = g, (3—;dsq) (a—;dsr) (E.316)

the induced metric is then

0z%(s) Oz (s)
= a E.31
The surface gradient is defined as
0
.= _— E.318
V= oo (E.318)
The normal one-form of the surface is
_ 0xb(s) 0x¢(s) Ox?(s)

na(s) = 6abcd 881 882 883 (E319)

We orient the coordinate system s so that n is outward directed. Its norm is easily seen
to be the determinate of the induced metric Ay (see append on measurement of area),

n,n® = detgq. (E.320)

Proof.

1031



n, = €% O, (s) O, (s) Dy(s) D (s) Da () D (s)
a ab' ' d 381 882 383 881 382 353
Oxy(s) Oz () Oxy(s) oz (s) < (s) Bz (s)

il

— 51)/6(% /
veld' st 9s2 9s3  Os! 0s? 0s3
O 0 O\ au () 0 (s) O, (s) O () B’ () D!
e (5 S 0m(s) 0r,(5) D, (5) 07 (5) D2 (5) D2 (5)
5?, 52 52 ost  0s2 0s3  Os! 0s2 0s3
a ¢ O
dzy(s) 0xb(s)  Oxy(s) OxP(s)  xy(s) OxP(s)
sl ! I 52 I 3
— det Oz (s) xb(s)  Oxy(s) 0x%(s)  Oxy(s) DxP(s)
0s2  09sl! 0s2 952 0s2  9s3
0z (s) 0xP(s)  Oxy(s) 028(s)  Oxy(s) DxP(s)
0s3  0Osl 0s3  9s? 0s3  9s3
01(8) q15(8)  a3(s)
= det | ¢5,(5) 4y9(5) ps(s)
31(8)  Gs(8)  Gs3(s)
= detq(s) (E.321)
where we have used (E.317).
In the following we use the normalised normal
_1
n, = (detq) 2 n, (E.322)
and the induced volume element on X
1
d¥(s) = (detq)2 ds. (E.323)

Given a functional F'[3] that depends on the surface, we define the functional deriviative
with respect to the surface as the normal projection of the functional derivative with
respect to the embedding that defines the surface

(E.324)

Here the functional derivative on the right hand side is defined in terms of the volume
element d>..

/ dZ(s)N(s)(SF =] / dXN(s) OF[Y) n%(s) = lim FlEe = FIE] (E.325)

where ¥_, is the deformed surface defined by
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z%(s) + eN(s)n(s). (E.326)

F[3] = /R d'zf(x) (E.327)
Then
SF,[X)]
5 5(5) = f(z(s)). (E.328)

That is, the variation of the bulk integral under normal variation of the surface is the
integrand in the variation point.

E.10 Relation to the Vacuum State

corresponds to the state with the lowest energy.

E.11 Generalised Tomonaga-Swinger Equation

It was demonstrated that Wy, 3] satisfies a local functional equation governing the vari-
ation of Wy, ¥| under arbitrary local deformations of ¥, namely

5@2)2] :Ho (¢(5>,W(3), %(S)) W3] (F.329)

Equation (E.329) was derived on the basis of a lattice regularisation of the functional
integral

Wip, %] = /¢ | Depe 5l (E.330)
=@

defining Wy, 3|, and under certain hypotheses on the existence of the continuum limit.
In this section, working in context of the free euclidean theory, we show that this equation
can be derived from the functional integral definition of Wy, ¥| directly in the continuum
setting, using a formula of Hadamard which expresses the variation of a Green function
under a variation of the boundary (V. Volterra, Theory of functionals and of integral and
integro-differential equations, Dover (1959)).
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E.11.1 Hadamard

/ d'zd" X, = / X, (E.331)
\% by

(A +mH)®(z) =0, ,zeV, &(x(s)) = p(s) (E.332)

— /d4xq>(x)(—A$ +m*)Gy(z,y)
/ d'z®(z)(=A, +m*)Gy(2,y) — Gy (2,y)(=A, +m*)2(x)
- _ / d*z (q)(x)a“ﬁuGz(x, y) — Gy (z, y)a“é?M@(x))

_ / 4'20), (9(2)9,Cy(r.) — O (r.4)9,9(x)

S / 45(5)n (9 (2), G (2, y) — 0) (F.333)
O(y) = —/dZ(s)n“gp(s)n“(s)w (E.334)
oz
E.12 Local and Global Particles
E.12.1 Quick Reminder: the harmonic Oscillator
The SHO’s dynamics is governed by the Hamiltonian
H,= L(]92 +m?w?q?). (E.335)

2m
The state space of the quantum theory is H = L,[R, dg] formed by the functions 1(q).
The time-independent Schodinger equation is

) |

_ m 9 9
2m  dg? 2

w g (q) = Ed(q). (E.336)

1034



We introduce the variable
the Schodinger equation is then
If one defines

as the creation operator and

()

(E.337)

(E.338)

(E.339)

(E.340)

as the annihilator operator, the Schodinger equation for a harmonic oscillator reduces to

o (aTa ' %) $(Q) = EY(0).

Note
noo Lfd _d
il = 5l(7+<) (g +¢
1.d d
= 5([0[_{’ ]+[C’_d_(‘])
=1
In general
_ (a)"
\n>—m

The solutions of the corresponding time-independent Schodinger equation are
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U,(q) = < gln >= (—)4 L g (g) e a2 (E.344)

where

€=/ (E.345)

H,(¢) 1
H1(C) = 2(
Hy(¢) = 4¢°—2. (E.346)

the first few wavefunctions being:

1 2 2
wa) = (s5) e

Ui(g) = (
Uy(a) = (%) (%) (4 (g)z - 2) 12 (E.347)

The eigenvalues are

|~
N——
=
o
[
N——
ml
Q
V]
~
N
m
o

1
En:(n+§)hw n=0,1,2,... (E.348)

The eigenmodes of H,, |[n > form an orthonormal basis that diagonalises H,. In the
g—representation an arbitrary wavefunction can be written:

Pig) = <ql) aln>
n=0
= Zan < q|n >
n=0
= 3 a,0,(9), (E.349)
n=0

1036



where

a, = /_ ) dqi;, (q)y(q). (E.350)

oo

So that

ba) = Y / " a0 (@), (@)

= / ) dq' <Z wZ(CJ')%(Q)) () (E.351)

- n=0

implying the completeness relation
8q—q) =Y _¢n(d),(q) (E.352)

E.12.2 Two Oscillators

To begin with, we consider two weakly coupled harmonic oscillators ¢, g, with unit mass
and with the same angular frequency w; the dynamics is governed by the Hamiltonian

1 1
Hy=H +H,+V = i(pf + w2qf) + é(pg + quS) + A, 4y (E.353)

where p,,p, are the momenta conjugate to q;, g, and, say, A < w?. The state space of
the system is H = L,[R?, dg,dg,] formed by the functions 1 (q,,¢,). We can define an
orthonormal basis in this Hilbert space by diagonalising a complete set of commuting
self-adjoint operators. We choose the set formed by the operators H, and H,. Denote
E| and E, the eigenvalues of the operators H, and H, respectively, and |n,,n, >, . their
common eigenstates. The reason for the suffix “loc” will be clear in a moment. The
integers n, and n, are the quantum numbers of £, and F, and we can interpret them as
the number of quanta in the first and second oscillator respectively. More precisely, if we
measure I, of the first oscillator we observe that the result of the measurement outcome
is quantised: E, = hw(n, + 1/2) and n, can be interpreted as the number of quanta in
q,- It is suggestive to call these quanta “particles”. Call N,, = n; + n, the total particle
number. Introducing a Fock-like notation, we can write the state with no particles also
as
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0> =10,0>, ; E.354
loc loc

the two one-particle states with particles localised on each oscillator as

1>, = [1,0>,., (E.355)
2>, = [0,1>,, (E.356)

where |1 >,  represents a particle on the first oscillator and the state |2 >, . represents
a particle on the second oscillator. Notice that, according to standard Fock-space termi-
nology, any linear combination of one-particle states

is also called a one-particle state.

Let us introduce normal coordinates:

_ 4t h 4%

9q ok 9 = /2 (E.358)
We are then able to factorise the hamiltonian as
Hy=H,+H, = %(pf + wlq?) + %(pg + wiga). (E.359)
where
wr=wr+ ), wi=w'— (E.360)

Let E, (E,) be the eigenvalues of H, (H,), and denote |n,,n, > the common eigenstates
of H, + H,. The number n, (n,) is the number of quanta (or “particles”) in the mode a
(b). Call N, = n, + n, the total number of these particles in the system. For instance
the no-particle state is

|0 >=10,0 >; (E.361)

the two one-particle states with particles localised on each mode are
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la> = 11,0 >,
b> = |0,1>. (E.362)

A generic one-particle state is a state of the form

Y >=c,|a> +¢|b>. (E.363)

What is the relation between the one-particle states [1) >, . defined by (E.357) and the
one-particle states |¢) > defined in (E.363)7

Denote itin

1
V2
Is this state equal to |1 >, 7 No. If X is small the two states differ slightly, but they

do differ. Both states are, in some sense, “one-particle states” and in both states the
“particle” is on the first oscillator. However, they are distininct states.

b> . (E.364)

We illustrate the difference in two ways.

Explicit comparison

First, we can simply write both of them explicitly in the coordinate basis.

<l >, = <q45q,]1,0>,,

= wl(%)wo(%)
1 1
= R 42(&) Le—tﬁ/%2 « 1 4€—q§/262
e e/ \2 €2
2 2 W (2 2
— iqle—g(‘h +43) (E365)
V 7

while
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< qq, qla >+ <q,q,b>
V2

(< q,2]1,0>+ < q,¢,/0,1>)
2 (4t 4a w) (4 — 4 1w (4 T4 q
- o () () s () ()
1 1
wa)Z q1+q2 1 7&07@( + )2 wb 1 7&( _ )2
- L (& Q(W. Lot (4)F e
) .

L (@) e o, ()1 GG 1 g

+—- <—a> eiT(qlJqu) X <—b) 2 \/LT 1 2 _6*7(%*(12)
V2 \m T b2 ) V2

= 2 ((,uawb)i ( Y w“;_ v V¥ v wb%) o3 (P52 (@ +a3)+(wa—wp)a142)

<q g1 > =

[\ [\

(E.366)

If Ais small, w, ~ w, ~ w and the two states are similar. In fact, we can compute that
their scalar product is

e<1[1 >=1—0(N\?). (E.367)

(See worked exercises).

Comparison via perturbation theory in A

Second, we can compare them using perturbation theory in A. This is instructive because
we will be able to do the same in the context of field theory. Let us take H, = H, + H,
as the unperturbed hamiltonian. The two states |1 >, . and |2 >,  span a degenerate
eigenspace of H,,.

Recall the theroem regarding simultaneous eigfunctions of operators that commute; if an
operator () commutes with V| i.e. v, Q] = 0, then they have simultaneous eigenfunctions.
The interaction term Ag,q, has the “symmetry” under the exchange g, < ¢,. Let us call

the operator S where

Si(ay. 4y) = V(g5 q,) (E.368)

Then
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SV(f(a0) = SV (g, 4))
= S()\Ch%f(qh Cb))
= )‘Qquf(q27 Q1)

= VSf(q,,a) (E.369)

where f(q,,q,) is a test function. This implies that [5’ , V] = 0. Obviously S§2 =1, and
therefore if Sy = (8¢, then

§277Z)(q17QQ) = 62#)(%,(]2)
_ w(qu%) (E.370)

and so = +1. If gwl(ql,qQ) = 1,(q,,q,) then

Sﬂ% (Qp CIQ) + wQ(Qp QQ) -+ (% (Qp QQ) + %(qla Q2)
V2 V2 .

Clearly V is diagonalised in the above degenerate eigensubspace by the two states

(E.371)

|1 >loc +‘2 >loc

V2

’1 >loc _|2 >loc

V2

‘@>0 =

b >, (E.372)

We can compute the first order correction to these states using first order perturbation
theory. It is convenient to use creation and annihilation operators. From (E.337), (E.339)
and (E.340) we have

1

Q1o = —%(@1,2 + @1,2)7
—iyw
DPip = NG (a1,2 - ab) (E.373)

In terms of the which the perturbation reads

A
V= %( tal + aja, + ala, + ajab). (E.374)
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Notice that the term aiag takes us out of the one particle sector, giving the non-vanishing
matrix elements

‘170 >loc —HO’ 1 >loc

— To1 T T
10e<2,1|V]a >, = %zoc<2= 1|(ajay + ayay + aja, + aja5)( NG )
A
= o (E.375)
w
where we have used that
I tot L
‘2, 1 >10c: WGQIO, 0 >l0(;: &1a25’1, 0 >loc’ (E376)
and similarly
A
<L, 2|V]a >, = %0
A
loc<2’ ]_|V|b >0 = %
A
e <L, 2lV]b>, = o (E.377)
To first order in A, the hamiltonian eigenstates |a > and |b > are therefore
<2,1|Vl]a > <1,2|Vi]a >
a> = |a>, 4k Via > 2,1 >, +% Via > 11,2 >,
an - E(2,1)0 EU«O B E(LQ)O
A
= |a >, a0 12,1 >, a0 11,2 >, . (E.378)

where we have used E, = (3/2)w + (1/2)w and Ey ) = E,, = (5/2w + (3/2)w.
Similarly,

<2,1|V]b >, <1,2|V]b >

b> = |b>, +le 2,1 >, 4L 01,2 >,
0 an - E(z,l)o e an - E(1,2)0 e
A
— ‘b >O —m |2, ]. >loc +m ‘1,2 >loc . (E379)

And therefore, to first order in A
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1>=1>, . ——F2,1>,.. (E.380)
W

Thus, the two states (E.355) and (E.364) are both “one-particle states” in which the
particle is concentrated on the oscillator ¢;, but they are distinct states. They represent
two distinct kinds of one-quantum states, or two distinct kinds of quanta. We call |1 >,
a local particle state, and |1 > a global particle state. They represent the simplest example
of the distinction between the two classes of states.

More in general, we call “global patricle states” the eigenstates of the “global” number
operator

N In,,n, >= (n, +n,)|n,,n, >, (E.381)

and we call “local particle states” the eigenstates of the “local” number operator

Nl |n1’ n2 >loc: nl |n1’ n2 >loc : (E382)

Let us illustrate the different properties that these states have. The state |1 >, is an
eigenstate of H,, which is an observable that depends just on ¢, and its momentum,
namely just on the variable associated to the first oscillator. If we want to measure how
many local particles are in the first oscillator, namely to measure n,, we can make a
measurement that involves solely variables of the ¢, oscillator. In this sense |1 >, . is
“local”.

The state |1 >, on the other hand, describes a single particle “on the first oscillator”, but
is not an eigenstate of observables that depend on variables of the sole first oscillator.
This can be seen from the fact that it is a state in which the two oscillators are (weakly)
correlated. The source of these correlations can be traced to the vacuum state: local
particles are excitation over the local vacuum (E.354) which has no correlations:

W w2 w2
<4y, 4|0 >, .= \/;e 2fie 2% =) (q,)Y(q,) (E.383)

while global particles are excitations over the global vacuum (E.361)

1/4 wa+w wa+w —
<y, 4]0 >= (w,ws) o3 : bg? 1 : 23 p =5 (Wa—wp)q1q2 _ w((](.da) <Q1 +QQ) (wp) (Q1 P

Vr vz )"

which does not factorise (i.e. cannot be put in the form v (q,)¢(q,)), and therefore repre-
sents vacuum correlations between the two oscillators.
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What is the physical relevance of the state |1 >7

Notice that |1 >,  is not an energy eigenstate, because of the interaction term V, but
|1 > isn’t an energy eigenstate either, because |1,0 > and |0,1 > have different energies:

1 1
Hl> = H{—|1,0>+—0,1>
| (Fm o> +501)

1 1
— (H +H)(—1,0>+—[0,1>
(#,+ 1) (11,0 +[0,1> )

1 1
= 2w —|1,0> +2w,—[0,1 >
a\/§| b\/§|
% 1>, (E.385)

Its defining property is just the fact of being a linear combination of one-quantum exci-
tations of the normal modes of the system. What then is the physical relevance of the
state |1 >7 It is the following: the one-particle Fock states of QFT are precisely states
of the same kind as |1 >. To see this, consider the following: one-particle Fock states of
QFT are precisely states of the same kind as |1 >. To see this, consider a Fock particle
localised in a region R. This state can be described by means of a function f(z) with
compact support in R, as

|f >= /dkf(k)\k > (E.386)

where f(k) is the Fourier transform of f(x) and the states |k > are the one-particle
Fock states with momentum k. They are energy eigenstates (with different energies) and
they are single-particle excitations of the normal modes of the system. Therefore they
are the analog of the states |1,0 > and |0,1 >of the two-oscillator model. The linear
combination (E.386) is the analog of the linear combination (E.364), which picks the
one-particle global state maximally concentrated in the region chosen (the oscillator ¢,
in the model, the region R in the QFT). Thus, Fock particles are global particles. No
measurement in a finite region R can count these particles, because Fock particles are not
eigenstates of local field operators, precisely in the same sense in which |1 > is not an
eigenstate of an observable localised on the g, oscillator. If we make a measurement with
an apparatus located in a region R, we can count the number of particles the apparatus
detect. However, these particles are not global particles. They are local particles, that can
be described by appropriate QFT states which are close, but not identical, to n— particle
Fock states, like [1 >,  is close, but not identical to |1 >. Later on we will discuss local
particle states, analogous to the |n ,n, >, . states, in the context of QFT.
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Probability of detector measuring the first oscillator measuring a particle on
the first oscillator

Suppose now the state of the system is |0 > and we measure whether a particle is on the
first oscillator by measuring the energy F,. The probability of not seeing any particle is
not determined by the sole scalar product (E.367), because we are in fact tracing over n,,.
Rather it is given by

2

P = =< 0|F,,.[0 > (E.387)

D e <0,m,[0 >

n2

where

POloc = Z |0? nQ >loc lOC<O’ n2| (E388)

n2

is the projection on the lowest eigenspace of H,. A strightforward calculation gives

2

1
0>=1-— 1A + 0O\ (E.389)

P =<0|F, 6

loc

(see worked exercise).

E.12.3 Chain of Oscillators

As an intermediate step before moving on to field theory, we consider a chain of harmonic
oscillators. This system allows one to emphasise several important points regarding the
relation between local and global particle states.

We study a system of n harmonic oscillators q = (¢,), ¢ = 1,...,n with the same fre-
quencies w = 1 and coupled by a constant A. Each oscillator is coupled with its two
neighbouring (except for the first and last oscillator that have only one coupling)

n—1

(Il +lal®) + A _g'q™ (E.390)

=1

H=1
2

where |q|> = >°,(¢")*>. Notice that we are not considering a ring but an open chain of
oscillators. Diagonalising the hamiltonian of the system we obtain the normal frequencies

w, = /14 2\cosl_, where 0 = a7r’ and a=1,...,n. (E.391)
a a n+1
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The normal modes Q = (Q,), a = 1,...,n are given by Q = UMq, where U™ is the
orthogonal n X n matrix

2 arm
U = i . E.392
“ n—i—lsm(n+1) ( )
The vacuum state is
<ql0> f[ (”0)1/4 30D (E.393)
— _a 2 ij .
q L% € )
where
DY =3 U, U, (E.394)
a
(See worked exercises).
A basis that diagonalises H is given by the states [n >= |n,,...,n > with n, quanta in

the a—th mode. The number operator is

Nln >= (i: na> n > . (E.395)

Denote |a > the one particle state |0,...,1,...,0 > in which the vacuum state except for
the a—th mode which is in its first excitation. The state

i>=> Ug'la> (E.396)
a=1

is the one particle state maximally concentrated on the i—th oscillator. It is the analog of
the global one particale states (E.364) and (). This is the global one-particle state, with
the particle on the i—th oscillator.

Partitioning the chain

Now, consider a partition of the chain in two regions R, and R,. Let the region R,
be formed by the first n, oscillators, and the region R, be formed by the remaining n,
oscillators, with n, +n, = n. We write q = (q,,q,), where q, (respectively q,) is a vector
with n, (n,) components. We regard the first region of oscillators as a generalisation
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of the oscillator ¢, in the previous section, and the second region as the analog of the
oscillator g, . The total Hilbert space of the system factorises as H = H; ® H,. We can

rewrite the hamiltonian (E.390) in the form

H = H +H,+V

1 ni—1 o 1 no—1 . .
= (5 (1P * + ey ?) + A ) qm%“) + (5 (Il + ) + A D %%“) + A gy
i=1 =1

(E.397)

E.12.4 Convergence Between Local and Global States

E.13 Worked Exercises and Detalils

Hamilton Function

‘Proposition: Hamilton function for a harmonic oscillator

Prove that the Hamilton function of a harmonic oscillator is

2
St 1) = o (@ + g7 )cosw(t — 1) — 299’

2sinw(t’ —t)

for motion that starts at (¢,t) and ends at (¢, t').
Solution

First we need the solution of

G=——q(t) = —"q(f)

with boundary conditions ¢ = ¢(f = t) and ¢’ = q(t = t'). It is well know the general solution is
of the form A cos(wt) + Bsin(wt). The solution with correct boundary conditions is easily seen

to be

- gsin(wt’) — ¢ sin(wt) ~ ¢ cos(wt) — qcos(wt)
= c

os(wt) +

qqtqlt/ (t) g

sinw(t' —t) sinw(t' —t)

This simplifies
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Qqtq't! (Z)

g[sin(wt’) cos(wt) — cos(wt’) sin(wt)] + ¢[sin(wt) cos(wt) — cos(wt) sin(wt)]

The velocity is then

sinw(t' —t)
gsinw(t’ —t) + ¢ sinw(t —t)
sinw(t' —t)
(E.399)
Gorarr (D) = —qcosw(t' — 1) + ¢ cosw(t —t) (E.400)

sinw(t' —t)

The Hamilton function is

S(g.t,q',t)

o, 1,
; dt §mqqtq,t/—§qutq/t/

mw” ‘i - "t "cosw(t —t)}?
)/1t dt [{—qeosw(t' —1) + ¢ (t—1)}

2sin?w(t —t
—{gsinw(t’ — 1) + ¢'sinw(t — t)}?]
2

t/
#“M / i g% (cos? w(t! — ) — sin® w(t' — 1))
- t

¢ (cos?w(i—t) —sin®w(i—t))
—2qq’( cosw(t' —t)cosw(t —t) +sinw(t’ —t)sinw(t — t))]

2 ¢
277l—W/ df[qQ cos 2w(t' —t) + q/2 cos 2w(t — t) — 2q¢’ cosw(2t — ¢ — t/)}
2sin“w(t' —t) Jy
2 ! '
mew 21[ . /~}t ,21[, ~ }t
— (¢*— | —sin2w(t —1)| +q¢"—|sin2w(t—t
2sin? w(t’ — t) (q 2w ( ) A ( ) ¢

1 B ’
—QQQI% [sinw(Qt —t— t’)} . )

mw2

2sin? w(t —t)

mw2

2 12 1 . / / / 1 . ’
m ((q +q )$2s1nw(t—t)cosw(t—t)—2qq $(2s1nw(t —t)))

(¢*> + q'2)cosw(t —t") —2qq¢

1 1
2 12 . / / . /

+ — —1t)— — t—1
((q q )2 sin 2w(t’ — t) — 2qq 5 (2sinw( )))

mw . (E.401)

2sinw(t’ —t)
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Expansion in .

‘Idenity: Expansion in .

Prove that

2
e~ NTHV)IN _ =XT/N =MV/N | ) (%) (E.402)

where T' and V are operators and that the coefficent of A\2/N? is given by the commutator
1
3 (V. T).

Solution

We define the operator-valued function of the parameter A
F(\) = AT/N = MTHV)/N AVIN (E.403)

It can be expanded as a Taylor series about A =0

o0

1 (d"F .
F(\):=1+ Zl = (dAn >A:0 A (E.404)

where we have used F'(0) = 1. Taking the first derivative gives

d A NN _NTHV)/N VN
d)\F(/\) = {e e e }
_ % (e)\T/NTef)\(TJrV)/Ne)\V/N _ e’\T/N(T + V)ef/\(TJrV)/Ne)\V/N

L NT/N = NT+V)/N Y, 6AV/N>

%emw [ NTHV/N ] AV/N (E.405)
Putting A = 0 we have:

FFW| =0 (E.406)

as [1,V] = 0. Now consider the second derivative of F'(\):
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d? L d { \1/N{ ~NT+V)/N 11 AV/N
_F()\) = Na {6 [6 7V]e }

1 (AN T MTHVIN ] AV/N

N2
_’_eAT/N [e—A(T—l—V)/N’ V]VeAV/N

4 AN AMTHVIN(T L VYV 4 V(T + V)e MTHVINIAVINY (B .407)

Putting A = 0 and dividing by 2! gives the coefficient of the third term in the Taylor expansion,

1 d? 11
5WF(A) o m§[v, 7). (E.408)
Therefore we have:
PTNATVINNVIN g 2 Ly o (A (5,409
N2t N3 )° '

Multiplying by the left with e=*2/Y and by the right by e /Y gives:

“A(T+V)/N N v . N ayn (1 “AV/N A°
e = e e + —e §[V,T] e +0 | =

N? N3
A2 T 1 AV A3
“NT/N _—AV/N | A (. AL 2 _ A
e e +N2 (]1 N—I—...>2[V,T]<]l N+...>+O<N3>
_ e—AT/Nef)\V/N + )‘_21[‘/ T] 1+ 0 /\_3 (E 410)
Nz2lh N3 '

which is the desired result.

Spacetime Smeared States

‘Proposition: Spacetime Smeared States
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Functional Integral

‘Proposition: Functional Integral

1 T
SFl =3 | it [ @2 (@00 + i)
The gausian integral

¢|t=T:SO1
Wle1, 0o, T] = / Do ST 1]
d)‘t:O:SOQ

(E.411)

(E.412)

can be solved by finding the extremal value of the exponent, that is, by solving the classical

equation with boundary conditions
(a) Find the classical solution corresponding to Eq.(E.411).

(b) Do the integral to Eq.(E.412).

1

Wle1, 2, T ZNeXp{—i/(

P (Bl 1e 205
27)3 tanh(wT) sinh(wT)

where w = Vk2 + m?

B(k) = / e o(z)

Solutions
(a)
s
(56 P=be1
5SE 146 T , , . . >
B = S [ ([ #cl@er - @ornte
= /d333 [—0f¢p+ 07 +mg] =0
ba(z,t) = Chd’y g p2(§) sinh(wt) — o1 () sinh(w(t —T))

Bk e §2(F)sinh(wt) — @1 (k) sinh(w(t — T))
(2m)3 sinh(wT)

/ (2m)3 sinh(wT)
/
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@9 (k) sinh(wt) — @1 (k) sinh(w(t — T))

bar(k,t) = b (E.418)
(b)
— 5SE — §28F _
SE(p, T] = SE[3,T] + = o (9—¢a) + <7 | (6 — ¢)? (E.419)
6¢ ¢:d)cl ¢ P=dc
Taylor expansion
~sinh(w(T - 1)) sinh(wt)
Pel = ¢2 sinh(wT") Y1 sinh(wT") (E.420)
so that the first term in the Taylor expansion is
E _1 w 2 2 _
S100) = 5 sy (78 + D) cosh(wT) — 20102) (B.421)
_ L w 2 _
W1, p2, T] = N exp ( > b (W) ((p5 + 1) cosh(wT) 2<p1902)> (E.422)
where
N:/D&@o (E.423)

Lorentzian case

Elementary geometry of an equilateral tetrahedron

Elementary geometry of an equilateral tetrahedron

snla_ b g %o g 0 ab (E.424)
2 ViE_ & 2~ Vie i 2 - e _ e _»)
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Figure E.4: equiltetra.

Factorising chain of two oscillators

Show that

1 1
Hy = 5(19% + wig?) + 5(19% + w2g2) + Ao

factorises to

1 1
Hy = 5(293 +wiql) + 5(1?5 + wpqy)

via the normal coordinates

Proof:
First
1, 99 29y _ 1 2(11+Q22 2o q1—q2
Q(Waqa—i_wbqb) - 9 Wq, \/5 +wb \/5
1 (w? 4+ w?
- S {EEE @ ) + - D)
1
= Swid + @)+ e
Implying
2 2
_|_
Pt A= (-
We find
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w?=w?+ )\ wi =w? -\ (E.430)

o =

Now we turn to the momenta operators

p = —ih—

. (0qq O dqp, O )
_ h 4+ —
' <3Q1 0qa  Oq1 Oy

1 0 0
= —ih— 2+ = E.431
ﬂ<5qa 8%) ( )
similarly
1 0 0
= —ih— - . E.432
b2 ! \/§ <aQa 8Qb> ( )
Then
1/ 0\ <a d >2
2 2 2
+p3 = —h +— ) +(5— -
e 2 {(8% 8qb> 040 Oy
0? 0?
= W=+ -
o dq;
= pi+p3. (E.433)

Comparison of local and global states for two oscillators.

Take

Wwi=w?4), wi=uwPo (E.434)

o =

and attempt an expansion of

2 VWe + W wg — AJw _1(watwp .2, 2 _
< q1,q2|0 >= \/;(wawb)‘11 ( - 2 by Y 9 bq2> e 3 (243 @)+ ) nan)

(E.435)

in A\. How does it compare to
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2
2 g airady, (E.436)
™

Proof:
Note:
(wap)T = (W' =223
= Vo 1—9—2+0(A4) (E.437)
N 8wt '
VWa 1 11 1
%\/@ — §(w2+)\)4+§(w2_)\)4
w 1A 31\ w 1A 31\
= YZl1i+-5-5-5 A3 -5 - 525 A
2 <+4w2 422!w4+0( )>+ 2 ( 4 w? 422!w4+0( )>
31 \2
= \@<1—4—25 4+(9()\4)>
= Vo 1—3)\—2+O(/\4) (E.438)
-V 32wt '
Vg — 1A
Vam V@ S (LA L o0 (E.439)
2 4 w?
Wq + Wp 1 2 1 1 2 \\4
5 2(@) + )z + 2(a} A)2
w ITA  11) 3 w TA 1 1) 3
= 5(”5@‘2—221 1 O<”>+§<1 5@‘%@*“”)
1 1) A
A 4
= wl(l-g7+00) (E.440)
W —wp = (w2+/\)%—(w2—/\)%
IA 1 1) 3 TA 1 1) 3
1A 5
= w<§E+O(A )> (E.441)
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Inserting these into (E.435) we see

<qplo> = \/gx @(1— lA—2+0(A4)> x {@(1 3 LN +(’)(/\3)> o+

8wl 220t
1A 1 11\
Vw (ZF + O(A3)> Q2} X exp {—§w <1 T 2ol + O(A3)> (qi + q%)}
1 1A 3
X exp {—5(41 (5@ + O()\ )) Q1QQ}
(E.442)
and with further simplification
2w? 3 A2 1A
= —< |1 - == A3 -— A3
<Q1,QQ‘O> p {< 32w4+0( )>Q1+ <4w2+0( )>QQ}
1 IDY 1 /12X
X exp {—500 <1 TR + O(A3)> (qi + q%)} exp {—500 <§E + O(A3)> q1q2}
(E.443)
|
Comparison of local and global states for two oscillators: scalar product.
Calculate the scalar product
10c<0[0 > (E.444)
as an expansion in A.
Proof:
loe<1l > = /dQ1dQ2 toc < 1q1,q2 >< q1,q2|1 >
2
- /dq1dq2 que—%(tﬁﬂg) %
T
T
2 1 VWe + /W VWe — /W
= ;w(wawb)i /dQ1dQ2 < 5 \/_bQ% + 5 \/_bQ1Q2>
Xe_% (M(Q%'HI%)"'(WG _wb)Q1q2) . (E445)
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We need to evaluate integrals of the form:
L = /dqldqg q%e*%(a(qfﬂg)ﬂﬂqwz)
and
L= / dgrdas qrqpe— (@@t H+20002).

Note that (E.446) is equal to

% / dgrdgs (¢2 + ¢2)e2 (@i +ad)+20042)
If we define
Io(aaﬂ) = /dQ1dQQ e_%(a(q%ﬂ%)*-?ﬂqwg)
then
Y )
1 80{0(a,5)7 2 5 o(a, B)

It is easy to evaluate Iy(a, 3):

I(](Oé, ﬂ) =

_ 2ra 27

N a? — 32 o
27

- a2 — 32

Inserting this into (E.450) we have
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2T 213

I = T I = -~ (E.452)
As a = “’7”“;”2“’ and 3 = Loz,
o 2 (We + wp + 2w212 — (wq — wp)?
 (wat wp)? — (wa — wp)? + dw(wg + wp) + 4w?
B 4
= W+ w(we + wy) + wawy (E.453)
and
[ (2w + wq + wp)
! (W2 + w(wg + wp) + wawp)3/2’
7T(Wa - Wb)
L = — . E.454
2 (w? + w(wg + wp) + Wawp)3/2 ( )
Then
1
toe < 11 >= —w(wawn) (Via + Vo)l + (Vira — Vi) o) (E.455)
Let us expand
w? + w(we +wp) +wawp = W+ w((W?+ M2 4 (w? - )\)1/2) + (W' = A%)1/2
1/2 1/2 2\ 1/2
= w? 1+<1+%> +<1—%> +<1—/\—4>
w w w
= (Qw)?|1- LR + O\ (E.456)
I 16 wt '
and thus
—3/2
9 —-3/2 -3 3N 4
(w? + w(wa + wp) + waws) = (2w) [1 BT O(A )}
= (w)73 |1+ o X + 00\ (E.457)
= (2w 33 . .
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As well

1 A2 4
2w+ wg +wp = 4w [1— EJ+O(A )] (E.458)
and
We — Wp = w §F—|—(’)(A) . (E.459)
So that
I, = wx4 1—i)\—2+(9()\4) x (2w)™3 1+3)\—2+(’)(/\4)
S S TIRE “ 32wl
1 7 N\ 4
= 17— |1+ —— EA4
T2 [ +32w4+(’)()\ )} (E.460)
and
I, = —wa[gﬁ—i—(?()\)}x@w) [1+§J+O()‘)
171 A 5
_WJEE+WM] (E.461)

Putting it all together

o<1l > = %w(wawb)i {(/@a 4+ VE) I + (o — i) s}

_ %wx@(l—éi—i—k@()\‘l)) «

{2\@ (1 - %i—i +O(A4)) < 7T2—i)2 {1+ 3—722—1 +O()\4)} -

N (%% 4 O()\3)> y w$ [%% 4 O(Aﬂ }
- <1 SEE +O(A4)> x {<1+ %i—i+o<x4)) - <3—122—i+(9()\4))}
=1—$§+WW (E.462)
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Probability of seeing a local particle on first oscillator.

2

1A
P =< 0|Ppioe|0 >=1— T O(\3). (E.463)

Proof:

P = /dQ1dQ2/dQ1dQQZ < 0lq >< q1,¢2(0, 72 >10c 10c<0, n2|q}, ¢5 >< q'[0 >

n2

/d(hdqz/dQ1d€l2¢glObal*(Q1 q2)vo(q1) <Z Uy (q2)05, (g )) U5 (a)vg " (al, ¢b)

— / dg1dgs / g} dghdl™™ (a1, 42)bo(ar) (6(aa — ab)) 3 (a0 (0} )
= / dgrdgs / Ay 8™ (g1, g2)0(q1) g (@) 8" (), ¢2) (E.464)

Let us perform the ¢} integration. We see from (E.449) and (E.451) that we have

oba + g2 (wp) —q2
dd! global /’ _ /d / I, (wa) ql b ( )
[ daion(aid™ i) drnlar ) (D) wf) (B
(f)lﬂl Me 1@ade 2 /dq1€ éwﬁ?wwq?e—%(wa w4 g2
NG
1/4 ’
A (wawn) ' 1 / A e~ FEEEEE ) o wu oo
a 762
P )q /dq e~ qu

—e 2 2a a2 (E465)

N— N— N—
=
Ny
—~
&
€
=
SN—
~
[
€
Q)
N
|
N[
A

where o = W and 3 = 222% Then
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Jw A/ (wqwp) 27 _1(watep 2 2 1.2 2 102-6%—wa 2
P — - ( a b) = /dqldqu 2( 2 (Q1+QQ)+QQQ1QQ) e—5w q1 . 6—5 Q e wo q3
T T [0

_ w v/ (Wawp) . |2 /dqg /dqle—%(a(ﬁ+qg)+2ﬁq1q2)€§wq§ .675“2‘53;“’%%
T ow a
w \/ (wawyp) 2 / 7(@)@
Y [ dgoe
T o

(wawp) 27 am
T E\/(O[Z—ﬂQ—Oéw)

SR

1
12 1
NN <%> \/ T o) (E.466)
Now
/—wawb _ (w4_)\2)1/4
12 4
and
—1/2
(2072 = (2w + (@2 + N2+ (@2 - 0)2)
1/2 1/27~1/2
= w2 |2+ <1+%> + (1—%) ]
w w
1 AQ -1/2
_ —1/2 |1 _ A7 4
(4w) [1 6ot + O(A )}
—1/2 1N 4
= () L+ 5+ 00 (E.468)
and
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2(0&2 _ ﬂQ — aw) = 2((,(}2 =+ w(wa + CUb) + WaWp — wa)

w(wg + wp) + 2w?

= 2 <w2 + w(wg + wp) + wawp —

= w(wg + wp) + 2wawp

5

- W ((w2 n )\)1/2 +(w?— )\)1/2) ot - )\2)1/2

= w2

5 \2

A\ 2 A
(10 2) " (1 2)
w w

_ 2 _ - 4
= (2w) [1 16 +O(\ )] (E.469)
so that
2 2 -1/2 -1 5 N 4
[2(a” — B — aw)] = (2w) [1 Tyt O\ | . (E.470)
Substituting these results into (E.466) we obtain
P = 4/ow(1-— 1 + 0O ) (4w)~V2 1 + X + 00| x
-V T aw “ 32 W
5 A2
2w) M1+ =5 4
X (2w) [ +32w4 + O\ )]
1 A2
= 1-—= ). E.471
|
Factorising chain of four oscillators
Show that
4 3
Ho= =Y (0} +4)+ 2D qigin (E.472)
i=1 i=1
factorises to
=
_ 2 212
HO - 5 Z(pa + waQa)' (E473)

a=1

Hint: Consider an eigenvector problem. Use the trig-identity:
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2coszsiny = sin(y — x) + sin(y + x). (E.474)

Proof:

We wish to equate

1
§(qf + @5+ @5+ q5) + A1g2 + Ag2q3 + Agzqa =
1 X0 0\ /¢ w} 0 0 0 O
1 A1 A0 [q] 1 0 wi 0 0][Q
= 2(6]1;@[27(137(14) 0x 1 A|lel” 2(@1;@%@37@4) 0 0 w2 0 Os
00 X 1) \q 0 0 0 wi/ \Q
(E.475)
where the Q = (Q,), a =1,...,4.
We look at the eigenvector problem:
SERV I
A1 A0 €2a _ nla) €2a
0O X 1 )\ €:(;z) =p e:(),a) (E'476)
00 X1 efla) eia)
From the trig-identity:
2coszsiny = sin(y — x) + sin(y + x) (E.ATT)
we have:
0xarm am . 2a am . sam
Asin ( > + sin (?) + Asin (T) = (1 + 2Acos (?)) sin (?)
2 2
Asin (%) + sin (%) + Asin <3aT7r> = (1 + 2\ cos (%)) sin <%>
. 2am . 3am . dam B am . 3am
Asin (T) + sin (T) + Asin <T> = (1 + 2\ cos (?)) sin <?>
4 4
Asin (36‘—”) +sin (%) + Asin (5“?”> - (1 +2) cos (%”)) sin (%) (E.478)

where a = 1,2,3,4. From which we see the eigenvector problem, (E.476), is solved for
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(@) . am
eia — 0(4) sin <4 n 1) (E.479)

with eigenvalue:

B =14 2xcos (%) . (E.480)

We define a scalar product by e®Tela) — > egb)ega). Obviously, e@Te(®) > 0. It is easy to
prove that, because the eigenvalues are distinct, that the eigenvectors e(® are orthogonal; denote
the matrix in (E.476) by M. First we have

e el = gl@e®)Tel@) (E.481)
Since the matrix M is symmetric the LHS can also be written as

(e(b)TMe(a))TT _ (e(a)TMTe(b))T

— (e(a)TMe(b) )T
— (ﬁwhngeﬁhT

BT gla), (E.482)
The difference between the last two equations is

0= (8@ — 30))e®Tgla) (E.483)

Thus,

e®Te =0 if a+#b. (E.484)

which is what we wished to establish.

(),

We need to normalise e;
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1 = €;
j=1
1 Taj
2 .2
Cly jz:lsm <4 n 1>
1< 2may
2
— - 1—
Gz 2 < - <4+ 1)>
. 4 .
4 1 2maj 1 2maj
_ 2
= Cy |3~ Z;QXP <Z4+ 1> - Z;eXp <_Z4+ 1>)
e (41 (7323) —oxp ((F5H)  qexp (—i253) —exp (—i24HY)
- (4) 2 4 - 2ma 4 - 2a
2 4 1 —exp (zﬁ) 4 1 —exp (—zﬁ)
- 21a - 21a
_ o 4 1€XDP <z4+—1) -1 qexp (—zm> -1
= wl=—= -z
@\ 2 41—exp(ii%) 41—exp sy
4+1
= C<24>T (E.485)
Therefore we have
@ _ [ 2 o (or (E.486)
@ VI \ar1 ) '
Construction of the orthogonal matrix:
6gl) 6g2) 6g3) 654)
1 2 3 4
P PR
R A A
€4 4 €40 &y
= ("), (E.487)

We have (Uéf))(Ui(gl)T) = e@Te® = §,,. We then have
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651) eg) 6@1) 6511) Ly 00 651) 652) 653) 654
652) 6%2) e:(f) 6512) A1l XA O egl) 622) egg) 654
ef’) 623) €:())3) €513) 0 X 1 )\ €§1) €§2) e:(f’) e:(;;
o w00 A 1\ B B
egl) egl) egl) 6511) 30 egl) 32 652) 30) 653) 5(4)654)
B e§2) 622) €:())2) 652) 30 egl) 32 652) 36) e53) ) 654)
- 3 3 3 3 1 2 B 3 4
eg) eg) e:())) 651) ﬁ(l)eg) B(Q)eg) 6(5)e§) ﬁ(4)€:()))
4 4 4 4 1 2 L 4
eg) eg) e:())) 651) ﬁ(l)eg) ﬁ(z)eg) 6(5)653) ﬁ(4)€§)
Y 0 0 0
_ 0o @ o0 0
- 0 0 B® o
0o 0 0 pW
Write
w? 0 0 0 BV 0 0 0
0 w3 0 0| [0 B8® 0o o0
D) =14 w0 1o o B® o0
0 0 0 w? o 0 o0 pW
We have
QaDapQy Qa(Uéf))MZ](U;g))Qb

= q¢;M;;q,

(E.488)

(E.489)

(E.490)

giving the original equation (E.475), implying ¢; = (UZ.(;))QI, or (UM)giqi = (Ué?))(Ui(gl))Qb =

(5abe = Qa-

Thus the normal coordinates are given by

Qa = Ué;l)qla

with the normal frequencies

we =V 14+ 2A\cosb,, where 60, = an and a=1,...,4.

441’

We check the momenta remain in a “diagonalised” form: First
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pi = —ih

8Qa
= _mz @ 5 Qa (E.493)

then

2
2P = ‘h2Z<ZUaf)aQ>
_ 2 Hyw) 9 9
- hZ<ZU )862 0%,

a,b i=1

Il
-
S

(E.494)

‘ Chain of oscillators

(a) Diagonilisation of the hamiltonian.

The hamiltonian

n—1

(Ipl2 +la”) + A g™ (E.495)
i=1

where |q|> = 37,(¢%)? is diagonalised in the coordinates Q = U™ q, where U™ is an orthogonal
n X n matrix

2 arm
- i E.496
0=y (25 (E.496)
with normal frequencies
am
we =V 1+ 2Acosb,, where 6, = T and a=1,2,...,n. (E.497)
n
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(b) The vacuum state.

Prove that the vacuum state is
- Wq /4 1 i p(n) i
< q|0>= H (—) e 297 1 (E.498)
T
a=1
where
Z UM w, U, (E.499)

proof:

Part (a)

pi = —ih

8Qa
= _mz p a Qa (E.500)

2
Sor = x(Sea)
_ mpm ) 9 9
= hZ(ZU U, )8@ 30,

a,b i=1
n
= > (P (E.501)
a=1
imol (n)rr(n) _
plying > ", U, Uy, Oap O
S U Oy = ba (E.502)

=1

We remind a bit of matrix properties...if matrices A and B are square matices such that AB is
non-singular then det(AB) = det A det B # 0, implying det A # 0 and det B # 0, meaning A

1068



and B are both non-singular. If A and B are square matrices such that AB = 1 then A = B~}
and B = A~!; if BA = 1 then AB is non-singular and hence A and B are both non-singular,
and hence both invertible. Now multiply the equation AB = 1 on the left by A~}

A1 (AB) = A™1
(A"'A)B = A!

B = Al (E.503)
Similarly, we can find A = B~
Implying
Ui = (U™)ia- (E.504)
Which means
SO Nialig = b5 (E:505)

Now turn to...

- > (St ) o
i,j=1 \a=1
n ' n—1 o
= D (@)?+r)_dqd™ (E.506)
=1

=1

We require
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1 X 0 0 0 0 Q1
A1 A0 0 0 )
0 A 1 A 0 0 q3
(Q17(127(137Q4a"' 7qn717qn) 0 0 Al 0 0 44
0 0 0O 1 Gn-1
0 0 0O Al 4n
w 0 0 0 0 0 Q1
0 wy 0 O 0 0 Q2
0 0 w? O 0 0 Q3
2
= (Q17Q27Q37Q47”' 7Qn717Qn) 0 0 0 Wy 0 0 Q4
0 0 0 0 -+ w2, 0 Qn—1
0 0 0 O 0 w2 Qn
(E.507)
where @, = U Zl)qi. We are led to the eigenvector problem:
1 X 0 0 0 0 ef ef
A1 A0 0 0 es e
0 A 1 A 0 0 e €3
0 0 X1 0 0 eq = 3° ey (E.508)
0O 0 0O 1 A en_1 en_1
0 0 0O Al en e
From the trig-identity:
2coszsiny = sin(y — x) + sin(y + x) (E.509)

we have:
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0x am . am . 2am am . am
Asin + sin + Asin = 1+ 2\ cos sin
n+1 n—+1 n+1 n+1 n+1
2 2
Asin an + sin an + Asin sam = 1+ 2\ cos an sin an
n+1 n+1 n+1 n+1 n+1
2 4
Asin an + sin sam + Asin an = 1+ 2\ cos an sin sam
n+1 n—+1 n+1 n+1 n+1
4 4
Asin sam + sin an + Asin barm = 14 2\ cos ar sin ar
n+1 n—+1 n+1 n+1 n+1
-1 1
Asin (n Jar + sin naw + Asin (n + Dar 1+ 2\ cos an sin naw
n+1 n—+1 n—+1 n+1 n+1
(E.510)
where a = 1,2,...,n. From which we see the eigenvectors are
(@) . am
e;" = Cp)sin (n n 1) (E.511)

where the eigenvalues are

ﬂ(a) =1+ 2)\cos ( an

n+1

> . (E.512)

As these eigenvalues are distinct, we have

e®Tel@ =0 for a #b. (E.513)

We need the ega) to be normalised:
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9 n 1< 2mayj 1 & 2maj

G |5 -z 2oe (i) g2 (i
j=1 j=1

o2 [n_ 1 (%%) —exp (iLZ(ffl)) 1 €XP (—Z%) —exp (‘izwi(ff1)>

Mi2 4 1 —exp (z%) 4 1 —exp (—2%)
- n 16Xp (z%) -1 qexp (—z%) -1

| 2 41 — exp (z%) 41 — exp (—2%)

n+1

Cly—— (E.514)

Therefore we have

2 am
4 — i . E.51
i n+1sm<n+1> (E-515)

6gl) 6§2) e§3) e§4) egnfl) 6gn)

6gl) 652) 6&3) 6&4) egn—l) eén)

€é1) €é2) eg3) eg4) e:())n—l) e:(371)

O I L I R S S

DD, DD

O P OB O (n=1) ()
= (). (E.516)

From (E.513) and e(®7e(® =1 for all a, we have

S U WS = bap. (E.517)
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(b) The vacuum state

1/4
Yo(@) =] (ﬁ) ™3 LawaQl (E.518)
a=1 g
but
ZwaQZ = Zwa (Ué?)qz)
= Y (0wt o (E.519)
|
Gaussian integral with source
If the matrix A is symmetric and strictly positive, prove that
n 1 AN 12 1
/Hd:z:i exp <——xTA:1: + JTx> = (det (—>> exp (—JTA_1J> (E.520)
ey 2 27 2
where 27 Az = > i j=1 Tidijr; and Jle =" Jix
Proof:
Make a change of variables
r=a +A1J (E.521)
then
1 1, 1
—§xTA:1: +J e = -5 T Az + 5JTA*J (E.522)
and
- L 7 T - L 7 Lor
Hda:i exp| —=x"Ax+J x| = Hda:i exp| —=z" Az Jexp | =J A J|. (E.523)
i=1 2 i=1 2 2

We need to evaluate the integral
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/Hdazi exp (—%xTAa:> .

i=1

Let O be an orthogonal transformation (OOT = 1) diagonalising A:

dq

, d 0 ,
A=0TDO, D= . . d;>0 foralli.

dn

Make the following change of variables with unit Jacobian:

' = Ox (detO =1),

then

- 1 - 1
/il_[ld:zri exp <—§JJTA.T> = /Zl—Ild:L‘g exp <—§x TDJ:') .

The integral is the product of n independent gaussian integrals, and is given by

(2m)2/m f[ d;i = (det <%>>U2 .

i=1

Thus

- L 7 T AN Lop,
||d:1:iexp ——x Az +J'x ) = (det | — exp | =J A" J ).
paley 2 27 2

Note that this implies:

n MY\ 1
/ | | dx; exp (—a:TM:U + JTJ:‘) = <det <—)> exp (ZJTM]LJ) .
T
i=1

(E.524)

(E.525)

(E.526)

(E.527)

(E.528)

(E.529)

(E.530)

Projection for a chain of oscillators split into two regions.

Prove
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P =< 0] Pyoe|0 >= (1:11 \/g 1:11 @) (det %))_1 (det <§>>—m (E.531)

where A and B are defined by

Aij = D(nl)—i-DZ(Jn), 1,9 =1,...,n1;
By = 2D —2 (D<">A*1D<">)kl, kil=ni+1,...,n (E.532)

Proof:

Denote by [nin >= |n§2),.. ng) > the eigenmodes of Hy from (E.397), then in analogy to

(E.464)

< 0|Pooe|0 > = /dq < 0|q > Z (<ail ® <ql)(|0>1 @ |ngy >)
{1}

/dq’(1<0\ @ <ngpl)(lay > @lgy >) <q0>
= /dq Yo(q) < qi]0 >y /dq’

1<0]q} > (Z < Q2lngry ><ngpyldy > ) <dq0>
{1

= /dq Yo(q) < a1]0 >4 /dq’ldq’g 1<0|q} > (5(q2 — qé)) < 41,50 >

= /dQ1dQ2 Po(a) < qi]0 > /d(ﬂ 1<0|q] >< qi,92[0 > .
(E.533)

Inserting in the vacuum states, given by (E.498),

n Wq 1/4 7quD(n)q o (I)a 1/4 7quD(n1)q1
< 0| Potoc|0 > = dqidqs H<—> e H - e 2
a=1 a=1
1/ n n
dql ( <°"a> > i DGy

1/4 (n) (n) (n)
(H (&) / > -3 Zzg 1qllD;Z ql Z:'lznl-'rl Zyil qQDZ;l qu_% 7,] ny+1 qQD’LJ q%
™
a=1

(E.534)
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where @, is the eigenfrequencies of Hj. Let us perform the q} integration using the result
(E.529):

/dq16 Ly a (DY 4D a3, (< Sl 1 6505 )

/dqe 221] lql 74Jql4>z:1‘]Z K

—1/2 1 .
L -1
27r>> exp 2J AT

_ (det (%))mexp 32( Z QIZCDI(;Z) i ( Z Dy QQ)

=1 k=ni1+1 l=ni1+1

[
N
o,
o
N

|

—1/2 1 n n1
>> exp | 5 Z @ ZD,&?)A;le](.?) ¢ (E.535)

kvl:nl+1 Z’]:l

Il
N
o,
@D
-+
7 N

[\
RS

Inserting this into (E.534)

< 0|P0loc|0 - = <H \/ . H \/7) d(thQ e 2‘1 D(")q **QTD("l)tn

(o ()" sl 00am, E20)

Performing the q; integration is identical to the previous integration and so gives
/dq1e 550 dd (D0 )ad+ 5L (= Sy 1 D5 ) o]

A 71/2 1 n ni n 3 n
= (det<%>> exp | 5 Z a5 ZDl(ci)Aile]('l) . (E.537)

kl=ni+1 i,j=1

Inserting this into (E.536) we obtain

< 0|Pyoc]0 > = (H\/(’Ta \/“T“> <det< >> l/dqge 303 [2D=2(DM AT D) g
([VEHVE) () () o

where we have used the result (E.529) again but, this time, with J = 0.
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Repeat the previous for the case ny =1 and n = 2 for w = 1.

Proof:
First
1 1
(U) = (“P % ) (E.539)
V22
so that
@)y _ @ @y 1 (wrtwr wi—w
(D7) = (Za: Ui walys) = 2 <w1 —wy wy —I—w2> ’ (E-540)
where

wi=14)  wi=1-X\ (E.541)

Whereas for the D(™) there is just the one component

(D) = 1. (E.542)

Then

< 0|Poroc|0 > = /dQ1dQ2 Yo (a) < q1]0 > /d(ﬂ 1<0|d] >< q7,92[0 >
w1 1/4 w9 1/4 1 1 fw) +wy w1 —wo Q1
- Joon ()" (2 e (]
/Oh Q@ | - exp 2(Q1 Q2)2 01—y wi+ws) \ao
1\ /4 1 1\ /4 1,
() oo (oadt) foai (7)o (-507)

wi\1/4 (1 1/4 1., I (w1 4wy wi—we) (q)
il _Z Z E.543
<7r) <7r> P 2<q1,q2)2 W] — w2 w1+ w2 q2 ( )

Let us perform the ¢} integration
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(n1) n n n
/dq/leéq'1<D 1+D§1))q1+(fqu§1)>qﬂ _ dqlef%inuqH(fquél))q’l

/
—14An (q12—2q2D§Tf)qi/A11)

Il
\?\

qie
_ [aqe LangP+a (D5 D8 ) e
= (%)1/2 o2 (P A0 )2 (g 5ag)
where we have defined
Ay =D\ 4 D). (E.545)

Inserting this into (E.543) we obtain

wy fwy |1 1 l (w1 +ws wi—w) (@1
0| F, oco = A/ A\ — dqid P ) B
< 0| Poroc|0 > (,/W W\/Z)/ qidqz exp< 2(q1 q2)2 (wl_wQ w1+w2> <q2
A11 —1/2 1 2 1 2
exp <—§q1> < > exp — 312 DgQ) — Dél)A—D( )
= (V “ H ‘ ) dgge™ 10D5 ‘12/dq 6_5‘“( g7111)4'D§1))‘“+( ”Dél))

z411>_1/2

1 1
dqs exp — <§q2 <2D§22) — ZDS)A—D(Q)) )

<
(D))

(BB () [ (o)
tae:

N TS (%)1 (%)1/2 (E.546)

where we have defined

1
Boy = 2D — 2D§1>A—HD§§). (E.547)

We have
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Vwiwa
Now
A\
2
and

[ 2 2
D) — D3}

Bas

)1/2

1
5(&)1 + WQ)

8

1
1+§A?+O

t+

Putting it all together, we obtain

1
1—2)\2
(-1

/\2

n2

4 8

< 0[Poioc|0 >

16

1—1A?+0uﬂ—

1

1-—=+0(

(1 - iﬁ + O(/\4)>

(1

n1+n—2

1 (E.548)

PR O(A‘*)) .

4((4)1 + wo + 2)_1

4(z+u+AW@+u—Aﬂﬂy4

(- fevoon)

1
1 i 4
T4
8?7,1—7
16

1
1——=X\N+0
6 T

1+ M+ O

(E.549)

[Ne)
—D
All 12

:|1/2

1
—*g(wl—-wz)

r 1 —1/2
1— Z)\Q + O(/\4)]

(A%)

> A4+ 00 (E.550)

+OM%><1+%92+0M5><1+éﬁ+(xv0
A, (E.551)
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Expansions in A

Given

Wy = 14+ 2Xcosby,, Whereéa: an a=1,...,nq,

ny+1’
Aij = DZ(;M)—FDZ(;Z), i,jzl,...,nl;
By = 2D —2 (D(”)A_lD(”)>kl, kil=ni+1,...,n (E.552)
establish the following expansions in A:
A ny—1
IIve. =~ 1- )\QIT (E.553)
a=1
AN ! ny 7
— R R N E.554
<det<2>> 2 (2 16) (E.554)
B —1/2 %) 1
det | — ~ 1T4+N (= —= E.
((3)) = e (3 5) )
Hint:
det (L+h) = exp{lndet(L+h)}
= exp{trln(1+h)}
2
= exp {tr <h - % + O(h3)> }
1
= exp { <trh - §trh2 + (’)(h3)> } . (E.556)
Proof:

Part (a) Expression (E.553).
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a=1 a=1
= A am 3 am
— 1 - ——A2 2 A3
1;[< +2COS<n1+1> g\ cos <7n1+1>+(’)( )
P arm A2 & arm br
- 1+ 2 o
+2Zcos<n1+1>+ 1 Z cos<n1+1>cos<n1+1>

a<b=1

) +0(\?) (E.557)

A i am A i am n i o am
— cos = - e e —
2 &P\t 1 4 P\rr) T &P T

a=1
by exp(nH)—i—l 1—|—exp(n )

4\1- exp (z#) exp ( )

= 0. (E.558)

A result that should have been obvious. Next

A2 & arm br
x Z; cos <n1+1>cos <n1—|—1> =

a<b=1
1N & am br i 9 am
2l () - e ()
P am = br N, am
-S e (m) e () v 2 ()
a=1 b=1 a=1
2 & 9 am
=—— ) cos
pat <n1—|—1)
——)\—2 3 {1+cos< a2m >}
16 1 n1+1
)\2
= _E(nl -1) (E.559)

where we used (E.558), and a result from (E.514) in the last line. The last term in (E.557) is
then
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3
_ 242 _ 920
/\ g cos (711 1> = 16)\ (np —1). (E.560)

Therefore, putting these results together, we have

= ny—1
1 Véa~1- AQlT. (E.561)
a=1

Part (b) Expression (E.554).

ni . .
2
Dz(m) = Z \/ sin | 27 1+ 2xcos [ -2 \/ sin | 27
J pary TL1—|—2 ni+1 ny+1 niy+ 2 ny+1
2 i . aim . ajm
= sin sin
n1—|—2a:1 ny+1 ny+1
n 2 )\i . aim am . ajm
sin cos sin
n1+2 o n1+1 n1+1 n1+1

2 1 = arm am ajm
—\2 i 2 i A3, (E.562
E— T ;sm <n1+1>COS <n1+1>sm <n1+1>+0( ). (E.562)

First

2 - atm ajm
i i = ¢;; fori,j=1,...,nq E.563
n1+1az::18m <n1+1>5m <n1+1> ij fori,j N ( )
2 zn:sin T ) sin ajm = 0;; fori,j=1,...,n. (E.564)
n+14 n+1 n+1 /

which easily follows from (E.511), (E.513) and (E.514) (where here we have swapped around the
roles of i, j and a, b, which we can obviously do). So D) =1, +O(\). Also, D™ =14+0O(\).
We can write

1 .~
D(nl) — lnl + )\7\1(”1) _ §A2 7\1(”1) + O(A3)7 (E565)
1 5~
D™ =1, +AM™ — 5)\2]\4(“) + 0\ (E.566)
ere in part the is understood as a matrix whose indices 7,5 = 1,...,n1) where
here i b) the D™ is und d ix whose indi 1 h
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2 arm am ajm
O : i E.567
i nl—l—laz:lsm<n1+1>cos<n1+1>sm<n1+1>’ ( )
PRl

ni . .
e arm 2( 9T ) i (YT E.568
is n1+1azlsm 1) 1) 1) (E.568)
n . .

(n) 2 . arm am . ajm

M7 = n+1z:151n<n+1>cos <n+1>sm<n+1), (E.569)
a—

~ 2 - arm am ajm
M = i 2 (=) si : E.570
i n—|—1;$n<n—|—1>cos mori ) Rl Seern ( )

From the definition of the matrix A, we have

N s

_ %(Dm) + D)

= 1, + %A <M<"1> + M(”)) - %\2 (M(”l) + J\Z/(”)) + 0N
= (1n, +h). (E.571)

A similar calculation to (E.556) gives

<det <§>>_1 = (det(1,, +h))"*

)
= exp{—lndet ((]1111 + h))}
= exp{—try, In(1,, +h)}

= exp {—trnl (h - %2 - O(hg)) }

1
= exp {—trnlh + §trmh2 4 (’)(h3)}

1 1
— <1 —tr, b+ 5trmh2 + 5(trmh)2 + O(h?’)) .
(E.572)

The matrix h defined in (E.571) is

Inserting this expression for A into (E.572) we have
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AN\ 7! 1 2 1 2 3
det ( 5 = (1= tra b+ Strn h° + S(tre, h)* + O(R7) | =

1 1 - .
:1—§A0mﬂﬂmmeJﬂw>+ZV<HMMW“+HMMWO
1

3

2 2
A%M(MW0+MW)+%VQ%JWW+HMM@)+OQ%¢EWQ

In the following (E.564) will be extensively employed.

First, from

2 L arm am ajm
M) = S i :
Y n1+1 st <n1+1>COS <n1+1>81n <n1+1>

a=1
1 2 . aim _(a(j -7 , aU+1M>}
= = Sin sm| ————— +sm | ———
2?7,1—1—1; <n1—|—1){ < ni+1 > < ny+1
1

= 5(6i,j—1 + 5i,j+1) (E.575)

(where ;0 = 8;n,+1 = 0) we obviously have

1 &
trp, M) = 3 ;(5i,z‘—1 + diit1)
= 0. (E.576)
Consider
(n) 2 - . aim am . ajm
M- =
K n—i—l(;sm<n+1>COS(n—I—l)Sln(n—i—l)
1 2 . [ air _(a(j—Dx _ (a(G+ D7
= §n+1;sm<n+1> <sm<7n+1 + sin Thrl
1
= 5((51‘7]'_1 + 5i,j+1) (E.577)
(where ;0 = 0) then
1 &
tr, MW = 3 ;(51‘,1‘—1 + dii+1)
= 0. (E.578)
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Substituting these results into (E.578) we see that tr,, M = 0. The expression (E.574) then
simplifies to

AN\ ! 1., - N
ki — z (n1) (n)
<det ( 5 >> 1+ 4/\ (trnlM +trp, M )

1 2
+ 5%, (M<”1> + M<”)) + o). (E.579)

Now we turn to the matrix (E.568). We will consider the special case first where n; = 1. Then
trnlM(”l) is given by

1 , .
~ 2 . T T . T
trp, M(™M) = g 1+1s1n<1+1>0052 (ﬁ) sm(1 1)
™ ™

_— (E.580)

Now assume n1 # 1. We calculate

) arm 9 am . ajm
1
B 2n1+1
1 ajm
B 2n1—|—1 n ni+1
+1 aim g a(j —2)m + sin a(j +2)m
4n1+1 n1+1 n1+1
B 1 . (a(j—2)m
- 4n1—|—1z ( >Sm< i+ 1 )
1 2 . aim . (a(j+2)r
+Zn1+1(;sm<n1+1>sm< ny+1 )

(E.581)

We now look at the remaining summations. Consider the first summation. For 1 < j — 2
equations (E.563) apply. For j = 2 this summation obviously vanishes. For j = 1 we have:
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ni

g sin
a=1

—am
ni+1

arm

+1

1 2

4n1+1

ni

()

by (E.563) - this will contribute —1d;18;1.

)

1 2 Z . arm . am
— sin sin
4n1+1a:1 ni+1 ni+1
1
din (E.582)

We now consider the second summation. For j+2 < ny equations (E.563) apply. For j =n; —1
the summation obviously vanishes. The case j = n; needs special consideration. First consider

the case where ¢ = nq, then

inf—l— T isin <7jlnj—7rl> sin <G(Zi i?)w>
= i%nli : g {cos (n?Q—:—Tl) — cos <a2(:11:11)77>}
= i%mi— : {—1 - icos (a27r)}
_ _iéi’”l' (E.583)
This will contribute —iémléj,m. Now consider the case where ¢ < nj. We write
1 2 . aim . (a(ng +2)w
T 12 (m n 1> sin (ﬁ)
= 37112—# : i {cos <_a(n1n: i“’i 2)77) — cos <—a(n1n—f—ik—; 2)7T> } . (E.584)
We now prove that for 1 < i < nq
oo (LB Y i (5585

We have
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icos alny —i+2)7 1« a(ng —i+2)7 N faln —i+2)
e — = = eXplt— exp—1|\ —m—mm
o+ 1 2 2\ AT P n+ 1

a

3

1

1 1—expi(ni —i+2)7r 1—exp—i(ni—i+2)7
27| 1—expi (L”lnli-l?)ﬁ) 1 —exp— (7(711“11:12) )

(E.586)
This is obviously zero for n; — ¢ even. Now say ny — ¢ is odd then
ni . ni
— 2 1 2 2
Zcos (a(n1 Z-il- )71') - 52 e T e
p—t n + a1 | 1 —expi (%) 1 —exp— (%)
_ i 1 ) expi (7("1,;1?)”)
a1 | 1 —expi (7(71171_1’:—’—12)71-) expi <7(”17:1T12)W) -1
= 1 (E.587)
Similar calculations give that for 1 <i < n;
a(ni+i+2)7t\ [0 ny—ieven
ZCO ( ni+ 1 >_{1 ny — i odd. (E-588)

Substituting (E.585) and (E.588) into (E.584) we have for 1 < i < ny the summation (E.584)
vanishes.

Lastly we calculate the summation (E.584) for i = 1.

1 2 S am . (a(ny +2)7

an—i-l;Sln(nl—i—l)Sm( ny+1

1 2 & a(ni +3)m
- znﬁl;{m(“)—m(ﬁ

=1
1 2 —1—-0 ny—1even
4ny+1 0—1 ny — 1 odd’
1

= 5D (E.589)

This will contribute _méi,léj,m- Putting it together we obtain
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n 1 1 1 1
M = —5 ig T 702 +0igr2) = 7011851 — 2 0in Ojny — m@yl%m (E.590)
(Where (51'7,1 = (51'70 = 5i,n1+1 = 5i,n1+2 = 0) so that
ni
- 1 1 1
(n)_E_,,__.__.
trmM 1 — i:1(25l’l 4(5171 4(517711)
1
= S(m-1), (E.591)

which combined with the result (E.580) establishes this result holds in general.

Now we turn to the matrix (E.570).

- i () () o ()
L o (557 {1 (55 ) oo (5)
- o () (25)
i 2( ) (o () o (50)
- i e () e (U5 E) -
Z<—><¥> o

We now look at the remaining summations. Consider the first summation. For 1 < j — 2
equations (E.564) apply. For j = 2 this summation obviously vanishes. For j = 1 we have:

1 2 K. aim . —am 12 G aim . am
Zn—l—lC;Sln(n—l—l)Sln(n—i—l) B _Zn+1;SIH<n+1>Sln<n+l>

= —-04 (E.593)

by (E.564) - this will contribute —1d;1d; 1.

We now consider the second summation. For j + 2 < n equations (E.564) apply. For j =n —1
the summation obviously vanishes. We do not need to consider the case j = n at this point
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o7(n)

as we are considering M;; for 7,5 = 1,...,n; at the moment and n; < n. We can already

calculate the trace tr,, M ( ). We have

- 1 1 1 .
MZ(Jn) = 5(51'7]' + Z((Z'J;Q + 5i,j+2) - Zéi,léj,l for 1,] = 1, Lo (E594)
(Where 51’,—1 = (5@0 = 5i,n+1 = 0) so that
ni
~ 1 1
tr, M = (300 = 701
=1
1
= 7(@m-1) (E.595)

We will need the general expression for M later on. The case j = n works out in a similar
way to how M (") worked out. We obtain in general that

~(n)_l(g.. 15.. 5 _15, 5. _1(5. 5. N S
2 7,7 + 4( 27]72—’_ z,j+2) 4 1,1051 ,nYj5n 2(n+1)

: 5i10in (E.596)

(Where (51'7,1 = (51'70 = 5i,n+1 = 5i,n+2 = O)

Next, we easily see

((M(nl))Z)ij _ ZM ny M(m
= 2 Ry sin aim cos an isin akm sin blm X
B ny+1 | ny+1 ny+1 pt ny+1 ny+1

ny
= am ajm
- n1—|—121 > <n1+1>sm<n1—i—1>

= (MM, (E.597)

and thus

trn1((M(n1))2) = trnlM(nl) = (nl - 1) . (E598)

Next
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(M%)

SO

Next

ni

k=1
Z aim o8 am sin akm N
n+1 n+1 n+1
2 . . bjm
Z ( > (5 ) (255)
” Z Z sin — Un ali + 1) sin akm X
n+1 1 n+1 n+1
2 isin W= Dm) g, (W4
n+1 — n+1 n+1
1
1 (5r—Lk'+(2+lJJ(5hjfl‘FékJ+1)
k=1
1
4(51 1,5—1 + 52 1,5+1 + 57,+1] 1+ 5z+1,]+1) (E599)
1
trp, (M™)?) = 1 > (i +0ivip1 + Sigrion + dipritn)
i=1
1
= S —1). (E.600)
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(M("I)M("))ij —

SO

o (a )

Xn —21- 1 bZ:;Sin <nblj_ﬂ1> cos (nb—|7—Tl> sin <

ié n12—|— 1 i {Sin <a:1_7+1i7r> +sin (%) } ‘i (nolz/-fl) .
oy S () {on (H ) o ()

1

1 Z i=1k 01 k) (k-1 + Ok i)
k=
1
Z(éi—l,j—l + 0i—1 41 + Oit1,j—1 + Oit1,j+1) (E.601)

ny ni

21y, (M(m))(M(n)) — 9 Z Z M(m)M(n

=1 k=1
ni

1
= 3 Z(éi—l,i—l +6i—1i+1 + dip1,i-1 + Git1it1)

= (ni:i 1). (E.602)

The expression (E.574) then gives

(1(3))

1 - -
= 1+ ZAQ (trmM(”l) - trmM(”))

+%/\2 (trnl (M™))2 4 oy, (M) (M) 4 trm(M("))2> + 03

2 4(

1 1 1
— 1+1)\2 (—(m —1)+-2m —1))

+%)\2 (%(nl 1)+ (ng—1) + %(nl — 1)) + O(/\3)

= 1+ (— - 1) +0(\?). (E.603)

2 16

Part (c): Expression (E.555).
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Now

DO — 1 4 AM® — %)\QM(") + OO (E.604)
where
Mi(;l) = n—2i- : i sin (naj-ﬂl> cos <na:1> sin <naiﬂl> , (E.605)
Mi(;l) = n—2i- : azng sin (na—ii—?rl> cos? (na-:-rl) sin <nai7r1> , (E.606)
and we have
A1 = %Lu + 0. (E.607)

Note

ni
Zékiézjdﬂ = 0 fork,l=n1+1,...,n,

i,j=1

ni

Z Nkiéijdﬂ = 0 fork,l=nm+1,...,n,
ij=1

ni

Z 5ki5iijl = 0 for ]{J,l =nj+ 1,...,’0,
1,j=1

ni

Z P]m‘Lijéﬂ = 0 fork,l=n1+1,...,n,

,j=1

ni
> owiLiPy = 0 forkl=ni+1,..,n, (E.608)
ij=1

for arbitrary matrices N, N, L, P and P. As such
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Dkl _ Dl(c7) _ (D(n)A_lD(n))kz

1 “rin n n
= Su+ MM — XN - N Z M < ) MY+ O
,j=1

n 1 = n n “r(n
= Su+AM) - X (Z M8 MY + NI )> + O

ij=1
= S+ b (E.609)

A similar calculation to (E.556) gives

(det (?))m = (det(Ln, + b))/

— exp{—(1/2)Indet (1, + D))}
= exp{—(1/2)trp, In(1,, +0)}

— exp {—(1/2)trn2 (b - g + 0(63)> }

1 1
= exp {—gtrmb + Ztrnsz + O(hg)}

1 1 1
= 1—trab+ Ztrmb2 + g(trmb)Q +O0*).
(E.610)
where

b= AM® 2/\ (M(”)Il M® M(”)> + OO, (E.611)

Substituting this into (E.609) gives

B\\ 2 1 1 .
<det <§)) = 1- §Atrn2M(”) + Z)\Q (trm(M(”)]lmM(”)) + trn2M(”))
1 1

-l—Z)\QtrnQ(M(”))Q + gAQ(trmM(”))2 +ON3). (E.612)

Note
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(n) 2 - . akm am ) alm
Ma™ = n+1zsm<n+1>cos<n+1>sm<n+1

= g () (s (M5) v (550)

1
= 5(5kJ—14‘5kJ+1) (E.613)

(where g p+1 = 0) so that

n

1
trmM(") = Z 5(5k,k71 + Ok k+1) = 0. (E.614)
k=n1+1

Next

ni n .
ZMn)é M(n = LZsin<alm>cos< an )sin( am)
— n+1 4 n+1 n+1 n+1
2,j=1 i,j=1 a=1
2 <. [ bim br \ . [ blm
&jn——l-l;&n(n—l—l)cos(n—i—l)Sln(n—l—l)
1< 2 n . akm . a(i — 7
N Zi:ln—i_ ;Sm n—i—l){ ( )
(b(i—l)w) . ( (i+1)m )
n| ——— | +s
n+1
akm\ . [a(ni+ D7
sin [ ————2— | x
n—+1 n+1

2 <~ . [(bni+D7\ . [ bir
1;8111( n+1 )Sm<n+1>

()}
for (1)

1
= Z(5k,n1+1 X Onyy1,0) (E.615)
so that
1 n
tl‘nz (M(n)ﬂnlM(n)) = Z Z (5k,n1+1 X 5n1+1,k)
k=ni+1
1
= Z E.616
- (E.616)
Next, for k,l =n1 +1,...,n, we have
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- _21_ 1 azzlsin (na]j:rl) cos? (ncj-rl> sin (na—l:r1>
%n—Qi- 1 ism (naiﬂl> {1 +cos (7123-%1) } sin (na—l:r1>

%n—zi- 1 zn:sin (

i (25) fn (227 s (22

a=1
akm . alm
sin
n+1 n+1
a=1
1 1 1
§5k,l + 1(51@,172 + Oit2) — Zék,ndl,n (E.617)

(here 6; 1 = 01,0 = Ok,nt+1 = Ok nt2 = 0) where we have used (E.596), so that

Next

(M)?)y

so that

5 1 & 1 « 1
trp, MW = 3 > bkt 1 > (Gkk—z + O r2) — 1
k=n1+1 k=ni1+1
1 1
_ 1 1 E.61
() ()
n n
Z Mkp Mpl

p=n1+1

n

2 " akm am . apm
Z —_— sin cos sin X
+1a:1 n+1 n+1 n+1
2 L bpm b . bl
><n+1zjsm<n+1>COS<n+1>5m<n+1>
1 < 2 < —1 1
4 n—+1 n—+1 n—+1 n+1
p:n1+1 a=1
2 . ( bpr . (b(l—1)7 _(b(l+ )7
Xn+1;m<n+1> {Sm< nt1 )+Sln< nt1
1 n

1 Z (Ok—1,p + Ot 1,p) (Opi—1 + Op,141)
p=ni+1

1
1(51671,171 + 01,041 + Okr1,0-1 + Ort1,041) (E.619)

1095



n

trn, (M™M)? = < ji: (Ok—1k—1 + Ok—1k+1 + Okt1k—1 + Okt1k+1)
k=ni+1

= Sz -1). (E.620)

We have

B —-1/2 1 5
<det <5>> = 1+¥ (trm(M(”)]lmM("))+trn2M("))
1
+ Nty (M) + O(N)
RN CY & SN N B SN P
= 147X <4+(2n2 4)>+4/\ <2(n2 1)>
no 1

= 1+ <Z - g) +O(\?). (E.621)

Repeat the previous for the case n1 =1 and n = 2 for w = 1.

Proof:
First
@)y _ @ @y 1 (wr+wr wi—wo
(D) = (za: Ui waUg;) = 5 <w1 I +w2> , (E.622)
where

wi=14X  wi=1-X\ (E.623)

Whereas for the D) there is just the one component
(D) = 1. (E.624)
MY =0, MY =q. (E.625)

We expand D@ in X
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o _ (1 0 1, (0 1\ 1,710 ;
b <0 1)+2A<10 2 Lo 1) TOXY

We can then read off

1/0 1 - 1(1 0
@1 @1
M 2(1 0)’ M 4(0 1>

We have, for ¢, j = 1 part of the matrices,

tr, MY = 0,
trnlM(l) = 0,
trp, (MW)2 = 0,
tr,, (MP MMy = o,
tr,, M2 = 0,
- 1
trnlM(Q) = Z
tr,, (M®)? = 0
and have, for k,l = 2 part of the matrices,
tr,, M® = 0,
- 1
trngM(Q) = Z,
1
oy (M1, M) = MP M) =2,

trp,(M®)2 = 0.

So that

AN\ ! 1.5 ~ ~
= — i ey 2)
(det ( 5 >> 1+ 4/\ (trnlM + trp, M )

(E.626)

(E.627)

(E.628)

(E.629)

+éA2 (trnl (M) 4 2tr,, (MO MDY 4 trm(M(2>)2> + 03

1 1 1
= 1+Z)‘2 <0+Z>+§A2(0+0+0)+0(>\3)

1
= 14+ —)\2 3
+ 5N+ OO
1

= 1+ i/\2 (5(77,1 - 1) + 3(2’01 — 1)>

8 2 2

1097

+1/\2 (1(77,1 — 1) + (n1 — 1) + l(nl — 1)) + O(/\g)

(E.630)



And

B -1/2 1 B
<det <§>> = 14X (trm(M@)an(?)) + trnzM@))
+i)\2trn2(M(2))2 + 003

= 1+7) <4+4>+4)\ x 04+ O(\?)

1
= 1+ gAZ + O\

1 1 1 1

= 1+7) <4+(2n2 4)>+4)\ (2(n2 1)

> +0O(\3). (E.631)

Expansions in A of correlation function.

Prove that

3

4 8

ij

-1 3 1
(D("l))“ ~ (1 - >\2> 0ij = 5A0ig1 + A6 jaat -

Proof:

If D) = (1,,, +b) then

-1
(D) = (@, + )
= 1, —b+0* -+ 0.
Recall
D) — 1o, + AM ™) %)\2M(m) + O()\3).

Substituting this into (E.633)
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(E.632)

(E.633)

(E.634)



(D(”1)>;1 = (Ln, +0)!

5 2
= ij— <>\Mi(;”) B %)‘QMi(am)> X (M(nl)) -+ O

ij

1 1.,/(1 1 1
= 0ij = Ag(Gig1 + 0ij1) + 5N <§5m + 1002+ 0ij42) = 5%)
AT 505 + 7 (02 + Giga2) = 50in | + O(N)

3 1 3 3
— <1 + 1)\2> 0ij — 5)\((5“_1 +6;5-1) + g)\2(5i7j—2 + 0ij42) — Z)\26i’1 + O()\3)

(E.635)

where we have used (E.575), (E.590) and (E.597).
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