Appendix G

Spin Networks

Mostly follows “A Spin Network Primer” [56]

G.1 Diagrammatic Mathematics

Diagrammatic algebra designed too handle the combinatorics of irreducible representa-
tions, all the familiar results of representation theory have diagrammatical form.

G.1.1 Line, Bend ad Loop

Consider the tensor

=5 Y)

which can be represented diagramatically as in fig G.1

B
5, 0|

A

Figure G.1: Diagramatically representation of 6]§‘

Consider the two antisymmetric tensors
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(ap) = (1) = ( 2y ) . (G.1)

We associate a curve with a matrix with two upper (lower) indices. The first trial for €, 5
we look at is in fig (G.2) and for 4P fig (G.3)

o 0 [ |
A B
Figure G.2: epdown
A B
ol
Figure G.3: epup

This fits well with the diagramatitics of 53603 = €,5- We soon find trouble with this
choose however. Firstly:

c DEsB _ <B
O €cp€  Op = —04

and straightening a line yields a minus sign:

A A

Figure G.4: firstprob

Secondaly, as a conseqgence of

cp _
€aptpct = “€um

topological difficulties can be fixed by modifying the definition

€A — €ap = 1€4p-
As the indices take two values, we have the identity
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which reduces to

€ppéor t €pcfpr T €cpfpr = U (G.3)
Contracting this with ¢4 and ¢, then using e, ze = 04, e e = —65 and
eppel el = 4P etc we obtain the so-called binor identity:

€ €70 = 8§D — §DsP (G.4)
Using the definitions of the € matrices, the binor identity becomes
€0 = 6065 + 6508 = 0. (G.5)

Then introducing the rule that we assign a minus sign to each crossing, equation (G.5)
can be diagrammatically, represented as in fig G.5.

B D B D B D
U + + =0.
m
A C A C A C
Figure G.5: The binor indentity ¢ ,,e?? — 6565 + 6565 = 0

For more than

C _
OA€cp = €ap-

5360D5DE55 = epe " = —07, (G.6)
€ap€pct’” = —€4p (G.7)

€ap > €ap = 1€4p (G.8)

5% (G.9)
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Using these rules, we can show that these strands behave as would thin strings in the
plane; one can arbitrary deform a graphical expression without changing its meaning.

In translating a diagram into tensor notation, we use
1. assign a minus sign to each

2. assign a minus sign to each crossing

G.1.2 Symmetrizing Products of Delta Functions
Define the D(ﬁ%) as the symmetric product of two delta functions:
'R/ ]. / ! ! !

D5, =5 (0408 + oo ) (G.10)
D(XBE;) are projectors i.e.

1 'R/

A'B' /nCD _ A’ ¢B' A’ oB' cD _ pn@B) _ nA'B
DicmyPia'n = 21 (50 op +0pdc ) Dy =Dian) = Diap (G.11)

More generally DE‘I‘L;BE;'::%), the symmetric product of n delta functions, is a projector:

'R/ ! 1 / ! !
A'B'..D' HEF..H A’ ¢B H EF..H
D(EF...H)D(AB...D) - nl <6E Op -0y +) D(AB...D)
_ (EF..H) _ nEF..H
—_— D(A B ...D) e D(A B ”'D). (G'12)

This general result can be represented diagramatically as in fig G.1.2.

[ 1
[ 1

Figure G.6: Projector. The symmetric product of n delta functions, is a projector
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G.1.3 Jones-Wenzl Projectors
Starting from the binor identity
NP =008 5 (G.13)
a simple rearrangement gives
1 Al B’ B <A Al B’ 1 - ~A'B'
5(514(53 +6A(SB):5A(SB +§6AB€ (G14)
Written in tha stanard form (see in a momemt)
5405 = 6405 — 1y€upé" " (G.15)
where p1;, = —1/2. Which is diagramatically represented in fig G.1.3.

2 11

\_/
I::I = +1/2
a

Figure G.7: Diagrammatical representation of equation (G.15) with p, = —1/2.

Jones-Wenzl Projectors for n =3

We can rearange the symmetric product of the three deltas as follows

(A 5B O) A S(B SO | Sl S(B (O | Sl SR o
305 0880 = 0465 00 +956% o "‘505595,4)
' (B O ' (B <C ' (B O ' (B <O ' (B <O
= 36451C) (5;‘553 58 — 5454 50)) - (5;}5; 5 — 645! 5A>)
(G.16)
This rearangment (G.16) can be represented diagramatically as in fig (G.1.3)
Multiply (G.13) by 55' and symmetrize over the upper indices B’ and C”’ to get
56 C) — oa' 5Pl = — e P8, (G.17)
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A'BC [ABC
| | || |

A BC | ABC BAC A BC

:3|

Figure G.8: graphmath7. Diagramatical representation of (G.16).

A" BC" A" B'C' A'B'C’

I
L ]1=-
N mﬁﬁ

A BC BAC ABC

Figure G.9: graphmath9. Diagramatical representation of (G.17)

which is expressed diagramatically as fig.(G.1.3)

Using this in fig.(graphmath7) we obtain
A/B/C/ A/ B/C/ A/ B/C/ A/ B/Cl

HER N
i e  —
BC/\ o)

ABC A
A/B/Cl
A/ B/C/ ‘ ‘
C ]
=3 + 2
A BC
A BC

Figure G.10: graphmathS.

’ / ’ / ’ 4 ]_~ Al (R / 1~ ~A (O /
568 68D = 545\ sC) +3eae" " 5o + séact™ 55

we obtain

/ ! ! / 2 / / !
A 1 C A (B C ~ C’'~
55868 = 545\ sE) 4 geA(Bé(C) esA
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Or
55808 = ST 5 S (G20)
where

py = —2/3. (G.21)

This is represented in fig (Diagrelfor3)

Figure G.11: Diagrelfor3. Compact diagrammatical representation of (G.20)

Jones-Wenzl Projectors for Arbitrary n

We now consider the symmetric product of n §’s. We have:

R ) A RNl IS LRI vy o SN AR RNERY, S S S

=m0y o8 ap) = (o405 08 L op) — o eE o)

R R A
(G.22)

This is represented by diagram (graphmathll)

58P0 sl — s Pl ok = —&, e PG st) (G.23)

This is represented by diagram graphmath12
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IB/C/ Fl A/ B/C/ F/ Al B/Cl F/ Al B/C/ F/

|+ | [+t -
R R
el W e LT
A'BC'F' [ABC'F A B'C'F A'BC'F' A B'C'F
| L ] |- IERRE
TN e T LT
ABCF |ABCF BACF A FFECA

Figure G.12: graphmathll. Representing equation (G.22).

A/ /C/ Fl A/B/C/ F/ C/ F/

e H@

ABC F

Figure G.13: graphmath12. (G.23)

/ / / / / / / / 1 / / / / 1 ’ / / /
0B 6C ok = 645\ 6C ...5§)+—5ABgA<B<SC ...5§)+~-~+55AFgA<F5g .50
(G.24)
Eape P oS oy @ Cop o) e @SS o)
nflnrms
~ c’ (F' ~B" A’

=+(n—1)éypdc - -0p) € ' (G.25)

we obtain

/ / i I / / / / / )2 / /

00 08 .0k = 04 00R08 Ok + (n = 1)ey 508 .. 0 74 (G.26)

G.1.4 Contractions of Symmetrised Lines

We perform a contraction the symmetrised lines as given by fig (G.1.4), and we denote
the resulting value A . For example A, = —2:
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A’ B: C’ F’ A’ B’ C’ F’ A’ B’ Cl Fs A: B’Cz F’

| TTT H_Tﬂ

ABCF

Figure G.14: graphmathl13.

Figure G.15: This one.
Ay = 0 (2o 5E0) = —o85%h = -2

ABFE A B F n
ABF 4~ |B F

Figure G.16: graphmath2. The contraction of the symmetric product of deltas, the
resulting values denoted A .

As an example, we explicitly work out the value of A, using the graphical method as
shown in fig (graphmath2A). We find that the result is A, = 3.

In order to find the value of An for n > 2 we derive recursive relations.

a relation between A, A ., and A .
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2

D000 0-

Figure G.17: graphmath2A. Calculation of A,.

] (G.27)

Employing this recursive relation we obtain,
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= (-1D)"(n+1) (G.28)

where we have used A, = —2.

So that

A = (=1)"(n+1). (G.29)

n

The one contraction of an (n+1)—symmetrised prodct is proportional to an n—symmetrised
product, as shown in fig graphmath3

Figure G.19: graphmath3 .

By definition of A, we see that x is given by A /A . (see fig graphmathl)

n n

— = £ —
n

Figure G.20: graphmathl.

Now, if
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Figure G.21: P math4.

it follows that

a

Figure G.22: graphmath5.

Hence
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HEN n[:@
0= + Y An+1
A [
(1 (V1
n| |1 ]1 1
— An+1

Figure G.23: graphmath6.

Therefore y = A /A | and the recursion takes the form

n+1
n
1
nl 1)1 n‘ ‘ 1 |1 C
1= (&)
‘ ‘ An+1 C
‘ 1
Figure G.24: P math4.
It follows that
AL, =-24A ., - A (G.30)
with A; = —2 and A, = 3. This obviously has a unique solution which is
A, =(=1)"(n+1), (G.31)

as is easily checked:
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20, ., — A, = =2(=1)""(n+2) - (-1)"(n+1)
= (=1)"?[2(n +2) = (n+1)]
(=1)""*(n +3), (G.32)

A

=D+

A, = (-1)%*(2+1).
A, +A, = (F1D)A,+4, )
- (_]‘)2(An71 + A7172)

= (_1)n71(A2 + A1)
= ()" B-2)= ()" (G.33)

each containing a turn back.

G.1.5 3-Vertices

We define a 3-vertex as in fig...

T (G.34)



We consider the “bubble” diagram.

Lemma G.1.1 The network is zero if a # b. If a = b, then

a a

Figure G.26: P.

Proof:

Assume that a > b.

7 FN

N A

b b

Figure G.27: graphmathl1b.

c d =

a
]
|
n

a
| K]
c d| |
| | o | e
=i
]

where

_a+c—d l_c+d—b
N 2 2
at+d—-c c+b—d
J: m =
2 2
d— b+d—

Rewritting, we find e = (a — b)/2

Consider expanding each of the two middle projectors into their sum of products of 4’s.

It followes that each term will contain a turn-back with respect to the a—projector above
and give zero.
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Figure G.28: graphmath16.

, ty=a)

Figure G.29: graphmathl17.
Now assume that a = b. Consider

Hence

and
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a a
c@d:c d

a a

a

Figure G.30: graphmathl8.

a

C d = = A =5
a
a

Figure G.31: graphmath18A.

Consider expanding each of the two middle projectors into their sum of products of §’s.
Only straight-ahead terms survive the extra projector at the bottom. Thus

a

Figure G.32: graphmath19.

Hence
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k]

Figure G.33: graphmath20.

O
Nabc(ﬂj ﬂ’;b . ) (G.36)
N (a+b—c)!(b+c—a)!(c+a—b)!]1/2 (@37
abc_[ 22(a+b+c+2)! '
%\ p
L™ 7N
6(ab,c)=a c= T IT™T T "TT=0=9 .3 .
1 [—1 [1 T
N 0
Figure G.34: graphmath21.
where

_atb—c

m = 5 ,

_ btc—a

n 5 ,
p = Lc—b. (G.38)

2
In the case p = 0, we get

Net(m,n,0) (G.39)
A (G.40)
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NN
Net(m,n,0)= [ | | | = =
i

i E@ ) Am+n

Figure G.35: graphmath22.

Net(n—1,1,1) we will need to get the eigenvalue of the area operator. Net(m,n,1) = is
easy to deal with.

Net(m,n,1) = —(2+ u,, + 1,)A (G.41)

m+n’

n+1 n ‘1
L
)= |- [

=),

Figure G.36: This one.

Applying this to Net(m,n, 1) as shown below.
We see that the last term is equivalent to (G.1.5) and so is zero.

The first network is —2Net(m, n,0), where Net(m,n,0) has already been calculated in the
previous Lemma as A, . The second and third nets are each equivalent to Net(m,n, 0).
The forth network vanishes. Thus

Net(m,n,1) = —(2A, ., + 1, A4, + 1, A

m-+n n m+n) :

Definition Let Net(m,n,p,,p,;), forp,+p,=p—1>1
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Nettm,n,1F L1 [1 [
Ll
1
1
DN
=C 1 C—1 | |—|1n

Figure G.37: graphmath23.

Similarly,

Net(mu nap> = (_2 - /’Lerpfl - :unerfl)Net(mv n,p— ]-)

+ My poibspi Net(m,n, 1,p — 2) (G.42)

Recursion relation for Net

(a) Net(m> n,p— L, O) = (_2 - Ky — :un)Net(m> n,p— 1)
(b) Net()m, n,p,,p;) = (—2— Ly — ,unﬂ%_)Net(m, n,p—1)+ ,um+pi,un+piNet(m, n,p, +
1,p.—1

(2
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m-1 1 n-1

Figure G.39: graphmath24.

Starting with (G.42) and using (b) over again p — 2 times, and then finally using (a) we
can obtain a realtion:

Net(m,n,p) = p(m,n,p)Net(m,n,p — 1). (G.43)
To simplify the analysis, we introduce the following. Since p, L= A 4 /A Lo
B _2Am+jAn+j B AmejAnﬂ' — Amﬂ'Aanj
m—+j n+j) Am+j An+j
Write
a;= =28, A = BBy — BBy
and
Bi = By B
First (G.42) becomes
Yp—1 ﬁp—Q
Net(m,n,p) = Net(m,n,p— 1)+ =—Net(m,n,1,p — 2) (G.44)

ﬁp_l ﬁp—l
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Nettm,n,p.p = 1 |

Figure G.40: graphmath26.

then we would use (b) with p, =1 and p, =p — 2,

a, B,
Net(m,n,1,p —2) = -2 2]\fet(m,n,p—1)—1—Bp > Net(m,n,2,p — 3)
p—2 p—2

and next we would use (b) with p, =2 and p, = p — 3,

a
Net(m,n,2,p—3) = p_?’Net(m,n,p —1)+ %N@t(m,n,&p —4)
p—3 p—3

and so on until

Net(m,n,p—2,1) = ﬁNet(m,n,p—1)+@]\76t(m,n,p—1,0)

ﬁ1 ﬂl

%y

= ﬁNet(m,n,p - 1)+ @—Net(m, n,p—1)

ﬁ1 ﬂl ﬂO

where in the last line we used (a). Putting it together,
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Net(m,n,p) =

+ Um+p-Hn+p-1

Figure G.41: Netmnp.

a, B,
Net(m,n,p) = —-Net(m,n,p— 1)+ 2=Net(m,n,1,p—2)

61071 p—1

leY + «
_ (%)Net(n% n,p—1)+ gp_?’]\fet(m, n,2,p—3)

p—1 p=1

ot 5t

= (= gpﬁ P73 Net(m,n,p — 1) + 6p74N€t(ma n,2,p—4)
p—1 p—1

= 'i pil
— 7 (Z aj) Net(m,n,p —1) (G.48)

p—1 \ j=0
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Figure G.42: Netmnlp-2. Equivalence of last network in fig (G.1.5) with Net(m,n,1,p—
2).

Therefore

a,. (G.49)

p(ma nap) = A 1A . ( - 2Am+jAn+j - Am-l—j—lATH-j - Am‘f'jA”‘f'j—l)

A A A

Am—i—p—l

Am—HD An-I—P— I
A A

_ m+p—n+p—1 - AmAn—l (G50)
Am—l—p—lAn-i—p—l

nt+p—2

A

m+p—2—"n+p-3

m+p—1An+p—2)
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m < nJ m < nJ

: P

n n
Hm+p; m n 77 Mn+p; m N
R, R

* Hn+p; Hn+p; | |

R

Figure G.43: Netmnpepi.

where we used A 2A,; — A,. We can simplify futher,

k+2 — T 4Pk+1

DA, AN, = (=1)™P(m +p+1)(=1)""P (n+p) - (=D)"(m+ 1) (=1)""'n
= (=)™ (m o+ p+ 1) (n+p) — (m+ 1)n]
= (=)™ np + (m 4 p + 1)p]
= (=1)"™"*P(m4n+p+1)(=1)""p
= A (G.51)
Therefore
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Figure G.44: Netmnpe-+1pi-1.

A A
plm, n, p) = 1= (G.52)
n+p—1

m—+p—1

Denote

AVi=AN A LA

n—n—1

Hp(m, n,j)) Net(m,n,0)

p
[T (m.n, j)) A (G.53)
Hence, by (G.52)

p

O(a,b,c) = H

j=1

A

m-+n

Am—l—n—i—j Aj —1
A A

m+j—1

<Am+n+pAm+n+pfl o 'Aern) Apfll

<Am+p71Am+pf2 T Am) (AnerflAner*? o An)

A IA A A
_ m+n+p n—1 m—1 p—1 (G54)
IA VAV

m—+p—1"n+p—1°

n+j—1
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The minus signs in the factorial

Dy = (D)™ A0+ p+ 1) (=) im0+ p) -

m+n—+p”°
_ (_1)(erner)Jr(erner—1)+---+1(m+n_i_pjL 1)!
(_1)(m+n+p)(m+n+p+1)/2(m+n+p+ 1)|

So that we get

— (_1)(m+”+P)(m+”+P+1)/2(m +n+p+ 1)[

m-+n+p’
gl = (=) ()
A V= (=1)mmm2y)

Collecting the exponents of (—1) in (G.54) is

N =

+(m+p—1)(m—|—p)—|—(n+p—1)(n—|—p)+(m+n—1)(m+n)]

1
= S[(m+n+p)?* +n®+m? +p?

[\]

+(m+p)* = (m+p)+ (n+p)* = (n+p) + (m+n)> = (m + n)]

—_

25[( 2+ n® 4 p* + 2mn + 2mp + 2np) + n® +m* + p® +
+2m2+2n2+2p2+2mp+2np—|—2mn—2(m+n+p)}

(G.56)

[(m—i—n—l—]))(m—i-n—l—p—l—l)—i-(n—l)n+(m—1)m+(p—1)p+

:2m2+2n2+2p2+2mn+2np+2pm—m—n—pzm+n+p(m0d2).

Therefore,

(=1)™ P (m 4+ n+ p + 1)Imin!p!
(m +n)l(n + p)i(m + p)!

0(a,b,c) =

where

at+b—rc

m = ,
2

b+c—a

n = ,
2

B at+tc—0b

p 9 .

(G.57)

(G.58)

(G.59)



m-+p
m—+n
n—+p
m-+n-+p

TET

Recoupling formula

= 2a
2
2c
= 2a+ 2b+ 2c.

< S

Figure G.45: recouplefig. The recoupling equation

d
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The tetrahedron network.

/N a
bl.c A j:Tet[gbi]

d

- b
= cdi
av J
Figure G.47: 6jandTET.

The tetrahedron formula for recoupling theoery.

The evaluation of the tetrahedron network.

| MERNAIN
| }: T@Ea,{ d:);l(b,j jj) (G.61)

A B E z (—=1)5(S +1)!
el b ] “& 2 I o' IL5 9 (G62)

where
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_A+D+E , _BIDI+E+F

al ) ) 1 92
B+C+FE A+C+E+F
Iy = ——%5 by, = 5
A+B+F A+B+C+D
(13:77 b3:
2 2
C+D+F
a, = ———,
2
m = max{a,}, M = min{b,}
£ = A'BIC'D!E'F!, T=]]®;-a) (C.63)
ij

S-5)-€) 8

Figure G.48: Tetfig2.

The 6j—sybols have a number of properties including the orthogonal identity

{0 H

and the Biedenharn-Elliot or Pentagon identity

d a 1 ;
b e l}zéf (G.64)
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The reduction formula

Figure G.50: reductfigs2.

Change of basis for 4-valent spin networks.

(1)
Answers:

Rotate the network on the RHS by clockwise and apply the recoupling identity again.

SBHG BE><)
S D

Figure G.51: recoupfig2. Proof of the orthogonality identity.
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G.1.6 Angular Momentum Representation

The Pauli matrices are:

L (01 . (0 =i\ . (10
0—(10),0—(2. O)’0_<0—1) (G.66)

The three matrices
=6 (G.67)
are the generators of SU(2) in its fundamental representation.
i — = el.jka (G.68)
Higher-order representations are generated from

2s+1 Py
= 1®---®(—)®---®1 (G.69)

as these can be shown to satisfy

o C
T O = ko) (G.70)

11 A 1 1 "
55) = d di5 —5)=d 71
' 2 2> e '2 2> : (G.71)

which diagrammatically represented
A A
v~ and d* ~ |
1 0

Figure G.52: The “u” stands for up and corresponds to index value A = 1. Likewise the
“d” for down and corresponds to index value A = 0.

The “u” stands for up and corresponds to index value A = 1. Likewise the “d” for down
and corresponds to index value A = 0. The inner product is given by linking upper and
lower indices, for instance
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For higher representations

| jm):=]|rs) =N u?. . u dPd" ... a" (G.72)

in which

1 1/2 T+ s r—s
N (———— = d — )
s (r!s!(r + s)!) o/ g oA m 2 (G.73)

The parentheses in (G.73) around the indices indicate symmetrization, e.g. uAybB) =

u?u®f + uPu?. The normalization ensures that the states are orthonormal in the usual

inner product.
1 (01 o (0 —i 3 (1 0
o= ( Lol =0 o) 7=y 1 (G.74)

with

o (G.75)

for : = 1,2, 3. One has

Sl -31s

(Tap) = (04) ® (pp) (G.77)

(Tap) = (14) @ (pp) # (pp) @ (n4) = (7p54) (G.78)
(640 ®G5p)((Nc) @ (pp)) = (Gactc) © (65pPp) (G.79)

The antisymmetric tensor is invariant under the action of SU(2)

UL UB P = AP (G.80)

(analogous to how the 3 x 3 tensor (6, is invariant under the action of SO(3) i.e.

0°,0%6,, = 6,,, which preserves the scalar product between two vectors under rotation).
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Contracting this equation with €, we obtain the condition that the determinate of U is
one

1
det U = 5EACEBDUABUCD =1 (G.81)
since
€560 = 2. (G.82)
The inverse of an SU(2) matrix can be written as

(U4 = —e5p U (G.83)

Recall the anti-symmetric tensors (G.1) are used for raising or lowering but must be
careful about the down-left-up-right rule:

nA = GABUB
¢y =CPeyy (G.84)
We have the identity
1< 1
9 Z 0,40, = §(€AC€BD ~8205) (G.85)

=1

We check this by direct calculation, in reference to (G.74). There are 16 possibilities in
total.

A=C, B#D:

(5”02.0003.01 0

5”0i010j00 = 0

(5”02.1003.11 = 0

§ototy, = 0 (G.86)
B=D,A#C:
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ij —
Mo JO—
ij

Mo ]0
ij

5 zl]l

g -

21]1

o O O O

(G.87)

A=C and B = D:

] —
"o ]0_
iJ

oMo 21]1
ij

o 30

$iio, -

zl]l

_ o O =

(G.88)

A#Cand B # D:

% _
5o jl_ 1
5”
]
0Yo szl

5 — 1 (G.89)

21]0

21]0

All 16 possible answers have been shown to be in accordance with (G.85).

The identity (G.85) is expressed diagrammatically as in fig G.53

B\JD B D B\» D
1 (=)= )<
A cC A C A C

Figure G.53: The identity: (e, e"” —6760) =1 LS 6,560

N[ =

Edges may be further joined into networks by making use of internal trivalent vertices

G.1.7 Recoupling Theory: Combinatorics of Angular Momen-
tum

The rules of addition of angular momentum are known as recoupling theory
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G.1.8 Loop states and the spin network states
Uo(A) = ~TYU,(A) (G.90)

Proof: The orthogonality relations for loop-network states on a given graph v follow from
basic group integration theory. By the Peter-Weyl theorem we have

< 5,8 >= (G.91)
where we have used that the non-equivalent irreducible - as well as our choice of equivalent
- representations of a compact group are orthogonal, that is, (1) is a projector.

We can thus follow the contraction along the graph, obtaining a sequence of the edges
(€y, €y, ...). Since the graph is finite, the sequence must close on itself.

The completeness of these states for L,(A/G,dy, ) follows also from the Peter-Weyl
theorem together with a gauge-invariance argument:

hep-th/9601105 19th Jan 1996

v |? = / dU|TrU|* =1 (G.92)
U Al =v, [A]... ¥, (Al =TrH(A, o) ... TrH(A, o) (G.93)

The function
W(a) = / dig [A]TYPefs A [ A] (G.94)

G.1.9 Summary of binary calculus and recoupling theory

The dashed circle is a magnification of the dot in the diagram on the left. Such dashed
lines indicate spin network structures at a point. The internal labels 4, j, k are positive
integers determined by the external labels a, b, ¢ via
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Figure G.54: Elementary recoupling.

a=i+j, b=j+k c=i+k (G.95)

or

(G.96)

as can be seen by solving the simultaneous equations (G.95), or by drawing the strands
through the vertex (see fig()). As in quantum mechanics the external labels satisfy the
triangular inequalities

a+b>c, b+c>a, a+c>b (G.97)

and the sum a + b + ¢ is an even integer (see Eq.(G.95)).
e Jones-Wenzl projectors.

e -deformed binary calculus.
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G.1.10 The Spectrum of the Area Operator

A[S] :/Sd2a\/gisz/sd2m/nanbf?fﬁ7]’? (G.98)

We need to turn express A[S]| in terms of loop variables, which can be accomplished
through a limiting procedure.

U(y, A) = P exp { A Aa(v(s))dJ: ds} (G.99)

%U(%A) = /dé’ *(s) 6*(y(s),x) U(y(0,s), A)) 7 U(v(s, 1), A)). (G.100)

E(S) =1/ E(S)iE(S):. (G.101)

Acting on a state W_, that intersects X only once, it gives

EAS),(A) = ¥, "(4) (UP0,9), A )7 )i (U (s,7), )
= JG+ 1) () (G.102)

Since one has for the Casimir operator

D0 — i+ 1)1 (G.103)
Thus,

E(X)¥ (A) =/j(j + )T (A) (G.104)
i G S e G.105
S‘S > A3 Z s > (G-105)

Oe‘s > = —jQ‘S >

n2

_ _523 (G.106)



O(n,n,1) = Net(n —1,1,1) = (d—p, ; — p1y)A,

— (-2+ nilé)(—l)”(n—l—l) (G.107)
0(n,n, 1) n 1 n+ 2
TR = (24 gy = (_ » ) (G.108)

Now the diagram may be reduced using the recoupling identities. The bubble may be
extracted with ()

Ols> = —hQ?\(s —e) >
n?0(n,n,2
UL TP
2
e _n+2
= 5 ( 2n ) ls>
- —hQW\s> (G.109)
‘ Details J ‘
JUN s DA B = Ubls IS Ulv(s,MIE - Ulv(s,le” (G-110)
o0 6E, L, j(Uy(s, )AL P = 554/55/ . .55,) FU(s, V)AL (G.111)

U DEE D = 000 -0 35U (s, VD As e + 0065 -0y (U (s, MDA + - -

+ 6007 o1y J(U (s D a5 e (G.112)

or

JUNGsIEE S = PP =0) iU 0 + Wi = 1) j(UN (s, 1)) 5% + - -
+ WP =25) j(UN(s, 7)) e (G.113)
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Hence
. . AB..C
<TI<J'>TI<J'>)DE.,,F JUN s E 5o =306+ 1) JUN (s (G.115)
T T JUN ) =36 +1) jUR(s,)]) (G.116)

Quotations to do with important conceptual points in Rovelli’s paper which I have at-
tempted to cover in this last section.

gr-qc/9806079 Loop quantum gravity and quanta of space: a primer

(—=1)"* P (m 4+ n+ p + 1)m!nlp!
alble!

O(a,b,c) = (G.117)

where m = (a+b—¢)/2, m=(b+c—a)/2,p=(c+a—b)/2,

G.1.11 The Spectrum of the Volume Operator

V[J]e:/\/g:/\/eabceijkEz{lE?Elg (G.118)

W[T’St] - 2 2 2

Figure G.55: grasp3edge.

Since the “comb” basis spans the space of all intertwiners, we can write the action of the
W operator as sending the original vertex to a superposition of other vertices in the same
basis:



W, —PPP . ’{ .
[ t] L J r- st 7/2 /I/S /1/4 L
(2 iy iy 2
2 2
Figure G.56: grasp3edge2.
P, P, P, P P P, P, P, P, P
1 S T T
W[T‘St] = Z W[rst} 222 ..... in—1 ‘ J
- -- ko,....kn—2 I
N ky Kk, Kk
Figure G.57: grasp3edge3.
ky P, oky
n kQ“‘kn_Q . . ) kn—2
W[S"s)t] ioin s = —DPEPq 1y Py ()‘132)25514 c 0
2 2 2
Tet F, }.)’" 5 Tet P PS Ky A AL
ky iy 2 ky ig 2 27 ks (G.119)
X , : .
0Ky, iy, 2)0(ks, i3, 2)0(Fy, By, ky)0(ky, ks, P)0(Ky, Ky, P)
Using (G.61), this can be expressed in terms of the Kauffman-Lins 6-5 symbols
) ky P, ky
n) ka--kp_2 . 12 4 kn—
W[rst] igvins —P.PP{ iy P, i ()‘k;2)25£€4 i ‘51‘,1,22
2 2 2
{ Pr Pr PO } Ps Ps k4
ky, i, 2 ky iy 2
G.120
0(P07 Pr’ k2) ( )

In both these formulas we have used the 9-5 symbol, which is given by the spin network
fig.(G.58)
The eigenvalues of the volume operator are then proportional to the sum of the absolute

values of the WW-eigenvalues:

~ 1 A

0<r<s<t<n—1
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|32 :2 i, 2 i

N

K, R Kk
2

N

Figure G.58: 9jsymbolFig.

(G.122)

k
W[012}i =

G.1.12 Reidermeister Moves

Remarkably, a knot in three dimensional space can be continuously deformed into another
knot, if and only if, the planar projection of the knots can be transformed into each other
via a sequence of four moves called the “Reidermeister moves” [76].

= D

Figure G.59: Reidemeister moves.

G.1.13 Kauffman Bracket

Quantum SU(2) group.

U= ( . Z ) (G.123)

Ueut =¢ (G.124)
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ba = gqab dc = qcd
ca = qac db = qbd

bc —cb =10
ad —da = —(q — ¢ )b
ad —q tbe =1 (G.125)

where ¢ = aA?. complex non-commuting components a, b, ¢, d.

e T

NS —— 11 1 17= Sl

Figure G.60: Twist and g-deformed su(2) - 3uq(2) (or quantum group of su(2)).

G.1.14 The Braid Group By

b,

1

Figure G.61: braidgroup. The generators of the braid group.

The n-stranded braid group

1 1+171 i+1777141

bb . .b.=b., .bb for 1<i<n
{ bb, = bb, for |i—j| > 2 (G-126)
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NN N

n n—1

Figure G.62: Tempalgebra. The generators of the Temperley-algebra.

G.1.15 Temperley-Lieb Algebra

d is the value assigned to a closed loop

U? =dU,
UiUinU; = U, (G.127)
UU;, =U,U, for |i—j|>1

Proposition G.1.2 If g, € T, denotes the image of ... in the Temperley-Lieb algebra
T, then

(1) 95 = 9,
(i1) g, U, =Ug, =0 foralli=1,2,...,n—1.

The canonical construction

1 (o)«
9= T > (A9s (G.128)
" 0€Sy

{n}l:=) (A" (G.129)

UESn

(n}! = ﬁ L-A (G.130)

1— A4
k=1
. —4)\2
PMN=1+A"= % (G.131)

From fig.(G.65). From the we have first row is 1 + A= + (A=%)2 while the second row
is the same thing but multiplied by A=**. This is obviously because, while in the first
row the blue lines are not crossing, in the second they are crossing once. Hence,
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Figure G.63: 2tangEx.

Figure G.64: posBraids.

{3}1

(1 + AT (A_4k)2) + A—4(1 + A4k (A—4k;)2)
= (1+A—4> <1+A_4k+(14_4k)2)/

N / Q

blue line factor  green line factor

= {2} 11__(712__?% (G.132)

Similar reasoning applies to {4}!,

{4} = {3} (1 + A 4 (A7) + (A*h)3)

= {3} 11:(7%;1_?4 (G.133)
and so on,
{r+1}! = {r}!- (1 + AT (AT g (A_4k')’”)
B 1 _ (A—4)r+1
= {r}- i (G.134)
[]
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1AL

A Y
/
[ J / / [ ] / l ®
Figure G.65: canconconstr.

Proof of properties

Given any i € {1,2,...,n— 1} choose the set braids W that do not end in o, or o; ', as is
easy to see from the canonical construction, the remaining braids in {n}!g, are given by
the set W' = {wo, | w € W} (note that the choice of the set W ensures the minimality
of the braids in W’). So that we have

{n}lg, = Z (A3 y  (A73) g (G.135)
weW

we have given examples in fig.(G.66). Since wo,U, = (—A™?)wU, in T, it follows that
g, U, =0fori=1,2,...,n—1

Pwew (A7) 1w = //;/ /

X

Figure G.66: ProofpropQ1.

ZweW(A_g)t(w)w‘71 =

it is claimed that the coefficient of 1 is {n}!



> e (A7) Wy = / \/ /.
/ /

R /\/ K /1/

Figure G.67: ProofpropQ2.

6= (AN +...

o= D> (AT (AL 4]+ =}, 4

UGSn
Hence the coefficient of 1 in g, is the sum ZUGSH(A_‘l)t(") = {n}

L]

G.1.16 The twist move

/\gb — (_1)(a+b—c)/2A[a(a+2)+(b(b+2)+(c(c+2)}/2 (G136)

G.1.17 g-deformed Recoupling Theory

We will modify our spin network technology slightly to make there be only finitely many

(1))

vector spaces “7”.

g-deformed graphs are ribbon (framed) graphs with braiding. Thus, any undeformed
spin network has to be supplemented with information about twists and crossings before
evaluation.

[PDF] SPIN NETWORKS AND THE BRACKET POLYNOMIAL File Format: PDF/Adobe
Acrobat - View as HTML LC Jeffrey, Chern-Simons-Witten invariants of lens spaces and
torus bundles, and the ... E. Witten, Quantum field theory and the Jones polynomial,
Comm. ...

We will modify the binor identity.
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We would like to pick A and B so that the Reidemeister moves are preserved.
Note: the first Reidemeister move didn’t hold before!

We'll call it d. So we want:

A2+ A?+d=0 (G.137)

This tells us d = —(A% + A72).
We want identity:

Which implies A = B. d = —2

Applications:

(i) Theory with non-zero cosmological constant seem to require the use of q-deformed spin
networks.

(ii) g-spin networks are manifold invariants making them usefull in mathematical inves-
tigations in topology.

Smolin and Markoppoulou have used this to define abstract states of quantum gravity
which encode the topology in the quantum state itself [|. Smolin has developed a very
tentative formulation of M-theory, arguing that topology change that is needed for mirror
symmetry in string theory []. Smolin has also shown that perturbations in the g-deformed
theory look very much like propagating strings [].

(i)

(v) Infrared regularization in .spin foam state sum models.

G.1.18 Jones Polynomial

B=A"1wealsoneed A2+ C+ A1 =0 so

C=—A2—A" (G.138)

G.2 Spatialy Diffeomorphism Invariant Space
f*(a(t(s))) = B*(s) (G.139)
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G.3 General Madlestam Identities

Mandelstam identiies of the first kind are a simple consequence of the cyclic property of
matrices, (Tr(AB) = Tr(BA) for matrices A and B),

W(71 © 72) = W(72 © 71)' (G'140)

This holds for any gauge group of any dimension.

There are various identities of the second kind. Here is an example. First note that the
product of N + 1 ¢’s of dimension/N and anti-symmetrised indices is identically zero,

Al A A
015,05, - '53115;1} = 0. (G.141)
Then contract this with
Bnt1
H(%)Afl o H(w)ag (G.142)

The result is an identically vanishing sum of products of the traces of products of holonomies.

For example for N =1

1

_ A1 A B B
0 = 2 Z 05, 050 H (1) 4, PH(75) 4,
A1,B1,A2,B2=1
1

= Z (5§116§§ - 6giégf)H(’V1)Ale(%)A52
A17B17A2,B2:1

= W()W(y,) =Wy 09,). (G.143)

There is a compact way of writing this identity for an arbitrary order in terms of the
quantities

MK = 66‘911523 o '5g§]H(V1)AF1 s H(PVK)AfK' (G'144)

We show below that M. satifies the following recursive relation
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(K+ DM (Vs V01) = W) Muc (7, s+ 75) —
= M (Y0 Vg1 Yor -5 V)
= Mo Yk Tk
'”_MK(71>72"">7K07K+1) (G.145)

with

M (v) = W(v). (G.146)

In terms of the Ms, the identity for an N x N matrix group can be written as

My (V-5 Yygr) = 0. (G.147)

Let us now derive the recursive relation. For K = 2 this comes from the identity

1
200,057 = 25 (051057 — 075} 057) (G.148)

2

As can be seen by contracting this with H(v,),”* H(7,) ,7* resulting in

2M,y (71, 7) = W) M, (7,) — My (7, 0 7). (G.149)
For K = 3 we have
1
355;11 552 5;;‘; — 35(5;;; 052058 — Opl 05207 — 051652072
— 007205 + 01070057 + 07103207
= 0505005, — 05,0505 — 05,05 05)) (G.150)

Contracting this with H(vl)AFlH(VQ)AQBQH(73)A;93 gives

3M3(71772773) = W(’73)M2(71772) - MQ(’yl © '73772) - M2(’71772 o 73) (G151)

For arbitary K we have
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A1 $As A _ A (Ao A A
(K + 1)6[B1532 i '5B;{:::11] — 6[31532 A '532]632111

Al (5A2 . 5AK 5AK+1

[Br41~ Ba Bk]"B1
A A A; A A
B 6[Blk+1533 T 531‘ T 5BII§] o 5Bf<+1
A1l A A A
— 0iB,0p, * '53;1]53,};“ (G.152)

To see this note that the LHS is made up of a total of (K + 1)! distinct terms where we
have a plus sign when we have an even permutation of (B, B,, ..., B +1) and a minus
sign when we have an odd permutation of (B, B,,..., B, ). The RHS comprises of
K +1 collections of terms where each of these comprises of K! terms, and hence there are
(K +1)! individual terms altogether. Each of these corresponds to a distinct permutation

of (B, B,,...,By +1) and appears with the correct plus sign or minus sign to agree with
the LHS. Contracting this with H(yl)Afng(vQ)AQBQ - -H(VKH)Affl“ and noting

SeXH H (7)) P H (y,) (75 = [H(v,)H s G.153

B HO) A, HO) a = HO)H (V1)) a, (G.153)

gives (G.145).

An immediate consequence of the recurrence relation (G.145), obtained indentifying the
loop N + 1 with 4 (the identity loop), is

(N + 1)MN+1(71, . ,'yN,z') = (W) — N)MN('yl, . >7N) =0 (G.154)
from which we see that
W (i) = N. (G.155)

Let us consider the identity for 2 x 2 matrices.

N=2

0 = 3M3(71>72>73)
= W(’Vg)MQ('Vp '72) - M2(71 © Y3 72) - M2(717 Yo © '73)

= W(vg)%[W(vg)Ml(%) — M, (v, 07,)] — %[W(vg)Ml(% 073) — My (7; 075 07,)]
- %[W(vg 0 Y5) My (v,) — My (7, 075 073)] (G.156)

so that
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W)W ()W () = Wy ova)Wivs) + W(vg o )W () + Wivs 0 7)) W ()
- W(71 ©%y 0 73) - W(71 ©7%50 72)
(G.157)

G.4 Summary

G.5 Biblioliographical notes

In this chapter I have relied on the following references: Kauffman and Lins

G.6 Worked Exercises and Details

‘ Change of basis for 4-valent spin networks.
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