
Appendix N

Spin Foams and Physical
Observables.

N.1 Spin Foam

N.1.1 Spin Foam From Projector Technique Applied To the

Hamiltonian Constraint

P

∫

[DN ]eiĤ[N ] =

∫

[DN ]eiNĤ. (N.0)

In the spin network basis, the matrix elements of P are

< s|P |s′ >=< s|
∫

[DN ]eiNĤ|s′ > (N.0)

It can be shown that a diffeomorphism invariant notion of integration exists for this
functional integral.

< s|P |s′ >∼< s|s′ > +

∫

[DN ]
(

N < s|Ĥ|s′ > +NN < s|ĤĤ|s′ > + . . .
)

(N.0)

< s|P |s′ >=

∫

Diff

D[φ]

∫

D[N ] < US|
(

∞∑

n=0

(−i)n

n!
(H [N ])n

)

|s′ > (N.0)
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N.1.2 State Sum

We change the signature of the metric by changing the gauge group.

Putting it all together we see it has the form

Z =
∑

J

N (J)
∑

N

∏

f∈J

∆Nf

∏

v∈J

Av(N), (N.0)

The first sum is over all spin foams Γ interpolating between a given initial spin network
si and a final spin network sf . ∆jf

is the dimension of the G representation labelling the

face f of Γ. Av is the amplitude on the vertex v of Γ, a given function of the labels on
the faces and edges adjacent to v.

N.2 Barrett-Crane Model

S(ω, B, φ) =

∫

M

BIJ ∧ FIJ(ω) (N.0)

S(ω, B, φ) =

∫

M

d4xǫabcdB
IJabF cd

IJ(ω) (N.0)

S(ω, B, φ) =

∫

M

[

BIJ ∧ FIJ(ω) − 1

2
φIJKLBIJ ∧ BKL − 1

2
µǫIJKLφIJKL

]

(N.0)

which is a BF theory with variables a 2-form BIJ
ab and a 1-form connection (with curvature

F IJ
ab ), all with values in so(3, 1), but with a constraint on the B field enforced by the

Lagrangian multiplier φIJKL.

DB = dB + [ω, B] = 0, (var. of ω) (N.1)

F (ω) = φIJKLBKL, (var. of B) (N.2)

BIJ ∧ BKL = µǫIJKL, (var. of φ) (N.3)

ǫIJKLφIJKL = 0, (var. of µ) (N.4)

contracting (N.3) with ǫIJKL we solve for µ:

ǫIJKLBIJ ∧ BKL = µǫIJKLǫIJKL

implies
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µ = e :=
1

4!
ǫIJKLBIJ ∧ BKL. (N.4)

For e 6= 0, equation (N.3) is equivalent to

ǫIJKLBIJ
ab BKL

cd = eǫabcd (N.4)

One can show that there are two types of solution to this equation and which are formed
from co-triad fields eI .

BIJ
ab = ±1

2
ǫIJ

KLeK
a eL

b or BIJ = ±1

2
ǫIJ

KLeK ∧ eL (N.5)

BIJ
ab = ±eI

[ae
J
b] or BIJ = ±eI ∧ eJ (N.6)

substituting any of these solutions into one obtains the Palanti action,

S → SEH =
1

2

∫

M

d4xǫabcdǫIJKLeK
a eL

b F IJ
cd (N.6)

S → SEH =

∫

M

ǫIJKLeK ∧ eL ∧ F IJ (N.6)

i.e. it reduces to pure 1st order Einstein gravity. Which as e 6= 0, is equivalent to the
Einstein-Hilbert action.

choice (N.5) corresponds to the graviational sector and (N.6) to the topological sector -
[286].

The geometric information is resides in the labels. This is an important difference from
lattice gauge theories with a background metric, where the discretization itself determines
the edge lengths and hence how refined the lattice is.

N.2.1 Latice BF-Theory

σ0, . . . , σn triangulation of M
C0, C1, C2

dual 2-complex

c0 ↔ σn c1 ↔ σn−1 c0 ↔ σn−2
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j1
j2

j3

j4

Figure N.1: The spins j1, j2, j3, j4 describe the areas of the triangles.

curvature associated with dual 2-cells

F (c2)

∫

c2

F ∈ g (N.6)

B-field associated with (n − 2)−simplicies

B(σn−2)

∫

c2

B ∈ g (N.6)

The discretized action is:

S =
∑

σn−2

Tr
(
B(σn−2)F (σ∗

n−2)
)

(N.6)

Lattice path integral quantization:

Z = “

∫

DA
∫

DBeiS ”

= “

∫

DA
∏

σn−2

δ(F (σn−2)
︸ ︷︷ ︸

enforces flatness

)” (N.6)

where we are integrating over all connections A.

Z =

(
∏

c1

∫

G

dg(c1)

)

δG

(
g∂1(c1)(g∂2)(c2) · · ·

)
(N.6)

Latice gauge theory of flat connections on the dual 2-complex of a generic triangulation.
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N.2.2 Spin Foam BF Theory

N.3 State Sums in 3-d Gravity

N.3.1 Regge Calculus

denote the lengths of its edges by li (I = 1, 2, . . . , 6) (Fig N.-19). The Regge action for
the tetrahedron is

SRegge =
∑

I=1

liθi, (N.6)

where θi is the angle between the outward normals of two faces sharing the I-th edge.

W (j) =

{
j1 j2 j3

j4 j5 j6

}

(N.6)

Witten’s ISO(3) Chern-Simons theory [E. Witten, Nucl. Phys. B311, 46 (1988).]

Figure N.2: The three types of tetrahedral building blocks used in 3d quantum gravity.

N.3.2 Ponzano-Regge-Turaev-Viro (PRTV)

Ponzano-Regge

History amplitude =
∑

{j}

∏

e

(dimje)
∏

t

(6j) (N.6)

“triangulation independent”

It diverges. Turaev-Viromodel with regularization using q-deformed gauge group SU(2)q,
see ().
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0 ≤ j ≤ k − 1

2
(N.6)

k-level of SU(2)q is root of unitary i.e. q = e2π/κ.

cellular decomposition △ and associated dual 2-complex F△.

decomposition ∆
element of cellular

f
e

v

(c)(b)(a)

Figure N.3: (a) v ∈ F△ - dual to 3-cells in △; (b) e ∈ F△ - dual to 2-cells in △ ; (c) faces
f ∈ F△ - dual to 1-cells in △

su(2)-valued 1-form field B represented by the assignment of a B ∈ su(2) to each 1-cell.
The connection field A is represented by the assignment of a group elements ge ∈ SU(2)
to each edge in F△.

Ba = Bi
aτi, [Ba, Bb] = fabcBc (N.6)

S =
∏

f∈F△

Blf
Uf (N.6)

where Uf = g1
eg

2
e . . . gN

e

vertices v ∈ F△ (dual to 3-cells in △)
edges e ∈ F△ (dual to 2-cells in △)
and faces f ∈ F△ (dual to 1-cells in △)

(a) (b)

v j

i

l

k

v j

k

i

l

Figure N.4: △dual3
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Figure N.5: atom2.

Z(△) =

∫
∏

f∈F

dBf

∏

e∈F

dgee
itr[Bf Uf ] (N.6)

performing the integral over Bf

∫

dBfe
itr[BfUf ] = δ(Uf) = δ(g1

e . . . gN
e ) (N.6)

Z =

∫

DAδ[F ], (N.6)

namely an integral over flat SU(2) connections.

δ(g) =
∑

j∈irrep(SU(2))

∆jTr[ρj(g)] (N.6)

Z(△) =
∑

Cf :{f}→{j}

∫
∏

e∈F

dge

∏

f∈F

∆jf
Tr[ρjf

(g1
e . . . eN

e )] (N.6)

Z(△) =
∑

Cf :{f}→{j}

∫
∏

e∈F

dge

∏

f∈F

∆jf
ρjf

(g1
e . . . eN

e )α
α (N.6)

Z(△) =
∑

Cf :{f}→{j}

∑

C:{e}→{i}

∏

f∈F

∆jf

∏

v∈F

Av(iv, jv) (N.6)
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=

=

Figure N.6: How 6-j Symbols Appears.

How 6-j Symbols Appears:

N.4 10j symbols

∫

(S3)5

∏

k<l

KR
2jkl+1(φkl)

dh1

2π2
. . .

dh5

2π2
(N.6)

KR
a (φ) =

sinh aφ

sin φ
(N.6)

Lorentzian 10j symbols - same sort of integral

∫

(H3)5

∏

k<l

KL
akl

(φkl)
dh1

2π2

. . . dh5

2π2
(N.6)

where

H3 = {t2 − x2 − y2 − z2 = 1, t > 0} (N.6)

KL
a (φ) =

sin aφ

sinh φ
. (N.6)

N.5 4D State Sum

spin foams live on the 2-skeleton
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each dual 0-cell has incident on it five endpoints of 1-cells and ten corners of 2-cells with
each incident 2-cell corner bounded by two of the incident 1-cells. This corresponds to
the fact that a 4-simplex (dual to a 0-cell) has in its boundary five 3-simplicies (dual to
1-cells) and ten 2-simplices (dual to 2-cells).

N.6 Group Field Theory for 2D Gravity

a model in two dimensions in which we perform a path integral quantization of a (in-
teracting) group field theory defined on SU(2) × SU(2), and expand perturbatively the
transition amplitudes defined in the theory in power of the coupling constant λ. We ex-
plicitly perform the main calculation to present in concrete terms the relationship between
group field theory and spin foam models. The partition function obtained has the same
form of the generic one that defines a spin foam model. Such identity makes clear the
relation between field theory over a group and the spin foam formalism.

Consider the field theory defined by the following action

S[Φ] =

∫

SU(2)×SU(2)

dg1dg2Φ
2(g1, g2) +

λ

3!

∫

SU(2)×SU(2)×SU(2)

dg1dg2dg3Φ(g1, g2)Φ(g2, g3)Φ(g3, g1) (N.6)

for the real scalar field Φ(g1, g2) defined on the group manifold SU(2)×SU(2) and having
the following properties

Φ(g1, g2) = Φ(g1g, g2g), for all g ∈ SU(2) (N.6)

and
Φ(g1, g2) = Φ(g2, g1). (N.6)

Using the Peter-Weyl theorem we expand the field in terms of irreducible representations
of the group (repeated indices are summed over),

Φ(g1, g2) = φa1b1a2b2
j1j2

Rj1
a1b1

(g1)R
j2
a2b2

(g2) (N.6)

where Rj1
a1b1

(g1) are the matrix elements of the group element g1 in the spin j represen-
tation of SU(2). The symmetry property (N.-19) of the field can be used to simplify the
expansion of Φ(g1, g2) in terms of Rj

ab. The symmetry property implies
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Φ(g1, g2) =

∫

dg Φ(g1g, g2g)

=

∫

dg φa1b1a2b2
j1j2

Rj1
a1b1

(g1g)Rj2
a2b2

(g2g)

= φa1b1a2b2
j1j2

Rj1
a1c1

(g1)R
j2
a2c2

(g2)

∫

dgRj1
c1b1

(g)Rj2
c2b2

(g). (N.5)

Using the orthogonality relation

∫

dUR
(j)
ab (U)R

(k)
cd (U) =

1

2j + 1
δjkδacδbd, (N.5)

we can write

Φ(g1, g2) =
√

2j + 1 φa1a2

j Rj
a1c(g1)R

j
a2c(g2) (N.5)

where we have defined

φa1a2

j :=
1√

2j + 1
φa1b1a2b2

jj2
δjj2δb1b2

. (N.5)

The reality and the symmetry properties of the field Φ imply φa1a2

j = φa2a1

j . This hermitian
matrix has dimension (2j +1)× (2j +1) and represents the Fourier transform of the field
Φ. Writing the action (N.6) in terms of these modes, we obtain for the kinetic term

∫

Φ2(g1, g2)dg1dg2 = φa1a2

j φa2a1

j (N.5)

and for the potential term

λ

3!

∫

dg1dg2dg3Φ(g1, g2)Φ(g2, g3)Φ(g3, g1) =
λ

3!

1√
2j + 1

φab
j φbc

j φca
j (N.5)

We can express the action in terms of the matrices φj of the Peter-Weyl expansion of the
field

S[Φ] =
∑

j

(
1

2
Tr(Φ2

j) +
λ

3!

1√
2j + 1

Tr(Φ3
j)

)

, (N.5)
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where Φj is an hermitian matrix of dimension Nj = 2j + 1, defined by (Φj)ab = φab
j .

The action is a sum over j of terms which have the standard form for what are known
as the matrix models action [195]. As such, the field theory on the groups leads to a
generalization of the matrix models: the action (N.6) is the sum over all the values of the
dimension Nj of the matrix Φj .

Counterparts with the U(1) Case

for the real scalar field Φ(g1, g2) defined on the group manifold U(1) × U(1) and having
the following properties

where Rj1(g1) are the elements of the group element g1 in the j representation of U(1).
Say g1 = eiα1

Φ(g1, g2) = Φ(g1g, g2g), for all g ∈ U(1) (N.5)

and
Φ(g1, g2) = Φ(g2, g1). (N.5)

Using the Peter-Weyl theorem we expand the field in terms of irreducible representations
of the group (repeated indices are summed over),

Φ(g1, g2) = φj1j2
Rj1(g1)R

j2(g2) (N.5)

The Peter-Weyl theorem applied to U(1) gives the Fourier series f(θ) =
∑∞

n=−∞ fne
inθ/

√
2π

Φ(g1, g2) =
∞∑

j1,j2=0

φj1j2
e−ij1α1eij2α2 (N.5)

The symmetry property implies explicitly

Φ(g1, g2) =

∫ 2π

0

dα Φ(eiα1+iα, eiα2+iα)

=

∫ 2π

0

dα
∞∑

j1,j2=0

φj1j2
e−ij1(α1+α)eij2(α2+α)

=

∞∑

j1,j2=0

φj1j2
e−ij1α1eij2α2

∫ 2π

0

dαe−i(j1−j2)α (N.4)

Using the orthogonality relation
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∫

dUR(j)(U)R(k)(U) = δjk, (N.4)

1

2π

∫ 2π

0

dθe−inθeimθ = δnm

Φ(g1, g2) =

∞∑

j1,j2=0

φj1j2
e−ij1α1eij2α2 δj1−j2

=
∞∑

j1=0

φj1,−j1
e−ij1(α1−α2)

=

∞∑

j=0

φj eij Rj(g1)R
j(g2) (N.3)

φj Rj(g1)R
j(g2) =

∫

dke−ikΦ(g1, g2)

φj = ei

∫

dke−ikΦ(g1, g2)

∫

dke−ikΦ(g1, g2) =
∑

k

e−ik

∞∑

j=0

φj eij Rj(g1)R
j(g2)

=
∞∑

j=0

φj

∫

dkei(j−k) Rj(g1)R
j(g2)

=

∞∑

j=0

φj

∫

dkei(j−k) Rj(g1)R
j(g2) (N.2)

so that φj represents the Fourier transform of Φ.

N.7 GFT Dual to State Sums

N.7.1 TOCY model as a QFT over a group manifold

S[φ] =

∫

dg1 . . . dg4φ
2(g1, g2, g3, g4) +

λ

5!

∫

dg1 . . . dg4φ(g1, g2, g3, g4)

φ(g4, g5, g6, g7)φ(g7, g3, g8, g9)φ(g9, g6, g2, g10)φ(g10, g8, g5, g1). (N.2)
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In fig(N.7) we give an mnemonic to remember the second term of (N.2), which also
serves in perturbation theory we will develop later on. Here gi ∈ SO(4) and the field
φ is a function of SO(4). All the integrals are in the normalized Haar measure. The
field φ is required to be invariant under any permutation of its arguments; that is,
φ(g1, g2, g3, g4) = φ(gσ(1), gσ(2), gσ(3), gσ(4)), where; and under simultaneous right multi-

plication by any element g of SO(4):

φ(g1, g2, g3, g4) = φ(g1g, g2g, g3g, g4g) (N.2)

if given any function φ̃

φ(g1, g2, g3, g4) =

∫

dgφ̃(g1γ, g2γ, g3γ, g4γ) (N.2)

(verify exercise) This condition is analogous to the “translational invariance” and leads to
compatibility conditions on the representations, the analogy of ”momentum conservation”.
Since vertices are 5-valent in our discretization the interaction term should contain the
product of five field operators.
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Figure N.7: Structure of interaction vertex. (a) φ(g1, g2, g3, g4)φ(g4, g5, g6, g7). (d) Reading
off the numbers clockwise gives φ(g7, g3, g8, g9)φ(g9, g6, g2, g10)φ(g10, g8, g5, g1).

φ(g) =
∑

Λ

ΦΛ
αβDΛ

αβ(g) (N.2)

φ(g1, g2, g3, g4) =
∑

(N1...N4)

Φα1...α4

(N1...N4)β1...β4
D(N1)β1

α1
(g1) . . .D(N4)β4

α4
(g4) (N.2)

∫

G

dgDa
αβ(g)Da′

α′β′(g) =
1

dim a
δαα′δββ′δ

aa′

(N.2)

∫

G

dgD
(N1)
α1β1

(g) . . .D
(N4)
α4β4

(g) =
∑

Λ

CN1...N4 Λ
α1...α4

CN1...N4 Λ
β1...β4

(N.2)
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Figure N.8: Structure of interaction vertex.

Figure N.9: Structure of interaction vertex.

defining

φα1...α4

N1...N4,Λ :=
Φα1...α4

(N1...N4),β1...β4
CN1...N4,Λ

β1...β4

∆N1
∆N2

∆N3
∆N4

(N.2)

φ(g1, g2, g3, g4) =

φα1...α4

N1...N4,Λ

(

(∆N1
. . .∆N4

)2D(N1)γ1

α1
(g1) . . .D(N4)γ4

α4
(g4)C

N1...N4 Λ
γ1...γ4

)

(N.2)

A “Free” theory

Every n-point function of the field theory can be calculated as a functional derivatives of
the generating function W(J)

W(J) =

∫

Dφ exp
(

iS[φ] + Jα1...α4

N1...N4,ΛφN1...N4,Λ
α1...α4

)

. (N.2)

The moments of the

< xn >=

∫ ∞

−∞

dxxn exp
(
iα2x2

)
(N.2)

by taking derivatives of
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P (J) =

∫ ∞

−∞

dx exp
(
iα2x2 + Jx

)
= C exp

(
1

2

J2

α

)

, (N.2)

i.e.

< xn >=
dn

dJn
P (J)

∣
∣
∣
∣
J=0

. (N.2)

W(J) = C exp

(

1

2

Jα1...α4

N1...N4,ΛJN1...N4,Λ
α1...α4

∆N1
. . .∆N4

)

(N.2)

W (s1, s2) =

{

δ

δJα1...α4

N1...N4,Λ

δ

δJα1...α4

N1...N4,Λ

δ

δJβ1...β4

M1...M4,Λ

δ

δJβ1...β4

M1...M4,Λ

W(J)

}

J=0

, (N.2)

N.7.2 Mode Expansion

The requirement of invariance under the right SO(3) action can be written

φ(g) =

∫

SO(3)

dhφ(gh). (N.2)

Expanding this into the modes, we have

φ(g) =
∑

Λ

φΛ
αβD

(Λ)
αβ (g) =

∫

SO(3)

dh φ(gh) =
∑

Λ

∫

SO(3)

dh φΛ
αβD(Λ)

αγ (g)D
(Λ)
γβ (h). (N.2)

φ(g1 . . . g4) =
∑

N

φN
α D

(Λ)
αβ (g)wβ. (N.2)

SO(4)/SO(3)

g′x = ghx = gx (N.2)

The coset [g] then consists of all the elements of in SO(3) which take the point (0, 0, 1) to
the point (0, 0, 1). This point is specified by the polar coordinates (θ, φ). As such, each
point on the unit circle corresponds to a coset and we have that
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SO(3)/SO(2) ∼ S2 (N.2)

Since SO(2) is not a normal subgroup of SO(3), S2 does not admit a groups structure.

y

x

φ

θθ

Figure N.10: SO(3)/SO(2).

SO(3) acts on S2 transitively and we have SO(3)/SO(2) ∼ S2.

It is easy to generalise this result to higher dimensional rotation groups and we have the
result

SO(n)/SO(n− 1) ∼ Sn−1 (N.2)

where Sn−1 is the (n − 1)-sphere.

Figure N.11: wedge.
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N.7.3 S3 Spherical Functions

Often:

S3 ∼= SO(4)/SO(3) ∼= Spin(4)/SU(2) (N.2)

here:

S3 ∼= SU(2) (N.2)

basis of the algebra Calg(S
3)

?? (N.2)

Transitive action of SU(2) × SU(2) on S3:

(h1, h2) · g := h1gh−1
2 (N.2)

stabSU(2)×SU(2)(g) = {(ghg−1, h) : h ∈ SU(2)} (N.3)

Transitive action of SO(4) × SU(2) on S3: (SO(4) ∼= SU(2) × SU(2)/Z2)

N.7.4 SO(4) Barrett-Crane Model

ΣIJ =
1

2
ΣIJ

ab dxa ∧ dxb

defined

ΣIJ = eI ∧ eJ (N.3)

ΣIJ
ab = eI

ae
J
b − eI

be
J
a

|Σab|2 = |Bab|2 (N.3)
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|Bab|2 =
1

4
ǫIJ

KLΣKL
ab ǫIJMNΣMN

ab

=
1

4
(ǫIJ

KLǫIJMN)ΣKL
ab ΣMN

ab

=
2

4
(δKMδLN − δKNδLM)ΣKL

ab ΣMN
ab

=
1

2
(ΣKL

ab ΣabKL − ΣKL
ab ΣabLK)

= ΣIJ
ab ΣabIJ (N.0)

|Σab|2 = gaagbb − gabgab ≡ 2A2
ab (N.0)

|Σab|2 =
1

2
(eI

ae
J
b − eJ

aeI
b)

1

2
(eaIebJ − eaJebI)

=
1

4
(eI

aeaI eJ
b ebJ − eI

aebI eJ
b eaJ − eJ

aebJ eI
beaI + eJ

aeaJ eI
bebI)

=
1

2
(gaagbb − gabgab) (N.-1)

and

Σab · Σac = Bab · Bac (N.-1)

Bab · Bac =
1

4
ǫIJ

KLΣKL
ab ǫIJMNΣMN

ac

=
1

4
(ǫIJ

KLǫIJMN)ΣKL
ab ΣMN

ac

= ΣIJ
ab ΣacIJ (N.-2)

Σab · Σac = gaagbc − gabgac ≡ 2Jaabc (N.-2)

Σab · Σac =
1

2
(eI

ae
J
b − eJ

aeI
b)

1

2
(eaIecJ − eaJecI)

=
1

2
(gaagbc − gabgac) (N.-2)
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∫

S

|Σ| =

∫

S

|B| =

∫

S

|Σab|dxadyb =
√

2Area(S) (N.-2)

the 4-form

V ≡ 1

4!
ǫIJKLΣIJ ∧ ΣKL =

1

4!
ǫIJKLBIJ ∧ BKL (N.-2)

proof

ǫIJKLBIJ ∧ BKL =
1

4
ǫIJ

I′J ′Σ
I′J ′

(ǫKL
K ′L′Σ

K ′L′

)

=
1

4
(ǫIJKLǫIJ

I′J ′ǫ
KL

K ′L′)Σ
I′J ′

ΣK ′L′

=
1

2
(δKI′δLJ ′ − δKJ ′δLI′)ǫ

KL
K ′L′Σ

I′J ′

ΣK ′L′

= ǫIJKLΣIJ ∧ ΣKL (N.-4)

Using the Plebanski field, the action can be written in the BF-like form

S[e, ω] =
1

2

∫

ǫIJKL ΣIJ [e] ∧ F KL[ω]

=

∫

BIJ [e] ∧ F KL[ω]. (N.-4)

This condition can be expressed as a constraint equation for Σ:

ΣIJ ∧ ΣKL = V ǫIJKL (N.-4)

Say ΣIJ is of the form eI ∧ eJ , then

ΣIJ ∧ ΣKL = eI ∧ eJ ∧ eK ∧ eL

= e[I
a eJ

b eK
c e

L]
d dxa ∧ · · · ∧ dxd

= αǫIJKL

=

(
1

4!
ǫI′J ′K ′L′e

I′ ∧ eJ ′ ∧ eK ′ ∧ eL′

)

ǫIJKL

= V ǫIJKL (N.-7)
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Conversly if ΣIJ satifies

ΣIJ ∧ ΣKL =
1

4!
(ǫI′J ′K ′L′Σ

I′J ′ ∧ ΣK ′L′

)ǫIJKL (N.-7)

it must be of the form eI ∧ eJ :

Condition (N.7.4) is equivalent to

∗Σab · Σcd =
1

2
Ṽ ǫabcd (N.-7)

or

1

2
ǫIJKLΣIJ

ab ΣKL
cd =

1

2
Ṽ ǫabcd (N.-7)

where V = 1
4!
Ṽ ǫabcddxa ∧ · · · ∧ dxd. To prove this, take this and use ǫIJKLǫIJKL = 4!

ǫIJKL(4!ΣIJ
[abΣ

KL
cd] ) = Ṽ ǫabcdǫIJKLǫIJKL

The summation on the left hand side is

ǫ1234(4!Σ12
[abΣ

34
cd]) + ǫ2134(4!Σ21

[abΣ
34
cd]) + ǫ1324(4!Σ13

[abΣ
24
cd]) + . . .

= 4!(4!Σ12
[abΣ

34
cd])

so that

4!Σ12
[abΣ

34
cd] = Ṽ ǫabcd

it is easy to see this implies

ΣIJ
[abΣ

KL
cd] =

1

4!
Ṽ ǫabcdǫ

IJKL

which becomes upon applying dxa ∧ · · · ∧ dxd

ΣIJ
ab ΣKL

cd dxa ∧ · · · ∧ dxd =
1

4!
Ṽ ǫabcddxa ∧ · · · ∧ dxdǫIJKL (N.-9)
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giving (N.7.4)

Now contract (N.7.4) with ǫIJKL we find

ǫIJKLΣIJ
ab ΣKL

cd (dxa ∧ · · · ∧ dxd) =
1

4!
Ṽ ǫabcd ǫIJKLǫIJKL(dxa ∧ · · · ∧ dxd)

which implies

1

2
ǫIJKLΣIJ

ab ΣKL
cd =

1

2
Ṽ ǫabcd (N.-9)

giving (N.7.4).

The system of constraints (N.7.4) can be decomposed into three parts:

(a) ∗Σab · Σab = 0, (N.-8)

(b) ∗Σab · Σac = 0, (N.-7)

(c) ∗Σab · Σcd = ±2Ṽ . (N.-6)

where the indices abcd are all different, and the sign in the last equation is determined by
the sign of their permutation. These are the simplicity constraints.

GR can be written as an SO(4) BF theory whose B field satisfies the simplicity constraints
(N.-8-N.-7-N.-6).

Proof:

BIJ ∧ BKL =
1

4
(ǫIJ

I′J ′Σ
I′J ′

)(ǫKL
K ′L′Σ

K ′L′

)

=
1

4
(ǫIJ

I′J ′ǫ
KL

K ′L′)Σ
I′J ′

ΣK ′L′

(N.-6)

N.7.5 Simplicity Constraints for 4-Simplicies

N.7.6 Self-dual structure of SO(4)

X̂ = XIJJIJ , (N.-6)

[ĴIJ , ĴKL] = iδIK ĴJL − iδJK ĴIL − iδILĴJK − iδJLĴIK . (N.-6)
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where ĴIJ are generators of SO(4)

X±i = 1/2(X i ± X0i), where X i ≡ 1/2ǫi
jkX

jk and

X̂ = X̂+ + X̂−, X̂± = X±iĴ±
i . (N.-6)

for Lie algebra

[Ĵ±
i , Ĵ±

j ] = iǫ k
ij Ĵ±

k , [Ĵ+
i , Ĵ−

j ] = 0. (N.-6)

We can write each U ∈ SO(4) can be written in the form

U = (g+, g−) where g+ ∈ SU(2) and g− ∈ SU(2) and UU ′ = (g+g′
+, g−g′

−).
(N.-6)

Define selfdual and anti-selfdual generators

J± := ∗J ± J,

that satisfy

J± = ± ∗ J±.

then

[J+, J−] = 0.

J+ span a three dimensional subalgebra su(2)+ of so(4), and the J− span a three dimen-
sional subalgebra su(2)− of so(4), both isomorphic to su(2).

N.8 Coherent State Formulation of New BC Models

N.8.1 New Geometric Criterion

N.8.2 Coherent States

1j =
∑

m

|j, m >< j, m|, (N.-6)
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δmm′ = dj

∫

SU(2)

dg tjmj(g)tjm′j(g) (N.-6)

tjmj(g) and tjmj(gh) differ only by a phase for any group element h from the U(1) subgroup
of SU(2). The U(1) subgroup being of the form

(
eiϕ 0
0 e−iϕ

)

. (N.-6)

1j = dj

∫

G/H

dn|j, n >< j, n|. (N.-6)

< j, n|Ĵ i|j, n > σi = jnσ3n
−1 ≡ jniσi (N.-6)

or

< j, n̂|Ĵ i|j, n̂ > = < j, j|Ĵ i′|j, j > (N.-6)

where J i′ = g(n̂)−1J ig(n̂) is the rotated generator.

Thus the state |j, n > describes a vector in R3 of length j and of direction...

∆J2 = j + j2 − m2 (N.-6)

|j, n̂ > = g(n̂)|j, j >, where n̂ is a unit vector defining a direction on the sphere S2 and
g(n̂) an SU(2) group element rotating the direction ẑ ≡ (0, 0, 1) into the direction n̂.

Just as |j, j > has direction z with minimal uncertainty, |j, n̂ > has direction n̂ with
minimal uncertainty.

Thus, the highest and lowest states m = ±j minimize the uncertainty relation correspond
to cohernt states.

|j, j > and |j,−j >
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N.8.3 Partition Function

N.9 Perturbation Theory

N.9.1 Diagrammatic Perturbation Theory

In this section we investigate general rules for the perturbative calculation of correlation
functions, rules designed to yield the result in the form of an expansion in powers of g,

G = G0 + gG1 + g2G2 + g3G3 + ... + gnGn + ... (N.-6)

Where G0 is the correlation function of the Gaussian model, (non-interacting model).
These rules are easily represented in diagrammatic form. These diagrams are the so-
called Feynman Diagrams. As a simple example we examine the Ginzburg-Landau theory
(see eq.(??)). It is impossible to find an exact closed formula for Z(0), but if g is small
on can expand exp(−g

∫
ddxφ4(x)/4!).

The calculation of G(2) to order g

First we calculate the 2-point greens function to order g. One must evaluate the integral

I(x, y) =

∫

Dφφ(x)φ(y)e−H =

∫

Dφφ(x)φ(y)e−H0

[

1 − g

4!

∫

ddzφ4(z) + · · ·
]

. (N.-6)

The first term in the square brackets merely yields

N 〈φ(x)φ(y)〉0 = NG0(x − y) where N = Z0(j = 0). (N.-6)

To evaluate the integral in the second term,

∫

Dφφ(x)φ(y)e−H0

∫

ddzφ4(z), (N.-6)

we use Wick’s theorem (??). There are two types of result from the contractions:

(a) 〈φ(x)φ(y)〉0
〈
φ4(z)

〉
and (b) 〈φ(x)φ(z)〉0

〈
φ2(z)

〉

0
〈φ(y)φ(z)〉0 (N.-6)

in the wick expansion there were 4× = 12 terms of type (a) and 3 terms of type (b). It is
convenient to represent these contractions as diagrams, by drawing two ”external” points
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x and y (”external” means that they refer to the arguments of the correlation function),
and ”internal” point or ”vertex” z, which stems from the expansion of exp(-V), and over
which we integrate. Every contraction is represented by a line joining arguments of φ.
The two types of terms possible in (N.9.1) are drawn

x yz

(a)
z

yx

(b)

Figure N.12: The two diagrams of order g

These diagrams are called Feynman diagrams (or graphs); one such diagram corresponds
to every distinct group of terms of the perturbation expansion. The integral I reads

I(x, y) = N
[

G0(x − y) − 1

2
g

∫

ddzG0(x − z)G0(0)G0(z − y) − 1

8
gG0(x − y)(G0(0))2

∫

ddz

]

(N.-6)

In order to obtain the correlation function, we must divide by Z(0):

Z(0) =

∫

Dφe−H0

(

1 − g

4!

∫

ddzφ4(z) + · · ·
)

= N
[

1 − g

8
(G0(0))2

∫

ddz + · · ·
]

.

(N.-6)

The second term in the square brackets is represented by the diagram.

z

Figure N.13: The vacuum-fluctuation diagram

Dividing (N.9.1) by (N.9.1) we obtain the correlation function to order g

G(2)(x− y) =
I(x, y)

Z(0)
= G0(x− y)− 1

2
g

∫

ddzG0(x− z)G0(0)G0(z − y) + O(g2). (N.-6)

The graph(b) from fig.(N.12) does not feature in the perturbation expansion of G. Dia-
grams of this type are called ”vacuum-fluctuation” (sub)diagrams, meaning a subgraph
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that is completely disconnected from the ”external” points x and y. The sum of all
vacuum-fluctuation diagrams is equal to Z(0) = Dφe−H. Division by Z(0) cancels all
graphs containing ”vacuum-fluctuations” parts disconnected from the rest of
the diagram. A proof is given in citeBellac (p 160).

On taking the Fourier transform, eq.(N.9.1) becomes

G(2)(k) = G0(k) − 1

2
gG0(k)

[∫
ddq

(2π)d
G0(q)

]

G0(k). (N.-6)

The factor in front of the second term on the r.h.s. is called the symmetry factor of the
diagram. To become familiar with the ”Feynman rules”, i.e. the rules for associating
diagrams with the perturbation expansion, we move to the calculation of G(2) to order g2.

The calculation of G(2) to order g2

We use Wick’s theorem to compute the expression

〈

φ(x)φ(y)

∫

ddzdduφ4(z)φ4(u)

〉

0

. (N.-6)

Eliminating the terms that contain vacuum-fluctuation parts, one finds three types of
graphs shown in fig.(N.14), with their symmetry factors given in brackets:

(a) (1/6)

(b)
(1/4)

(c)

(1/4)

Figure N.14: The vacuum-fluctuation diagram

The vertices z and u may be permuted, which yields a multiplicative factor 2!;
however this is exactly cancelled by the factor 1/2! from the expansion of the exponential.
This is the same kind of cancellation happens in the nth order.
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We shall settle for examining the contribution Ḡ(x − y) to the correlation function from
graph (a) in fig.(N.14). Thus

Ḡ(x − y) =
1

6
g2

∫

ddzdduG0(x − z)[G0(z − u)]3G0(u − y). (N.-6)

Let us write Ḡ(x − y) as a Fourier transform, by replacing every factor G0 by its Fourier
representation

Ḡ(x − y) =
1

6
g2

∫

ddzddu
ddk

(2π)d

ddk′

(2π)d

3∏

l=1

{
ddql

(2π)d
ei

P

3

l=1
ql·(z−u)

}

×eik·(x−z)eik′·(u−y)G0(k)G0(k
′)

3∏

l=1

G0(ql). (N.-6)

The integration over z and u yield a product of two delta functions

2π)dδd(k − q1 − q2 − q3) × (2π)dδd(k′ − q1 − q2 − q3) (N.-6)

which represent ”momentum conservation” at the two vertices. Hence

Ḡ(x − y) =
1

6
g2

∫
ddk

(2π)d
eik·(x−y)[G0(k)]2 ×

∫
ddq1

(2π)d

ddq2

(2π)d
G0(q1)G0(q2)G0(k − q1 − q2).

(N.-6)

The last expression shows that Ḡ(x − y) is the Fourier transform of the function Ḡ(k),

Ḡ(k) =
1

6
g2G0(k)

[∫
ddq1

(2π)d

ddq2

(2π)d
G0(q1)G0(q2)G0(k − q1 − q2)

]

G0(−k), (N.-6)

(where we have used G0(k) = G0(−k)). (N.9.1) can be represented diagrammatically in
fig.(N.15). The graph shown there has two external propagators G0(k) and G0(−k), and
three internal propagators; because of the delta-functions δd(. . .) (”momentum conser-
vation”), only two of the three internal lines are independent. By following the internal
propagators one can describe three different closed loops, but because of ”momentum con-
servation” only two of these are independent; i.e. there are only two integration variables
in (N.9.1).

Our experience with the previous examples suggest the following ”Feynman rules” in
k-space (”momentum space”):
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G0

G0

G0

G0

G0

(q

(k-q
1
-q

2
)

(k) 1)

)(q2

(k)

Figure N.15: Diagrammatic representation of (N.9.1)

1. We draw the Feynman diagram with a momentum assigned to each line. We must
have overall momentum conservation and conservation at each vertex.

2. To every vertex we assign a factor -g

3. To every line we assign a factor G0(k)

4. To every independent loop there corresponds an integration
∫

ddq/(2π)d.

5. Finally, every graph is multiplied by a symmetry factor.

N.9.2 The Generating Functional of Connected Diagrams

We start with an example, by investigating the correlation function G(4). It subdivides
into one connected and three disconnected diagrams,

G(4)(1, 2, 3, 4) = G(4)
c (1, 2, 3, 4) + {G(2)

c (1, 2)G(2)
c (3, 4) + permutations}, (N.-6)

where Gc denotes a connected correlation function. (note G(2)
c = G(2). In terms of graphs

this is represented as in fig.(refbubble0)

The number of disconnected terms is 3 = 4!/[(2!)2×(2!)]. 4! is the number of permutations
of the external points (1,2,3,4); but the result is unaffected by permuting (1,2), or (3,4),
or the two bubbles (A) and (B), hence a factor (2!)2 × 2!.

We have been only considering theories where the n-point correlation functions with n odd
vanish: G(2k+1) = 0. For more generality, we shall assume that the interaction contains
terms inϕ2p+1. Consider a disconnected diagram of G(N) corresponding to the subdivision
into connected diagrams (fig N.17):
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Figure N.17:

There are ql bubbles connected to nl external points,...., qp bubbles connected to np

external points, with

q1n1 + · · ·+ qpnp = N. (N.-6)

The number of independent terms is

N !

[(n1!)
q1q1!] . . . [(np!)

qpqp!]
(N.-6)

It is found that the Functional that generates just connected diagrams is the logarithm of
the normalised Generating functional. Hence, consider the exponential of the generating
functional of connected diagrams:

exp

∞∑

N=1

1

N !

∫

dx1 . . . dxNj(x1) . . . j(xN)GN
c (x1 . . . xN ) (N.-6)
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This should give the expansion for the generating function of all possible diagrams. When
the exponential is expanded it is obvious that the amplitude for every possible discon-
nected diagram will be produced. To complete the proof that this is the correct Generating
Functional we need to check each diagram comes with the correct prefactor.(i.e. equation
(N.9.2). So expanding equation (N.9.2)

∞∑

q=0

1

q!

(
∞∑

n=1

∫

dx1....dxnj(x1)....j(xn)G(n)
c (x1....xn)

)q

(N.-6)

We convert this sum into a summation over N, the number of legs of the disconnected
diagrams (figure).

∞∑

N=0

∑

q1n1+...+qpnp=N

p
∏

i=1

1

qi!

[∫
dx1....dxni

j(x1)....j(xni
)Gni

c (x1....xni
)

ni!

]qi

(N.-6)

Now we use (N.9.2) and the symmetry of Gc with respect to its arguments to rewrite the
above equation as

∞∑

N=0

1

N !

∫

dx1....dxNj(x1)....j(xN)
∑

q1n1+...+qpnp=N

Gni

c (x1....xni
)....Gnp

c (....xN ) (N.-6)

Which is the correct form for the generating functional. Thus we have found that the
generating functional of connected diagrams W(j) is indeed ln[Z(j)/Z(0)],

W (j) = ln
Z(j)

Z(0)
=

∞∑

N=1

1

N !

∫

dx1... dxNj(x1)...j(xN)GN
c (x1...xN ) (N.-6)

N.9.3 1PI n-point functions

1PI n−point functions play a prominent role in the process of renormalization, as it
is enough to renormalize 1PI n−point functions. This can be seen from their intmate
relation to the effective action.

N.9.4 Rernormalization

since the observed magnitude of physical quantities (such as the charge of the electron)
is finite, this number should arise from the addition of a “bare” (unobservable) value and
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the quantum corrections. Even though both of these quantities were divergent as only its
(finite) sum that can be observed.

N.10 Coupling Matter to Spin Foams

group field theory

SfΣf

Σi Si

SfΣf

Σi Si

(a) (b)

AM

Figure N.18: Spin foam map.

N.11 Background-Independent Renormalization

Tentative ideas have been formulated by Markopoulou [122], [123] and Oeckl [124].

N.11.1 Background-Independent Renormalization a la Markopoulou

The partition function

ZN [K] = TreH (N.-6)

An RG transformation
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exp(HN [K ′], S ′
I) = Tr′ exp(HN [K], Si) (N.-6)

This is accomplished by making a partial trace over the degrees of freedom {Si}.

The lattice doesn’t sit in a preexisting background geometry, the lattice itself represents
the (quantized) geometry. The manifold the spinfoam is sitting in isn’t equipped with a
metric with respect to which scales can be defined; no lattice spacing is associated with
the edges of the spin foam.

Γ = γ −→ Γ/γ =

Figure N.19:

A nice example of a Hopf algebra.

background-independent course graining a la Fontini-Markopoulou [122], [?]

Z(si, sf) =
∑

Γ

N(Γ)
∑

labels on Γ

∏

f∈Γ

dimjf

∏

v∈Γ

Av(j) (N.-6)

Two steps:

1. The calculation of a typical block transformation,

2. repeatedly apply it on the entire spin foam Γ to obtain a course grained one, Γ′.

If spin foams are highly irregular this makes the second step a non-trivial combinatorial
problem.

Hopf Algebras

algebra: An algebra is simply a vector space over C (or over R) in which there is defined
a distributive and associative multiplication:

(i) a · (b + c) = a · b + a · c and (a + b) · c = a · c + b · c;

(ii) α(a · b) = (αa) · b = a · (αb) for every scalar α, a complex (or real) number.

(iii) a · (b · c) = (a · b) · c associativity.
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A multiplication associates to each pair of elements of A to an element from A. Mathe-
maticians give this a formal description:

m ◦ (a ⊗ b) = a · b (N.-6)

Let’s illustrate the notion

m ◦ (m ⊗ idA)(a ⊗ b ⊗ c) = m ◦ ((ab) ⊗ c) = (ab)c (N.-6)

(iii) a condition on the multiplication operation: m ◦ (m ⊗ idA)(a ⊗ b ⊗ c) = m ◦ (idA ⊗
m) ◦ (a ⊗ b ⊗ c)

m ◦ (m ⊗ idA) = m ◦ (idA ⊗ m) (N.-6)

A unit operation ǫ

The comultiplication does the opposite: it associates a pair of elements from the set C
with a single element from C - its coproduct, ∆(a) = b ⊗ c, b, c ∈ C. a compatibility
with m,

∆(a · b) = ∆(a)∆(a) (N.-6)

There is a counit ǫ. This maps an element of C to a scalar k : ǫ(a) = k

A bialgebra is formed by combining an algebra and coalgebra for which A = C. There are
conditions required of the multiplication and comultiplication so that they are compatible

γ1 ⊂ γ2 γ2 ⊂ γ1 γ1 ∩ γ2 = ∅

let γ denote a proper sublattice of Γ, namely γ 6= e and γ 6= Γ. We call the lattice that
is left after we “cut out” γ the remainder and denote it Γ/γ.

∆(γp) = γp ⊗ e + e ⊗ γp (N.-6)

These are the primitive elements of the Hofp algebra.

The counit is an operation which annihilates every lattice except e.

γ1 ⊂ γ2 γ2 ⊂ γ1 γ1 ∩ γ2 = ∅

let γ denote a proper sublattice of Γ, namely γ 6= e and γ 6= Γ. We call the lattice that
is left after we “cut out” γ the remainder and denote it Γ/γ.
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Γ =

γ

−→ Γ/γ =

Figure N.20:

∆(Γ) = Γ ⊗ e + e ⊗ Γ +
∑

γ

γ ⊗ Γ/γ (N.-5)

∆(e) = e ⊗ e (N.-4)

∆(Γ1 · Γ2) = ∆(Γ1)∆(Γ2) (N.-3)

∆(γp) = γp ⊗ e + e ⊗ γp (N.-3)

These are the primitive elements of the Hofp algebra.

⊗ ⊗⊗⊗

⊗⊗

ee + + +

++

∆(Γ) = Γ ⊗ e + e ⊗ Γ + γ1Γ/γ1 + γ2Γ/γ2 + γ3Γ/γ3 + γ4Γ/γ4

= Γ ⊗ e + e ⊗ Γ + γ1Γ/γ1 + γ2Γ/γ2 + γ3 ⊗ γ4 + γ4 ⊗ γ3.

Figure N.21: Markoprenorm2

The counit is an operation which annihilates every lattice except e.

ǭ(Γ) =

{
0 for Γ 6= e,
1 for Γ = e.

(N.-3)

S(Γ) = −Γ −
∑

γ

S(γ)Γ/γ (N.-2)

S(γp) = −γp (N.-1)

S(e) = e (N.0)

S(Γ1 · Γ2) = −S(Γ2) · −S(Γ1)

= S(Γ1)S(Γ2) as Γ1Γ2 = Γ2Γ1. (N.0)
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S(Γ) is an iterative equation that stops when a primative lattice is reached.

(taken from hep-th/9805098) The full set of properties of a Hopf algebra canonly be
guaranteed if equivalence works for products, in a certain sence

R

(
∏

i

R(Γi
1)
∏

j

Γj
2

)

=
∏

i

R(Γi
1)
∏

j

R(Γj
2) (N.0)

N.11.2 Background-Independent Renormalization a la Oeckl

renormalization a la R. Oeckl [124]

N.12 Reduced Phase Space Path-Integral

N.13 Operator Constraint Quantisation Path-Integral

Denote

β(t) := β1 + t(β2 − β1)

It follows that

V (β2) − V (β1) =

∫ 1

0

dt1
d

dt1
V (β(t1))

= i

∫ 1

0

dt1V (β(t1)) β̇(0)h′
µ(φ − β(t1)) (N.0)

We can find an iterative formula for V (β(t)). Note

βt1
(t2) = β1 + t2(β(t1) − β1) = β1 + t1t2(β2 − β1) = β(t1t2) (N.0)

so that

V (β2(t1)) − V (β1) =

∫ 1

0

dt2
d

dt2
V (βt1

(t2)) = i

∫ 1

0

dt2
d

dt2
V (β(t1t2))t1β̇(0)h′

µ(φ − β(t1t2))

= i

∫ t1

0

dt2V (β(t2)) β̇(0)h′
µ(φ − β(t2)) (N.0)
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V (β(t1)) = V (β1) + i

∫ t1

0

dt2V (β(t2))β̇
µ(0)h′

µ(φ − β(t2))

or

V (β1)
−1V (β(t1)) = 1 + i

∫ t1

0

dt2V (β1)
−1V (β(t2)) β̇µ(0)h′

µ(φ − β(t2)) (N.0)

Now set

U(t, 0) := V (β1)
−1V (β(t))

Φ(t) := β̇µ(0)h′
µ(φ − β(t))

= [β2 − β1]
µh′

µ(φ − β(t)) (N.-1)

Then () becomes

U(t, 0) = 1 + i

∫ t

0

dt1U(t1, 0)Φ(t1) (N.-1)

From this equation we obtain successive approximations:

U0(t, 0) = 1

U1(t, 0) = 1 + i

∫ t1

0

dt1Φ(t1)

U2(t, 0) = 1 + i

∫ t1

0

dt1U1(t1, 0)Φ(t1)

= 1 + i

∫ t

0

dt1Φ(t1) + (i)2

∫ t

0

dt1

∫ t1

0

dt2Φ(t2)Φ(t1). (N.-3)

The N − th order approximation being

UN(t, 0) = 1 +

N∑

n=1

U (n)(t, 0)

where

1703



U (n)(t, 0) = (i)n

∫ t

0

dt1

∫ t1

0

dt2 . . .

∫ tn−1

0

dtnΦ(tn) . . .Φ(t1)

We define the left-time-ordered product as

Tl[Φ(t2)Φ(t1)] ≡
{

Φ(t2)Φ(t1) t1 > t2
Φ(t1)Φ(t2) t2 > t1

Thus

U (2)(t, 0) =
i2

2

∫ t

0

dt1

∫ t

0

dt2Tl[Φ(t2)Φ(t1)]

for n operators we obtain

U (n)(t, 0) =
in

n!

∫ t

0

dt1

∫ t

0

dt2 . . .

∫ t

0

dtnTl[Φ(tn) . . .Φ(t1)] (N.-3)

U(t, 0) =

∞∑

n=0

in

n!

∫ t

0

dt1 . . .

∫ t

0

dtnTl[Φ(tn) . . .Φ(t1)]

= Tl

∞∑

n=0

in

n!

∫ t

0

dt1 . . .

∫ t

0

dtnΦ(tn) . . .Φ(t1)

= Tl

∞∑

n=0

in

n!

(∫ t

0

dτΦ(τ)

)n

(N.-4)

We can formally write the expression for U(t, 0) as

V (β1)
−1V (β(t1)) = Tl exp(i

∫ t1

0

dt[β2 − β1]
µh′

µ(φ − β1 − t(β2 − β1)))

Setting t1 = 1 we get

V (β1)
−1V (β2) = Tl exp(i

∫ 1

0

dt[β2 − β1]
µh′

µ(φ − β1 − t(β2 − β1)))
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N.14 Biblioliographical notes

In this chapter I have relied on the following refferences:

“On some aspects of canonical and covariant approaches to quantum gravity”, D. Colosi.

N.15 Worked Exercies and Details

Details: Usefull formula.

Abelian subgroup - Cartan subgroup

hφ =

(
eiφ 0
0 e−iφ

)

(N.-4)

Weyl integration formula

∫

G
dgf(g) =

∫

H

∆(θ)2

|W |

(
∫

G/H
f(xhθx

−1)dx

)

dθ (N.-4)

where ∆(θ) = sin θ and |W | is the order of the Weyl group.

∫

G
δθ(g)f(g)dg =

∫

G/H
δθ(g)f(xhθx

−1)dx (N.-4)

δθ(g) =
∑

j

ajχj(g) =
∑

j

(δθ · χj)χj(g) (N.-4)

where

δφ · χj =

∫

G
δφ(g)χj(g)dg =

∫

G/H
δφ(g)χj(xhφx−1)dx = χj(hφ)

∫

G/H
dx = χj(hφ)VH

(N.-4)

δθ(g) =
∑

j

χj(hθ)χj(g) =
∑

j

sin djθ

sin θ
(hθ)χj(g) (N.-4)

Details: 2D GFT.

(i)
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∫

Φ2(g1, g2)dg1dg2 =

∫

Φ(g1, g2)Φ(g2, g1)dg1dg2

∫ [√

2j + 1φa1a2

j Rj
a1c(g1)R

j
a2c(g2)

]

×
[√

2j′ + 1φb1b2
j′ Rj′

b1d(g2)R
j′

b2d(g1)
]

dg1dg2

=
√

2j + 1
√

2j′ + 1 φa1a2

j φb1b2
j′

[ ∫

Rj
a1c(g1)R

j′

b2d(g1)dg1

]

×
[ ∫

Rj′

b1d(g2)R
j
a2c(g2)dg2

]

=
√

2j + 1
√

2j′ + 1φa1a2

j φb1b2
j δjj′δj′j

[δa1b2δcd

2j + 1

][δb1a2
δdc

2j + 1

]

= φa1a2

j φa2a1

j (N.-9)

where we used δcdδdc = 2j + 1.

(ii)

∫

Φ(g1, g2)Φ(g2, g3)Φ(g3, g1)dg1dg2dg3

=

∫ [√

2j1 + 1φa1a2

j1
Rj1

a1d(g1)R
j1
da2

(g2)
]

×
[√

2j2 + 1φb1b2
j2

Rj2
b1e(g2)R

j2
eb2

(g3)
]

×
[√

2j3 + 1φc1c2
j3

Rj3
c1f (g3)R

j3
fc2

(g1)
]

dg1dg2dg3

=
√

(2j1 + 1)(2j2 + 1)(2j3 + 1) φa1a2

j1
φb1b2

j2
φc1c2

j3

[ ∫

Rj1
a1d(g1)R

j3
fc2

(g1)dg1

]

×
[ ∫

Rj2
b1e(g2)R

j1
da2

(g2)dg2

]

×
[ ∫

Rj3
c1f (g3)R

j2
eb2

(g3)dg3

]

=
√

(2j1 + 1)(2j2 + 1)(2j3 + 1) φa1a2

j1
φb1b2

j2
φc1c2

j3
δj1j3δj2j1δj3j2

[δa1c2δdf

2j1 + 1

][δb1a2
δed

2j2 + 1

][δc1b2δfe

2j3 + 1

]

=
1√

2j + 1
φab

j φbc
j φca

j (N.-14)

Details:

(a):

φ(g1g, g2g, g3g, g4g) =

∫

dgφ̃(g1gγ, g2gγ, g3gγ, g4gγ)

= (N.-14)

(b):
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D
(N)
αβ (g1g) = D(N)γ

α (g1)D
(N)
γβ (g) (N.-14)

∫

dg φ(g1g, g2g, g3g, g4g) =

=

∫

dg
∑

N1...N4

Φα1...α4

(N1...N4)β1...β4
D

(N1)
α1β1

(g1g) . . . D
(N4)
α4β4

(g4g)

=
∑

N1...N4

Φα1...α4

(N1...N4)β1...β4
D(N1)γ1

α1
(g1) . . . D(N4)γ4

α4
(g4)

∫

dgD
(N1)
γ1β1

(g) . . . D
(N4)
γ4β4

(g)

︸ ︷︷ ︸

Eq

=




∑

N1...N4,Λ

Φα1...α4

(N1...N4)β1...β4
CN1...N4 Λ

β1...β4
CN1...N4 Λ

γ1...γ4



D(N1)γ1

α1
(g1) . . . D(N4)γ4

α4
(g4)

(N.-17)

φ(x1, x2) = φ(x1 + y, x2 + y) ⇐⇒ Φ(g1, g2) = Φ(g1g, g2g) (N.-17)

and

φ(x1, x2) = φ(x2, x1) (N.-17)

φ(x1, x2) =

∫

dyφ(x1 + y, x2 + y)

=

∫

dy
∑

k1,k2

φk1,k2
e(x1k1+x2k2)+iy(k1+k2)

=
∑

k1,k2

φk1,k2
e(x1k1+x2k2)

∫

dyeiy(k1+k2)

=
∑

k1,k2

φk1,k2
e(x1k1+x2k2)δ(k1 + k2) (N.-19)

so

the orthogonality relations

∫

dyeikxeiky = δ(k1 + k2) (N.-19)

φ(x) =
∑

n1,n2

φk1,k2
eik1x1+ik1x2 ⇐⇒ Φ(g1, g2) =

j
∑

ab

φac
j Rj

ab(g)Rj
cd(g) (N.-19)
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φk1,k2
⇐⇒ φa1a2

j (N.-19)

φ(x1, x2, x3, x4) =

∫

dyφ(x1 + y, x2 + y, x3 + y, x4 + y)

=

∫

dy
∑

k1,...,k4

φk1,...,k4
ei(x1k1+x2k2+k3x3+x4k4)+iy(k1+k2+k3+k4)

=
∑

k1,...,k4

φk1,...,k4
ei(x1k1+x2k2+k3x3+x4k4)

∫

dyeiy(k1+k2+k3+k4)

︸ ︷︷ ︸

=
∑

k1,...,k4

φk1,...,k4
ei(x·k)δ(k1 + k2 + k3 + k4)

(N.-22)

φ(x1, x2, x3, x4) = φ(x1 + a, x2 + a, x3 + a, x4 + a) →
φ(g1, g2, g3, g4) = φ(g1g, g2g, g3g, g4g) (N.-22)

φ(x1, x2, x3, x4) = φ(x1 − x4, x2 − x4, x3 − x4, 0) ⇒
φ(g1, g2, g3, g4) = φ(g1g

−1
4 , g2g

−1
4 , g3g

−1
4 , I) (N.-22)

φ(x, y) = φ(x − y) ⇒ φ(g, γ) = φ(gγ−1) (N.-22)

f(g) =

αβ
∑

Λ

D
(Λ)
αβ (g) ⇒ f(x) =

∑

n

fneinx (N.-22)

(c):

S[φ] =
i

2

∫

G
dg1 . . . dg4φ

2(g1, g2, g3, g4) (N.-22)

S[φ] =
i

2

∑

N1...N4

φα1...α4

(N1...N4),Λ(∆N1
. . . ∆N4

)CN1...N4,Λ
γ1...γ4

∑

M1...M4

Φβ1...β4

(M1...M4),δ1...δ4

∫

G
dg1D

(N1)γ1

α1
(g1)D

(M1)δ1
β1

(g1) . . .

∫

G
dg4D

(N4)γ4

α4
(g4)D

(M4)δ4
β4

(g4)

=
i

2

∑

N1...N4

φα1...α4

(N1...N4),Λ(∆N1
. . . ∆N4

)




∑

M1...M4

Φβ1...β4

(M1...M4),δ1...δ4
CM1...M4,Λ

γ1...γ4
δγ1δ1 . . . δγ4δ4





δα1β1
. . . δα4β4

δN1M1 . . . δN4M4δΛΛ̃ (N.-24)
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where we CN1...N4,Λ
γ1...γ4

→ CM1...M4,Λ
γ1...γ4

because of the term δN1M1 . . . δN4M4 .

S[φ] =
i

2
φα1...α4

(N1...N4),Λφβ1...β4

(M1...M4),Λ̃

(

(∆N1
. . . ∆N4

)2δα1β1
. . . δα4β4

δN1M1 . . . δN4M4δΛΛ̃
)

(N.-24)

SO(4)

U(g) = 1 − 1

2
Jj

i ǫi
j + O, (N.-24)

where the Jj
i are N × N matrices

[Jj
i , J l

k] = δj
kJ

l
i − δi

lJ
j
k + δi

kJ
l
j − δj

l J
k
i , i, j, kl = 1, . . . , n. (N.-24)

Hopf algebra of rooted trees.

∆(tn) = tn ⊗ e + e ⊗ tn +

n−1∑

i=1

ti ⊗ tn−i (N.-23)

S(tn) = −tn −
n−1∑

i=1

S(ti)tn−i (N.-22)

Proofs

Verify the vector space of partitioned lattices form a Hopf algebra under the operations (N.-19),
(N.-19).

(a) Verify:

∆(Γ1 · Γ2) = ∆(Γ1) · ∆(Γ2). (N.-22)

(b) Verify: Definition of the antipode

m(S ⊗ id)∆(Γ) = ǫǫ(Γ) =

{
e for Γ = e
0 for Γ 6= e

(N.-22)
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∆

∆

∆

e

ee

e

e e

(

(

(

(

(

(

((

( )

)

)

)

)

)

))

) =

=

=

=

=

=

=

=

−−

− −

−−

−

−

− ++

+

+

+

+

+

+

+

⊗ ⊗

⊗

⊗

⊗

⊗

⊗ ⊗ ⊗

S

S

S

S

S

S

Figure N.22: Example of a Hopf algebra - rooted trees.

Verify: Antipode anti-homomorphism. Note that because the multiplication · is commutative
(Γ1 · Γ2 = Γ2 · Γ1), the anti-homomorphism is equivalent to a homomorphism.

S(Γ1 · Γ2) = S(Γ1) · S(Γ2). (N.-22)

g23

replacemen

Γ1 Γ2

Γ1 · Γ2

γ1

γ2

γ3

γ4 γ5

γ6

γ7

γ8

γ9 = γ1 · γ6

γ10 = γ2 · γ6

γ11 = γ3 · γ6

γ12 = γ4 · γ6

γ13 = γ5 · γ6

γ14 = γ1 · γ7

γ15 = γ2 · γ7

γ16 = γ3 · γ7

γ17 = γ4 · γ7
γ18 = γ5 · γ7

γ19 = γ1 · γ8

γ20 = γ2 · γ8

γ21 = γ3 · γ8

γ22 = γ4 · γ8
α1

α2

α3

α4

β1

β2

(a) (b) (c)

Figure N.23: Γ1 and Γ1 (c) all 22 of them.
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⊗

⊗⊗

⊗

⊗

⊗⊗

⊗

⊗

⊗

⊗⊗

⊗⊗⊗

⊗⊗

⊗

⊗ ⊗

⊗ ⊗⊗

⊗

ee +

+

+

+

++

+

+

+ + +

+ +

+

++

+

+
+

+

∆(Γ1 · Γ2) = (Γ1 · Γ2 ⊗ e + e ⊗ Γ1 · Γ2 +
∑

γ γ ⊗ Γ1/γ)

Figure N.24: Homomorphism of ∆.

∆(Γ1 · Γ2) = Γ1 · Γ2 ⊗ e + e ⊗ Γ1 · Γ2 +
∑

γ

γ ⊗ Γ1 · Γ2/γ

= Γ1 · Γ2 ⊗ e + e ⊗ Γ1 · Γ2 +

+
∑

α

α ⊗ (Γ1/α) · Γ2 + Γ1 ⊗ Γ2

+
∑

β

β ⊗ (Γ2/β) · Γ1 + Γ2 ⊗ Γ1

+
∑

α,β

α · β ⊗ (Γ1/α) · (Γ2/β) +

+
∑

α

α · Γ2 ⊗ Γ1/α +
∑

β

Γ1 · β ⊗ Γ2/β

= (Γ1 ⊗ e + e ⊗ Γ1 +
∑

α

α ⊗ Γ1/α) (Γ2 ⊗ e + e ⊗ Γ2 +
∑

β

β ⊗ Γ2/β)

= ∆(Γ1)∆(Γ2) (N.-28)
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(b) Anitipode definition.

(S ⊗ id)∆(γp) = m(S ⊗ id)(γp ⊗ e + e ⊗ γp) = S(γp) + γp = 0 (N.-28)

(S ⊗ id)∆(Γ) = m(S ⊗ id)(Γ ⊗ e + e ⊗ Γ +
∑

γ

γ ⊗ Γ/γ)

= S(Γ) + Γ +
∑

γ

S(γ) · Γ/γ (N.-28)

Anitipode anti-homomorphism.

S(γp · γp′) = −γp · γp′ − [S(γp)γp′ + S(γp′)γp]

= γpγp′

= S(γp)S(γp′). (N.-29)

S(Γ1 · Γ2) = −Γ1 · Γ2 −
∑

γ

S(γ) · (Γ1 · Γ2)/γ

= (−Γ1 −
∑

α

S(α) · Γ1/α) · (−Γ2 −
∑

β

S(β) · Γ2/β) (N.-29)

Γ1 Γ2

Γ1 · Γ2

γ1

γ2γ3

γ4

γ5 = γ1 · γ4
γ6 = γ2 · γ4

γ7 = γ3 · γ4

γ8 = γ4 · γ4

γ9 = γ1 · γ6

α1

α2

β1

(a) (b) (c)

Figure N.25: Anti-Homomorphism of S.

S(Γ1 · Γ2) = −Γ1 · Γ2 −
∑

γ

S[γ](Γ1 · Γ2)/γ

= −Γ1 · β − S(α1) · α2 · β
= [2α1 · α2 · −S(Γ1)] · β
= S(Γ1) · β (N.-31)
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where we have used

S(Γ1) = −Γ1 − S(α1) · α2 − S(α2) · α1 = −Γ1 + 2α1 · α2. (N.-31)

Ising chain

=

=

Γ

γ1 γ2

s1

s1

s2
s3

s3

s4
s5

s6

s6

Figure N.26: Markoprenorm5.

H = −J

N∑

i=1

σiσi+1 − h

N∑

i=1

σi (N.-31)

with σi = ±1 and σN+1 = σ1.

The partition function is given by

Z = Trσi
eH =

N∑

{σi}=±1

exp

{
N∑

i=1

[

Kσiσi+1 +
1

2
(σi + σi+1)

]}

. (N.-31)

Carry out sum over odd numbered degrees of freedom

∑

σ1=±1

eH =
∑

σ2=±1

∑

σ4=±1

· · ·
∑

σN=±1




∑

σ1=±1

∑

σ3=±1

· · ·
∑

σN−1=±1

eH



 (N.-31)

∑

σ1=±1

eKσ1(σN+σ2)+hσ1 = 2cosh[K(σN + σ2) + h]

∑

σ3=±1

eKσ3(σN+σ4)+hσ3 = 2cosh[K(σN + σ4) + h]

... (N.-32)
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∑

σ1=±1

∑

σ3=±1

· · ·
∑

σN−1=±1

eH = 2cosh[K(σN + σ2) + h] × · · · × 2 cosh[K(σN + σ2) + h]

× eKσ2(σ1+σ3)+hσ2 × · · · × eKσN−1(σ1+σ3)+hσ2 (N.-32)

2eh(σN +σ2)/2 cosh[K(σN + σ2) + h]

exp{2g + K ′σNσ2 +
1

2
h′(σN + σ2)} (N.-32)

where

K ′ =
1

4
ln

cosh(2K + h) cosh(2K − h)

cosh2 h
(N.-32)

h′ = h +
1

2
ln

cosh(2K + h)

cosh(2K − h)
(N.-32)

and

g =
1

8
ln[16 cosh(2K + h) cosh(2K − h) cosh2 h]. (N.-32)

∑

σ1=±1

∑

σ3=±1

· · ·
∑

σN−1

eH = exp

{

Ng(K,h) + K ′
∑

i

σ2iσ2i+2 + h′
∑

i

σ2i

}

(N.-32)

sum is over remaining even numbered sites.

Algebraic block transform

The coproduct on Γ is

∆[Γ] = Γ ⊗ e + e ⊗ Γ + γ1 ⊗ γ2 + γ2 ⊗ γ1 (N.-32)

∆[Γ] = Γ + γ1γ2 (N.-32)

The shrinking antipode S′
R on wΓ, gives
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S′
R(wΓ) = −R(wΓ) + R(wγ1

)wγ2
+ R(wγ2

)wγ1

= wΓ + 2wγ1
wγ2

, (N.-32)

where wΓ′ = R(wΓ)

define the operation R

R(γ) = ∂γ, (N.-31)

R(wγ) =
∑

Internal spins γ=±

wγ (N.-30)

Ising/Potts model in two dimensions.

wΓ = exp




∑

<i,j>

κijsisj



 (N.-30)

where means that i and j are adjacent sites in the lattice.

s1
s2

s3
s4

s5

s6s7
s8

s9
s10

γ1

γ2

γ3
γ4

Figure N.27: Homomorphism of ∆.

The coproduct on Γ is

∆[Γ] = Γ ⊗ e + e ⊗ Γ + γ1 ⊗ γ2 + γ2 ⊗ γ1 (N.-30)

∆[Γ] = Γ + γ1γ2 (N.-30)

The shrinking antipode S′
R on wΓ, gives
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S′
R(wΓ) = −R(wΓ) + R(wγ1

)wγ2
+ R(wγ2

)wγ1

= wΓ + 2wγ1
wγ2

, (N.-30)

where wΓ′ = R(wΓ)

define the operation R

R(γ) = ∂γ, (N.-29)

R(wγ) =
∑

Internal spins γ=±

wγ (N.-28)

Proofs
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