Appendix N

Spin Foams and Physical
Observables.

N.1 Spin Foam

N.1.1 Spin Foam From Projector Technique Applied To the
Hamiltonian Constraint

P / [DN]eN] = / [DN]eiNA, (N.0)
In the spin network basis, the matrix elements of P are
< s|P|s >=< | /[DN]eiNﬂ\s' > (N.0)

It can be shown that a diffeomorphism invariant notion of integration exists for this
functional integral.

< 8|P|s >~< s|s’ > —|—/[DN] (N < s|H|s' > +NN < s|HH|s' > +) (N.0)

n!
n=0

< s|P|s’ >= lefD[ng]/D[N] <us| (Z (_i)n(H[N])”> > (NO)
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N.1.2 State Sum

We change the signature of the metric by changing the gauge group.
Putting it all together we see it has the form

2= N T2y, ITAM), (N.0)

N feJ veJ

The first sum is over all spin foams I' interpolating between a given initial spin network
s; and a final spin network s,. Ajf is the dimension of the G representation labelling the
face f of I'. A, is the amplitude on the vertex v of I, a given function of the labels on
the faces and edges adjacent to v.

N.2 Barrett-Crane Model

S(.B.0)= [ BYAF,W) (N.0)
S(w, B, ¢) = /M d'ze, B F (w) (N.0)
1 1
S(w, B, ¢) = /M [BU AFpy(w) = §¢1JKLBU ABEE — §M€IJKL¢IJKL (N.0)

which is a BF theory with variables a 2-form B/ and a 1-form connection (with curvature
F%7), all with values in so(3,1), but with a constraint on the B field enforced by the
Lagrangian multiplier ¢, ;..

DB = dB+ [w,B]=0, (var. ofw) (N.1)

Flw) = ¢"""FB,.,, (var. of B) (N.2)

BY A BEE = p KR (var. of ¢) (N.3)
MG e =0, (var. of p) (N.4)

contracting (N.3) with €, -, we solve for

1J KL _ IJKL
€1y B NBTY = i€ e

implies
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1
p=e:= IeUMBU A BEL, (N.4)
For e # 0, equation (N.3) is equivalent to

IJ KL
€17 Bab Bed = €€apea (N.4)

One can show that there are two types of solution to this equation and which are formed
from co-triad fields e’.

1 1
Bl = iﬁe”KLefebL or B = iﬁe”KLeK A et (N.5)
BlJ = j:e[lae;)]} or B =4el ne’ (N.6)

substituting any of these solutions into one obtains the Palanti action,

1
S — Spy = 2 /M d*ze™ e ey ey Bl (N.6)

S—>SEH:/M6UKL6K/\6L/\F” (N.6)

i.e. it reduces to pure 1st order Einstein gravity. Which as e # 0, is equivalent to the
Einstein-Hilbert action.

choice (N.5) corresponds to the graviational sector and (N.6) to the topological sector -
[236].

The geometric information is resides in the labels. This is an important difference from
lattice gauge theories with a background metric, where the discretization itself determines
the edge lengths and hence how refined the lattice is.

N.2.1 Latice BF-Theory

o4, - -.,0, triangulation of M

Cy, C1, 0,

dual 2-complex

Ch < O C, 0, Cy > O,
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Figure N.1: The spins j,, J,, J5, j, describe the areas of the triangles.

curvature associated with dual 2-cells

F(cy) / Feg (N.6)
Cc2
B-field associated with (n — 2)—simplicies
B0, [ Beg (N.6)
Cc2
The discretized action is:
S =2 Tr(Blo, 5)F (o, ,) (N.6)

On—2

Lattice path integral quantization:

z — “\/DA/DB@iS”

— DA P, (N.6)
72 enforces flatness

where we are integrating over all connections A.

Z = <H/Gdg(01)> 06 (90, (c1)(90,)(cy) -+ +) (N.6)

Latice gauge theory of flat connections on the dual 2-complex of a generic triangulation.
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N.2.2 Spin Foam BF Theory
N.3 State Sums in 3-d Gravity

N.3.1 Regge Calculus

denote the lengths of its edges by I, (/ = 1,2,...,6) (Fig N.-19). The Regge action for
the tetrahedron is

SRegge = Z lzez’ (N6)
I=1

where ¢, is the angle between the outward normals of two faces sharing the I-th edge.

W(j) = { I Jz s } (N.6)

Ja Js Js

Witten’s 1.50O(3) Chern-Simons theory [E. Witten, Nucl. Phys. B311, 46 (1988).]

7
’
.
’
y i S \ / y i f
- 7
——_ ’
" .
4

Figure N.2: The three types of tetrahedral building blocks used in 3d quantum gravity.

N.3.2 Ponzano-Regge-Turaev-Viro (PRTV)

Ponzano-Regge

History amplitude = Z H(dimje) H(6j) (N.6)
{7} e t
“triangulation independent”

It diverges. Turaev-Viromodel with regularization using g-deformed gauge group SU(2) o
see ().
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k—1
0<j <5 (N.6)

k-level of SU(2), is root of unitary i.e. g = >/,

cellular decomposition A and associated dual 2-complex F .

element of cdllular
decomposition A e

(@ (b)

Figure N.3: (a) v € F, - dual to 3-cells in A; (b) e € F,, - dual to 2-cells in A ; (c) faces
[ € F, - dual to 1-cells in A

su(2)-valued 1-form field B represented by the assignment of a B € su(2) to each 1-cell.
The connection field A is represented by the assignment of a group elements g, € SU(2)
to each edge in F .

Ba = Bi’]'i, [Bm Bb] = fachc (N6)
s= 11 B,Y; (N.6)
feFa

where U, = glgZ...g¥

vertices v € F, (dual to 3-cells in A)
edges e € F, (dual to 2-cells in A)
and faces f € F, (dual to 1-cells in A)

(@ (b)
Figure N.4: Adual3
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<P
EVANAN]

Figure N.5: atom2.

Z(D) = / [T B, I] dg.c 2

feF ecF

performing the integral over B ’

/ dB, PV = §(U,) = 6(g} ... )

7 = /DA(S[F],

namely an integral over flat SU(2) connections.

0g)= > ATrp,(g)]

jeirrep(SU(2))

Z(A) = Z / H dg, H AjfTr[pjf(g; e

Cf{f}_){]} eceF fej:

20)= 3 [ la0,0 0,

CeA{f}—1{s} ecF fer

AED DD DI | Y | RS

CrAfI={i} C{e}—{i} feF vEF
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Figure N.6: How 6-j Symbols Appears.

How 6-j Symbols Appears:

N.4 10j symbols

dh dh
KE —1 =
/(53)5 g 2Jkl+1(¢kl) 27'('2 27'('2
_ sinhag

~ sing

KX¢)

Lorentzian 107 symbols - same sort of integral

dh, ...dh
KL -1 5
/(H3)5 H akl(¢kl) 27‘(2 27‘(2

k<l
where

H={t* —2*—y*—2*=1,t>0}

sin a¢
sinh ¢

Ky (¢) =

N.5 4D State Sum

spin foams live on the 2-skeleton
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each dual O-cell has incident on it five endpoints of 1-cells and ten corners of 2-cells with
each incident 2-cell corner bounded by two of the incident 1-cells. This corresponds to
the fact that a 4-simplex (dual to a 0O-cell) has in its boundary five 3-simplicies (dual to
1-cells) and ten 2-simplices (dual to 2-cells).

N.6 Group Field Theory for 2D Gravity

a model in two dimensions in which we perform a path integral quantization of a (in-
teracting) group field theory defined on SU(2) x SU(2), and expand perturbatively the
transition amplitudes defined in the theory in power of the coupling constant . We ex-
plicitly perform the main calculation to present in concrete terms the relationship between
group field theory and spin foam models. The partition function obtained has the same
form of the generic one that defines a spin foam model. Such identity makes clear the
relation between field theory over a group and the spin foam formalism.

Consider the field theory defined by the following action

S[@] = / dg,dg,®*(g,. 9,) +
SU(2)xSU(2)
A

? dg1d92d93q)(91792)(1)(92793)(1)(93791) (N6)
* JSU(2)xSU(2)xSU(2)

for the real scalar field ®(g,, g,) defined on the group manifold SU(2) x SU(2) and having
the following properties

D(g,,9,) = (9,9, 9,9), forall g€ SU(2) (N.6)

and
(9, 95) = (95, 91)- (N.6)

Using the Peter-Weyl theorem we expand the field in terms of irreducible representations
of the group (repeated indices are summed over),

q)(gpgg) = Qb?j;?;aQbQRillbl (91)R222b2 (92) (N‘6)

where Rflll 5, (91) are the matrix elements of the group element g, in the spin j represen-
tation of SU(2). The symmetry property (N.-19) of the field can be used to simplify the

expansion of ®(g,, g,) in terms of R/,. The symmetry property implies
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D(g,,9,) = /dg (9,9, 9,9)
- /dg ¢?11Jb21a2b2Ralb1(glg)Ra2b2(929)

- ¢?11Jb21a2b2R1]11101( )R1]12202( )/ngc1b1( )Rgbg( ) (N5)

Using the orthogonality relation

j k
JAWRTORS W) = 525", 5, (N.5)

we can write

®(gy,9,) = V25 +1 69 Rl (9))R_.(9,) (N.5)

where we have defined

1 ¢a1b1a2b2 5]325

¢qla2 —
J ) 2j T 1 e b1bo”

(N.5)

The reality and the symmetry properties of the field ® imply ¢}*** = ¢7***. This hermitian

matrix has dimension (2j + 1) x (25 4 1) and represents the Fourier transform of the field
®. Writing the action (N.6) in terms of these modes, we obtain for the kinetic term

[ ¥ 01 0)dgidg, = o5 (N.5)
and for the potential term

A
3125+ 17

We can express the action in terms of the matrices ¢; of the Peter-Weyl expansion of the
field

A
/dgldggdg?,@(gl,92)<I>(92,93)@(93,91) =

5 (N.5)

S[®] = Z <%TT((I)§) + %\/Q;Tﬂ@j?)) , (N.5)
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where @, is an hermitian matrix of dimension N; = 2j + 1, defined by (P j)ab = ¢?b.
The action is a sum over j of terms which have the standard form for what are known
as the matrix models action [195]. As such, the field theory on the groups leads to a
generalization of the matrix models: the action (N.6) is the sum over all the values of the
dimension N, of the matrix ®.

Counterparts with the U(1) Case

for the real scalar field ®(g,, g,) defined on the group manifold U(1) x U(1) and having
the following properties

where R7'(g,) are the elements of the group element g, in the j representation of U(1).
Say g, = '™

(g, 9,) = ®(9,9,9,9), forallgeU(1) (N.5)
and
CI>(g1,92) = @(92791), (N.5)

Using the Peter-Weyl theorem we expand the field in terms of irreducible representations
of the group (repeated indices are summed over),

D(gy,9,) = &;,5, 77 (9,) R (g,) (N.5)
The Peter-Weyl theorem applied to U(1) gives the Fourier series f(8) = > 0 f e™?/\/2m
(I)(g17 92) = Z ¢j1j26—ij1a1€ij2a2 (N.5)
J1,52=0

The symmetry property implies explicitly

27
(1)(91792) — / dOé q)(eia1+ia7€ia2+ia)
0

2 o0
_ —ij1(c1+a) jij2(ae+a)
= /O dov Z D512 e

J1,j2=0

oo 2w
- Z ¢j1j2eiijm1 e / daeii(ﬁiﬁ)a (N'4)
0

J1,52=0
Using the orthogonality relation
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/ dURD(U)RM(U) = 6., (N.4)

1 2

—in0 _imb
o /. dfe”"e"™ =4,
(I)(gl,g2) = Z ¢j1j267ijlaleij2a2 6j1—j2

J1,J2=0
o0

D SN
Jj1=0
m —_—

- Zﬁbj e’ R (91)RJ (92) (N‘3)
=0

o, TR (gy) = / dke=" (g, g,)

¢; = ei/dke_ikq)(gl,gQ)

/ dke ™% 0(g,, 9,) = Y e ¢, e Ri(g)R(g,)
k J=0
= >0, [ keI TG IR (0)
j=0
= >0, [ keI TG R () (.2
j=0

so that ¢, represents the Fourier transform of ®.

N.7 GPFT Dual to State Sums

N.7.1 TOCY model as a QFT over a group manifold

5!
(94> 95> 96 97) (97> G55 Ig» 99)P(Gg» Gg» 92 G10)P(G10> Is»> G55 91)- (N.2)

A
Sle] = /d91---dg4¢2(91792,93,94)+—/dgl---dg4¢(91,92,93,94)
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In fig(N.7) we give an mnemonic to remember the second term of (N.2), which also
serves in perturbation theory we will develop later on. Here g, € SO(4) and the field
¢ is a function of SO(4). All the integrals are in the normalized Haar measure. The
field ¢ is required to be invariant under any permutation of its arguments; that is,
(915 Ggs 93, 94) = gf)(ga(l),ga(m,ga@),ga(4)), where; and under simultaneous right multi-
plication by any element g of SO(4):

(915 95, 95, 94) = (919, 929, 939, 949) (N.2)

if given any function ¢

(91, 990 93, 94) = /dgé(gl% 997+ 937 947Y) (N.2)

(verify exercise) This condition is analogous to the “translational invariance” and leads to
compatibility conditions on the representations, the analogy of ”momentum conservation”.
Since vertices are 5-valent in our discretization the interaction term should contain the
product of five field operators.

Figure N.7: Structure of interaction vertex. (a) ¢(g;, gos 93, 94)?(94 95 96 97)- (d) Reading
off the numbers clockwise gives ¢(gy, 93, gs. 99)?(99: 6> G- 910) (910> Is> 95 91)-

Z oA, DA (g (N.2)

¢(917 995 93s 94 Z q)?]i/”l a?v‘l )B1...04 Dgl)ﬂl (91) ce D&JZ“)@‘ (94) (N.2)
dgD? ,(g) D%, 0,0 N.2
/Gg a() ﬁ() dlmaaa BB ( )
| dapl) . D050 = S C el (2
A
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Y Y VYY

Figure N.8: Structure of interaction vertex.

\/

A\

Figure N.9: Structure of interaction vertex.

defining
ag..o Ni...Ng,A
ar..a L (I)(]ih---?V4)7,6'1--ﬂ40ﬁ11~ﬂ44 (N 2)
M ANlAJ\/EAJV?,AJ\M ‘
¢(91a 99, 93, 94) =
n (B, A3)2DO ™ (g,) . DO (g )CNNA) (N .2)

A “Free” theory

Every n-point function of the field theory can be calculated as a functional derivatives of
the generating function W(J)

W) = [ Doesp (isl6] + 5 a0l ) (N2)

The moments of the

<a" >= / dzz" exp (ia’z?) (N.2)

—0o0

by taking derivatives of
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o) 1 2
P(J) = / dx exp (ia2x2 + J[B) Cexp (2 J ) , (N.2)
oo a
ie.
<" >= P(J . N.2
o TP (N2)
JOll ?l\/fl ,]Nl .Ny,A
LA o m0s N.2
W =Cop (578 "TA, (N-2)
) ) ) 5
W(S 78 ) = a1 ...0 a1...04 W(J) ? (N2)
v {MNl...J\i,A 0Ny N Ok A 0T N o
N.7.2 Mode Expansion
The requirement of invariance under the right SO(3) action can be written
o0)= [ dnoigh). (N2)
S0(3)
Expanding this into the modes, we have
=YD= [ dnotam =Y [ anoh,DW@DE M. (N2
X SO(3) < Jso@)
Z oD (g (N.2)
0(4)/S0(3)
gr = ghx = gx (N.2)

The coset [g] then consists of all the elements of in SO(3) which take the point (0,0, 1) to
the point (0,0, 1). This point is specified by the polar coordinates (6, ¢). As such, each

point on the unit circle corresponds to a coset and we have that
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SO(3)/S0(2) ~ S? (N.2)

Since SO(2) is not a normal subgroup of SO(3), S? does not admit a groups structure.

\J

Figure N.10: SO(3)/S0(2).

SO(3) acts on S? transitively and we have SO(3)/S0(2) ~ S

It is easy to generalise this result to higher dimensional rotation groups and we have the
result

SO(n)/SO(n —1) ~ S™! (N.2)

where S"! is the (n — 1)-sphere.

Figure N.11: wedge.
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N.7.3 S3 Spherical Functions

Often:

S? = S0(4)/SO(3) =2 Spin(4)/SU(2)

here:

S? =~ SU(2)

basis of the algebra C,, (S°)
77

Transitive action of SU(2) x SU(2) on S3:

(hy,hy) - g:= hlgh;1

stabgp o) xsv(2) (9) = {(ghg™",h) - h e SU(2)}

Transitive action of SO(4) x SU(2) on S*: (SO(4) = SU(2) x SU(2)/Z,)
N.7.4 SO(4) Barrett-Crane Model
_ g b
Y = éEab dz® N dx

defined

EIJ:€I/\€J

J_ I1,J __ _I1,.J
2ab _eaeb ebea

‘Zab‘Q = |Bab‘2
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and

‘Eab‘2

‘Bab|2

1

2
1

4
1

(

(I

1

1

4
2

4
1

2

1J KL MN
16 KLYab €1IMNZab

IJ KLxvMN
—(e KLEIJMN)zab b

(5KM5LN B 5KN5LM)Z£§)LE%N

KL KL
_(Eab EabKL - Eab EabLK)

1J
Zab EabIJ

|Eab|2 - gaagbb - gabgab = QAZb

1,.J

6a ea[

1
J.I
€l — eaeb)é(ealebj - eaJebI)

J I J J I J I
€ €7 — €aCpr € €ay — €nChy €4Cur T €1€.s €1€,1)

B (gaagbb - gabgab)

ab’

ac

2ab 2ac Bab : Bac
1y TKL TMN
= 46 KL% ab SI1JMN“ac

1
_ 1J KLNMN
= Z(E KLETIMN) Sab Sac
_ IJ
- Eab Z]acIJ

Z]ab ’ Z]ac = gaagbc o gabgac = 2Jaabc

ac

1 I_J J I 1
5(6aeb - eaeb)é(ealecJ - 6aJecI)

1
5 (gaagbc - gabgac)
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/’E’:/’B\ Z/!Eab]dxadyb:\/éArea(S)
s s s

the 4-form
1
V = @
proof
BIJ/\BKL

€IJKL

Using the Plebanski field, the action can be written in the BF-like form

Sle, w|

1
1J KL 1J KL
GIJKLE A = _4!€IJKLB N B

]. 17/ 1T’
IJ 'y, KL K'L
Ze 1302 (" grp® )

1

IJ KL I'J K'L/
1 (GIJKLG ry€ K/L/)2 by
1 KL

9 (5KI/5LJ/ -

1J KL
€irra - NX

5KJ'5LI/)€ KL’

1
) / €IJKL 2”[6] A FKL[W]

[ Buldnre

This condition can be expressed as a constraint equation for >:

ZIJ A EKL =V 6IJKL

Say 217 is of the form e’ A e’, then

EIJ A EKL —

eI

Aeld Aef A et

egeb‘]efefl]dxa Ao Adat

1JKL

e

(

1
4]

% 6IJKL
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Conversly if X! satifies

1 17! rrr’
1J KL I'J K'L'N _IJKL
S AR = e =T NS )e

it must be of the form e! A e”:

Condition (N.7.4) is equivalent to

1

DI ch = §V€abcd

ab

or

1 kL e
§€1JKLEab Yed = §V€abcd

where V = %f/eabcddx“ A -+ Adx?. To prove this, take this and use €17k LE
KL IJKL

EIJKL(4!Z[Ia{»ch] ) = VeueaririE

The summation on the left hand side is

61234(4!2[131)233}) + 62134(4!2[2;11233}) + 51324(4!2[151123;1]) +..

— Ry

so that
12 y34 ¥
4!Z[abzcd} - Veabcd
it is easy to see this implies
1 -
IJyKL IJKL
Z[abzccl] = JVGabch

which becomes upon applying dz® A - - - A dx?

1 ~
IJvKL d d IJKL
ZabZCd dz* N+~ Ndzx® = —4!Veabcddxa/\-~-/\dx €
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giving (N.7.4)

Now contract (N.7.4) with €, we find

1~
IIyKL d IJKL d
€1 1K S ah Sy (A N - Ndx®) = EVeabcd €1 1KLE (dz* A -+ Nda®)

which implies

1 kL e
§€IJKLEachd = §V€abcd (N.-9)

giving (N.7.4).

The system of constraints (N.7.4) can be decomposed into three parts:

(@) *%,-%, = 0, (N.-8)
b %, %, = 0, (N.-7)
(c) "%, %, = *2V. (N.-6)

where the indices abed are all different, and the sign in the last equation is determined by
the sign of their permutation. These are the simplicity constraints.

GR can be written as an SO(4) BF theory whose B field satisfies the simplicity constraints
(N.-8-N.-7-N.-6).

Proof:

1 1y rrt
BI7 A BEL — Z(GIJI/J,EIJ )(GK%{/L/EKL)

]_ I rrt
= Z(EUI,J,EKLK,L,)E” KL (N.-6)

N.7.5 Simplicity Constraints for 4-Simplicies

N.7.6 Self-dual structure of SO(4)

X=x"7, (N.-6)

A A A

[ 1J° JKL] = i(SIKJJL - i(;JK‘]IL - i(SILJJK - MJLJIK' (N~‘6)
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where J, , are generators of SO(4)

X+ =1/2(X" £ X"), where X' =1/2¢",, X7* and

X=X, +X_, Xt=x*J* (N.-6)

7

for Lie algebra
[JE, T =ie M IE U] =0. (N.-6)
We can write each U € SO(4) can be written in the form

U=(9,,9_) where g, € SU(2) and g_€SU(2) and UU =(g,9\,9 9").
(N.-6)

Define selfdual and anti-selfdual generators

J=xJ £,
that satisfy

Jo=E*J,.
then

[J,,J_]=0.

J. span a three dimensional subalgebra su(2), of so(4), and the J_ span a three dimen-
sional subalgebra su(2)_ of so(4), both isomorphic to su(2).

N.8 Coherent State Formulation of New BC Models

N.8.1 New Geometric Criterion
N.8.2 Coherent States

L= "lj,m><jml, (N.-6)

m
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S =y [ 98l (9)8(0) (8-6)
SU(2)

t ;(g) and tfm- (gh) differ only by a phase for any group element h from the U(1) subgroup

m,

of SU(2). The U(1) subgroup being of the form

( e(if €9w ) . (N.-6)

1, = dj/ dnl|j,n >< j,n|. (N.-6)
G/H
< j.n|J!j,n > o, = jnoyn~' = jn'o, (N.-6)
or
< gl n > = <Gl > (N-6)

where JV = g(n)~1J'g(n) is the rotated generator.

Thus the state |j,n > describes a vector in R? of length j and of direction...

AJ? =j+ 5% —m? (N.-6)

7,7 > = g(n)|j,j >, where n is a unit vector defining a direction on the sphere 5% and
g(n) an SU(2) group element rotating the direction zZ = (0,0, 1) into the direction 7.

Just as |j,7 > has direction z with minimal uncertainty, |j,7 > has direction n with
minimal uncertainty.

Thus, the highest and lowest states m = +7 minimize the uncertainty relation correspond

to cohernt states.

’j?] > and ‘]7 _j >
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N.8.3 Partition Function

N.9 Perturbation Theory

N.9.1 Diagrammatic Perturbation Theory

In this section we investigate general rules for the perturbative calculation of correlation
functions, rules designed to yield the result in the form of an expansion in powers of g,

G=G,+9G, +3°Gy+¢°Gy+ ... + §"G, + ... (N.-6)

Where G, is the correlation function of the Gaussian model, (non-interacting model).
These rules are easily represented in diagrammatic form. These diagrams are the so-
called Feynman Diagrams. As a simple example we examine the Ginzburg-Landau theory
(see eq.(?7)). Tt is impossible to find an exact closed formula for Z(0), but if g is small
on can expand exp(—g [ dz¢*(z)/4!).

The calculation of G? to order g

First we calculate the 2-point greens function to order g. One must evaluate the integral

Iaw) = [ Doot@owe ™ = [ Doota { g @+ } (N-6)

The first term in the square brackets merely yields

N (8(@)o(y))y = NGyla — ) where N = Z,(j = 0). (N-6)

To evaluate the integral in the second term,

[ Postaotwe ™ [ disote) (N-6)

we use Wick’s theorem (?7). There are two types of result from the contractions:

(a) (B(x)d(y))e(¢'(2)) and (0) (d(x)e(2))y(07(2)), (6(y)d(2)), (N.-6)

in the wick expansion there were 4x = 12 terms of type (a) and 3 terms of type (b). It is
convenient to represent these contractions as diagrams, by drawing two ”external” points
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x and y ("external” means that they refer to the arguments of the correlation function),
and ”internal” point or "vertex” z, which stems from the expansion of exp(-V), and over
which we integrate. Every contraction is represented by a line joining arguments of ¢.
The two types of terms possible in (N.9.1) are drawn

QO

Figure N.12: The two diagrams of order g

These diagrams are called Feynman diagrams (or graphs); one such diagram corresponds
to every distinct group of terms of the perturbation expansion. The integral I reads

o) =N [Gyfe =) = 3o [ @5 (a = G 0)G(: ~ 1) = oGl )Gy (0)? [ o]

8
(N.-6)

In order to obtain the correlation function, we must divide by Z(0):

/D¢6H0<— /dd¢4() -):N{l—%(@o(o))Q/ddH--}.

(N.-6)
The second term in the square brackets is represented by the diagram.
z
Figure N.13: The vacuum-fluctuation diagram
Dividing (N.9.1) by (N.9.1) we obtain the correlation function to order g
(2) _ I(x,y) _ 1 d 2
G (r—y) = 70) Gylr—y) — 39 d*2Gy(x — 2)G,(0)Gy (2 —y) + O(g”). (N.-6)

The graph(b) from fig.(N.12) does not feature in the perturbation expansion of G. Dia-
grams of this type are called ”vacuum-fluctuation” (sub)diagrams, meaning a subgraph
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that is completely disconnected from the "external” points x and y. The sum of all
vacuum-fluctuation diagrams is equal to Z(0) = Dge . Division by Z(0) cancels all
graphs containing ”vacuum-fluctuations” parts disconnected from the rest of
the diagram. A proof is given in citeBellac (p 160).

On taking the Fourier transform, eq.(N.9.1) becomes

d
G (k) = Gylk) — 59Gy(k) { / (;qu)dGO(q)] Gy(). (N-6)

The factor in front of the second term on the r.h.s. is called the symmetry factor of the
diagram. To become familiar with the ”"Feynman rules”, i.e. the rules for associating
diagrams with the perturbation expansion, we move to the calculation of G® to order ¢

The calculation of G to order g?

We use Wick’s theorem to compute the expression
(owrot) [ dsttust 1ot ) (N-6)
0

Eliminating the terms that contain vacuum-fluctuation parts, one finds three types of
graphs shown in fig.(N.14), with their symmetry factors given in brackets:

€Y (1/6)
" Q)
(1/4)
(©)
(14

Figure N.14: The vacuum-fluctuation diagram

The vertices z and u may be permuted, which yields a multiplicative factor 2!;
however this is exactly cancelled by the factor 1/2! from the expansion of the exponential.
This is the same kind of cancellation happens in the nth order.
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We shall settle for examining the contribution G(z — ) to the correlation function from
graph (a) in fig.(N.14). Thus

Gz —y) = %92 / d?zduGy(x — 2)[Gy (2 — w)]*Gy(u — y). (N.-6)

Let us write G(z — y) as a Fourier transform, by replacing every factor G, by its Fourier
representation

d
dq vy, QZ'(Z—U)}
2 d

, 1, Ak Ak
Gl = go* [ ety ol { 2n)

=1

Xez‘k;-(w—z)eik'.(u—y)Go(k)GO(k/) H Go(ql)‘ (N.—6)

=1
The integration over z and u yield a product of two delta functions

QW)d(Sd(k — 4 — 4y — CI3) X (QW)déd(k/ — 4 — 4y — 93) (N"6)

which represent ”momentum conservation” at the two vertices. Hence

d d d
Glx—y) = %92 / %eik'@_y) [Go(k)]Q X / é;l)ld é;l)ZdGo(%)Go(%)Go(k — 4 — Gy)-
(N.-6)

The last expression shows that G/(x — y) is the Fourier transform of the function G(k),

G() = 24°GylH) [ | G Gl Gula)Goll = = )| Gy, (N-6)

(where we have used G (k) = Gy(—k)). (N.9.1) can be represented diagrammatically in
fig.(N.15). The graph shown there has two external propagators G,(k) and G,(—k), and
three internal propagators; because of the delta-functions §%(...) ("momentum conser-
vation” ), only two of the three internal lines are independent. By following the internal
propagators one can describe three different closed loops, but because of ”momentum con-
servation” only two of these are independent; i.e. there are only two integration variables
in (N.9.1).

Our experience with the previous examples suggest the following ”Feynman rules” in
k-space ("momentum space”):
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GO (k) 0 (q1) Go (k)

Gy (@)

Go(k-a 0 )

Figure N.15: Diagrammatic representation of (N.9.1)

1. We draw the Feynman diagram with a momentum assigned to each line. We must
have overall momentum conservation and conservation at each vertex.

2. To every vertex we assign a factor -g
3. To every line we assign a factor G (k)
4. To every independent loop there corresponds an integration [ d%g/(2m)<.

5. Finally, every graph is multiplied by a symmetry factor.

N.9.2 The Generating Functional of Connected Diagrams

We start with an example, by investigating the correlation function G®. It subdivides
into one connected and three disconnected diagrams,

GW(1,2,3,4) = GW(1,2,3,4) + {GP(1,2)GP(3,4) + permutations}, (N.-6)

where GG, denotes a connected correlation function. (note G = G®. In terms of graphs
this is represented as in fig.(refbubble0)

The number of disconnected terms is 3 = 4!/[(2!)% x (2!)]. 4! is the number of permutations
of the external points (1,2,3,4); but the result is unaffected by permuting (1,2), or (3,4),
or the two bubbles (A) and (B), hence a factor (2!)? x 2!.

We have been only considering theories where the n-point correlation functions with n odd
vanish: G@*+1) = 0. For more generality, we shall assume that the interaction contains
terms ing®*+!. Consider a disconnected diagram of G®Y) corresponding to the subdivision
into connected diagrams (fig N.17):
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@ _ +Permu-
G + tations

(A) (B)
Figure N.16:

A OX...dXy J(X1)... (%) X

K G (K Xy ) B (o Xy ) =

n n, n N n,
——— Y .~ —t N e
q1 qp
Figure N.17:
There are ¢, bubbles connected to n, external points,...., q, bubbles connected to n,
external points, with
qlnl _|._ e —|.— qpnp — N (N—6)

The number of independent terms is

N!
[(n )7y . [(n, 1) q, ]

It is found that the Functional that generates just connected diagrams is the logarithm of
the normalised Generating functional. Hence, consider the exponential of the generating
functional of connected diagrams:

expzﬁ/dxl... dej(arl)...j(a:N)GiV(xl...xN) (N.-6)
N=1 "
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This should give the expansion for the generating function of all possible diagrams. When
the exponential is expanded it is obvious that the amplitude for every possible discon-
nected diagram will be produced. To complete the proof that this is the correct Generating
Functional we need to check each diagram comes with the correct prefactor.(i.e. equation
(N.9.2). So expanding equation (N.9.2)

Z% (Z/ dwl....dxnj(xl)....j(xn)G((:”)(azl....xn)) (N.-6)

We convert this sum into a summation over N, the number of legs of the disconnected
diagrams (figure).

i Z ﬁi [f dxldwn](xl)](xn)GZ(xlxn)] Z (N.-6)

Al n,!
N=0qini1+...4+gpnp=N i=1 4 g

Now we use (N.9.2) and the symmetry of G, with respect to its arguments to rewrite the
above equation as

Z%/dxl....dej(xl)....j(:L’N) > Gri(zy.t, ) GP (o) (N-6)

qni+...4+gqpnp=N

Which is the correct form for the generating functional. Thus we have found that the
generating functional of connected diagrams W(j) is indeed In[Z(j)/Z(0)],

W) = ln% -y %/ 0, ... dzyj(2,) j(e )GV (2oy)  (NA6)

N.9.3 1PI n-point functions

1PI n—point functions play a prominent role in the process of renormalization, as it
is enough to renormalize 1PI n—point functions. This can be seen from their intmate
relation to the effective action.

N.9.4 Rernormalization

since the observed magnitude of physical quantities (such as the charge of the electron)
is finite, this number should arise from the addition of a “bare” (unobservable) value and
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the quantum corrections. Even though both of these quantities were divergent as only its
(finite) sum that can be observed.

N.10 Coupling Matter to Spin Foams

group field theory

VAR ===

7 s 7 s
(a) (b)

Figure N.18: Spin foam map.

N.11 Background-Independent Renormalization

Tentative ideas have been formulated by Markopoulou [122], [123] and Oeckl [124].

N.11.1 Background-Independent Renormalization a la Markopoulou
The partition function
Zy|K] = Tre" (N.-6)

An RG transformation
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exp(Hy[K'), S}) = Tr' exp(Hy[K]. S,) (N-6)

(2

This is accomplished by making a partial trace over the degrees of freedom {S,}.

The lattice doesn’t sit in a preexisting background geometry, the lattice itself represents
the (quantized) geometry. The manifold the spinfoam is sitting in isn’t equipped with a
metric with respect to which scales can be defined; no lattice spacing is associated with
the edges of the spin foam.

%
I' = NV — Ty =
E—
Figure N.19:

A nice example of a Hopf algebra.

background-independent course graining a la Fontini-Markopoulou [122], [?]

Z(spsp)=> NI > [[dim, []TA4,0) (N.-6)

labels on rfer vel

Two steps:
1. The calculation of a typical block transformation,
2. repeatedly apply it on the entire spin foam I' to obtain a course grained one, I".

If spin foams are highly irregular this makes the second step a non-trivial combinatorial
problem.

Hopf Algebras

algebra: An algebra is simply a vector space over C (or over R) in which there is defined
a distributive and associative multiplication:

i)a-(b+c)=a-b+a-cand (a+b)-c=a-c+b-¢
(ii) a(a-b) = (aa) - b = a - (ab) for every scalar «, a complex (or real) number.

(iii) a- (b-c) = (a-b) - c associativity.
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A multiplication associates to each pair of elements of A to an element from A. Mathe-
maticians give this a formal description:

mo(a®b)=a-b (N.-6)

Let’s illustrate the notion

mo (m®id,)(a®b®c)=mo ((ab) ® c) = (ab)c (N.-6)

(iii) a condition on the multiplication operation: mo (m ®id,)(a ® b ® ¢) = mo (id, &
m)o(a®b® c)

mo (m®id,) =mo (id, ® m) (N.-6)

A unit operation €

The comultiplication does the opposite: it associates a pair of elements from the set C'
with a single element from C - its coproduct, A(a) =b® ¢, b,c € C. a compatibility
with m,

Aa-b) = A(a)A(a) (N.-6)

There is a counit €. This maps an element of C' to a scalar k : €(a) = k

A bialgebra is formed by combining an algebra and coalgebra for which A = C'. There are
conditions required of the multiplication and comultiplication so that they are compatible

71C7272C7171ﬂ72:®

let v denote a proper sublattice of I', namely v # e and v # I'. We call the lattice that
is left after we “cut out” 7 the remainder and denote it I'/~.

These are the primitive elements of the Hofp algebra.
The counit is an operation which annihilates every lattice except e.

71C7272C7171ﬂ72:®

let v denote a proper sublattice of I', namely v # e and v # I'. We call the lattice that
is left after we “cut out” 7 the remainder and denote it T'/~.
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Figure N.20:

AT) = T@e+e®T+Y y®I/y
Ale) = e®e
AT)A(T)

b

!
=

v
|

Aly,) =7,®e+e®7,

These are the primitive elements of the Hofp algebra.
AT)=T®e+e@T +%I/y +7%L/7 + 30/ /7 +ul/n

+A®© +©®A

=T'®@e+e@T+%T/7 +7%1/1+73 @7, +7,® ;.

Figure N.21: Markoprenorm?2

The counit is an operation which annihilates every lattice except e.

) 0 forT' #e,
G(F)_{ 1 forT =e.

ST) = -T=> SMI/y

Sy = =
Se) = e
S(F1 FQ) = _S(F2) ' _S(F1)
= S(T)s(Ty) as ['\[', =TT



S(I") is an iterative equation that stops when a primative lattice is reached.

(taken from hep-th/9805098) The full set of properties of a Hopf algebra canonly be
guaranteed if equivalence works for products, in a certain sence

(T TTs) - Iy T ery o)

N.11.2 Background-Independent Renormalization a la Oeckl

renormalization a la R. Oeckl [124]

N.12 Reduced Phase Space Path-Integral

N.13 Operator Constraint Quantisation Path-Integral

Denote

B(t) == By + t(@ - ﬁ1)

It follows that

V(g,) - V(B) = / dtlditlvw(tl))

— / a6V (3(t,)) HOW.(6 — B(1,)) (N.0)

We can find an iterative formula for V(5(¢)). Note

ﬁtl (tz) - ﬂ1 + t2(ﬁ(t1) - ﬁ1) - 51 + tth(ﬁQ - ﬁ1) = ﬁ(tﬂfg) (N-O)

so that

V(By(t) — V(8,) = / dtgd%thl(tz)):i / dtzditng(tlta)tlmom;w—ﬁm))

= [ V) SO 6 - ) (N.0)
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V) = Vi) +i [ "tV (B(L) B O, (6 — (L))
V(8 V(B(t) = 1+ i / LAV (8,) WV (B() B OL(6 - B(t,)  (N.O)

Now set

Ut,0) = V(3,) 'V(B(1)
O(t) = B*(0)h (¢ — B(t))
= [B,— BN, (6 — B(t)) (N--1)

Then () becomes

Ut,0) =1+ / U, 0)(,) (N.-1)

From this equation we obtain successive approximations:

U, (t,0) = 1

t1
U,(t,0) = 1+i/0 dt, ®(t,)

U,(1,0) = 1+i/tldtU(t 0)d(t,)

_ 1+z/ dt, (1 /dt/ dt, (1 (N.-3)

The N — th order approximation being

N
Uy(t,0)=1+> U™M(t,0)

n=1

where
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U™ (t,0) /dt/ dt, . / dt ®(t)... ()

We define the left-time-ordered product as

Thus

for n operators we obtain

N t t t
U(”)(t,O):%/O dtl/o dt2.../0 dt T/[(t,)

o0 n t t
U(t,0) = ZZ—‘/ dtl.../ dt T[®(t
n=0 n-Jo 0
o) /Ln t t
= lea/dtl.../dtnﬂtn)

_ lzn‘ (/O a7 ))n

We can formally write the expression for U(t,0) as

()] (N.-3)
o(t))]
(t))
(N.-4)

V5 V) = el [ " (8, — B0~ By — (5, — B)

Setting ¢, = 1 we get

V(ﬂl)_lv(ﬁg) - Tl eXp(i/O dt[ﬂg - 61]MhL(¢ - 61 - t(ﬂQ - 61)))
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N.14 Biblioliographical notes

In this chapter I have relied on the following refferences:

“On some aspects of canonical and covariant approaches to quantum gravity”, D. Colosi.

N.15 Worked Exercies and Detalils

‘ Details: Usefull formula.

Abelian subgroup - Cartan subgroup

et 0
h¢:< . e_w) (N.-4)

Weyl integration formula

_ [ A®) -1
/G dgf(g) = /H W < . f(zhox )dfc> g (N.-4)

where A(f) = sinf and |[W| is the order of the Weyl group.

| av@r@ds = [ dota)f(ahoadz (N.-4)
e G/H
Jo(g) = Z a;x;(g) = Z (80 x5) x;(9) (N.-4)
where
0g X5 = / ds(9)x;(9)dg = /G/H 55(9)x;j(zhex™)dx = x;(hy) /G/H dz = x;(he¢)Vu
(N.-4)
5ol9) = 3 i) () = 30 T2 ()i (0) (N-4)

| Details: 2D GFT.

(1)
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/<I> (91,92)dg1dg2 /¢> 91,92) (g2, 91)dg1dge
/ V2 + 167 Reyelon Régc(gz)] x
[m(bblb?Rzld b2d(91)] dg1dgo
= V2j+ 125 +1 ¢a1a2¢blb2 /Ralc 7 Ré;d(gl)dm} %
[ / %Rfm(m)d%}

Oy by O, Oby ay0,
VATV a0 ] [t

= g (N.-9)

where we used 6,404, = 27 + 1.

(ii)
/‘1’(91,92)‘13(92,93)‘1’(93791)619161926193
- / V2 LR (00 Rl ()] < |V/2 16 R (a2) R (93)]
\/2]3 4 ¢C1C2R£’f R}‘Q’CQ( 1)] dgi1dgadgs
= \/(2j1 +1)(252 + 1)(2j3 + 1) ¢?11a2¢g;b2¢;;02 [/szlld( )R}@(gl)dgl} X
/ RE(9 >Rza2<gg>dgg] <[ [ >R;b2<g3>dgg]
Oar o0, N Ocr by 0
_ a1a2 b1b2 C1C2 . o ajc df biazYed c1ba fe
- \/W (N.-14)
|
‘ Details:
(a):
?(919, 929, 939, 949) = / dgd (9197, 929, 9397, 9497)
_ (N.-14)
(b):
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DY (g19) = DM (1) DY (9)

/ dg  &(919, 929,939, 949) =
aq...o N
- [ 2 H . D (19) - Do (10)

= s DY @) DY) [ daD )
Ni...Ny

(N.-14)

(9)

Eq

...N4,A

Ni..Ng A
= |: Z @?Jifl a;l\f4),6’1 C s ,6'44 C’]Y\lfl o ]D(Nl)’yl(gl) &114)74
N1

p(r1,72) = p(z1 +y, 12 +y) <= P(g1,92) = ®(919, 929)

and

d(x1,22) = ¢(x2, 1)

d(ry1,22) = /dy¢(l‘1 +y, 2 +y)
_ /dy Z Cbkl € x1k1+x2k2)+zy(k1+k2)

k1,k2

— Z (bkl € (z1k1+z2ko) /dyeiy(k1+k2)

k1,k2

= Y DTG (R k)
k1,k2

SO

the orthogonality relations

/dye““eiky = 0(k1 + ko)

r) = Z Py hp €T s B(gy, go) ZWC R (9) R (g)

ni,n2
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(N.-17)

(N.-17)

(N.-17)

(N.-19)

(N.-19)

(N.-19)



¢($1,$2,.’L‘3,.’L‘4) =

Qf)kl,]@ < (bala? (N.—lg)

/dy¢(x1 +y, 22+ Y, T3+ Y, 24 +y)

z1k1+xokotksrstxakys)+iy(ks +ko+ks+k
/dyz¢k1,,k4(11 2ko+ksxgtxaka)+iy(k1+ko+kz4ka)
kl7 7k

Z rr K ei($1k1+$21€2+/€3$3+$4k4)/dye y(k1+k2+kz+ka)
1yeeska

> Grka€ TSy + Ky + ks + ky)

ki, ok

(N.-22)
d(x1, e, x3,4) = $(x1 + a,x2 + a,x3 + a, x4 + a) —
?(91, 92,93, 94) = 9(919, 929, 939, 949) (N.-22)
gb(xl, X9, T3, $4) = ¢(l‘1 — T4,T2 — T4,T3 — T4, 0) =
d(g1, 92,93, 91) = S9197 " 9291 ', 9395 T) (N.-22)
o(z,y) = ¢(z —y) = 6(9,7) = d(g7 ) (N.-22)
af N 4
F@) =YD ) = f@) = fae™™ (N.-22)
A n

i 2

Sl = 5/ dgy ... dgad™(g1, 92, 93, 94) (N.-22)
a

Z qbal a4

N)I@

Ni...Ng,A
ANl' .AN4)C 1'Y447

J 5
PR, / D ) D o)., [ D )

1 Z ¢a1 Oz4

l\D

5a1ﬂ1 s 50&4ﬁ4

M;y...My,A 9 o
ANl ) -AN4) Z (I)(ﬂl ,6'4M4) 5 640’711 4,Agmo1  g7ads
My...My

gNiMy | §NaMagAA (N.-24)
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Ni...Na,A M;...My,A
where we Ciy ', " — C1 15" because of the term ¢V1M | gNaMa,

Slel = Eqb(]ih...?V4)7A¢(ﬁlt41é%M4),/~\ ((ANl T A]\[4)2501151 s 5a4ﬁ45NlMl

. 5N4M45AA) (N.-24)

1S0(4)

1 ..
U(g)=1- iJfﬁé—i—(’),

where the Jij are N X N matrices

[, I = 6L JE = 6j T+ 0pJL = 6l JF ikl =1,...

(N.-24)

(N.-24)

Hopf algebra of rooted trees.

n—1
Alt,) = tn®e+e®tn+2ti®tn,i
=1

n—1
S(tn) = —tu— > S(t:i)tn—i
=1

(N.-23)

(N.-22)

‘ Proofs

Verify the vector space of partitioned lattices form a Hopf algebra under the operations (N.-19),

(N.-19).

(a) Verify:
ATy -T9) = A(Ty) - A(T9).
(b) Verify: Definition of the antipode

e forT'=e

m(S ®id)A(T) = €e(I') = { 0 for T #e
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Verify: Antipode anti-homomorphism. Note that because the multiplication -
=Ty -T'1), the anti-homomorphism is equivalent to a homomorphism.

(I'y - Ty

A(e) = e®e +e@ o

I®€—|—€®I+ X e

:_I_s(.).: —I teoe

I
s (]
} {®6+6®}+'®I+I®'
(] -

} (.)I_.S(I):—}+.I+I.—...

Figure N.22: Example of a Hopf algebra - rooted trees.

STy -To) = 5(I) - S(Ta).

Figure N.23: T'; and I'; (c) all 22 of them.
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(N.-22)
Y9 =N
Yoo = T2
To1 = T3
oo = Vg
023

.78
‘,78
.78
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AT, -T,) =

T, T,®@e+exl - Ty+> y®T,/7)

{g @He@@% (/ @% N AL
Ao+ S AN D)
(A@)%vm@%Ap (Vo)
MA®<§V+AV®<§A+KA USAN Vi

G sV Av

AP T A7)

ATy -Ty)

Figure N.24: Homomorphism of A.

Fl'T2®€+6®F1T2+Z’Y®F1T2/7
Y
N Toee+exly Ty +

Y a®([/a) To+T1 0T,
(0%

D B ([2/f) T1+TeT,
B

Sa- 06 Tyja) T/ +
Zoz F2®I‘1/a—|—ZF1 BT/

Ti1®e+te ®F1+Za®rl/a)(rg® te@Ta+ ) BRT/H)
a 5

A('1)A(Tg) (N
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(b) Anitipode definition.

(S®id)A(y) =m(S®@id)(p®e+e®yp) = S(1p) + 7 =0

(S®id)AT) = mS@id)T®e+e®l+Y y@T/7)

v

= SM)+T+) 8() - T/v
Y

Anitipode anti-homomorphism.

S -) = =Y = [Sp) v +Sp) vl
= T
= S(p)S(w)-

STy -Ty) = —Fl'F2—ZS(7)'(F1‘F2)/’Y

v
= (-I'— ZS(Q) Ti/a) - (-T2 — Zs(ﬂ) -Ta/)

Figure N.25: Anti-Homomorphism of S.

STy Ty) = —I1-Ty—Y SHII-Ta)/y
Y

= -I1-B-5() a8
= [20&1 s Q9 - —S(Fl)] . ﬂ
= S(I'1)-pB
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Vs =71
Y6 = Vo
T ="
Vs = V4
Yo =M1

(N.-28)

(N.-28)

(N.-29)

(N.-29)

Yy
v,
Y,
e

(N.-31)



where we have used

S(Pl) = —Pl - S(al) s — S(ag) s = —Fl + 2(11 9. (N—31)
|
Ising chain
71 2
R e S S
51 S9 S3 S4 S5 56
= @ L 9
51 S3 56

Figure N.26: Markoprenormb.

N N
H= _JzaiaiJrl —hZai (N.—Bl)
i=1 i=1

with 0; = 1 and on41 = 071.

The partition function is given by

N N

1

7 = T’I”a-ieH = Z exXp { |:KO'Z‘O'Z‘+1 + 5(0_1 + O'Z‘+1):| } . (N-31)
{oi}=+1 i=1

Carry out sum over odd numbered degrees of freedom

Z M= Z Z Z Z Z Z el (N.-31)

o1=*1 oo==*x1o04==+1 on==%1 [o1=%103==*1 oN-1=%1
Z Koilon+oa)thor  _ o cosh[K(on + 02) + h]
o1=+1
Z Kos(on+oa)thos  _ o cosh[K (on + 04) + h]

(N.-32)
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Yo o >0 €' = 2cosh[K(oy +02) +h] x -+ x 2cosh[K (o + 02) + h]
o1=1103=%1 on_1=%1

« eKU2(Ul+U3)+hU2 VTR eKUN71(0'1+0'3)+hU2 (N.-32)

2eMONF02)/2 cosh[K (o + o) + h]

1
exp{2¢g + K'onoy + §h'(aN +09)} (N.-32)
where
1 h(2K h(2K —
jor = Ly 08 (2K + h) CQOS ( h) (N.-32)
4 cosh® h
1. cosh(2K + h)
h=h+_-In—70——= N.-32
* 2" cosh(2K — h) ( )
and
1
9=3 In[16 cosh(2K + h) cosh(2K — h) cosh? h). (N.-32)

)P DEIED DX ZeXp{Ng(K, h)+ K'Y 020240 +h’202i} (N.-32)

o1=*x1o3=+1 ON—1 i

sum is over remaining even numbered sites.

Algebraic block transform

The coproduct on T" is

Al =T@e+e@ T+ @1 +72®m (N.-32)

AT =T+ (N.-32)

The shrinking antipode S% on wr, gives
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Sﬁz(wl“) = —R(wr)+ R(“"ﬂ)“"m + R(w'YQ)w’Yl

= Wr + 2wy, W, (N.-32)
where wprr = R(wr)
define the operation R
R(y) = oy, (N-31)
R(w,) = > w., (N.-30)

Internal spins y=+

Ising/Potts model in two dimensions.

wr = exp Z KijSiS; (N.-30)

<1,j>

where means that 7 and j are adjacent sites in the lattice.

5 N S,
b
s
s, Sy

[ ] [ ]

74 ’73

8 Sy S6

[ ] [ ]
S9 510

Figure N.27: Homomorphism of A.

The coproduct on I is

Al =T®Re+e@ T+ @1 +7 @M (N.-30)

Al =T+ m7 (N.-30)
The shrinking antipode S% on wr, gives
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where wp = R(wr)

define the operation R

S

!
R

(wr)

= _R(wF) + R(w’h )w’m + R(w’m)w%

= WP A+ 2Wey Wy,

R(y) = o,
R(wy) = Z Wy

Internal spins y=+

(N.-30)

‘ Proofs
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