Appendix I

Loop Quantum Cosmology

1.1 Introduction

I.2 Quantum Cosmology

I[.2.1 Classical theory
Slaas NN = [ dt [ N (3K K 4 OR - 20)

a0cC 1 ac a C a C
Gt = 2 (P0) P (0")g" + q*)a" — 24")g"

pab — _2GabchCd

we can write the action as

d
Slq,. PN, N = / dt / & <pab% _NC— N“C)

where

1
C = 5Guad™ = (@(*R—20)
C, = —2g,.V,p“,

Gabcd = (q)_1/2 (gacgbd + gadgad - 2gadgcd)‘
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1.2.2 Minsuperspace

The collection of all admissible three-metrics ia called superspace (nothing to do with
supersymmetry!). This space can be given properties such as a “metric” to calculate. Is

the DeWitt supermetric given by

ds* = N*dt* — q,,(dz® + N*dt)(dz® + N dt)

ds* = N*dt* — q,, dz* dz°

Shift N¢ is zero and is lapse function N is homogenious

, t2 1 dq' dg’
iNl= [ N(-—G —"L _ dt
Slq', N] /tl <2NQGZ] T V(Q))

The involving the Hamiltonian is

) to d 7
Slq', N :/ <pi dqt —NH) dt
t1

where

H= Gijpipj + V(q).

momenta are proportional to the coordinates:

_ 1, 4d¢
P = N 9 qt-
dg* » dp.
= — Nlg* i — Nip.
dt [q 7H]7 dt I:pr?H]
H~0

(1.3)

(1.3)

(13)

(L3)

(13)

(weak equality means it is valid only if you restrict yourself to the constraint surface).

The Wheeler-DeWitt equation of cosed isostropic universe with scalar field ¢ and zero
cosmological constant. With generic dependence of the potential on ¢, namely V(o).
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0 & 60 _ 40
(W — @V(@e —e ) U(Q,¢)=0. (L.3)

WKB solutions

3aK  8tGp? P
_ _ pa + _‘b

H==%:G" 120 T2

+a*V(¢) = 0. (1.3)

Quantization [a, p,| = , [ng), D ¢] = ¢ we have the Wheeler-DeWitt equation

~

Hy(a,¢) = 0. (1.3)

1.2.3 Mathematical Excurtion: Symmetry

One way to characterize the invariance of the metric under spacial transformations is to
consider

el (z)da™ = e (2')da’™ (1.3)

m

di* = nij(efn(x) dx™) (el (x) dz™) (L.3)

that is, the three metric tensor is given by

erel =651, eMel =M. (1.3)
de”! del

m J m
7

€ arm € = ijez (L.3)

These are the structure constants of the groups of transformations. Ifwe denote by X,
the following differential operator:

) (1.3)

then (N.-19) can be written as
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k
[XZ.,XJ.] = X, (1.3)
Some of the geometrical properties of a manifold M can most easily be examined by

constructing a fibre bundle, which is locally a direct product of M and a suitable space.

The three dimensional rotation gorup O(3) is the isometry group for of the ordinary round
sphere S2.

A group that is also a manifold and for which the group operations are continuous a Lie
group.

Now any Lie group is a manifold and can be made into a group of transformations acting
on itself as follows: the element g of G defines the transformation

L,(h) = gh. (1.3)

left-invariant vector field

A — el B phIX 0
A=A (2)Aydr+ (A, ()N, +A,(x)A,)d0+ (A, (x) A, — A, (x)A)) sin Odp+ A, cos §dp (1.3)

0

E = E*(x)A,;sin Hg + (E'(z)Al + E*(x)A,) sin 92 + (El(x)AQEQ(x)Al)%

Ox 00 (13)

I.2.4 Symmetries and Backgrounds

It is important to realize that the action of the symmetry group on a space manifold
provides a partial background such that the situation is always slightly different from the
full theory.

It is impossible to introduce symmetries in a completely background independent manner.
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I1.2.5 Loop Quantum Cosmology

We don’t use metrics

Enough loops so that for any two different connections, one can find some holonomy on
these two different connections. We need only one loop because of the symmetry.

There is now another gauge degree of freedom, upon which physical observables should
not depend, and so under the action of the Euclidean group on the gauge field and electric
field should be

| | g
% —1 5% -1 1% -1 pp
A, =g Agtyg Do’ Ef — g 'Elg (L.3)

the Poisson brackets of any two functions f and ¢ on this phase space is given by:

Ky (0f 99 0g0f (1.3)
dc Op  Oc Op ‘

because of homogeneity and isotropy, we do not need all edges e and surfaces S. Symmetric
connections A in A can be recovered knowing holonomies h(e) along straight lines in M.
Similary,

symmetric states exist as disributions supported on invariant connections only

isotropic connection / triad: A = cAlw!, E* = pAlX¢ with w!, X¢ invariant 1-
forms/vector fields.

A’ internal su(2)-triad (purely gauge)

h,(A) = P exp ( / Al (e(t))eor, dt) € SU(2) (1.3)

e

given a surface S : [0, 1] — X we can form a flux as a function of the triads

B(S) = / E*(y)n, (y)7" &y (13)

where n, is co-normla to the surface S. The co-normal is defined as

1 5o 0t Ox°
=—€, e“—
a 9 abc ayd aye

n
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without using a background metric, where z* are coordinates of > and y* coordinates of
the surface S.

, , 0
Al dx® = cw' E? =pX,
(z) da® = cw', i 5ge — PXi

(L3)

where w' are invariant 1-forms and X, invariant vector fields. For spacially flat configu-
ration, w' = dz* are just coordinate differentials, while X are the derivatives.

The symmetry condition can be implemented by using onlt invariant connections (1.2.5)
in holonomies as creation operators, i.e.

hi(c) = eXp(CTi):eXp(—igUi)

L (i), L (e ? 2 1 (—ic ’ -
2 21 2 3l 2 !
1 2 1 3

= cos(c/2) + 27, cos(c/2) (L.1)

physical components ¢ = %d extrinsic curvature (flat model) p = ea® a: scale factor , € :
orientation

1 _2 ,
A, =cVy ?%Wir, E*=pV, *\/qeir". (I.1)

7

Symmetric States

Ale) = cos%c + 2[sin %C](éaowz)ﬁ (I.1)

F(A) = Zgjeﬂjc (1.1)

These are precisely the almost periodic functions

{F(A),p} - 87rgG Z(legj)edjc (Il)
N (A) = ¢ilre (L1)



the space of square integrable fucntions on a suitable completion ZS of the classical

configuration space.

Ag = R and Zs is the Gel’fand spectrum of the C* algebra of almost periodic functions

on Ag.

Say X is a measurable space and Y is a topological space. A function f: X — Y is a
measuable function if the pre-image f~1(V') of every open set of Y is a measure subset of

X.

orthonormal states |m > in connection representation:

exp (%imc)

<clm >= n ez
| V/2sin %
isotropic spin network states |m| = 2j + 1
geometric operators
R L
plm >= E”ylpm\m >

A 1 3/2
V== (go3) VT Dl + Dl >

sgn m: orientation

‘ Poisson brackets.

{F(A),p} = {ijexp(ile),p}
= el p)

8myG 4 -
_ Wg Z(zljgj)exp(lljc)

1

‘ Details Hamiltonian.
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Quantization of 1/a (Test curvature singularity)

p, ¥ have eigenvalues zero implies no inverse

rewrite
i i
1 dry erér

al? /detq dete M (10)

with cotriad
. . 2 .
ey =+/detg(E™")} = %{A% Vi (.0)
16 i i
mp; = W{AP \/V}{AJ’ \/V} (L.O)

quantized:

64 [ /- . i i
My = 57 [(\/; - Cosg\/;cosg - Sing)2 — 5IJ(sin§\/;cosg - cosg\/;sing)ﬂ

e (1.0)
eigenvalues bounded, finite even if V' = 0 rapidly approach the classical behaviour
upper bound:

m,, = SH2=V2) v2) (1.0)
1J,z 3ﬁlp .
my ;10 >=0 (1.0)
due to
sgn(a)®
Mry = T(SIJ (1.0)

evolution equations don’t breakdown even though the volume of the universe goes to zero!

H=—127"2"(c(c— k) + (1 + )k /4)\/|p| (1.0)
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One has |p| = a* while ¢ = (k — ya. If we insert this constraint equation H +H__ ...

e All except a finite number of degrees of freedom are “frozen”. The shift function is
zero and the lapse is homogeneous. N is still a function of 7, so that separation beween
two succesive three-surfaces is still undetermined. Reparametrization invariance is what
remains of general covariance of the full theory.

e Are there corresponding solutions in full theory?

e Only considering states that are symmetric at the microscopic level.

1.2.6 Continuum Limit

Pre-classicality

o [ (Vi Vit ) 3@ = (Vi Vi) 30(68) & (Voo Vi, ) 504(6)] =~ m)3,,(6)

VU
(L.0)

at large volume (m >> 1) assume s_ to be only mildy varying at small scales (from m
to m + 1) conjtinuum approximation

D(p.¢) = 5,)(9) (10)
with
6p
n(p) = 2, (1.0)

and interpolation

1.2.7 Inflation from Loop Quantum Cosmology

effective Friedmann equation

(2) = e (o stz + av)). (10)

Since the right hand side now depends on a for small a the classical behaviour, the
dynamics is clearly modified.
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1.3 Quantum Configuration Space of LQC

I.3.1 Review of the Schrodinger Representation

In the Schrodinger representation, the Weyl operators

W(a, B) := eileatip) (1.0)

with standard momentum and position operators p and ¢ and «, 3 € R, satisfy the Weyl
relation

Wiay, B)W (o, By) = e’%(‘“ﬁro‘ﬁﬁl)T/V(Oz1 + o, B, + 5,). (1.0)

Together with the unitarity condition

W(Oé, ﬂ>* = W(—Oé, _6> (IO)

these relations alone define a unique simple C*—algebra, the Weyl algebra. The Schrodinger
representation is (up to unitary equivalence) the only irreducible representation of the
Weyl algebra in which the Weyl operators are continuous fucntions of o and 3 with
respect to the weak operator topology:

lim < W(d/, B)olY >=< W(a, B)olY > (.0)

o —a

for all @ € R and for all ¢, € 'H and similarly for 3.

g, p] = 1. (1.0)

| <vvtip i [ i < . (L0)

—00 —00

The momentum operator acting to the left on a coordinate eigenstate has the realization
as the derivative with reaspect to the eigenvalue ¢

Let us define

U=1+1idqp (1.0)
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To infinitesimal order, this is a unitary operator,

Ut =1,
and hence when acts on a state vector it preserves the norm of the vector.
the canonical commutation relation
UqU™" = q+ilp, god, (L.0)

and so U is the operator which performs infinitesimal tasnlations on the coordinate oper-
ator ¢ (but leaves p unchanged).

<{lUqg = <dUqU'V
= <{|(¢d+ U
= (¢ +4d4) < U, (I-1)
which implies
< U =<q +4q|. (I-1)

The action of U on < ¢/| is to infintesimal trasnslate the eigenvalue ¢’ to ¢’ + d¢’, with
< ¢'| and < ¢ + §¢’| having the same norm.

<plp>=4( —p) (L-1)
Transformation function < ¢'[p’ >
/ / / / / 1 a / /
<qp >p =<dplp’ >= <o <P >, (L-1)
i 0q'

integrating this differential equation giving

! on!

ey (L.-1)

<{p >=

1
V2
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d / s ! ! 11
/dp/ <{lp><pld" > = /ﬁe”’ (¢'=d")

27
= 0(¢' —4q")
= <{d|d > (I.-2)
the resolution of identity
/dp/|p/ ><p| =1 (I-2)
Similarly
/dq’ <plgd ><dp" >=<pPp >, (I-2)
and
/dq/\q’ ><q|=1. (I.-2)

I.3.2 Polymer Representation

Let H, be a non-separable Hilbert space spanned by mutually orthoganol vectors |p >,
pEeER, <plp>= (5p,p, where (5p,p is the Koneckera delta. A general element of H,, is of
the form

S w)lp > with 3 [(p)? < . (1-2)

peER peR

Thus the polymer Hilbert spae H, can also be defined as the space of complex functions
on R that are square integrable with respect to the discrete measure. Necessarily, any
wave fucntion ¢ (p) can be non-zero only on a countable subset of R, as the uncountable
sum of finite terms is divergent (for example the sum of numbers between 0 and e is

greater than § 4 § +--- = $00 = 00).

The momentum operator p is defined in this representation by:

p(k)|p >=plp > or p(p) = p(p). (1-2)
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Since the discrete measure is translation invariant, there are also well defined unitary
operators U (k) implimenting translaions in momentum space:

Uk)lp>=p+k> or Uk)Y(p)=v(p—Fk), kER (1-2)

The exponentiation of the operator p together with the operators U (k) provide a repre-
sentation of the Weyl relations:

dPeP(p) = TP (p)
UaUb)Y(p) = Y(p—a—Db)
= U(a+b)(p) (L-3)

Ua)e™p(p) = """ e(p—a)
e e U (a)y(p) (L-3)

Definition of weakly continuous

We say that a sequence k, converges to k weakly if for all p € H
lim < k,lp>=<klp>
We say that U(p) is weakly continuous if
Tim < U(k,)plp > = < U(K)plp >

for all p € 'H as k,, converges weakly to k.

k — U(k) is weakly continuous if

lim < U(7)p'|p > = <UX)p'lp >

forallt€ Rand p',p e H

However, the representation of R given by k — U(k) is not continuous as the general
element of the Hilbert space H,, is non-zero only on a countable subset of R. In fact, for
arbitrary small k, a vector |p > is mapped by U(k) to an orthogonal one |p+ k > so that
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< plU(k,)p >=0 for all n. (I.-3)

However U (k) is not weakly continuous, since |[p > and |p + k > are orthogonal to each
other no matter how small the parameter ¢ is. So one always has

| <plU(k)lp>—<plp>[=<plp>#0, (I-3)

even in the limit that k& goes to zero. Therefore, the infintesimal generator

Thus, the generator that would correspond to the configuration operator Z is not defined
on Hy. The best we can do is:

_iw‘p > or —3i

= ¥(p) (1-2)

where 0k coresponds to the nearest point above p for which 1(p) is non-zero. The operators
U(k) can then nevertheless be seen as giving a quantization of the classical configuration
functions e***. Reality conditions for these “approximated position operators” are satified,
since UT(k) = U(—k) Thus, the polymer representation provides a quantization of the
space of the Poisson algebra of phase space functions made out of finite linear combinations
of the functions

p and " keR. (I.-2)

In particular, the configuration part of the Poison algebra of phase space algebra is the
linear space of continuous and bounded complex functions in R of the form

flz) = cheiij, (I.-2)

where the sums are finite, & , are arbitrary real numbers and c; are complex coefficents.
The set of functions (1.3.2) clearly separates points in R, i.e. given z,2’ € R, x # 2/,
one can find a function f such that f(z) # f(2’). Infact, two functions are sufficient to
separate points, e.g. €7 and e**2*, with k, /k,, an irrational number. To see this consider
the case when k| /k, is a rational number fig.(I.3.2). Neither function separates the points
z, and z; as both functions are periodic over x; — x,. However, if k, /k, is an irrational
number there are no finite intervals over which both functions are periodic.
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Figure I.1: separatenot. As k,/k, = 2.5 both e”'* and e”*>* are periodic over intervals of
lengh 2\, these two functions do not separate points an interger number of 2\ apart. How-
ever, if k, /k, were irrational there would be no finite interval over which both functions
were periodic.

[.3.3 Quantum Configuration Space as a Compact Group

The space R is introduced as a set of homomorphisms, corresponding to a similar charach-
terization of A, section ??. The role of the group of hoops (or the groupoid of paths) is
here played by the discrete group R. The group SU(2) is replaced by 7', the unit circle
in the complex plane C.

The quantum configuration space of LQG includes all those connections which are dis-
continuous but all the same asign well defined holonomies (section 7?), specifically:

Ay ) =(A()—1 and Ay, 7)) = A(y)A(y) (I-2)

We can understand these connections as the homomorphisms from G to the SU(2) group.

A = Hom[G??, SU(2)]. (1.-2)

This compactification can be imagined as being obtained from enlarging the classical
configuration space R by adding points, and thus more continuity conditions, until only
functions of the given algebra survive as continuous ones.

Let us consider the real line R equipped with the commutative group structure given
by addition of real numbers. The Bohr compactification R can be described as the set
[R, T of all, not necessary continuous, group homomorphisms from the group R to the
multiplication group T' of the unit circle of C. we identify with the Hom[R, 7]

R = Hom|[R, 7. (I-2)
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The generic element of R will be denoted by Z. So, every Z € R is a map, Z : R — T such
that

z(0)=1 and =T(k, +k,) =7T(k))T(k,), for all k,k, € R. (L.-2)

Since T' is a commutative group, it is clear that

T (k) :=z(k)T (k) (L.-2)

defines a group structure on R

From the fact that R contains only homomorphisms, it is a closed subset of Xer ', and
it is therefore compact. Verify this.

PROOF HERE

L]

I.3.4 Projective Aspects

For arbitrary n inN, a finite set of real numbers v = {k,, ..., k,} will said to be indepen-
dent if k,, ..., k, are algebraically independent if

> mk, =0, m, ez (1-2)
=1

implies m, = 0, for all <. The set of all such independent sets « will be denoted by I".

Let G , denote the subgroup of R freely generated by the set v = {k,,...,k, }:

G, ={>_ mk, m, €z} (1.-2)
=1

By (I.3.4) we have an unique unit element corresponding to m,; = 0, for all 4 and a unique
inverse of ) . n.k, given by > .(—n,)k,.
From this group structure we have a partial order relation making I' a directed set: a set
~" is said to be greater than v, and we write 7/ > -, if G, is a subgroup of G_,. It is
clear that given v and 7/ one can always find 7" such that v > v and 4" > 4/, and so I’
becomes a directed set. Also, I" has no maximal element.
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R, :=Hom|G_, T]. (L.-2)

For any pair 7, such that 4" > ~ there are surjective projections

Doyt IRV, — R (I.—2)

o

1.3.5 (*—algebra Aspects

We will now see explicitely that R is in fact the spectrum of the C*—algebra of almost
periodic functions in R. This characterization of the quantum configuration space cor-
responds to the original introduction of the space of generalized connections A as the
spectrum of the holonomy algebra section(?7?).

Let us consider the configuration x—algebra C of functions given by finite sums of the
form

flz) = cheiij, (I.-2)

with respect to the supremum norm, || f(x)| = sup,.g |f(x)| this becomes a C*—algebra

(as ||f*(2)]| = || f(x)]| and [|f*(x)f(2)|| = || f(x)]|?). We form the C*—completion C with
respect to this norm.

The spectrum A(C) of the algebra C is the set of all non-zero multipliactive linear func-
tionals on C, i.e. non-zero linear functionals ¢ : C — C such that

o(fg9) = ¢(f)elg), forall f,geC. (I-2)

such functions are necessarily continuous as . One can check that ¢(e**®) takes values in

T, for all p € A(C), for all k

{ky, .o K}, let Cq/ C C denote the x—subalgebra generated by the set of fucntions
{ethiz . e*n®} whose elements are finite sums of the form

flz) = Z e, with ke G, (L.-2)
k
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[.3.6 The Schrodinger Representation

We will now see how the usual Schrodinger representation is obtained in the present con-
text. It is given by a different measure on R. The introduction of this measure corresponds
to the so called r—Fock measwures in the loop quantization of U(1) connections [?7].

—z2/2 _dx

consider the Gausian measure dv, = e T in R, and the corresponding space of

square integrable fucntions L*(R,v). The Hilbert space L*(R, v) carries (a representa-
tion unitarily equivalent to) the usual Schrodniger representation of the Weyl relations.

Hilbert space from measure

The standard choice is to select the Hilbert space to be,

H = L*(R,dq)

the space of square-integrable functions with respect to the Lebesgue measure dg (invariant
under constant translations) on R.

There is a representation of the Weyl algebra that can be called the ‘Fock type’.

the measure in the Schrodinger representation becomes non trivial and thus the momen-
tum operator acquires an extra term in order to render the operator self-adjoint.

(G- ¥)(q) = q¥(q) (1-2)

and

(p-1)(q) = —ihfl—w + multiplicative term (I.-2)
q

where the second term in (1.3.6), depending on the configuration, is precisely there to
render the operator self-adjoint when the measure is different from the “dx” measure,
and depends on the details of the measure.

First we need to find the measure dp on the quantum configuration space in order to
get the Hilbert space H, and second we need to find the multiplicative term of the basic
operator ((I1.3.6).

Quantum algebra and states

Let A be a C*—algebra with unit and let w : A — C be a stste. Then there exists a
Hilbert space H , a representation 7 : 4 — L(H) and a vector |¥, >€ H such that
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W(A) =<V, m(A)|V, >, . (L.-2)

Furthermore, the vector |V, > is cyclic. The triplet (H, 7(A)|¥, >) with these properties
is unique (up to unitary equivalence).

One key aspect of the theorem is that one may have different, but unitarily equivalent,
representations of the Weyl algebra, which yeild equivalent quantum theories. This is the
precise sense in which the Fock and Schrodinger representations are related to each other.

Thus, by vertue of the GNS construction, the value of the state w, ., acting on the Weyl

generators W() is interpreted as the expectation value of the corresponding operators
Rp,..(W()) on the vacuum state 2.

we can now compute the expectation values of the Weyl operators of the Fock vacuum
and thus obtain a positive linear functional w,_, on the algebra A. Now, the Schrodinger
representation that will be equivalent to the Fock construction will be the one that the
GNS construction provides for the same algebraic state wy, . What we must do to com-
plete the Schrodinger construction such that the expectation value of the corresponding
Weyl operators coincide with those of the Fock representation.

2 1
Do W (X)) = e71HOY (1.-2)

Construction of the Fock representation

The relations

{a,-0,} ={p,,p,} =0 (I-1)
{a,-9,} =9, (1.0)

Q(yl, yg) = Z(plquH - pguchu) (IO)
W(y) = expliQ(y, -)] (1.0)

every point of I uniquely determines a solution. We define B to be the space of solutions
which arise from the initial data in I.

The fundamental Poisson brackets on I' can be expressed as

{Q([ql,pl], ')a Q([QQ?]?Q]’ )} = _Q([quplL [QQ>p2])' (I'O)
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the CCR read

([0 [ 1) = [ 18 (L0)

We specify a real inner product p: B x B — R satisfying, for all ¢, € B,

1 [y, )]
w(, ) = =lLu.b. —_— L.O
( 1 1) 4 P2#0 M(¢2’ 77Z)2) ( )
We define an operator J : B, — B, defined by
:u(qu)p ¢2) = 2M(¢17 quz)Q) = (77Z)17 J¢2) (IO)
From the antisymmetry of €2, it follows that
J = —J. J> = —I. the specification of an inner product, u, saticfying (??) gives rise to

a complex structure, J, on B.

we now complexify BM and extend the actions of 2, u, and J from BM to BE. We define
an inner product on BE by

(%1, %) = 20(¢y, Tthy) (1.0)
for v, ¢, € BE, thus making BE into a (complex) Hlbert space.

define the map K : BE — H to be the orthogonal projection onto the subspace, H, of BE.

(K¢1v K¢2) = _iQ(K—¢17 K¢2) = H(¢17¢2) - %Q(¢17¢2)' (I‘O)

we have

(K, Kily)yy = —50(0, ) (10)

Functional representation

the Schrodinger representation - find the measure du and the multiplicative term in (1.3.6),
that corresponds to the given Fock representation.

A

Rgo,(W(N)) = €], (L.0)
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Now, the equation (77) tells us that the state wg,, should be such that,

A

Ry (W (N) = exp Hu(x A)} ~ exp {—ifo] (1.0)

where we have used (77) in the last step. On the other hand, the left hand side of (1.3.6)
is the vacuum expectation value of the W (\) operator. That is,

A

W) = [ TRy (V) - 9) = [ de” (L0)

Let us compare (?7) and (77),

/due“" = exp {—lfo] (1.0)
c 4

The meaning of this is - the fourier tgransform of the measure fi is defined as

Yalf) = / djic'!, (10)

where f is an arbitrary continuous function(al) on V,...Then the measure of the Gausian

1.4 Path Integral

The amplitude for a single discrete path was given as

AT
— i (AT—=Tp0)aOvp vy (7
Ay, vy, / dTM/ Aty - / dre MY ( Zoz@yMyMl) X

—’L(TIM TM—1 ae”lw M -1 e i(Tg—Tl)a@,,lyl( Za@ ) ZT1O¢@,,0VO (I O)
e vivo .

This expression can be written in terms of the following integral

AT M T (
— NAM i(AT—Tar)xnr Li(T =T —1)TM—1
Iz, ..., 20 AT) = / dTM/ dTMl.../ dr, (i)"e e
0 0 0

. elrmm)e ginizo (1.0)
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We will first evaluate this integral for the case where all z; are distinct. By induction on
M-th number of vertices or the number of times that x changes value, we will show that
when the z; are all distinct the integral is

M

I(a:M,...,xO,AT):Z ¢

M
i=0 Hj;éi(xi - xj)

1T, AT

(1.0)

This is true by inspection for M = 0. If we assume the result (I.4) holds for M we can
evaluate the integral with M + 1 vertices.

AT
- i(AT—T T
](xM+1,xM,...,xO,AT) = / dTyriq iell M+1) M+1I(Q:M,...,a:O,TM+1)
0

M

/AT
- (AT—Trr41)T
_ dr 261( M+1)TM+1 E
M+1
0

M
i=0 Hj;éi(xi - 'Tj)
M

1 AT ( )

s iATT N4 T —TM41)TM 41

= e g —r / ATy €
i=0 Hj;éi(xi - Ij) 0

M o T
— ,L'eiAT$1w+1 Z - 1 |:6Z(.$z $A{+1)A _ 1:|
i iz — ) Wz, = xp4,)

eiﬂﬁiTMH

M 6i:17¢AT ) M 1
- Z M1 — elATearh Z M1
imo [z (2, —x)) = 1 (v —xy)
M+1 i M+1
_ Z _ elszT B eiATIM-H Z _ 1
+1 +1
i 1 (2 — 1)) = I (z,—x))

(I.-5)
We use the identity

M+1
1

=0 I.-5
> N (I-5)

i=0 1lj#i (z; — 37]-)

which can be derived as follows. Define

M+1 _
p(x) :—1+ZH ’ _ZJ
=0 j#i i i

then
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M+1

plr) = -1+ Z H i
1=0 ];ﬁz
M+1

= —14+ ) 4,
=0

~ 0 (1-6)

for [ =0,1,2,..., M + 1. We have the situation that there are apparently M + 2 distinct
roots, however p(x) is blatantly a polynomial of order M + 1 at most. The only resolution
to this is that p(x) is identically zero. Therefore we have

M+1 )

J#Z o
ZH . )1_0

J#Z

Noting that the coefficient of ! on the LHS must be zero gives the identity (I.4). So
finally the integral (I.-5) can be written

M+1

I(wy 2y, 2, AT) = Z yyE
i=0 Hj;éi (; _xj)

eixiAT

(L.-6)
Therefore if (I.4) holds for M it also holds for M + 1, thus by induction it holds for all
M > 0.

If the x, are not distinct, if there exist 4, j such that x;, = ;, then the proof follows in a
similar way. Key to this is that the integral I(z,,,...,z,) is independent of the order of
the z,’s. This can be seen from the fact that the integral can be rewriten as

AT
](xMu"'ax(]?AT> - / dATMdATMfl“‘dATO 6(ATM++ATO_AT)
0

(i)Me'LATIW:B]\/[ 61ATA{71$A{71 - e’LATliBle’LATOIBO. (I_6)

We take some time to understand how this derived. We first consider the simplest case.
Note
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I(xy, xy, x4, AT)

AT
= / d’TQ / dTl (i)2eZ(A7_T2)$262(7'2—7'1):731627'1:1:0
0 0
/0

AT AT T2
= / dATQ/ de/ dr0(ATy + (1, — 1)) + 7, — AT) (1) A2l
0 0 0

We now want to make the change of variables

Aty = 1
AT Ty — Ty
Inverting the transformation gives
T = At

The Jacobian is then

oT1 oty
(9ATO 8AT1 — 1 0 — 1
012 1o - 1 1 - =
OATH OAT1

The region of integration is inside the lines

=0 7—7=0 1,=ArT

Substituting in (I.-9) the lines in the A7 A7 -plane are

A1y =0,A1, = 0,A7, + A1, = AT

The integral is then

1209
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0

To—T1)T1 eiﬁ o

(1.-9)



I(zy, ), x4, AT)

= / dATQ//dATIdATO(S(ATQ—l-ATI + A7y — A7) (i) AT AT giATOTY
0

(1.-10)

where R stands for the region of integration defined by A7, A7y, > 0 and A7, + A1, < AT
But as

(AT, + [AT, + A1) = AT) =0
for A7, + A7, > A7 we can extend the region of integration to 0 < A7, Ar, < A7. Hence

we may finally write

I(x,, xy, x4, AT)

AT AT AT
= / dA7'2/ dA’Tl/ AAT (AT, + AT, + ATy — AT) (i) 2772 AT I ATOT0
0 0 0

(I.-11)
which is the desired result. We now look at the general case. We write
Iy, .. 2y, AT)
AT AT '
= / dTM/ dry - / dr, (i)™ / dAT 0 (AT, + Ty — AT)@’ATM“TM>
0

Z(TM—TM 1)TA—1 ei(T2—Tl)fc1€i7’1xo

AT AT
_ / dAT,, / ar,, / Arygyeo [ dry ()07 + (ryy = 7ag 1) +
0
—Tyo) +

+ (TM . )+Tl AT)elATMiBMeZ(TM TM-1)TM—1 ] ”ei(T2—7'1)$1€i7'1$0
(I.-15)
We now want to make the change of variables
Ar, = 1
Ar, = 1,—T7
ATy g = Ty = Tyos
ATy | = Ty — Ty (I.-18)
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Inverting the transformation gives

T = A,
7, = Ar,+ AT

Ty_1 = ATy +AT +---+ AT, ,

Ty = ATO + ATl + -t ATM*Z + ATM*l' (1_2]‘)
The Jacobian is then
o1 or1 o1
0At0  OAT " OATM_1 1 0 ... 0
[Zp) 019 2
8A’7—0 8A7—1 T 8A’T]\/[,1 1 1 e 0
: : : = =1
OtmM—1  OTm—1 OTM—1 0
OATY OAT Tt OATM -1 e
OTMm ot OTMm 1 1 ... 1
8ATO 8AT1 e 8AT]\/[,1

The integral is then

Iz, ... 2y, AT)

AT
= / dATy, / / . / dATy, (dAT, ... dAT, ()MS(ATy, + ATy +
0 R
+ ATM ) I A7—1 + ATO _ AT)GZATM?CMeiATMACBMA N 'eiATI$1 eiATOCBO

(1-24)

where I stands for the region of integration defined by Ar,, ,,..., A7y > 0and A7, |+
ATy 5+ -+ A1y < AT, as the reader can verify. But as

AT, +[ATy  + ATy o+ + AT —AT) =0

for Ay, | + A1y o+ -+ A7y > A7 we can extend the region of integration to 0 <
ATy, Aty < A7, Hence we may finally write

Iy, @y, AT)

AT AT AT AT
= /0 dATM/O dAT,, /0 dAT,, .. ./0 dAT, (VMO(ATy, + ATy +
+ ATM—2 4+t A7—1 + ATO _ AT)eiATMIMeiATM—lxM—l o eiATwleiAToxo

(1.-26)
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which is the desired result.

It is clear from (I.-6) that this is symmetric under the interchange of =, and z ; for all
i, 7, so the integral is independent of the order of the sequence x;. Since the integral is
idependent of the order of the values z, it should be characterised by the distinct values,
labelled by y;, and their multiplicity n,. Where n; +---+n, = M + 1. Given a set of
values x; we will evaluate the integral for the case where they are organised such that any
x, sharing the same value are grouped together.

Let us take a simple example to illustrate how the integrand simplifies upon grouping.
Say T, =T, = Ty =Yy, Ty = T, = Yy, Ty = Ty = Y, and x, = x4 = y,, then

(Z')8el(AT*TS)IS 61(73777)96761(7777'6)16 62(T677'5)I5 61(7’5774)96462(7'477'3)13 61(7'377'2)962 61(72771)x1 PRAREL
— (Z')SeZ(ATfTs)yzx (T8 =T1)Ya i(T7=T6)Y3 i(T6 —T5)ys L i(T5 —Ta)y2 i(Ta—T3)y2 pi(T3—T2)y1 Li(T2—T1)Y1 LiT1IYL

(i)8eZ(AT—T7)y4 (1 =75)y3 (T —T3)y2 ,iT3Y1

or
(i)sei(AT_Tnl +ng+ng )ya ei(Tnl +ng+ng ~Tnj+ng )y3 ei(Tnl +ng ~Tny )y2 6iTn1 Y1

where n, = 3, n, =2, n, =2 and n, = 2.

The integral (1.0) simplifies to

At ™ T2 )
I(yp7 np’ e ’y17 nl, AT) = / dTM/ dTMfl . / dTl (i)Mel(AT—Tnl+<.<+np_l)yp

eZ(Tn1+.4.+np_1 —Tny+tny_o Yp—1 o 6i(7n1+n2 —Tny)Y2 6iTn1 Y1

upon grouping x, that share the same value.

Let us first consider the case p = 1. We need to perform integral

AT 2 )
I(y,,n,) = / dr, ;.. / dr (i)~ te AT (L.-31)
0 0

Using induction on n, we will prove that

(iAT)m 1

VBT cinar (1-31)
(n, —1)!

](y1an1) =
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We have

AT T
I(yla nl -+ 1) = / d7—n1 . / dT ( )n1 y1 AT
0 0

T ni—1
_ (Z->n16iy1AT /A dr (Tnl—l) '
0 " (n1 —1)!
7 L2
_ ( Tnl) 6zy1AT (1_32)
(n1)!
The integral I(y,,n,) can be written as
Hymy) = (2) L e (1-32)
— o € =
Yot =\ Gy, (n, — 1)

By induction on p, the number of distinct values, we show that the integral (I1.-30) is given

np—1
1 a P 1 a n11 p
Iy ,n,....y,n, A7) = ——=— | — U v\ 9.,
(Y, 7, Yp: 1y A7) (n, —1)! <3yp> (n, —1)! <3y1) ZHJ#Z Yi — ;)

e Smaw )

k=1 J#Z

We have already proven the case for p = 1. If we assume that (1.-32) holds for p distinct
values then we can evaluate it for p 4+ 1 distinct values as follows

AT TM —npy g +2
I(ypﬂ,npﬂ,yp,np...,yl,nl,AT) :/o dTM.../O dTanerlHL

. 1 i(AT—Trfm
(7)1 Lei(AT=Tnr p+1+1)yﬁ+1l(yp,np,...,yl,nl,TM,anJrl) (1.-32)

Plugging in the assumed result for p distint values

p 1 a ng—1 P 1
[(y , 1 ,y,n,...,y,n,AT): 7(_) s
p+1 Vp+1 Ip p 1 ]}_[1 (”k —1)! Oy, ; ;?#(yi — Z/j)

LA AT TM —ny,yq+2 i( )
N\Np+1—1 J1ATYp4+1 UYi—Yp+1)TM —npy 1 +1
(1) e / dry ... / dTanp+1+1€ P

0 0

(1.-33)
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We are interested in evaluating the integral

t t
I(n,t) = (i)”@ity/ dt, .. / dtlei(yry)tl
0 0

we prove by induction in n that the answer is

Cemt e @) _
(y; —y)" ,; (y; —y)™ (n—m)l (L-33)

Assuming the result for n we find for I(n + 1,1):

t tn+1 to
An+1 4 iyi—
I(n+1,t) = ()" ety/ dth/ dtn“‘/ dt, e/
0 0 0
. t . ) tnt1 to '
= (,L')nJrlezty/ dtn_’_l(i)fnefztn-&-ly |i(i)neztn+1y/ dtn/ dtlez(yiy)t1:|
t
= ieity/o dtnﬂe’it"“yf(n,tnﬂ)

t Z‘yitn+l n itn+1y )y
— ety | g emitnry | € € (it 44
n+1 (
0

)n—m

Y —y)" B (y, —y)™ (n—m)!

m=1
i -yt 1 n 1 (i)n—m(t)n—m—l—l
— 5 ity € .
ar >

y, —y)" iy, — y)ntl (y,—y)™ (n—m+1)!

m=1
evit ”Z’Ll ity ity
Tyt =y —y)m (n—m 1)

Now as
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1 0
—I(n—1,¢
B 1 o etyit nz_l et (Zt)nfmfl
n—10y | (y,—y)"' =y, —y)"(n—m—1)
_ 6iyit 1 ”z:l |: eyt (Zt)n—m et (zt)”_m_lm
(=) n=12=1y—y)"m-—m-1! " (y,—y)"" (n—m—1)
B eiyit 1 ”Z_l iyt (Zt)n m N n eyt (Zt)n m(m o 1)
(v —y)" n—12=(y,—y)"(n-—m-1! = (y,—y)™ (n—m)
etit 1 &L et (it)n—m 1 et n—1
= n—m-+(m-—1)] —
(y; —y)" n—lg(yz—y)m(n—m'[( ( ) n—1(y,—y" 0
B eiyit i eiyt yn—m
(v, =" = (y,—y)" (n—m)!
— I(n,t;y) (1-44)
we have
1 a n—1
I(n,t; — I(1,¢
i) = o (5] 1)
1 n—1 iyt iyt
(3) ( c_° ) (1.-44)
(n—1)!'\ 9y Yi—Y Y~y

Using this in (I1.-33)
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1

1 0
I(yp+17np+17 oYMy AT) - H m (8yk

k=

) Yoo

i=1 L7 yz

Y AT

Nnp4+1—1 .
e

6iyp+1AT
Ypi1 Yi = Ypra

Iﬁ 1 ( o )nkl i eiyiAT eiyp+1A7'
ot (= 1)\ 9y, H#Z U) \Y = Y1 Y Ypa

p+1 ni—1 p

1 o k zyZAT : Ar 1

= Hm(a—) Zm——ey"“ P v— T

w1 g : Yy | \i=1 11j# (yz yj) i=1 ];éz Yi

p+1 ng—1 [ /p+1 AT p+1

1 ( 0 ) F e ; A
— - (= - cWphiAT
1 1
,I[l (ny, — DI\ 9y, i Zl Wi —y,) Zl f;
(I 48)
Now we use the identity
S
+1 o
i=1 ?#u 1Y, —y)
in (1.-48) to give
p+1 np—1 p+1 i
1 o k ezylAT

I(y y 7"'>yan7A7—): (—) —_—Y (1—48)

prv e v 1 (ny — D\ 9y, ; [T (v — v;)

k=1

Thus if (I.-32) holds for p then it also holds for p + 1, so it is true for p > 1. Using this
result we find that the contribution due to each discrete path is

AWy vy, ) =

(0,,,)(0,,,,)

fzaGw jw; AT

( I/MVM—l)( VM—1VM— 2)”

L o \"
1 (n, — 1) <a@wkwk) Z < 1T7,,(6

(.-48)

wiw; w]wj>

I.4.1 Eigenstates of ©

Recall
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(Ov)(v) = —3;;? { (v +40y)|(v + 20) V(v + 44,) — 20°T (v)+

iy — gl = 26 ¥ ~ 16y

_ b i Y(V)
x(b) == \/;V%Oe N (1-50)

©0m - 2 ¥ e

v=4nty
= BWG\/ Z [ V(v +40y)|(v + 20) V(v + 46,) — 207U (v)+
4£2 v=4nly V |V " "

iy~ 1)l = 26000 - 18)

3rG [ i (y—40o)b (v+4£0)b
= — 2\/ Z p VIv|(v —2¢,) 1/+e2 PN v|(v+26,) | Y(v)
4£ v=4nty \%
_ 3’/TG / Z ivb [\/7V 2ilob 4 o~2ifoby _ + \/7% eifob _ o=2iloby | (1))
v=4nlgy \%
3rG lyb lyb
_ 47;2 [ (COZ ) + 4iv S”} cos b | ()
v= 4nZ0 0 0
_ (I.-55)
This can then be wriitten as a simple differntial equation
sin £y \? )
(©x,)(b) = —127G Tab X (b) = wix, (0) (1.-55)
0
which have the solutions
Lob
X, (D) = A(k) et Inttan 57), (1-55)

Let us check this:
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sinf,b .\ 127G ik sin £, eik Inttan ) ¢
—127G -9, b) = —A(k)—5—sinlybd )
Q ( ) b) X5, (D) (k) 17 S £y0 Gy tanfg
12 ,
- —A(k;)%G sin €, b 9, [ik0, e nten )]
0

_ A(I{})]_Q?TG]CQ eik In(tan @)

= 127Gk*x, ().
We see that the eigenvalues are

wi = 127GE?

2 cos2 fb
2

(1.-59)

To express these eigenvectors in the v representation we need the inverse transformation

of (I.4.1). To this end let us write (1.4.1) as

= 0, U (4l4n)
b — in(20pb) 0 0
X( ) Ze ( T /450‘71‘)

=: Zemblzﬁ(n)
Using the Fourier inverse formula
1 21 o
Y(n) = — db' e x (b /2¢,)
0

2m
/ /o 4
— ;O /0 db efzn%()bx(b)

we obtain

or

/o »
U(v) = \/ —EOJTV‘ /o dbe‘zibx(b)
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Eigenvectors with non-zero eigenvalues can also be expressed in the v representation by
applying the inverse transformation

£gb

/4o ) '
e (v) = A(k)y /2 /O b ¢~ svbikInttan ‘9 (1-63)

Put 0 = b, then

now

/ /o
2 / db e
™ Jo

/¢ m/lo 4 4 b 1 [~ - )
-0 db 6721bf0n61k In(tan -97) _ — do 67229TL67,]€ In(tan 5)

T €i0/2 _ 67i0/2 Z(]_ _ eiG)
tan — = — . = — 2
2 e/ 4 =10/2) 1+ et
b
= In?+1 ,
exp[lni + In T 6“9]
1 — 62‘6

= exple™? +1n

]

1+ e

—nk/2  pm AN
—~2iblon ik In(tan 47) _ € / (e®)~2n (1 - 6'9) d0 =: J(k,n) (1.-66)
T 0 el

i — &

¥

—7k /2 o1 1— 2 ik

@

where C is the unit semicircle in counterwise direction (note that C not a closed contour)
in the upper half plane, Imz > 0, of the complex plane.

The second independent eigenfunction e_, () with the same eigenvalue w? can be repre-
sented in a similar fashion by replacing e — —e:

J(—k

™

0

™

/e T i —ik
— 6_0/ /o db 672ibf0n67ik In(tan @) _ _6 k2 /0 (_61'0)7211 (1 + (_6‘0)) do
0

I—(=e")

-
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Set z = —e?

4z

12

do =

The result is a contour integral along the unit semicircle in the counterclockwise direction
in the lower half, Imz < 0, of the complexplane.

J(—k,n) = e / C(z)—%—l (1 - Z)k dz (1-68)

7 1+2

Combining the integrals

o ik
Lo ko —mk/2 1 /7r ay—2n (1 — €7
_ 0 ™ — = — w n - == I I.—
5 (™2 J(k,n) +e J(—k,n)) o _W(e ) [T oo dx (k,n) (1.-68)

Being a linear combination of e, (v) and e_, (v), this I(k,n) gives also an eigenfunction of
© with eigenvalue wi. Using complex analysis we can evaluate I(k,n).

ik
L z2nl (1 — Z) dz (1.-68)

271 1+2

Recall from basic complex anaylsis that

fc F(2)dz =27y Res[f(2,)]

where, if a function has an m-th pole at z,,

1 ) dmfl .
Res[f(z,)] = m = 1)1 Zh_{go (W[(Z - 2) 1f(2)])
Therefore
L& (1os)iF >
I(k,n) =<4 @7 (l—l—s) o % 0 (1.-68)
0 n <0

We repeat the same argument but taking z = e % and z = —e =%
Setting 2z = e~ we get
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1 1

Yy’

the basis is

1o\
é(e_Wk/QJ(k,n) +e™ 2 J(—k,n)) = 57 %22”_1 ( Z) dz=1(k,—n)

1+~

er (V) 1= (e (v) + T (1)
B 7|V v
= A(k) e I(k, i4—60)

Normalisation of the vectors

There the functions describing the states are

Xf(b) — ikj) < +rk/2 zkln(tan Ob) + 6$7rk/2 —ikIn(tan lob))

2

w/lo
<K+4|k+> = /O db 2i x3,(b)0,x 7. (b)

(1.-68)

(1.-68)

(1.-68)

(L.-68)

/b
— _lA(k)A(k/) k{ / /Odb ( +mk’ /2 —zk/ln(tan Zob) +e —mk'/2 zk/ln(tan Zob))
2 ° /o

1 £ob
+7rk/2 zkln(tan b —rk/2 —zkln(tan 22
sin £b ( te )
1 ™/t ¢ db
= ——A k)A(K") ke 0

< (k) /2 i(k—k') In(tan G )+6

e tm(kt k) /2, —i(kk) In(tan 9G7)

Make the change of variables y = In(tan %)

B {odb
~ 4sin [N
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then

1 . o0
Ktk = —§A(k)A(k;’)k/ dy

—00

<_€+7r(k+k’)/26i(k—k’)y o ek /2 ik =k )y

Ltk k) 2 ikt R )y 6+7r(kfk’)/26i(k+k’)y)

km —k7

—  A(K)A(R) k21 %[5(#, k) + (K, —k)]

= |A(K)? 2nk sinh(xk) (K, k) (L-79)

Using this we can find the normalisation of the eigenvectors e, (v):

From
1
k£ >= é(ei”k/Q\k > 4eT™2| | >)
we get
_2(e™P k4 > —e ™2 k— >)
’k >= eﬂ'k _ 677rk
and so
Kk = 2™ < k| —e ™2 <k —|) 2(e™ 2| k4 > —e 2 k- >)

e —— ok _ gk
e <k+lk+>4e ™ <k—|k—>

(e™h — e—mk)2
cosh(7k)
sinh?(7k)

= |A(K)|? 4k coth(rk) 6(K, k) (1-81)

= 4

= |A(k)|? 4k sinh(rk) (K k)

I.4.2 Matrix Elements for f(O)

1.5 Summary

e Microscopic source for blackhole entropy. Once this parameter is fixed the correct
formula for any no extremum blackhole (except rotating ones maybe)
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e Removal of cosmological singurlarity. Evolutional equations don’t break down at the
place where the classical singularity is.

e Initial conditions are derived rather than guessed at. Not suprising as the constraint
equations are admissible conditions on the initial data.

e First direct derivation of inflation from a candidate for quantum gravity. Due to a
quatnum geometry effect in the early kinematic dominated universe.

e Some features in the minisuperspace are shared with the full theory. Allows proper in-
vestigation of the dynamics of minisuperspace that could shed some light on the dynamics
of the full theory.
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